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PKEEACE. 

AMONG  the  many  advances  in  the  progress  of  mathematical 
-£j-  science  during  the  last, forty  years,  not  the  least  remarkable 
are  those  in  the  theory  of  functions.  The  contributions  that  are 
still  being  made  to  it  testify  to  its  vitality  :  all  the  evidence  points< 
to  the  continuance  of  its  growth.  And,  indeed,  this  need  cause  no 
surprise.  Few  subjects  can  boast  such  varied  processes,  based 
upon  methods  so  distinct  from  one  another  as  are  those  originated 
by  Cauchy,  by  Weierstrass,  and  by  Riemann.  Each  of  these 
methods  is  sufficient  in  itself  to  provide  a  complete  development ; 
combined,  they  exhibit  an  unusual  wealth  of  ideas  and  furnish 
unsurpassed  resources  in  attacking  new  problems. 

It  is  difficult  to  keep  pace  with  the  rapid  growth  of  .the 
literature  which  is  due  to  the  activity  of  mathematicians, 
especially  of  continental  mathematicians  :  and  there  is,  in  con- 
sequence, sufficient  reason  for  considering  that  some  marshalling 
of  the  main  results  is  at  least  desirable  and  is,  perhaps,  necessary. 
Not  that  there  is  any  dearth  of  treatises  in  French  and  in 
German  :  but,  for  the  most  part,  they  either  expound  the  pro- 
cesses based  upon  some  single  method  or  they  deal  with  the 
discussion  of  -some  particular  branch  of  the  theory. 

The  present  treatise  is  an  attempt  to  give  a  consecutive 
account  of  what  may  fairly  be  deemed  the  principal  branches  of 
the  whole  subject.  It  may  be  that  the  next  few  years  will  see 
additions  as  important  as  those  of  the  last  few  years  :  this  account 
would  then  be  insufficient  for  its  purpose,  notwithstanding  the 
breadth  of  range  over  which  it  may  seem  at  present  to  extend. 
My  hope  is  that  the  book,  so  far  as  it  goes,  may  assist  mathe- 
maticians, by  lessening  the  labour  of  acquiring  a  proper  knowledge 
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important  branches  has  prevented  a  completeness  of  teat: 
of  those  branches:  but  this  fulness  of  initial  wxplanatioi 
deliberate,  my  opinion  being  that  students  will  thereby  be 
better  qualified  to  read  the  great  classical  memoirs,  by  the  H 
of  which  effective  progress  can  best  be  made.  And  limitatin 
space  have  compelled  me  to  exclude  some  branches  which  <> 
wise  would  have  found  a  place.  Thus  the  theory  of  funotio 
•a  real  variable  is  left  undiscussed  :  happily,  the  treatises  of 
Stolz,  Tannery,  and  Chrystal  are  sufficient  to  wupply  the,  omi* 
Again,  the  theory  of  functions  of  more  than  one  complex  vai 
receives  only  a  passing  mention  ;  but  in  this  case,  as  in 
cases,  where  the  consideration  is  brief,  references  are  < 
which  will  enable  the  student  to  follow  the  developmei 
such  extent  as  he  may  desire.  Limitation  in  one  other  dire 
has  been  imposed  :  the  treatise  aims  at  dealing1  with  the  ge 
theory  of  functions  and  it  does  not  profess  to  deal  with  s] 
classes  of  "functions.  I  have  not  hesitated  to  UNO  oxampl 
special  classes  :  but  they  are  used  merely  as  illustrations  o 
general  theory,  and  references  are  given  to  other  treatise 
the  detailed  exposition  of  their  properties. 

The  general  method  which,  is  adopted  is  not  limited  so 
it  may  conform  to  any  single  one  of  the  three  principal 
pendent  methods,  due  to  Cauchy,  to  Weierstrass  and  to   Rie 
respectively :    where    it   has   been   convenient    to    do   so,    I 
combined  ideas  and  processes  derived  from  different  metho 

The  book  may  be  considered  as  composed  of  live  parts. 

The  first  part,  consisting  of  Chapters  I — VII,  contain 
theory  of  uniform  functions:  the  discussion  is  based  upon  j> 
series,  initially  connected  with  Cauchy's  theorems  in  intei^r 
and  the  properties  established  are  chiefly  those  which  arc 
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has  been  followed  by  Hermite  and  others  to  obtain  the  properties 
of  various  kinds  of  periodic  functions.  A  chapter  has  been 
devoted  to  the  proof  of  Weierstrass's  results  relating  to  functions 
that  possess  an  addition-theorem. 

The  third  part,  consisting  of  Chapters  XIV — XVIII,  contains 
the  development  of  the  theory  of  functions  according  to  -the 
method  initiated  by  Riemann  -in  his  memoirs.  The  proof  which 
is  given  of  the  existence-theorem  is  substantially  due  to  Schwarz  ; 
in  the  rest  of  this  part  of  the  book,  I  have  derived  great  assist- 
ance from  Neumann's  treatise  on  Abelian  functions,  from  Fricke's 
treatise  on  Klein's  theory  of  modular  functions,  and  from  many 
memoirs  by  Klein. 

The  fourth  part,  consisting  of  Chapters  XIX  and  XX,  treats 
of  conformal  representation.  The  fundamental  theorem,  as  to  the 
possibility  of  the  conformal  representation  of  surfaces  upon  one 
another,  is  derived  from  the  existence-theorem  :  it  is  a  curious  fact 
that  the  actual  solution,  which  has  been  proved  to  exist  in  general, 
has  been  obtained  only  for  cases  in  which  there  is  distinct 
limitation. 

The  fifth  part,  consisting  of  Chapters  XXI  and  XXII,  contains 
an  introduction  to  the  theory  of  Fuchsian  or  automorphic  functions, 
based  upon  the  researches  of  Poincare  and  Klein  :  the  discussion  is 
restricted  to  the  elements  of  this  newly-developed  theory. 

The  arrangement  of  the  subject-matter,  as  indicated  in  this 
abstract  of  the  contents,  has  been  adopted  as  being  the  most 
convenient  for  the  continuous  exposition  of  the  theory.  But  the 
arrangement  does  not  provide  an  order  best  adapted  to  one  who  is 
reading  the  subject  for  the  first  time.  I  have  therefore  ventured 
to  prefix  to  the  Table  of  Contents  a  selection  of  Chapters  that 
will  probably  form  a  more  suitable  introduction  to  the  subject  for 
such  a  reader ;  the  remaining  Chapters  can  then  be  taken  in  an 
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place  to  make  a  comprehensive  acknowledgement  of  my  obligat 
to  such  works.  A  number  of  examples  occur  in  1  lit1,  book  :  mo; 
them  are  extracted  from  memoirs,  which  do  not  lie  dose  to 
direct  line  of  development  of  the  general  theory  but  eon 
results  that  provide  interesting  special  illustrations.  My  in 
tion  has  been,  to  give  the  author's  name  in  every  ease  whei 
result  has  been  extracted  from  a  memoir:  a.ny  omission  (.o  d 
is  due  to  inadvertence. 

Substantial  as  has  been  the  aid  provided  by  the  (,re;i(,ises 
memoirs  to  which  reference  has  just  been  made,  the  mmplcl  io 
the  book  in  the  correction  of  the  proof-sheets  has  been  remit 
easier  to  me  by  the  unstinted  and  untiring  help  rendered 
two  friends.  To  Mr  William  Burnsido,  M.A.,  formerly  Kollo\ 
Pembroke,  College,  Cambridge,  and  now  Professor  of  Mai. hem; 
at  the  Royal  Naval  College,  ( }roonwieh;  1  am  under  a  deep  ( 
of  gratitude:  lie  1ms  used  his  great  knowledge  of  the.  subjec 
the  most  generous  manner,  making  suggestions  and  criticisms  1 
have  enabled  me  to  correct  errors  ami  to  improve.  (,he  bool- 
many  respects.  Mr  FL  M.  Taylor,  M.  A.,  Fellow  of  Trinily  ( loll 
Cambridge,  has  read  the  proofs  with  groat  care  :  the  kind  as; 
ance  that  he  lias  given  me  in  this  way  has  proved  of  substai 
service  and  usefulness  in  correcting  the  shoots.  I  desire 
recognise  most  gratefully  my  sense  of  the  value  of  the.  work  wi 
these  gentlemen  have  done. 

It  is  but  just  on  my  part  to  state  that  the  willing  and  ae 
co-operation    of  the    Staff  of  the    University    Press    < luring 
progress  of  printing  has  done  much  to  lighten  my  labour. 

It  is,  perhaps,  too  ambitious  to  hope  that,  on  ground  wl 
is  relatively  new  to  English  mathematics,  there  will  be  free* 
from  error  or  obscurity  and  that  the  mode  of  presentation  in 
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IN  issuing  the  second  edition  of  this  treatise,  I  desire  to  express 
my  grateful  sense  of  the  reception  which  has  already  been 
accorded  to  the  book.  When  it  was  first  published,  I  could  not 
but  fear  that,  if  from  no  other  reason  than  the  breadth  of  range 
which  it  covers,  it  would  contain  blemishes  in  the  way  of  inaccuracy 
and  obscurity.  During  the  preparation  of  the  second  edition,  I 
have  had  the  advantage  of  suggestions  and  criticisms  sent  to  me 
by  friends  and  correspondents,  to  whom  my  thanks  are  willingly 
returned  for  the  help  they  thus  have  afforded  me ;  my  hope  is  that 
improvement  has  been  secured  in  several  respects.  The  principal 
changes  may  be  indicated  briefly. 

Some  modifications  have  been  made  in  the  portion  that  is 
devoted  to  the  theory  of  uniform  functions :  no  substantial 
additions  have  been  made  to  this  part  of  the  book,  but  new 
references  are  given  for  the  sake  of  readers  who  may  wish  to 
acquaint  themselves  with  the  most  recent  developments. 

The  exposition  of  Schwarz's  proof  of  the  existence  of  various 
classes  of  functions  upon  a  Riernann's  surface  has  been  considerably 
changed.  The  new  form  seems  to  me  to  be  free  from  some  of  the 
difficulties  to  which  exception  has  been  taken  from  time  to  time  : 
the  general  features  of  the  proof  have  been  retained. 

Several  sections  have  been  inserted  in  Chapter  XVIII,  which 
are  intended  to  serve  as  a  simple  introduction  to  the  theory  of 
birational  transformation  of  algebraic  equations  and  curves  and  of 

R.ip.mfl.rm  s  snrTn.r>fis         IVTorAri^rAr    a.s  f.hnf.  nn.rf,  nf  "f-.ViPi  Vinnlr  IQ 
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The  chief  omission  from  the.  contents  of  the  former  edition 
caused  by  the  transference,  to  the  second  volume  of  my  Theory 
Differential  Equations,  of  the  sections  that  discussed  the  propert 
of  certain  binomial  differential  equations  of  the  first  order.  T 
space  thus  placed  at  my  disposal  has  boon  assigned  to  the  then 
of  birational  transformation;  and  1  have  been  enabled  to  keep  t 
numbering  of  the  paragraphs  the  same  as  in  the.  former  editi 
with  only  very  few  exceptions. 

The  increased  size  of  the  book  has  prevented  me,  oven  m< 
definitely  thaii  before,  from  attempting  to  discuss  some  of  1, 
subjects  left  undiscussed.  in  the  first  edition.  The  volume,  \v 
probably  be  regarded  as  suilieiently  large,  in  its  present  fori 
I  hope  that  it  may  continue  to  be.  found  a  useful  introduction 
one  of  the  most  important  subjects  in  modern  pure,  matlmmatir.s 

A.   li.   K. 
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THE  differences  between  the  present  edition  and  the  second 
edition  are  not  substantial. 

The  general  plan  of  the  book  is  unaltered ;  and  no  change  has 
been  made  in  the  numbering  of  the  paragraphs.  Not  a  few 
detailed  changes  have  been  made  in  places  as,  for  instance,  in  the 
establishment  of  the  fundamental  functions  in  the  Weierstrass 
theory  of  elliptic  functions ;  but  some  chapters  remain  entirely 
unaltered. 

The  theory  of  conformal  representation  is  important  in  particular 
ranges  of  subjects  such  as  hydrodynamics  and  electrostatics  ;  so 
I  have  included  a  note  giving  some  applications  of  that  theory  to 
some  branches  of  mathematical  physics.  It  is  intended  only  as 
an  introduction ;  but  it  may  suffice  to  shew  that  many  analytical 
results  are  common  to  these  selected  ranges,  though  they  are  ex- 
pressed in  the  various  vocabularies  appropriate  to  the  •  respective 
subjects. 

In  passing  from  the  first  edition  to  the  second,  I  omitted  certain 
sections  which  discussed  the  properties  of  certain  differential  equa- 
tions of  the  first  order.  These  sections  are  now  contained  in  the 
second  volume  of  my  Theory  of  Differential  Equations.  Owing 
to  their  importance  as  illustrations  of  the  theory  of  functions,  I 
have  included  a  note  stating  the  results. 

Here  and  there,  throughout  the  book,  some  further  examples 
have  been  added.  At  the  end  of  the  book,  I  have  given  a  set  of 
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and  they  have  achieved  the  task  of  printing  the  volume  within  a 
brief  period  in  spite  of  their  grave  depletion  by  the  demands  of 
this  world-wide  war.  To  all  of  them,  who  have  been  concerned 
with  the  book,  I  tender  my  most  cordial  and  appreciative  thanks. 

A.  R.  F. 
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CHAPTER   T. 

GENERAL  INTRODUCTION. 

1.  ALGEBRAICAL   operations   are   either    direct   or   inverse.     Without; 
entering  into  a  general  discussion  of  the  nature  of  rational,  irrational,  and1 
imaginary  quantities,  it  will  be  sufficient  to  point  out  that  direct  algebraical 
operations  on  numbers  that  are  positive  and  integral  lead  to  numbers  of  thie 
same  character;  and  that  inverse  algebraical  operations  on  numbers  that  are 
positive  and  integral  lead  to  numbers,  which  may  be  negative  or  fractional 
or  irrational,  or  to  numbers  which  may  not  even  fall  within  the  class  of  real 
quantities.      The  simplest  case  of  occurrence  of  a  quanti->,  which  is  riot 
real,  is  that  which  arises  when  the  square  root  of  a  negative  quantity  is 
required.  :  •. 

Combinations  of  the  various  kinds  of  quantities  that  may  occur  are* of 
the  form  x  +  iy,  where  x  and  y  are  real,  and  i,  the  non-real  element  of  the 
quantity,  denotes  the  square  root  of  —  1.  It  is  found  that,  when  quantities 
of  this  character  are  subjected  to  algebraical  operations,  they  always  lead 
to  quantities  of  the  same  formal  character ;  and  it  is  therefore  inferred  tha;t 
the  most  general  form  of  algebraical  quantity  is  x  +  iy. 

Such  a  quantity  x  +  iy,  for  brevity  denoted  by  z,  is  usually  called  a 
complex  variable*;  it  therefore  appears  that  the  complex  variable  is  the 
most  general  form  of  algebraical  quantity  which  obeys  the  fundamental  laws 
of  ordinary  algebra. 

2.  The  most  general  complex  variable  is  that,  in  which  the  constituents 
x  and  y  are  independent  of  one  another  and  (being  real  quantities)  are 
separately  capable  of  assuming  all  values  from  —  oo  to  +  oo  ;  thus  a  doubly- 


2  GEOMETRICAL  REPRESENTATION   OF  . 

the  variable  x  +  iy  by  means  of  a  point  with  coordinates  x  and  y  referred 
to  rectangular  axes*.  The  complete  variation  of  the  complex  variable  z 
is  represented  by  the  aggregate,  of  all  possible  positions  of  the.  associated 
point,  which  is  often  called  the  point  z ;  the  special  case  of  real  variables 
being  evidently  included  in  it  because,  when  y  =  0,  the  aggregate  of 
possible  points  is  the  line  which  is  the  range  of  geometrical  variation  of  the 
real  variable. 

The  variation  of  a  is  said  to  bo  continuous  when  the  variations  of  as  and  ;// 
are  continuous.  Continuous  variation  of  z  between  two  given  values  will 
thus  be  represented  by  continuous  variation  in  the  position  of  the,  point  z, 
that  is,  by  a  continuous  curve  (not  necessarily  of  continuous  curvature) 
between  the  points  corresponding  to  the  two  values.  But  since  an  infinite 
number  of  curves  can  be  drawn  between  two  points  in  a  plane,  continuity  of 
line  is  not  sufficient  to  specify  the  variation  of  the  complex  variable;  and, 
in  order  to  indicate  any  special  mode  of  variation,  it  is  necessary  to  assign, 
either  explicitly  or  implicitly,  some  determinate  law  connecting  the  variations 
of  a?  and  y  or,  what  is  the  same  thing,  some  determinate  law  connecting 
x  and  y.  The  analytical  expression  of  this  law  is  the  equation  of  the  curve 
which  represents  the  aggregate  of  values  assumed  by  the  variable  between 
the  two  given  values. 

In  such  a  case  the  variable  is  often  said  to  describe  the  part  of  the  curve 
between  the  two  points.  In  particular,  if  the  variable  resume  its  initial 
value,  the  representative  point  must  return  to  its  initial  position ;  and  then 
the  variable  is  said  to  describe  the  whole  curvef. 

When  a  given  closed  curve  is  continuously  described  by  the  variable., 
there  are  two  directions  in  which  the  description  can  take  place.  From 
the  analogy  of  the  description  of  a  straight  line  by  a  point  representing  a 
real  variable,  one  of  these  directions  is  considered  as  positive  and  the  other 
as  negative.  The  usual  convention  under  which  one  of  the  directions  is 
selected  as  the  positive  direction  depends  upon  the  conception  that  the  curve 

*  This  method  of  geometrical  representation  of  imaginary  quantities,  ordinarily  assigned  to 
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4  GREAT   VALUES   OF 

As  z  varies  in  position,  the  values  of  z  \  and  0  vary.  When  z  has  c< 
ple.ted  a;  positive  description  of  a  closed  curve,  the  modulus  of  z  returns 
the. initial  value  whether  the  origin  be  without,  within,  or  on,  the  cu: 
The  argument  of  z  resumes  its  initial  value,  if  the  origin  0'  (fig.  2)  be  wi 
out  the  curve ;  but,  if  the  origin  0  be  within  the  curve,  the  value  of 
argument  is  increased  by  2-Tr  when  z  returns  to  its  initial  position. 

If  the  origin  be  on  the  curve,  the  argument  of  z  undergoes  an  abr 
change  by  TT  as  z  passes  through  the  origin ;  and  the  change  is  an  inert 
or  a  decrease  according  as  the  variable  approaches  its  limiting  position  on 
curve  from  without  or  from  within.  No  choice  need  be  made  between  th 
alternatives ;  for  care  is  always  exercised  to  choose  curves  which  do 
introduce;  this  element  of  doubt. 

Later  on,  it  will  appear  that,  for  the  discussion  of  particular  types 
functions  of  z,  a  knowledge  of  the  actual  value  of  z  or  the  actual  posil 
of  z  is  not  sufficient;  account  has  to  be  taken  of  the  fact  that  the  argum 
of  z  is  not  uniquely  determinate. 

4.  Representation  on  a  plane  is  obviously  more  effective  for  points  ; 
finite  distance  from  the  origin  than  for  points  at  a  very  great  distance. 

One  method  of  meeting  the  difficulty  of  representing  great  values  i 
introduce  a  new  variable  /  given  by  z'z  —  \\  the  part  of  the  new  plane 
z  which  lies  quite  near  the  origin  corresponds  to  the  part  of  the  old  p] 
for  z  which  is  very  distant.  The  two  planes  combined  give  a  comp 
representation  of  variation  of  the  complex  variable. 

Another  method,  in  many  ways  more  advantageous,  is  as  follows.  D 
a  sphere  of  unit  diameter,  touching  the  2-plane  at  the  origin  0  (fig.  3 
the  under  side:  join  a  point  z  in  the  plane  to  0',  the  other  extrernit 
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can  be  represented  on  the  surface  of  the  sphere.  With  this  mode  of 
representation,  0'  evidently  corresponds  to  an  infinite  value  of  z\  and  points 
at  a  very  great  distance  in  the  ^-plane  are  represented  by  points  in  the 
immediate  vicinity  of  0'  on  the  sphere.  The  sphere  thus  has  the  advantage 
of  putting  in  evidence  a  part  of  the  surface  on  which  the  variations  of 
great  values  of  z  can  be  traced*,  and  of  exhibiting  the  uniqueness  of 
z  =  oo  as  a  value  of  the  variable,  a  fact  that  is  obscured  in  the  represent- 
ation on  a  plane. 

The  former  method  of  representation  can  be  deduced  by  means  of  the 
sphere.  At  0'  draw  a  plane  touching  the  sphere  :  and  let  the  straight  line 
OZ  cut  this  plane  in  /.  Then  z  is  a  point  uniquely  determined  by  Z 
<ind  therefore  uniquely  determined  by  z.  In  this  new  /-plane  take  axes 
parallel  to  the  axes  in  the  ^-plane. 

The  points  z  and  -z'  move  in  the  same  direction  in  space  round  00' 
as  an  axis.  If  we  make  the  upper  side  of  the  £-plane  correspond  to  the 
lower  side  of  the  /-plane,  and  take  the  usual  positive  directions  in  the 
planes,  being  the  positive  trigonometrical  directions  for  a  spectator  looking 
at  the  surface  of  the  plane  in  which  the  description  takes'  place,  we  have 
these  directions  indicated  by  the  arrows  at  0  and  at  0'  respectively,  so 
that  the  senses  of  positive  rotations  in  the  two  planes  are  opposite  in 
space.  Now  it  is  evident  from  the  geometry  that  Oz  and  O'z'  are 
parallel  ;  hence,  if  9  be  the  argument  of  the  point  z  and  0'  that  of  the 
point  z  '  ,  so  that  Q  is  the  angle  from  Ox  to  Oz  and  9'  the  angle  from  O'x' 
to  O'z  ,  we  have 

e  +  6'  =  27T. 

T,  ,  •    1  •          M  •  1  OZ  00' 

Further,  by  similar  triangles,        -^j,  —  -y^-,  , 

that  is,  Oz.0'z'=00'*=l. 

Now,  if  z  and  z'  be  the  variables,  we  have 

z  =  Oz  ,ee',     z  =  O'z'  .  e6'1', 
.so  that  sz'^Oz.O'z' 


which  is  the  former  relation. 

The  /-plane  can  therefore  be  taken  as  the  lower  side  of  a  plane  touching 
the  sphere  at  0'  when  the  £-plane  is  the  upper  side  of  a  plane  touching 


6  CONDITIONS   OF 

But  it  need  hardly  be  pointed  out  that  any  special  method  of 
ation  of  the  variable  is  not  essential  to  the  development  of  the 
functions;   and,  in  particular,  the  foregoing  representation  of  th 
when  it  has  very  great   values,  merely  provides  a  convenient 
dealing  with  quantities  that  tend  to  become  infinite  in  magnit 

5.  The   simplest    propositions  relating   to   complex   variabli 
assumed  known.     Among  these  are,  the  geometrical  interpretatio 
tions  such  as  addition,  multiplication,  root-extraction ;   some  of  il 
of  complex  variables  occurring  as  roots  of  algebraical  equations 
coefficients;   the  elementary  properties   of  functions  of  complex 
which  are   polynomial,  or   exponential,  or  circular,  functions;   a 
tests  of  convergence  of  infinite  series  and  of  infinite  products*. 

6.  All   ordinary   operations   effected   on   a   complex   variabl 
already  remarked,  to  other   complex  variables;    and  any  definit' 
thus  obtained  by  operations  on  z,  is  necessarily  a  function  of  z 

But  if  a  complex  variable  w  be  given  as  a  complex  fun 
and  y  .without  any  indication  of  its  source,  the  question  as  " 
w  is  or  is  not  a  function  of  z  requires  a  consideration  of  the  g 
of  functionality. 

It  is  convenient  to  postulate  u  +  w  as  a  form  of  the  complex 
where  u  and  v  are  real.     Since  w  is  initially  unrestricted  in  v;; 
may  so  far  regard  the  quantities  u  and  v  as  independent  and  t 
any  functions  of  x  and  ?/,  the  elements  involved  in  z.     But  m< 
expressions  for  these  functions  are  neither  assigned  nor  supposi 

The  earliest  occurrence  of  the  idea  of  functionality  is  in  conn 
functions  of  real  variables;  and  then  it  is  coextensive  with  1 
dependence.  Thus,  if  the  value  of  X  depends  on  that  of  x  and 
variable  magnitude,  it  is  customary  to  regard  X  as  a  function 
there  is  usually  an  implication  that  X  is  derived  from  a;  by  soi 
operations  f. 

A  detailed  knowledge  of  z  determines  so  and  y  uniquely ;  hence 
of  u  and  v  may  be  considered  as  known  and  therefore  also  w. 
value  of  w  is  dependent  on  that  of  2,  and  is  independent  of 

*  These  and  other  introductory  parts  of  the  subject  are  discussed  in  Chrystal' 
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variables  unconnected  with  z ;  therefore,  with  the  foregoing  view  of 
nationality,  w  is  a  function  of  z. 

It  is,  however,  equally  consistent  with  that  view  to  regard  lu  as  a  complex 
action  of  the  two  independent  elements  from  which  z  is  constituted ;  and 
5  are  then  led  merely  to  the  consideration  of  functions  of  two  real, 
dependent  variables  with  (possibly)  imaginary  coefficients. 

Both  of  these  aspects  of  the  dependence  of  w  on  z  require  that  s  be 
yarded  as  a  composite  quantity  involving  two  independent  elements  which 
n  be  considered  separately.  Our  purpose,  however,  is  to  regard  z  as  the 
Dst  general  form,  of  algebraical  variable  and  therefore  as  an  irrosolublo 
tity ;  so  that,  as  this  preliminary  requirement  in  regard  to  z  is  unsatisfied, 
ither  of  the  aspects  can  be  adopted. 

7.  Suppose  that  w  is  regarded  as  a  function  of  z  in  the  sense  that,  it 
a  be  constructed  by  definite  operations  on  2  regarded  as  an  irresolubk; 
ignitude,  the  quantities  it  and  v  arising  subsequently  to  these  operations 

the  separation  of  the  real  and  the  imaginary  parts  when  z  is  replaced  by 
\-iy.  It  is  thereby  assumed  that  one  series  of  operations  is'aufficitmt  for 
B  simultaneous  construction  of  u  and  v,  instead  of  0110  series  for  u  ami 
other  series  for  v  as  in  the  general  case  of  a  complex  function  in  §  (j. 
this  assumption  be  justified  by  the  same  forms  resulting  from  the  two 
ferent  methods  of  construction,  it  follows  that  the  two  scries  of  opera - 
ns,  which  lead  in  the  general  case  to  u  and  to  •/>,  must  be  equivalent  to 
3  single,  series  and  must  therefore  be  connected  by  conditions ;  that  is, 
ind  v  as  functions  of  as  and  y  must  have  their  functional  forms  related. 

We  thus  take 

u  +  iv  =  w  =f(z)  =f(x  +  iy) 

shout  any  specification  of  the  form  of/     When  this  postulated  equation 
valid,  we  have 

3-ty  __  dw  9£  _   .,       _  dw 

3#      dz  dx    ^      '  ~  dz  ' 

dw  _dwdz  _     ,  .  dw 

•-—  —  -—    ~-~  —  -if    (z)s=  'i  — — 

oy      dz  dy      J    ^  J        dz 

,  ,,        ,.  dw      1  dw 

I  therefore  -—  =  --.-  -_-• 

doc      %  oy 


that  is,  to 
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These  relations  are  easily  seen  to  be  sufficient  to  ensure  t 
functionality.     For,  on  talcing  w  =  u  +  iv,  the  equations  (2)  at  OIK 

dw  __  I  dw 

'•<••  dx      i  dy' 

dw      .  dw  _  .. 
dx        dy 

a 'linear  partial  differential  equation  of  the  first  order.     To  obta 
general  solution,  we  form  a  subsidiary  system 

dx  __  dy  _  dw 

It  possesses  the  integrals  w,  x  +  iy ;  then  from  the  known  the 
equations  we  infer   that  every  quantity  w  satisfying  the  equn 
expressed  as  a  function  of  sc  +  iy,  that  is,  of  z.     The  conditions 
proved  to  be  sufficient,  as  Avell  as  necessary. 

8.  The  preceding  determination  of  the  necessary  and  sufh'ciei 
of  functional  dependence  is  based  upon  the  existence  of  a  func 
and  yet  that  form  is  not  essential,  for,  as  already  remarked,  i 
from  the  equations  of  condition.  Now  the  postulation  of  sue 
equivalent  to  an  assumption  that  the  function  can  be  numerical 
for  each  particular  value  of  the  independent  variable,  though  th 
expression  of  the  assumption  has  disappeared  in  the  present  case, 
of  functions  of  real  variables  shews  that  it  is  often  more  conve 
their  properties  than  to  possess  their  numerical  values.  This  ( 
confirmed  by  what  has  preceded.  The  essential  conditions  c 
dependence  are  the  equations  (1),  and  they  express  a  property  of  tl: 

viz.,  that  the  value  of  the  ratio  -',     is  the  same  as  that  of  •*-- , 

dz  ox 

words,  it  is  independent  of  the  manner  in  which  dz  ultimately 

the  approach  of  the  point  z  +  dz  to  coincidence  with  the  poinl 

thus  led  to  an  entirely  different  definition  of  functionality,  viz.  :- 

A  complex  quantity  w  is-  a  function  of  another  complex  <JUM 

they  change  together  in  such  a  manner  that  the  value  of  -7—  is  in 

dz 

the  value  of  the  differential  element  dz. 
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Let  $  be  the  argument  of  dz  ;  then 

doc  cos  <b  ,  .„  ,  .. 

—  ________  =  ______  .......  _.T.  _______  —  i  n  -f  &~  2<i>'L) 

dff)  +  idy      cos  <f>  +  i  sin  $ 


,.  - 

dx  +  idy  2^  ' 

and  therefore 

>'  -  *          .  ,         • 

dw      ..   (9«,       .  dv      .du      dv}       .     „..  (du       .dv       .du      dv] 
_  ^  J      +  ,t     .  _  ,.       +       1  +  ig-2^  I      +  ^       +  ,t       _      I 

a^      ^  [?)«        dv        dy      di/}       i          (da        dtr.        dy      dy] 

Since  -,-     is  to  be  independent  of  the  value  of  the  differential  element  dz, 

it  must  be  independent  of  <£  which  is  the  argument  of  dz;  hence  the  coefficient 
of  «--''"•  in  the  preceding  expression  must  vanish,  which  can  happen  only  if 

du  __  dv        dv  _     du  .,_. 

dx     dy  '      dx         dy  ............................. 

These  are  necessary  conditions  ;    they  are  evidently  also  sufficient  to  make 

d'i<> 
,    independent  of  the  value  of  dz  and  therefore,  by  the  definition,  to  secure 

that  w  is  a  function   of  z. 

By  means  of  the  conditions  (2),  we  have 

dw      du       .  dv      dw  . 

____    -—  .    _____       I      n      __^_    —  ;    _ 

dz      dw        da;      dx  ' 

,     .  dw          .du     dv      1  "dw 

and  also  -j-  =  —  %  --  +  ^-  =  -  ^-  , 

dz  dy     dy      r  oy 

agreeing  with  the  former  equations  (1).    They  are  immediately  derivable  from 
the  present  definition  by  noticing  that  dx  and  idy  are  possible  forms  of  dz. 

It  should  be  remarked  that  equations  (2)  are  the  conditions  necessary 
and  sufficient  to  ensure  that  each  of  the  expressions 
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We  have  so  far  assumed  that,  the  function  has  a  differential  coeffi< 
an  assumption  justified  in  the  case  of  functions  which  ordinarily  occui 
functions  do  occur  which  have  different  values  in  different  regions 

3-plane,  and  there  is  then  a  difficulty  in  regard  to  the  quantity    >•-• 

boundaries  of  such  regions ;  and  functions  do  occur  which,  though  thei 
definite  in  value,  in  a  given  region,  do  not  possess  a  differential  coeffic 
all  points  in  that  region.  The  consideration  of  such  functions  is 
substantial  importance  at  present :  it  belongs  to  another  part  of  our  i 

It  must  not  be  inferred  that,  because     r  is  independent  of  the  di 

dz  x 

in  which  dz  vanishes  when  w  is  a  function  of  z,  therefore    •',--  has  o 

dz 

value.  The  number  of  its  values  is  dependent  on  the  number  of  value 
no  one  of  its  values  is  dependent  on  dz. 

A  quantity,   defined  as  a   function   by  Riemann   on  the  basis 
property,  is   sometimes*  called   an   analytic   function ;   but  it   seen 
ferable  to  reserve   the  term   analytic  in  order  that  it  may   be    ass 
hereafter  (§  34)  with  an  additional  quality  of  the  functions. 

9.  In  the  same  way  as  the  complex  variable  s  is  represente 
a  plane,  which  is  often  called  the  s-plane,  so  the.  complex  variabl 
also  represented  upon  a  plane,  which,  is  often  called  the  w-plani 
two  variables  can  obviously  be  represented  upon  different  parts 
z-p\une.  The  relations  of  the  two  planes  to  one  another,  or 
different  parts  of  the  same  plane,  when  there  is  a  functional  cor 
between  z  and  w,  will  be  the  subject  of  later  investigations;  one  im 
property  will,  however,  be  established  at  once. 

Let  P  and  p  be  two  points  in  different  planes,  or  in  different 
the  same  plane,  representing  w  and  z  respectively ;  and  suppose  tha 
p  are  at  a  finite  distance  from  the  points  (if  any)  which  cause  cliscoi 
in  the  functional  connection  between  the  two  variables.  Let  q  ai 
any  two  other  points,  z  +  dz  and  z  +  Bz,  in  the  immediate  vicinit 
and  let  Q  and  R  be  the  corresponding  points,  w  +  dw  and  •/('  +  Svv 
immediate  vicinity  of  P.  Then 

,        dw  j       <s        dw ». 
dw  —  --.-  ds.     Sw  =  -,-  cz. 
dz  dz 
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to  be  a  point  of  discontinuity  in  the  functional  connection.  Expressing  all 
the  differential  elements  in  terms  of  their  moduli  and  arguments,  let 

dz  —  credi,       diu  =  7)6^'', 

and  let  these  values  be  substituted  in  the  foregoing  relation ;  then 

/        f 
r)        & 

T)          (T  * 

Hence  the  triangles  QPR  and  qpr  are  similar  to  one  another,  though 
not  necessarily  similarly  situated.  Moreover,  the  directions  originally  chosen 
for  pq  and  pr  are  quite,  arbitrary.  Thus  it  appears  that  a  functional  connection 
between  two  complex  variables  establishes  the  similarity  of  the  corresponding 
infinitesimal  elements  of  those  parts  of  two  planes  which  are  in  the  immediate 
vicinity  of  the  points  representing  the  two  variables. 

The  magnification  of  the  w-plane  relative  to  the  s-plane  at  the  corre- 
sponding points  P  and  p  is  the  ratio  of  two  corresponding  infinitesimal 

lengths,  say  of  QP  and  qp.     This  is  the  modulus  of  -j-  ;  if  it  be  denoted  by 

m,  we  have 

dw 
dz 

_  du  'dv      du  dv 
dsc  dy     dy  "ox  " 

Evidently  the  quantity  m,  in  general,  depends  on  the  variables  and 
therefore  it  changes  from  one  point  to  another;  hence  a  functional  relation 
between  w  and  2  does  not,  in  general,  establish  similarity  of  finite  parts  of 
the  two  planes  corresponding  to  one  another  through  the  relation. 

It  is  easy  to  prove  that  w  —  az  +  b,  where  a  and  6  are  constants,  is  the 
only  relation  which  establishes  similarity  of  finite  parts;  and  that,  with  this 
relation,  a  must  be  a  real  constant  in  order  that  the  similar  parts  may  be 
similarly  situated. 

If  u  +  iv  =  w  =  <j>  (z),  the  curves  u  =  constant  and  v  =  constant  cut  at 
right  angles  ;  a  special  case  of  the  proposition  that,  if  <£  (x  +  iy)  —  u  +  veM, 


9it\-      /dv\-  _  /3iA2      /dv\- 
"dsc!       \dasj       \dy/       \dy. 


deferred  until  the  later  part  of  the  treatise,  principally  in  order  to  group  all  such 
investigations  together;  but  the  first  of  the  two  chapters,  devoted  to  it,  need  not  be 
deferred  so  late,  and  an  immediate  reading  of  some  portion  of  Chapter  XIX.  will  tend 
to  simplify  many  of  the  explanations  relative  to  functional  relations  as  they  occur  in 
the  early  chapters  of  this  treatise. 

10.     The   analytical   conditions   of    functionality,    under   either   of  the 
adopted  definitions,  are  the 'equations  (2).    From  them  it  at  once  follows  that 

&u     32u  _ 
dxz  +  dy"  ~    ' 

35,      S-i;  _Q. 

">     i,   T^   o     o    —  "   } 

dx-     dy 

so  that  neither  the  real  nor  the  imaginary  part  of  a  complex  function  can  be 
arbitrarily  assumed. 

If  either  part  be  given,  the  other  can  be  deduced.     For  example,  let  u  be 
given ;  then  we  have 

7       dv   ,       dv   , 
dv  =  ~-  ax  +  --  d'U 
dx          dy    J 

du  ,       du  i 
=  —  5-  dx  +  TT-  dy, 
oy          ex    J 

and  therefore,  except  as  to  an  additive  constant,  the  value  of  v  is 

((    du  ,       du  ,  \ 
-  3-  dx  + ;-  dy ) . 
J\    dy          duo    "  / 

In  particular,  when  u  is  an  integral  function,  it  can  be  resolved  into  the 
sum  of  homogeneous  parts 

UL  +  u.,  +  us  +  ...; 

and  then,  again  except  as  to  an  additive  constant,  v  can  similarly  be 
expressed  as  a  sum  of  homogeneous  parts 

Vj+V.2  +  Vx+  .... 

It  is  easy  to  prove  that 

dum        dum 

mv,m  -  y  -5 x  -5—  , 

dx          ay 

by  means  of  which  the  value  of  v  can  be  obtained. 

The   case,   when    u   is   homogeneous   of    zero   dimensions,   presents   no 
difficulty;   for  then  we  have 

u  —  b  +  ad, 

v  =  c  —  a  loer  r, 


f  effective  importance  in  the  case  when  the  supposed  dependent  variable 
rises  in  the  form  u  +  iv,  where  u  and  v  are  real  ;  the  tests  are,  of  course, 
aperfluous  when  w  is  explicitly  given  as  a  function  of  z.  When  w  does 
rise  in  the  form  u  +iv  and  satisfies  the  conditions  of  functionality,  perhaps 
tie  simplest  method  (other  than  by  inspection)  of  obtaining  the  explicit 
xpression  in  terms  of#  is  to  substitute  z  —  iy  for  x  in  u+  iv,  the  simplified 
Bsult  must  be  a  function  of  z  alone. 

11.  Conversely,  when  w  is  explicitly  given  as  a  function  of  z  and  it 
3  divided  into  its  real  and  its  imaginary  parts,  these  parts  individually 
atisfy  the  foregoing  conditions  attaching  to  u  and  v.  Thus  log  ?-,  where  r 
3  the  distance  of  a  point  z  from  a  point  a,  is  the  real  part  of  log  (z  —  a): 
b  therefore  satisfies  the  equation 


d~ti> 


_ 


Again,  c/>,  the  angular  coordinate  of  z  relative  to  the  same  point  a,  is 

he  real  part  of  —  i  log  (2  —  «.)  and  satisfies  the  same  equation :    the  more 

.sual  form  of  $  being  tan"1  {(y  —  2/0)/(a>  ~  a'o)}>  where  a  =  xn-}-iyn.      Again,  if 

point  z  be  distant  r  from  a  and  r  from  b,  then  log  (r/r),  being  the  real 

tart  of  log  {{z  -  a)l(z~  b)\,  is  a  solution  of  the  same  equation. 

The  following  example,  the  result  of  which  will  be  ugjeful  subsequently*,  uses  the 
roperfcy  that  the  value  of  the  derivative  is  independent  of  the  differential  element. 

z  —  c 
Consider  a  function  u  +  w  =  w  =  \og~ — ;,, 

rhere  c'  in  the  inverse  of  c  with  regard  to  a  circle,  centre  the  origin  0  and  radius  It. 
'hen 

'  z  —  c 
z  —  c' 

o    the    curves,    u  =  constant,    are    circles.       Let 

,     &  „,- 


fig.  4)  Oo  =  r, 
hen  if 


=  a,  so  that  c  = 


^  Fig.  4. 

he  values  of  X  for  points  in  the  interior  of  the  circle  of  radius  R  vary  from  zero,  when 
he  circle  w  =  constant  is  the  point  c,  to  unity,  when  the  circle  u  =  constant  is  the  circle  of 
adius  R.  Let  the  point  K(  =  6eM)  be  the  centre  of  the  circle  determined  by  a  value  of  X, 
nd  let  its  radius  be  p  (~%MN).  Then  since 

cM  _r         o,N 


have 


r+p-i 


6  +  p-r 


.Now  ii  an  De  an  element  01  tne  normal  drawn  inwaras  at  z  to  tne  circle  I\ZM,  wo  nave 
ds—dx+idy  —  —  dn  .  cos  ^  —idn  .  sin  ty 

^-e^dn, 

whore  T\r(  =  zKx1')  is  the  argument  of  z  relative  to  the  centre  of  the  circle.     Hence,  since 

dw  __  1  ___  1__ 
da      a  —  G     z—  c'  ' 

,  du  ,   .dv     dw      (  1  1 

we  have  •-;  -•  +  1  -r  ~  •-,-  =    -----  , 


•-;  -•  ~  •-,-        -----  ,  -- 

du       dn     dn      \s  —  c      s~c 

But 


so  that  s-«          -r 

and  .:  -  c'  =  ~  -^"^  ,  (X»-a*  J  - 

•/    /I,"1  ~~*  y  -  A" 

.  ..       .  du  ,  .dv      W    rW  MJr        -1 

and  therefore       ^  +  t^=    #_#  ^   (R  Xr<1+i  _  Re«i 

Hence,  equating  the  real  parts,  it  follows  that 

du  (/P-^X2)2 


dn        \R  (W  -  r*)  {IP  -  2/&-X  cos  ty  -  a)  +  XV2}  ' 
the  differential  element  dn  being  drawn  inwards  from  the  circumference  of  the  circle. 

The  application  of  this  method  is  evidently  effective  when  the  curves  11—  constant, 
arising  from  a  functional  expression  of  w  in  terms  of  2,  are  a  family  of  non-intersecting 
algebraical  curves. 

Ex.  1.     Prove  that,  if  s\  and  z%  denote  two  complex  variables, 

I  *l  +  32  K  |  «!  |  +  |  fig  |  ,       !  21~22  |  ^  |  2l  I  ~  |  «2  I  • 

JKr.  2.  Find  the  values  of  u  and  ?;  when  w  is  denned  as  a  function  of  z  in  the  following 
cases  :  — 

(i)     s=(?o  +  i)s; 

(ii)     s  —  (l+cosw)e'lli; 


In  each  case,  trace  the  curves  u  =  a,  v  =  c,  regarded  as  loci  in  the  plane  of  x,  y. 
Ex.  3.     Shew  that  ,*•'-'-  y*  —  '•lixy  is  not  a  function  of  2;  and  that 


is  a  function  of  s  only  when  «  =  0. 

&.  4.     Shew  that  a  possible  value  of  n  is 


and  determine  the  associated  value  of  w  in  terms  of  z. 

Determine  also  the  value  of  w  in  terms  of  z  when  the  preceding  expression  is  the  value 
of  u  —  v. 


ox  _  oy        ox  _      oy 
du      3w'       dv~~     du"1 

9^;     9^_         <%     S2?/ 
Dw2"1"  3^"    '      9Ma  "*"§»*"   ' 
arc  satisfied. 

.fik1.  7.     Shew  that,  if  yi  and  B  are  any  two  fixed  points  in  a  plane,  if  P  is  any  variable 
point  (x,  y),  and  if  6  denotes  the  angle  APB,  then 


Construct  the  function  of  s,  =x  +  iy,  of  which  6  is  the  real  part,  and  also  the  function 
of  s  of  which  id  is  the  imaginary  part. 

Ex.  8.     Given  X,  a  function  of  .7:  and  y,  .shew  that  c/>(X)  can  lie  the  real  part  of 
a  function  of  s  if  the  quantity 


is  expressible  in  t.crm.s  of  X  alone. 

Verify  that  the  condition  is  satisfied  when  X=.r+(,v-+iy2)i  ;  and  obtain  the  function 
of  z  which  has  ^  (X)  for  its  real  part. 

12.  As  thu  tests  which  are  sufficient  and  necessary  to  ensure  that  a 
complex  quantity  is  a  function  of  z  have  been  given,  we  shall  assume  that 
all  complex  quantities  dealt  with  are  functions  of  the  complex  variable 
(II  6,  7).  Their  characteristic  properties,  their  classification,  and  some  of 
the  simpler  applications  will  be  considered  in  the  succeeding  chapters. 

Some  initial  definitions  and  explanations  will  now  be  given. 

(i).  It  has  been  assumed  that  the  function  considered  has  a  differential 
coefficient,  that  is,  that  the  rate  of  variation  of  the  function  in  any  direction 
is  independent  of  that  direction  by  being  independent  of  the  mode  of  change 
of  the  variable.  We  have  already  decided  (|  8)  not  to  use  the  term  analytic 
for  such  a  function.  It  is  often  called  monogenic,  when  it  is  necessary  to 
assign  a  specific  name;  but  for  the  most  part  we  shall  omit  the  name,  the 
property  being  tacitly  assumed*. 

We  can  at  once  prove  from  the  definition   that,  when  the  derivative 

/      dw\       .,...,„„        .          „  9^y      1  dw 

i(  =  ~T~  }  exists>  it  is  itself  a  function.     For  wa  =  —  =  -  —  are  equations 
\      cLz  /  ox      i>  oy 


w 


*  This  is  in  fact  done  by  Riemann,  who  calls  such  a  dependent  complex  simply  a  function. 
Weierstrass,  however,  has  proved  (see  g  85,  post)  that  the  idea  of  a  monogenic  function  of  a  complex 

TrovioVild  «v*r!    ±Tin  -irloo    r\f  j3  .«  V^T»  /3  /i  v*  «  a   a-vr»vQoc;iKl  o  V»\r  n.ri+.lim  of.i  f»nl   nnpvfl.f.i  f\rt  Q    a.rp    nrii".    pnpvf.onei  vp 


i  dij  \dosj 
9  /I  dw 
dx  \i  dy 


shewing,  as  in  §  8,  that  the  derivative  ~~  is  independent  of  the  direeti 
which  dz  vanishes.  Hence  Wj  is  a  function  of  z. 

Similarly  for  all  the  derivatives  in  succession. 

(ii).  Since  the  functional  dependence  of  a  complex  is  ensured  only  ; 
value  of  the  derivative  of  that  complex  be  independent  of  the  rnann 
which  the  point  z  +  dz  approaches  to  coincidence  with  z,  a  question  nati 
suggests  itself  as  to  the  effect  on  the  character  of  the  function  that  mi 
caused  by  the  manner  in  which  the  variable  itself  has  come  to  the  value 

If  a  function  has  only  one  value  for  each  given  value  of  the  var 
whatever  be  the  manner  in  which  the  variable  has  come  to  that  valu< 
function  is  called  uniform*.  Hence  two  different  paths  from  a  point  t 
point  z  give  at  z  the  same  value  for  any  uniform  function  ;  and  a  c 
curve,  beginning  at  any  point  and  completely  described  by  the  £-var 
will  lead  to  the  initial  value  of  w,  the  corresponding  w-curve  being  closei 
has  not  passed  through  any  point  which  makes  w  infinite. 

The  simplest  class  of  uniform  functions  is  constituted  by  ral 
functions. 

(iii).  If  a  function  has  more  than  one  value  for  any  given  value  o 
variable,  or  if  its  value  can  be  changed  by  modifying  the  path  in  A 
the  variable  reaches  that  given  value,  fche  function  is  called  multifi 
Characteristics  of  curves,  which  are  graphs  of  multiform  functions  < 
spending  to  a  ^-curve,  will  hereafter  be  discussed. 

One  of  the  simplest  classes  of  multiform  functions  is  constitute 
algebraical  irrational  functions,  that  is,  functions,,  defined  by  an  irrest 
algebraic  equation  /(w,  2)  =  0,  where/  is  a  polynomial  in  w  and  z. 

The  rational  functions  in  (ii)  occur  when  /is  of  only  the  first  degree 
(iv).  A  multiform  function  has  a  number  of  different  values  for  the 
value  of  z,  and  these  values  vary  with  z  :  the  aggregate  of  the  variatic 
any  one  of  the  values  is  called  a  branch  of  the  function.  -Althougl 
function  is  multiform  for  unrestricted  variation  of  the  variable,  it 
happens  that  a  branch  is  uniform  when  the  variable  is  restricte 
particular  regions  in  the  plane. 


changed  (§  94,  Note)  by  appropriate  modification  in  the  path  of  z,  is  called  a 
branch-point*  of  the  function.  The  relations  of  the  branches  in  the  immediate 
vicinity  of  a  branch-point  will  be  discussed  hereafter. 

(vi).  A  function,  which  is  monogenic,  uniform  and  continuous  over  any 
part  of  the  ^-plane,  is  called  holomorphic^  over  that  part  of  the  plane.  When 
a  function  is  called  holomorphic  without  any  limitation,  the  usual  implication 
is  that  the  character  is  preserved  over  the  whole  of  the  plane  which  is  not  at 
infinity. 

The  simplest  example  of  a  holomorphic  function  is  a  polynomial  in  the 
variable. 

(vii).  A  root  (or  a  zero}  of  a  function  is  a  value  of  the  variable  for  which 
the  function  vanishes. 

The  simplest  case  of  occurrence  of  roots  is  in  a  rational  integral 
function,  various  theorems  relating  to  which  (e.g.,  the  number  of  roots 
included  within  a  given  contour)  will  be  found  in  treatises  on  the  theory 
of  equations. 

(viii).  The  infinities  of  a  function  are  the  points  at  which  the  value  of 
the  function  is  infinite.  Among  them,  the  simplest  are  the  poles$  of  the 
function,  a  pole  being  an  infinity  such  that  in  its  immediate  vicinity  the 
reciprocal  of  the  function  is  holomorphic. 

Infinities  other  than  poles  (and  also  the  poles)  are  called  the  singular 
points,  or  the  singularities,  of  the  function :  their  classification  must  be 
deferred  until  after  the  discussion  of  properties  of  functions. 

(ix).  A  function,  which  is  monogenic,  uniform  and,  except  at  poles; 
continuous,  is  called  a  'meromorphic  function§.  The  simplest  example  is  a' 
rational  fraction. 

13.  The  following  functions  give  illustrations  of  some  of  the  preceding 
definitions. 

(a)     In  the  case  of  a  meromorphic  function 

F(z} 

in  = 

/or 

*  Also  critical  point,  which,  however,  is  sometimes  used  to  include  all  special  points  of  a 
function ;  with  German  writers  the  title  is  Verzwriyungspnnlit,  and  sometimes  Windungspunkt. 
French  writers  use  point  de  ramification,  and  Italians  punto  di  yiramento  and  punto  di 
dinmiazione. 

|  Also  synectic. 


fVjU.tJJ.tJ    J.'      tUJLJLU.     /       ill  O     UL/J.  \  WJJUllOiiiS     ill    &      VY  O.UJ.J.U  U  U    «j     V.U111I.11UJLJL     iclUUUJ.,     U11U    JUUUO    <«. 

the  roots  of  F  (z)  and  the  poles  are  the  roots  of  /  (#).  Moreover,  accordii 
as  the  degree  of  F  is  greater  or  is  less  than  that  of/,  £  =  oo  is  a  polo  or 
zero  of  w. 

(6)     If  w  be  a  polynomial  of  order  n,  then  each  simple  root  of  w  is 

i 

branch-point  and  a  zero  of  wm,  where  m  is  a  positive  integer ;    ^  =  00 
a  pole  of  w;   and  z=cc   is  a  pole  but  nob  a  branch -point  or  is  an  infini 

(though  not  a  pole)  and  a  branch -point  of  w-  according  as  n  is  even,  or  odd. 

(c)     In  the  case  of  the  function 

]__ 

sn  -- 
z 

(the  notation  being  that  of  Jacobian  elliptic  functions),  the  zeros  are  given  1 


for  all  positive  and  negative  integral  values  of  m  and  of?//.     If  we  take 

-  =  iK'  +  %m.K  +  Zm'iK'  +  £, 
z 

where  £  may  be  restricted  to  values  that  are  not  large,  then 

w=(-l)m/csn£ 

so  that,  in  the  neighbourhood  of  a  zero,  w  behaves  like  a  holomorph 
function.  There  is  evidently  a  doubly-infinite  system  of  zeros  ;  they  a 
distinct  from  one  another  except  at  the  origin,  where  an  infinite  numb 
practically  coincide. 

The  infinities  of  w  are  given  by 


for  all  positive  and  negative  integral  values  of  ti  and  of  n'.     If  we  take 


-=(-l)'lsn£ 
w 

so  that,  in  the  immediate  vicinity  of  %  =  0,  —  is  a  holomorphic  functic 


For  the  function  — - ,  the  origin  is  a  point  which  will  hereafter  be  called 
JL  * 


sn- 

z 


an  essential  singularity. 

Ex.     Obtain  essential  singularities  of  the  functions 


:,      sinh-,      tanhz. 

3 


CHAPTER  II. 

INTEGRATION  OF  UNIFORM  FUNCTIONS. 

14.  THE  definition  of  an  integral,  that  is  adopted  when  the  variables 
are  complex,  is  the  natural  generalisation  of  that  definition  for  real  variables 
in  which  it  is  regarded  as  the  limit  of  the  sum  of  an  infinite  number  of 
infinitesimally  small  terms.  It  is  as  follows  :  — 

Let  a  and  z  be  any  two  points  in  the  plane;  and  let  them  be  connected 
by  a  curve  of  specified  form,  which  is  to  be  the  path  of  variation  of  the 
independent  variable.  Let  f(z]  denote  any  function  of  z;  if  any  infinity 
of  f(z)  lie  in  the  vicinity  of  the  curve,  the  line  of  the  curve  will  be  chosen 
so  as  not  to  pass  through  that  infinity.  On  the  curve,  let  any  number  of 
points  21(  £»,  ...,  zn  in  succession  be  taken  between  a  and  z\  then,  if  the  sum 

0,  -  tt)/(a)  +  (z,-zl\f(zl}  +  ...  +  (*>-  zn)f(zn) 

have  a  limit,  when  n  is  indefinitely  increased  so  that  the  infinitely  numerous 
points  are  in  indefinitely  close  succession  along  the  whole  of  the  curve  from 
a  to  z,  that  limit  is  called  the  integral  of  f(z)  between  a,  and  z.  It  is  denoted, 
as  in  the  case  of  real  variables,  by 


It  is  known*  that  the  value  of  the  integral  of  a  function  of  a  real  variable 
between  limits  a  and  6  is  independent  of  the  manner  in  which,  under  the 
customary  definition,  the  interval  between  a  and  b  is  divided  up.  Assuming 
this  result,  we  infer  at  once  that  the  same  property  holds  for  the  complex 
integral 

"/(*)<**; 


for,  if  f(z)  —  u  +  iv,  where  u  and  v  are  real, 

f(z)  dz  —  udx  —  vdy  +  iudy  +  ivdx, 
and  each  of  the  integrals 


curve :   in   order  that   the  integral   may  have  a  definite  value,  the  curve 

(called  the  path  of  integration}   must,  in  the  first  instance,  be  specified*. 

The  integral  of  any  function  whatever  may  not  be  assumed  to  depend  in 
general  only  upon  the  limits. 

We  have  to  deal  with  converging  series ;  it  is  therefore  convenient  to  state  the 
definitions  of  the  terms  used.  For  proofs  of  the  statements,  developments,  and  appli- 
cations in  the  theory  of  convergence,  as  well  as  the  various  tests  of  convergence,  see 
Bromwich's  Theory  of  infinite  series,  Carslaw's  Fourier's  series  and  integrals,  Hobson's 
Functions  of  a  real  variable,  and  Fringsheim's  article  in  the  Encyclopadie  der  mathema- 
tisdien  Wissenschaften,  t.  i,  pp.  49 — 146,  where  full  references  are  given. 

A  series,  represented  by 
is  said  to  converge,  when  the  limit  of  Sn,  where 

as  n  increases  indefinitely,  is  a  unique  finite  quantity,  say  &'.  When,  in  the  same  circum- 
stances, the  limit  of  Sn  either  is  infinite  or,  if  finite,  is  not  unique  (that  is,  may  be  one  of 
several  quantities),  the  series  is  saidt  to  diverge. 

The  necessary  and  sufficient  condition  that  the  series 

should  converge  is  that,  corresponding  to  every  finite  positive  quantity  e  taken  as  small 
as  wo  please,  an  integer  m  can  bo  found  such  that 

for  all  integers  n  such  that  n  ^  m,  and  for  every  positive  integer  r. 

AVhon  the  series 

|  ai|,    [ajj|,    |.a.;|,... 
converges,  the  series 

«i,    <•<••>•>   «:!>••• 

converges;  and  it  is  said  to  converge  absolutely.  When  the  series  of  moduli  |«j  |,  |«2j,  |a3|, ..., 
does  not  converge,  though  the  series  «i,  «2,  «;!, ...  converges,  the  convergence  of  the  latter 
is  said  to  be  conditional.  In  a  conditionally  converging  series,  the  order  of  the  terms 
must  be  kept :  derangement  of  the  order  can  lead  to  different  limits  ;  and  any  assigned 
sum,  as  a  limit,  can  be  obtained  by  appropriate  derangement.  In  an  absolutely  converging 
series,  the  order  of  the  terms  can  be  deranged  without  affecting  the  limit  to  which  the 
series  converges  ;  the  convergence  is  sometimes  called  unconditional. 

These  definitions  apply  to  all  infinite  series,  whatever  be  the  source  of  their  terms. 
'When  the  terms  depend  upon  a  variable  quantity  s,  and  the  convergence  of  the  series  is 
considered  as  s  varies,  we  have  further  classifications.  Denote  the  series  by 


*  This  specification  is  tacitly  supplied  when  the  variables  are  real:  the  variable  point  moves 
along  the  axis  of  a;. 


S    /„(*)     <8 
i'— n 

for  every  value  of  n  ^  m  and  for  all  values  of  z  in  the  region,  the  convergence  is  said  to  he 
uniform  (sometimes  continuous). 

Convergence  maybe  uniform  without  being  absolute;  it  can  bo  absolute  without  being 
uniform. 

When  a  series  converges  for  all  values  of  s  such  that  |  2  |  <  r,  but  not  for  |  s  \  >  r,  then 
the  circle,  centre  the  origin  of  the  variable  s  and  radius  equal  to  ?•,  is  called  the  circle  of 
convergence :  and  the  radius  is  sometimes  called  the  radius  of  convcrgonco.  A.  series 
such  as 

"iM   «!•",   «->z~->  •••  ;ld  inf-> 

converges  absolutely  within  its  circle  of  convergence,  though  not  necessarily  on  its 
circumference.  It  does  not  necessarily  converge  uniformly  within  its  circle  of  convergence ; 
but  if  r'  is  a  positive  quantity,  less  than  the  radius  of  convergence  by  a  finite  quantity 
which  can  be  taken  small,  the  series  converges  uniformly  within  the  circle  of  radius  / 
concentric  with  its  circle  of  convergence. 

Again,  when  a  uniformly  converging  series  is  integrated  term  by  term  over  a  finite 
range,  the  resulting  series  also  converges  uniformly.  Hut  a  uniformly  converging  series 
can  be  differentiated  term  by  term  only  if  the  serins  of  derivatives  converges. 

15.     Some  inferences  can  be  made  from  the  definition  of  an  integral. 

(I.)  The  integral  along  any  path  from  a  to  z  passing  through  a  point  £  is 
the  sum  of  the  integrals  from  a  to  £  and  from  £  to  z  along  the  same  path. 
Analytically,  this  is  expressed  by  the  equation 


<»  dz  =      /(*)  <**  +        'O)  fa, 

J  a  J  £ 

the  paths  on  the  right-hand  side  combining  to  form  the  pith  on  the  left. 

(II.)     When-  the  path  is  described  in  the  reverse  direction,  the  sign  of  the 
integral  is  changed  :  that  is, 


the  curve  of  variation  between  a  and  z  being  the  same. 

(III.)  The  integral  of  the  sum  of  a  finite  number  of  terms  is  equal  to 
the  sum  of  the  integrals  of  the  separate  terms,  the  path  of  integration  being 
the  same  for  all. 

(IV.)     If  a  function   f(z)  be  finite  and  continuous  alona  anil  finite  Una 


hence 


|  / 1  =  limit  of 


r=0 


Because  f(z)  is  finite  and  continuous,  its  modulus  is  finite  and  therefore 
must  have  a  superior  limit,  say  M,  for  points  on  the  line.     Thus 

IfM 
so  that  1 1  <  limit  of 

<MS, 

where  S  is  the  finite  length  of  the  path  of  integration.     Hence  the  modulus 
of  the  integral  is  finite;  the  integral  itself  is  therefore  finite. 

No  limitation  has  been  assigned  to  the  path,  except  finiteness  in  length  ; 
the  proposition  is  still  true  Avhen  the  curve  is  a  closed  curve  of  finite  length. 

Hermite  and  Darboux  have  given  an  expression  for  the  integral  which 
lead.s  to  the  same  result.  .  We  have  as  above 


and 


=  B\S\f(z)\\dt\, 

•i  n, 


where  0  is  a  real  positive  quantity  less  than  unity.    The  last  integral  involves 
only  real  variables;  hence*  for  some  point  f  lying  between  a  and  z,  we  have 


I/O) !  i  ds 


dz 


so  that  \I\  =  eS\f(%)\. 

It  therefore  follows  that  there  is  some  argument  a  such  that,  if  A,  =  Be'0-, 


This  form  proves  the  finiteness  of  the  integral;  and  the  result  is  the 
generalisation  t  to  complex  variables  of  the  theorem  of  mean  value  just 
quoted  for  real  variables. 

*  By  what  is  usually  called  the  "'  First  theorem  of  mean  value,"  in  the  integral  calculus  ;  for 
a  proof,  see  Cnrslaw's  Fonripr's  series  and  integrals,  %  Hi). 

i  Wonnii-.o    Hniifs  it  In  t'nriilti'  lip*  Kf.i.i'ni'.f.s  di>  I'nrix  C41'4""1  ('•(!..  1R91V  n.  59.  where  the  reference 


integrals  of  the  terms  of  the  series  alony  the  same  path,  provided  that  pu 
lies  within  the  circle  of  convergence  of  tJie  series : — a  result,  which  is 
extension  of  (III.)  above. 

Let  M0  +  u-i  +  u»  -4-  ...  be  the  converging  series  ;  take 

f(z)  =  U0  +  MI  +  •  •  •  +  U  n  +  R, 

where  j  R j  can  be  made  infinitesimally  small  with  indefinite  increase  of 
because  the  series  converges  uniformly.  Then  by  (III.),  or  immediately  fix 
the  definition  of  the  integral,  we  have 

rs  r~  r~  r~  r~ 

I    f(z)dz=\    'undz  +  I    Uidz  +  ...  +  I    undz  +  I    Rdz, 

J  n  J  a  J  «,  J  a  J  a 

the  path  of  integration  being  the  same  for  all  the  integrals.     Hence,  if 


p 
0=1    f(z)dz 

J  K' 


»*=() 
we  have  ©  =  I    Rdz 


Let  B!  be  the  greatest,  value  of    R  \  for  points  in  the  path  of  integrati 
from  a  to  z,  and   let  S  be  the    length    of  this   path,  so  that  *S'  is  finit 

then,  by  (IV.), 

i  ©  |  <  SRf. 

Now  /&'  is  finite  ;  and,  as  n  is  increased  indefinitely,  the  quantity  R'  ten 
towards  zero  as  a  limit  for  all  points  within  the  circle  of  convergence  a 
therefore  for  all  points  on  the  path  of  integration  provided  that  the  path 
within  the  circle  of  convergence.  When  this  proviso  is  satisfied,  ©  j  becon 
infinitesirnally  small  and  therefore  also  0  becomes  infinitesiinalry  small,  wi 
indefinite  increase  of  11.  Hence,  under  the  conditions  stated  in  the  cnunc 
tion,  we  have 


which  proves  the  proposition. 

16.     The  following  lemma*  is  of  fundamental  importance. 

Let  any  region  of  the  plane,  on  which  the  #-  variable  is  represented, 
bounded  by  one  or  more  simple  f  curves  which  do  not  meet  one  anoth< 
each  curve  that  lies  entirely  in  the  finite  part  of  the  plane  will  be  considei 
.to  be  a  closed  curve. 

*  It  is  proved  by  lliemann,  Gen.   Werke,  p.  12,  and  is  made  .by  him  (as  also  by  Canchy) 
basis  of  certain  theorems  relating  to  functions  of  complex  variables. 

I  For  the  immediate  purpose,  a  curve  is  called  simple,  if  it  have  no  multiple  points.     '. 
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Ifp  and  q  6e  any  two  functions  of  as  and  y,  which,  for  all  points  within  the 
region  or  along  -its  boundary,  are  uniform,  finite  and  continuous,  then  the 
integral 


extended  over  the  whole  area  of  the  region,  -in  equal  to  the  integral 

J(pdtv  +  qdy], 
taken  in  a  positive  direction  round  the  whole  boundary  of  the  region. 

(As  the  proof  of  the  proposition  does  not  depend  on  any  special  form  of 
region,  we  shall  take  the  area  to  be  (fig.  5)  that  which  is  included  by  the 
/  and  excluded  by  Pa'Q3T84  and  excluded  by  P/P;.     The 


curve 


positive  directions  of  description  of  the  curves  are  indicated  by  the  arrows  ; 
and  for  integration  in  the  area  the  positive  directions  are  those  of  increas- 
ing x  and  increasing  y.} 


First,  suppose;  that  both  p  and  </  are  real.     Then,  integrating  with  regard 
to  x,  we  have* 


where  the  brackets  imply  that  the  limits  are  to  be  introduced.  When  the 
limits  are  introduced  along  a  line  G'Q/tV---  parallel  to  the  axis  of  &,  then, 
since  CQiQi'...  gives  the  direction  of  integration,  we  have 

Ictdi/l  =  —  Qidi/,  +  aSd?/,'  —  ir.,di/.,  -f  </./f £?/.,'  —  a-fli/.,  +  r/«'di/»' 


Now  when  integration  is  taken  in  the  positive  direction^  round  the  \A 
boundary,  the  part'  of  jqdy  arising  from  the  elements  of  the  -boundary  ai 
points  on  OQiQ/.  .  .  is  the  foregoing  sum.  For  at  Q3'  it  is  q3'dys'  becaus< 
positive  element  dy-',  which  is  equal  to  CD,  is  in  the  positive  directic 
boundary  integration  ;  at  Q;i  it  is  —  gadya  because  the  positive  element 
also  equal  to  CD,  is  in  the  negative  direction  of  boundary  integral 
at  Q»  it  is  qjdyz,  for  similar  reasons  ;  at  Qz  it  is  —  q»dy»,  for  similar  reai 
and  HO  on.  Hence 


corresponding  to  parallels  through  0  and  D  to  the  axis  of  .r,  is  equ 
the  part  of  /  qdy  taken  along  the  boundary  in  the  positive  direction  f< 
the  elements  of  the  boundary  that  lie  between  those  parallels.  Then  ^ 
we  integrate  for  all  the  elements  CD  by  forming  f[qdy'\,  an  equivale 
given  by  the  aggregate  of  all  the  parts  of  jqdy  taken  in  the  positive  dire 
round  the  whole  boundary  ;  and  therefore 


I  -J--  dxdy  =  I  qdy, 
IJ  das 


on  the  suppositions  stated  in  the  enunciation. 
Again,  integrating  with  regard  to  y,  we  have 


ff; 


=  —  p1dx1  4-  pidx'  —  p.,dx»  -\-p.>dx.!  —  p-}dxn  +2>:\dx-.', 

when  the  limits  arc  introduced  along  a  line  BP^P^'...  parallel  to  the 
of  y  :  the  various  differential  elements  are  the  projections  on  the  axis  o: 
the  various  elements  of  the  boundary  at  points  along  BP^Pi  — 

It  is  proved,  in  the  same  way  as  before,  that  the  part  of  —j'pdx  ai 
from  the  positively-described  elements  of  the  boundary  at  the  pom 
J5P:P/...  is  the  foregoing  sum.  At  P;!'  the  part  of  /pdw  is  —  ps'dss;',  be< 
the  positive  element  da^',  which  is  equal  to  AB,  is  in  the  negative  dire 
of  boundary  integration ;  at  P.  it  is  psdais,  because  the  positive  ele 
da;!t,  also  equal  to  AB,  is  in  the  positive  direction  of  boundary  integra 
and  so  on  for  the  other  terms.  Consequently 


corresponding  to  parallels  through  A  and  B  to  the  axis  of  y,  is  equ 
the  part  of  fpdx  taken  along  the  boundary  in  the  positive  direction  i 
the  elements  of  the  boundary  that  lie  between  those  parallels.  I 

iirhoo'VsvfviniY    ftiv    oil    f.Vii-i    olnmnnf.u     A   7?      \\n-j    l-»<niro    tit!     \\r\?r\-\*r> 


UL  <iuu  imaginary  parts,  111  tne  lorms  p  -+-  vp  ana  </  +  ig  respectively, 
then  the  conditions  as  to  uniformity,  finiteness  and  continuity,  which  apply 
to  p  and  q,  apply  also  to  p,  q',  p"  ,  q".  Hence 

ff/dq'     dp'\  ,    7 
J  J  \3te~  ~  3   J        ?/  = 

and 


and  therefore  -         eferfy  =/(^  + 

Avhich  proves  the  proposition. 

No  restriction  on  the  properties  of  the  functions  p  and  q  at  points 
that  lie  without  the  region  is  imposed  by  the  proposition.  They  may  have 
infinities  outside,  they  may  cease  to  be  continuous  at  outside  points,  or  they 
may  have  branch-points  outside  ;  but  so  long  as  they  are  finite  and  continuous 
everywhere  inside,  and.  in  passing  from  any  one  point  to  any  other  point 
always  acquire  at  that  other  the  same  value  whatever  be  the  path  of  passage 
in  the  region,  that  is,  so  long  as  they  are  uniform  in  the  region,  the  lemma 
is  valid. 

17.     The  following  theorem  due  to  Cauchy  *  can  now  be  proved  :  — 

If  a-  function  f(s)  be  holomorphic  throughout  any  region  of  the  s-plane, 
then  the  integral  Jf(s)ds}  taken  round  the  whole  boundary  of  that  region,  is  zero. 

Wo  apply  the  preceding  result  by  assuming 

:P=/OX       tf  =  qp  =  #'(*); 

owing  to  the  character  of  f(z),  these  suppositions  are  consistent  with  the 
conditions  under  which  the  lemma  is  valid.  Since  jt>  is  a  function  of  z,  we 
have,  at  every  point  of  the  region, 

dp  _  1  dp 

da;      i  dy' 

and  therefore,  in  the  present  case, 

fy^ity^ty.. 

doo       dx     cly  ' 

There  is  no  discontinuity  or  infinity  of  p  or  q  within  the  region  :  hence 

<7     dp\  ,    ,       A 

~  3      dxcl'H  =  °> 
x     cyi 

For  an   account   of  the   gradual   development   of  the  theory  and,   in   particular,    for   a 

_        j  ,      .<•        ,.  .  .-i  ,-i  )  r      i      ^il_       v/3-p«iv    n/>oo\        coo      r^ocnvof"         rt^         •' 


when  the  integral  is  taken  round  the  whole  boundary  of  the  region.     But 

pdx  +  qdy  --=  pdx  4-  ipdy 
=pdz 


and  therefore  jf(z)  dz  -  0, 

the  integral  being   taken  round   the  whole  boundary  of  the  region  within 

which  f(z)  is  holornorphic. 

It  should   be  noted    that   the    theorem  requires  no  limitation   on   the 
character  of  f(z)  for  points  z  that  are  not  included  in  the  region. 

The  result  can  also  be  established  by  a  slightly  different  use  of  the 

original  theorem.     Writing 

f(z)  =  u  +  iv, 

where;  after  the  hypotheses  concerning  f(z),  the  real  functions  u  and  v 
are  uniform,  finite,  and  continuous  for  all  points  within  the  region  or  along 
the  boundary,  we  have 

//(#)  ds  =  /  (u  +  iv)  (dx  +  idy) 

—  f(udu;  —  »dy)  +  ij(vdx  +  udy). 
Owing  to  the  character  of  u  and  v,  we  have 

dv      du 


taken  over  the  whole  region  ;   but 

du  _     dv 
dy        doc  ' 
and  therefore 

Similarly 


taken  over  the  whole  region  ;  but 

d'ti  __  dv 
dx     dy  ' 
and  therefore 

f(vdx  +udy}  =  0. 

Hence,  with  the  assumptions  made  as  to  f(z),  we  have 


18.  When  a  function  f(z)  is  holomorphic  over  any  continuous  region 
of  the  plane,  the  integral  \  f(z)dz  is  a  holomorphic  function  of  z,  provided  the 

J  d 

points  z  and  a  as  well  as  the  whole  path  of  integration  lie  within  that  region. 

The  general  definition  (§  14)  of  an  integral  is  associated  with  a  specified 
path  of  integration.  In  order  to  prove  that  the  integral  is  a  holomorphic 
function  of  z,  it  will  be  necessary  to  prove  (i)  that  the  integral  acquires  the 
.same  value  in  whatever  way  the  point  z  is  attained,  that  is,  that  the  value  is 
independent  of  the  path  of  integration,  (ii)  that  it  is  finite,  (iii)  that  it 
is  continuous,  and  (iv)  that  it  is  monogenic. 

Let  two  paths  ayz  and  a/3z  between  a  and  z  be  drawn  (fig.  (i)  in  the 
continuous  region  of  the  plane  .within  which  f(z)  is 
holomorphic.  The  line  ayz/Sa  is  a  contour  over  the  area 
of  which  f(z)  is  holomorphic ;  and  therefore  ff(z)  dz 
vanishes  when  the  integral  is  taken  along  ayz/Sa. 
Dividing  the  integral  into  two  parts  and  implying  by 
zy,  Zp  that  the  point  z  has  been  reached  by  the  paths 
ayz,  aftz  respectively,  we  have 


and  therefore 


Thus  the  value  of  the  integral  is  independent  of  the  way  in  which  z  has 

rz 
acquired  its  value  ;  and  therefore  I  f(z}  dz  is  uniform  in  the  region.    Denote 

it  by  F(z}. 

Secondly,  f(z)  is  finite  for  all  points  in  the  region.  After  the  result 
of  §  17,  we  naturally  consider  only  such  paths  between  a  and  z  as  are  finite  in 
length,  the  distance  between  a  and  z  being  finite.  Hence  (§  15,  IV.)  the 
integral  F(z)  is  finite  for  all  points  z  in  the  region. 

Thirdly,  let  z'  (=  z  +  Sz)  be  a  point  infinitesimally  near  to  z  ;  and  consider 
' 
f(z)  dz.     By  what  has  just  been  proved,  the  path  from  a  to  z'  can  be  taken 

aftzz'  ;  therefore 


=  -       f(z}dz 


/• 
I 

J 


Now  at  points  in  the  infinitesimal  line  from  z  to  /,  the  value  of  the 
continuous  function  f(z)  differs  only  by  an  infinitesimal  quantity  from  its 
value  at  z  ;  hence  the  right-hand  side  is 

{/(*)  +  «)«*, 
where  |  e  j  is  an  infinitesimal  quantity  vanishing  with  $z.     It  therefore  follows 

that 

F(z  +  %z)-F(z) 

is  an  infinitesimal  quantity  with  a  modulus  of  the  same  order  of  small- 
quantities  as  |  82  .     Hence  F(z)  is  continuous  for  points  s  in  the  region. 

Lastly,  we  have 


q  ,,       ,  - 

and  therefore  ----------  R  ---  —- 

ts 

has  a  limit  when  8s  vanishes  ;  and  this  limit,  f(z),  is  independent  of  the 
way  in  which  8z  vanishes.  Hence  F(z)  has  a  differential  coefficient;  the 
integral  is  monogenic  for  points  z  in  the  region. 

Thus  F  '  (z),  which  is  equal  to 


is  uniform,  finite,  continuous,  and  monogenic;  it  is  therefore  a  holomorphic 
function  of  z. 

As  in  §  16  for  the  functions  p  and  q,  so  here  for/(^),  no  restriction  its 
placed  on  properties  of  f(z)  at  points  that  do  not  lie  within  the,  region  ; 
so  that  elsewhere  it  may  have  infinities,  or  discontinuities,  or  branch -points. 
The  properties,  essential  to  secure  the  validity  of  the  proposition,  are 
(i)  that  no  infinities  or  discontinuities  lie  within  the  region,  and  (ii)  that  the 
same  value  of  f(z)  is  acquired  by  whatever  path  in  the  continuous  region 
the  variable  reaches  its  position  z. 

COROLLARY.  No  change,  is  caused  in  the  value  of  the  integral  of  n 
holomorphic  function  between  two  points-  when  the  path  of  integration 
between  the  points  is  deformed  in  any  manner,  provided  only  that,  during  t?t,e 
deformation,  no  part  of  the  path  passes  outside  the  boundary  of  the  region 
within  which  the  function  is  holomorphic. 

This  result  is  of  importance,  because  it  permits  the  adoption  of  special 
forms  of  the  path  of  integration  without  affecting  the  value  of  the  integral. 
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The  ring-formed  portion  of  the  plane  (fig.  1,  p.  3)  which  lies  between 
the  two  curves  is  a  region  over  which  f(z)  is  holomorphic;  hence  the  integral 
\f(z)  dz  taken  in  the  positive  sense  round  the  whole  of  the  boundary  of 
the  included  portion  is  zero.  The  integral  consists  of  two  parts  :  first,  that 
round  the  outer  boundary  the  positive  sense  of  which  is  DEF  ';  and  second, 
that  round  the  inner  boundary  the  positive  sense  of  which  for  the  portion  of 
area  between  ABC  and  DEF  is  A  Ctt.  Denoting  the  value  of  //(#)  dz  round 
DEF  by  (DEF),  and  similarly  for  the  other,  we  have 


The  direction  of  an  integral  can  be  reversed  if  its  sign  be  changed,  so  that 
(ACB)  =  -  (ABO)  ;  and  therefore  "       " 

(ABC)  =  (DEF). 

But  (ABO)  is  the  integral  '\f(z)dz  taken  round  ABC,  that  is,  round  the 
curve  in  a  Direction  which,  relative  to  the  area  enclosed  by  it,  is  positive. 

The  proposition  is  therefore  proved. 

The  remarks  made  in  the  preceding  case  as  to  the  freedom  from  limitations 
on  the  character  of  the  function  at  places  not  within  the  bounded  area  are 
valid  also  in  this  case. 

COROLLARY  I.  When  the  integral  of  a  function  is  taken  round  the  whole 
of  any  simple  curve  in  the  plane,  no  change  is  caused  in  its  value  by  continuously 
deforming  the  curve  into  any  other  simple  curve  provided  the  function  is 
holomorphic  over  the  part  of  the  plane  in  which  the  deformation  is  effected. 

COBOLLAEY  II.  When  a  function  f(z)  is  holomorphic  over  a  continuous 
portion  of  a  plane  bounded  by  any  number  of  simple  non-intersecting  curves, 
all  but  one  of  which  are  external  to  one  another  and  the  remaining  one  of 
which  encloses  them  all,  the  value  of  the  integral  Jf(z)  dz  taken  positively  round 
the  single  external  curve  is  equal  to  the  sum  of  the  values  taken  round  each 
of  the  other  curves  in  a  direction  which  is  positive  relative  to  the  area  enclosed 
by  it. 

These  corollaries  are  of  importance  in  many  instances,  as  will  be  seen 
later.  The  simplest  instances  'arise  in  finding  the  value  of  the  integrals  of 
meromorphic  functions  round  a  curve  which  encloses  one  or  more  of  the 
poles;  the  fundamental  theorem,  also  clue  to  Cauchy,  for  these  integrals  is 
the  following. 

20.      Let  f(z\  denote  a,  function  which  is  holomornhic,  over  anil  rec/ion  in 


have 

z  —  a          a.  z  —  a 

the  notation  implying  that  the  integrations  are  taken  positively  round  the 
whole  boundary  B  and  round  the  circumference  of  0  respectively. 

For  points  on  the  circle  C,  let  z—  u.=  peei,  so  that  9  is  the  variable  for 
the  circumference  and  its  range  is  from  0  to  27r:  then  we  have 

dz        .ia 
—  =  ulv. 
z  —  a 

Along  the  circle  f(z)=f(u>+  p&9i)\  the  quantity  p  is  very  small  and  f(z)  is 
finite  and  continuous  over  the  whole  of  the  region,  so  that/(«  +  peeii)  differs 
from  /(a)  only  by  a  quantity  which  vanishes  with  p.  Let  this  difference 
be  e,  which  is  a  continuous  small  quantity;  thus  jej  is  a  small  quantity 
which,  for  every  point  on  the  circumference  of  C,  vanishes  with  p.  Then 


+  i        edd. 
J  o 

If  E  denote  the  value  of  the  integral  on  the  right-hand  side,  and  77  th 
greatest  value  of  the  modulus  of  e  along  the  circle,  we  have,  as  in  §  15, 

/"27T 

\E\<\      \e\de 
J  o 


Now  let  the  radius  of  the  circle  diminish  to  zero.  Then  r;  also  diminishes 
to  zero  and  therefore  |  E  \  ,  necessarily  positive,  becomes  less  than  any  finite 
quantity  however  small,  that  is,  E  is  itself  zero  ;  and  thus  we  have 


cz  —  a 
which  proves  the  theorem. 

When  a  is  not  a  zero  oif(z),  this  result  is  the  simplest  case  of  the  integral 

of  a  meromorphic  function.      The  subject  of  integration  is  ^—^-    a  function 

z  —  a 

which  is  monogenic  and  uniform  throughout  the  region  and  which,  every- 


integration,  viz.  (z  —  a)jf  (z),  is  nolomorphic. 

The  theorem  may  therefore  be  expressed  as  follows  :  — 

If  g  (z}  be  a  meromorphic  function,  which  in  the  vicinity  of  a  can  be 
expressed  in  the  form  f(z)l(z  —  a)  where  f(a)  is  not  zero,  and  which  at  'all 
other  points  in  a  region  enclosing  a  is  holomorphic,  then 

-•  1  9  (z)  dz  =  limit  of  (z  —  a]  g  (z)  when  z  =  a, 


the  integral  being  taken  round  a  curve  in  the  region  enclosing  the  point  a. 

The  pole  a  of  the  function  g  (z}  is  said  to  be  simple,  or  of;  the  first  order, 
or  of  multiplicity  unity. 

Corollary.  The  more  general  case  of  a  meromorphic  function  with  a 
finite  number  of  poles  can  easily  be  deduced.  Let  these  be  aa  ,  ...,  an,  each 
assumed  to  be  simple  ;  and  let 

G  (z)  =  (z  -  cO  (z  -  a2).  ..(z  -  cfo). 

Let  f(z}  be  a  holomorphic  function  within  a  region  of  the  z-plane  bounded 
by  a  simple  contour  enclosing  the  n  points  al}  a2,  ...,  an,  no  one  of  which  is  a 
zero  off(z).  Then  since 

1          «        1          1 


G  (z)     r=1  G'  (OT)  z  -  ar ' 
•/(*)^-S       l 


each  integral  being  taken  round  the  boundary.    But  the  preceding  proposition 
gives 

^-  dz  = 


because  f(z)  is  holomorphic  over  the  whole  region  included  in  the  contour; 
and  therefore 


the  integral  on  the  left-hand  side  being  taken  in  the  positive  direction  *. 

The  result  just  obtained  expresses  the  integral  of  the  meromorphic 
function  round  a  contour  which  includes  a  finite  number  of  its  simple  poles. 
It  can  be  obtained  otherwise  from  Corollary  II.  of  S  19,  by  adopting 


that  Corollary  circles  round  the  points  a1;  ...,  an  with  radii  sufficiently  small 
to  secure  that  each  circle  is  outside  all  the  others. 

Ex.  I.     A  function  f(z)  is  holomorphic  over  an  area  bounded  by  a  .simple  closed 
curve;  and  a,  b,  c  are  three  points  within  the  area.     Find  the  value  of  the  integral 


(z-  a)  (z—  b}  (Z  —  G) 
taken  round  the  curve  ;  and  shew  what  it  becomes 

(i)    when  a  and  b  coincide, 
(ii)    when  a,  b,  c  coincide. 

/T\ 

Ex.  2.     Let  S  (  -  1  denote  tho  sum  of  any  set  of  selected  terms  of  the  series 
\zj 


and  let 

where  /(f)  is  a  holomorphic  function  of  £  within  the  range;  shew  that  the  sum  of  the 
same  set  of  terms  selected  from  /(£)  can  be  expressed  in  the  form 


21.  The  preceding  theorems  have  sufficed  to  evaluate  the  integral  of 
a  function  with  a  number  of  simple  poles.  We  now  proceed  to  obtain 
further  theorems,  which  can  be  used  among  other  purposes  to  evaluate 
the  integral  of  a  function  with  poles  of  order  higher  than  the  first. 

We  still  consider  a  function  f(z)  which  .is  holomorphic  within  a  given 
region.  Let  a  be  a  point  within  the  region  which  is  not  a  zero  of  f(z); 
we  have 

,  ,   ,        If  f(z)   , 
f(a)  -  ^—.    ^-^-L  dz. 
J  ^  '       -          — 


Let  a  +  .Sa  be  any  other  point  within  the  region,  so  that,  if  a  be  near  the 
boundary,  Sa  |  is  to  be  chosen  less  than  the  shortest  distance  from  a  to 
the  boundary;  then 


- 
—  a  —  ca 

and  therefore 


- 

2m 

'J  (\i 

(Z)      ' 


_          ___ 
(z-  a)2     (z  -  af(z-  a  -  8 

the  integral  being  in  every  case  taken  round  the  boundary. 

Since  f(z)  is  monoerenic,  the  definition  of  f  (a\  the  first  derivative  of 


when  Sa  ultimately  vanishes;  hence  we  may  take 


where  cr  is  a  quantity  which  vanishes  with  Ba  and  is  therefore  such  that  |  a 
also  vanishes  with  Ba.     Hence 


r  /•>  /  \ 
{/(a) 


i  \  \(z  -  7i)2     0  -  a)2  (5  -  a  -  Sa) 
dividing  out  by  So.  and  transposing,  we  have 

If      "*       ,  8a  /(*) 


f(z}dz; 


(,     a)' 

As  yet,  there  is  no  limitation  on  the  value  of  Sa;  we  now  proceed  to  a 
limit  by  making  a  +  8a  approach  to  coincidence  with  a,  viz.,  by  making  Sa 
ultimately  vanish.  Taking  moduli  of  each  of  the  members  of  the  last 
equation,  we  have 


= 

Ba   f 
—  0-4.  -  —  .              -- 

M 

a  - 

-A)*1 

Ba\ 

f 

f(e) 

< 

cr  |  + 

.    -  - 

a  — 

•lir 

J  (z  -  a)2 

(z~ 

Ba) 

Let  the  greatest  modulus  of  -,-— 


for  points  z  along  the 


(z  —  a)-  (z  —  a  —  8a} 

boundary  be  M,  which  is  a  finite  quantity  on  account  of  the  conditions 
applying  to  f(z)  and  of  the  fact  that  the  points  a  and  a+Balie  within 
the  region  and  are  not  on  the  boundary.  Then,  by  §  15, 

/CO 


•dz 


<MS, 


1  (z  -af(z-a- 
where  S  is  the  whole  length  of  the  boundary,  a  finite  quantity.     Hence 

1  f         f  ( 7\ 

^%    '.    ~,         w.  a& 


When  we  proceed  to  the  limit  in  which  Sa  vanishes,  we  have  |  Sa  =  0 
and  |  o-  1  =  0,  ultimately  ;  hence  the  modulus  on  the  left-hand  side  ultimately 
vanishes,  and  therefore  the  quantity  to  which  that  modulus  belongs  is  itself 
zero,  that  is, 


_, 

2-TTl 


-  Of 


Sa)-/»_  2! 
Ba  .......  ~~ 


where  0  is  a  small  quantity  which  vanishes  with  Sa.  Moreover  the  integral 
on  the  right-hand  side  is  finite,  for  the  subject  of  integration  is  everywhere 
finite  along  the  path  of  integration  which  itself  is  of  finite  length.  Hence, 
first,  a  small  change  in  the  independent  variable  leads  to  a  change  of  the 
same  order  of  small  quantities  in  the  value  of  the  function  /'  (a),  which 
shews  that  /'  (a)  is  a  continuous  function.  Secondly,  denoting 


on 


ex  /»/    /     % 

by  S/'(a),  we  have  the  limiting  value  of      ^  .....  -  equal  to  the  integral 

the  right-hand  side  when  Sa  vanishes,  that  is,  the  derivative  of  f  (a)  has 
a  value  independent  of  the  form  of  Sa  and  therefore  /'  (a)  is  monogenic. 
Denoting  this  derivative  by  f"  (a),  we  have 

/         (  a)  ==  pr        :     I    •:        '         v  •  Cl/Z. 

J     ^  '     2-m  '  (z  -  a)3 

Thirdly,  the  function  /'  (a)  is  uniform  :    for  it  is  the  limit  of  the  value 

P  f(a  +  Sa)  —  f(a)          ,  ,    ,.     _,  .         n    .,,        .,  .  ...  T     ,,      ., 

of  <--  x  --------  ~*  >  an(J-  both  /(a)  and/(a  +  ba)  are  uniform.     Lastly,  it 

is  finite;  for  (§15)  it  is  the  value  of  the  integral  „  —  .  |  f~--~~^dz,  in  which 

juTTlj       (£  ™~  Ct) 

the  length  of  the  path  is  finite  and  the  subject  of  integration  is  finite  at 
every  point  of  the  path. 

Hence  /'  (a)  is  continuous,  monogenic,  uniform,  and  finite,  throughout 
the  whole  of  the  region  in  which  f(z)  has  these  properties:  it  is  a  holo- 
morphic  function.  Hence  :  —  • 

When  a  function  is  holomorphic  in  any  region  of  the  plane  bounded  ly 
a  simple  curve,  its  derivative  is  also  holomorphic  within  that  region. 

And,  by  repeated  application  of  this  theorem:  — 

When  a  function  is  holomorphic  in  any  region  of  the  plane  bounded  by 
a  simple  curve,  it  has  an  unlimited  number  of  successive  derivatives  each  of 
which  is  holomorphic  within  the  region. 

All  these  properties  have  been  shewn  to  depend  solely  upon  the  holo- 
morphic character  of  the  fundamental  function;  but  the  inferences  relating 
to  the  derivatives  have  been  proved  only  for  points  within  the  region  and 
not  for  points  on  the  boundary.  If  the  foregoing  methods  be  used  to  prove 
them  for  "Doints  on  the  bonndarv.  thp.v  rfinnirs  tlia.t  n.  p.nnsp.r.ntivp.  noint  shall 


I\JL  \juu vcj.gcj.njc  uii  uue  <jinjuu-uci.cjuujt;  ucttscs  uu  uw  aciuiauicu  im  suiuc  uuc  ui 
the  derivatives  and  for  all  which  succeed  it :  as  such  functions  do  not  then 
converge,  the  circumference  of  the  circle  must  be  excluded  from  the  region 
within  which  the  derivatives  are  holomorphic. 

Ex.    Let  F(z)  and  G(z)  denote  two  functions  of  z,  holomorphic  in  a  region  enclosing 
the  point  a,  which  is  a  zero  of  G  (2)  and  a  non-zero  of  F(z) ;  prove  that 

1     r  F(z]     ,       . 
,dz  =  - 


when  a  is  a  simple  root  of  Gr(z)  =  Q,  and  that 


j  - 


whon  a  is  a  double  root  of   O(z)  =  0,  both  integrals  being  taken  round  a  small  contour 
which  encloses  a  but  no  other  zero  of  G(z). 

22.     Expressions  for  the   first   and   the   second   derivatives   have   been 
obtained. 

By  a  process  similar  to  that  which  gives  the  value  of  /'  (a),  the  derivative 
of  order  n  is  obtainable  in  the  form 

/(*>      ^ 


the  integral  being  taken  round  the  whole  boundary  of  the  region  or  round 
any  curves  which  arise  from  deformation  of  the  boundary,  provided  that  no 
point  of  the  curves  in  the  final  form  of  the  boundary  or  in  any  intermediate 
form  of  the  boundary  is  indefinitely  near  to  a. 

In  the  case  when  the  curve  of  integration  is  a  circle,  no  point  of  which 
circle  may  lie  outside  the  boundary  of  the  region,  we  have  a  modified  form 
for/(?l'(a). 

For  points  along  the  circumference  of  the  circle  with  centre  a  and  radius 
r,  let  z  —  a  —  reei,  so  that,  as  before, 

dz        .jn 
---  =  idv  : 
z  —  a 

then  0  and  2?r  being  taken  as  the  limits  of  d,  we  have 


Let  M  be  the  greatest  value  of  the  modulus  of  f(z)  for  points  on  the 
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circumference  (or,  as  it  may  be  convenient  to  consider,  for  points  on  or  within 
the  circumference) :  then 


2rr 

I 
.    0 


27rr71 

M 
<«•!-»• 

Now,  let  a  function  $  (z}  be  defined  by  the  equation 

M 


,. 

(z)  = 

x  ' 


z  —  a 

JL     ~~~ 

r 


evidently  it  can  be  expanded  in  a  series  of  ascending  powers  of  z  —  a  which 
converges  within  the  circle.     The  series  is 


dzn  rn 

M 


„ 

Hence 

so  that,  if  the  value  of  the  nth  derivative  of  <p(z),  when  z  =  a,  be  denoted 
by  0«")  (a),  we  have  j/(?t>  (a)  j  <  <p>  (a). 

These  results  can  be  extended  to  functions  of  more  than  one  variable  : 
the  proof  is  similar  to  the  foregoing  proof.  When  there  are  two  variables, 
say  z  and  /,  the  results  may  be  stated  as  follows  :  — 

For  all  points  z  within  a  given  simple  curve  0  in  the  2-plane  and  all 
points  z'  within  a  given  simple  curve  C'  in  the  /-plane,  let  f(z,  z)  be  a 
holomorphic  function  ;  then,  if  a  be  any  point  within  0  and  a'  any  point 
within  C', 


(z  -  a)n^  (z1  -  a')n> 

where  ft  and  n.'  are  any  integers  and  the  integral  is  taken  positively  round  the 
two  curves  G  and  C'. 

If  M  be  the  greatest  value  of  \f(z,  z'}  \  for  points  z  and  z'  within  their 
respective  regions  when  the  curves  C  and  G'  are  circles  of  radii  r,  r'  and 


then 


dn+n'  4> (z,  z) 


when  z  =  a  and  z1  =  a  in  the  derivative  of  c/>  (z,  z'). 

A  function  0,  related  in  this  manner  to  a  function  f  in  association  with 
which  it  is  constructed,  is  sometimes  called*  a  dominant  function. 

23.  All  the  integrals  of  rneroinorphic  functions  that  have  been  considered 
have  been  taken  along  complete  curves  ':  it  is  necessary  to  refer  to  integrals 
along  curves  which  are  lines  only  from  one  point  to  another.  A  single 
illustration  will  suffice  at  present. 

rz  ffz\ 
Consider  the  integral  I    J-±-i.  dz  ;  the  function  f(z)  is 

J  c0  z  —  a 

supposed  holomorphic  in  the  given  region  :  z  and  z0  are 
any  two  points  in  that  region.  Let  some  curves  joining 
z  to  z0  be  drawn  as  in  the  figure  (fig.  7). 

f(z)    .  > 

Then    -  ------  is  holomorphic  over  the  whole  area  en-      '       ,,.    „ 

z  —  a  r  ing-  <• 

closed  by  zQ/3z$z0  :   and  therefore  we  have    I-       •  dz  =  0,  the  integral  being 

J  z  —  ft 

taken  round  the  boundary  of  that  area.     Hence,  as  in  the  earlier  case,  we  have 


The  point  a  lies  within  the  area  enclosed  by  z0<yz(3z0,  and  the  function. 

(z) 

^-  is  holomorphic,  except  in  the  immediate  vicinity  of  z  —  a  ;  hence 


z-a 
the  integral  on  the  left-hand  side  being  taken  round  z0yz/3z0.     Accordingly 


f(z) 
We  denote  •         by  g  (z),  so  that  g  (z)  is  a  function  which  has  one  pole  a 

Z  —  CL 

in  the  region  considered. 

The  preceding  results  are  connected  only  with  the  simplest  form  of 
meromorphic  functions  ;  other  simple  results  can  be  derived  by  means  of  the 
other  theorems  proved  in  §§  17  —  21.  Those  which  have  been  obtained  are 
sufficient  however  to  shew  that:  The  integral  of  a  meromorphic  function 

l~l  /*        l7  nnnrvnf^n*  ^  -£       4-T,^  s*         •£    >     -,  ^-Art*  ^  *  J.  ' 
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function ;  but  the  value  is  altered  when  the  path  of  integration  is  so 
deformed  as  to  pass  over  one  or  more  poles.  Therefore  it  is  necessary  to 
specify  the  path  of  integration  when  tlie  subject  of  integration  is  a  mero- 
morphic  function;  only  partial  deformations  of  the  path  of  integration  are 
possible  without  modifying  the  value  of  the  integral. 

24.  The  following  additional  propositions*  are  deduced  from  limiting 
cases  of  integration  round  complete  curves.  In  the  first,  the  curve  becomes 
indefinitely  small ;  in  the  second,  it  becomes  infinitely  large.  And  in  neither, 
are  the  properties  of  the  functions  to  be  integrated  limited  as  in  the  preceding 
propositions,  so  that  the  results  are  of  wider  application. 

I.  If  f(z)  be  a  function  uiliich,  whatever  be  its  character  at  a,  has  no 
infinities  and  no  branch-points  in  the  immediate  vicinity  of  a,  the  value  of 
//(#)  dz  taken  round  a  small  circle  with  its  centre  at  a  tends  towards  zero 
when  the  circle  diminishes  in  magnitude  so  as  ultimately  to  be  merely  the 
point  a,  provided  tliat,  as  z  —  a\  diminishes  indefinitely,  the  limit  of  (z  —  a)f(z} 
tend  uniformly  to  zero. 

Along  the  small  circle,  initially  taken  to  be  of  radius  r,  let 

z  —  a  =  reei, 


so  that  =  id6, 

z  —  a 

and  therefore  ff(z)  dz  - i  I    (z-  a}f(z)  dd. 

Jo 

Hence  \jf(z}dz\  = 


Jo 

/•27T 

<  Mdd 

Jo 

<  2-rf', 

where  M'  is  the  greatest  value  of  M,  the  modulus  of  (z  —  a)f(z),  for  points 
on  the  circumference.  Since  (z  —  a)f(z,}  tends  uniformly  to  the  limit  zero 
as  \z  —  a\  diminishes  indefinitely,  \ff(z)  dz  \  is  ultimately  zero.  Hence  the 
integral  itself  //" (2)  dz  is  zero,  under  the  assigned  conditions. 


COROLLARY.     If  (z  —  a)f(z)   tend   'uniformly   to   a   limit  k   as   \z  —  a 
diminishes  indefinitely,  the  value  of  jf(z)dz  taken  round  a  small  circle,  centre 
a,  tends  towards  27rik  in  the  limit. 

C     dz 

Thus  the  value  of  / ,  taken  round  a  very  small  circle  centre  «.  where  a  i,s 

](<&-&)* 

not  the  origin,  is  zero :  the  value  of  I round  the  same  circle  is  -.  ( - 

a-za  +  z  i 


.     Neither  the  theorem  nor  the  corollary  will  apply  to  a  function,  such  as  sn , 

which   has   the  point   a,  for  an   essential   singularity:   the  value   of  (s-rt)sn ,  as 

0  ~~  cd 

\z-a,\  diminishes  indefinitely,  does  not  tend  (§  13)  to  a  uniform  limit.    As  a  matter  of 

fact,  the  function  sn has  an  infinite  number  of  poles  in  the  immediate  vicinity  of  a 

as  the  limit  z—a  is  being  reached. 

II.  Whatever  be  the  character  of  a  function  f(z)  for  infinitely  large  values 
of  z,  the  value  of  ff(.z)  dz,  taken  round  a  circle  with  the  origin  for  centre,  tends 
towards  zero  as  the  circle  becomes  infinitely  large,  provided  that,  as  z 
increases  indefinitely,  the  limit  of  zf(z]  tend  uniformly  to  zero. 

Along  a  circle,  centre  the  origin  and  radius  R,  we  have  z  =  Reoi,  so  that 

dz  .,a 
—  =  idv, 
z 

and  therefore  !f(z)  dz  =  i\    zf(z)  dd. 

Jo 

Hence  |  ff(z)  dz  \  — 


Md0 


< 

where  M'  is  the  greatest  value  of  M,  the  modulus  of  zf(z},  for  points  on 
the  circumference.  When  R  increases  indefinitely,  the  value  of  M'  is  zero 
on  the  hypothesis  in  the  proposition  ;  hence  |  Jf(z}  dz  \  is  ultimately  zero. 
Therefore  the  value  of  ff(z)  dz  tends  towards  zero,  under  the  assigned  con- 
ditions. 

Note.     If  the  integral  be  extended  along  only  a  portion  of  the  circumfer- 
ence, the  value  of  //(#)  dz  still  tends  towards  zero. 

COROLLARY.     If  zf(z}   tend   uniformly   to   a-  limit   k   as   \  z\    increases 


'includes  all  those  points,  is  zero,  provided  the  value  of  zf(z),  as  \z    increases 
indefinitely,  tends  uniformly  to  zero. 

The  simple  curve  can  be  deformed  continuously  into  the  infinite  circle 
of  the  preceding  proposition,  without  passing  over  any  infinity  or  any 
branch-point  ;  hence,  if  we  assume  that  the  function  exists  all  over  the  plane, 
the  value  of  /  '  f(z)dz  is,  by  Cor.  I.  of  §  19,  equal  to  the  value  of  the  integral 
round  the  infinite  circle,  that  is,  by  the  preceding  proposition,  to  zero. 

Another  method  of  stating  the  proof  of  the  theorem  is  to  consider 
the  corresponding  simple  curve  on  Neumann's  sphere  (§  4).  The  surface 
of  the  sphere  is  divided  into  two  portions  by  the  curve*  :  in  one  portion  lie 
all  the  singularities  and  the  branch-points,  and  in  the  other  portion  there  is 
no  critical  point  whatever.  Hence  in  this  second  portion  the  function  is  holo- 
morphic  ;  since  the  area  is  bounded  by  the  curve  we  see  that,  on  passing  back 
to  the  plane,  the  excluded  area  is  one  over  which  the  function  is  holomorphic. 
Hence,  by  §  19,  the  integral  round  the  curve  is  equal  to  the  integral  round 
an  infinite  circle  having  its  centre  at  the  origin  and  is  therefore  zero,  as 
before. 

•  COROLLARY.  If,  under  the  same  circumstances,  the  value  of  .zf(z],  as 
|  z  \  increases  indefinitely,  tend  uniformly  to  k,  then  the  value  of  ff(z)  dz  round 
the  simple  curve  is 


dz 

Thus  the  value  of  /  -  -  —  =  along  any  simple  curve,  which  encloses  the  two  points 

J 


a  and  —  a,  is  2?r  ;  the  value  of 

dz 


But  the  value  of 


round  any  simple  curve  enclosing  the  four  points  1,  —1,  y,  — -.-,  is  zero,  Ic  being  a  non- 

/C  1C 

vanishing  constant;  and  the  value  of  J(l  -z2n)~$dz,  taken  round  a  circle,  centre  the 
origin  and  radius  greater  than  nnity,  is  zero  when  ?i  is  an  integer  greater  than  1. 

f  dz 

l~ i 

round  any  circle,  which  has  the  origin  for  centre  and  includes  the  three  distinct  points 
ei>  ea>  e'ii  is  n°k  zero.  The  subject  of  integration  has  z=<x>  for  a  branch-point,  so  that  the 
condition  in  the  proposition  is  not  satisfied  ;  and  the  reason  that  the  result  is  no  longer 
valid  is  that  the  deformation  into  an  infinite  circle,  as  described  in  Cor.  I.  of  §  19, 
is  not  possible  because  the  infinite  circle  would  meet  the  branch-point  at  infinity. 

*  The  fact  that  a  single  path  of  integration  is  the  boundary  of  two  portions  of  the  surface 
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25.  The  further  consideration  of  integrals  of  functions,  that  do  not  possess 
the  character  of  uniformity  over  the  whole  area  included  by  the  curve  of  in- 
tegration, will  be  deferred  until  Chap.  IX.  •  Some  examples  of  the  theorems 
proved  in  the  present  chapter  will  now  be  given. 

Ex.  1.  It  is  sufficient  merely  to  mention  the  indefinite  integrals  (that  is,  integrals  from 
an  arbitrary  point  to  a  point  e)  of  rational  integral  functions  of  the  variable.  After  the 
preceding  explanations  it  is  evident  that  they  follow  the  same  laws  as  integrals  of  similar 
functions  of  real  variables. 

[       dz 

Ex.  2.     Consider  the  integral  / r-p. ,  taken  round  a  simple  curve. 

J  (s~a) 

When  n  is  0,  the  value  of  the  integral  is  zero  if  the  curve  do  not  include  the  point  a, 
and  it  is  STTI  if  the  curve  include  the  point  a. 

When  n  is  a  positive  integer,  the  value  of  the  integral  is  zero  if  the  curve  do  not 
include  the  point  a  (by  §  17);  and  the  value  of  the  integral  is  still  zero  if  the  curve  do 
include  the  point  a,  (by  §  22,  for  the  function  f(e)  of  the  text  is  1  and  all  its  derivatives 
are  Hero).  Hence  the  value  of  the  integral  round  any  curve,  which  does  not  pass  through. 
«,  is  zero. 

We  can  now  at  once  deduce,  by  §  20,  the  result  that,  if  a  holomorphic  function  be 
constant  along  any  simple  closed  curve  within  its  region,  it  is  constant  over  the  whole 
area  loithin  the  curve.  For  let  t  be  any  point  within  the  curve,  z  any  point  on  it,  and  C 
the  constant  value  of  the  function  for  all  the  points  z;  then 


the  integral  being  taken  round  the  curve,  so  that 


since  the  point  t  lies  within  the  curve. 

Ex.  3.     The  integral  —  .  I  /'  (z)  log  —  -  dz  is  taken  round  a  circle,  centre  the  origin 

2i7Tl/   J  Z  —  I 

and  radius  greater  than  unity;  and  the  function  f(z)  is  holomorphic  everywhere  within 
the  circle.     Prove  that  the  value  of  the  integral  is 


Ex.  4.     Consider  the  integral  Je~32cfe. 

In  any  finite  part  of  the  plane,  the  function  e~^  is  holomorphic;  therefore  (§  17)  the 
integral  round  the  boundary  of  a  rectangle 
(fig.  8),  bounded  by  the  lines  x=  ±a,  y=0, 
y  —  b,   is   zero:   and  this   boundary   can    be 


jCLJJ      wo    iiitvu    s=  M/I-  t        nu 


y,    nu    uimb    uuu    vtuuo   <-u    uuo    111  1/utjri.u    iuuuy    wio    pm  u   /iyj 
f  6 

is  i       e~(":  +  iWdy. 
J  o 

Along  #J5',  wo  liavo  z  =  x  +  ib,  so  that  the  value  of  tho  integral  along  the  part  BB' 
r-a 
is    I       e-(x  +  wfidx. 

J  a 

Along  B'A',  we  have  2=—  a  +  iy,  so  that  'the  value  of  the  integral  along  the  part 

fo 
B'A'  is  i\    e-i-«+Wcly. 

[b 
The  second  of  these  portions  of  the  integral  is  e~"2  .  i  .  I    e^"'2ayidy,  which  is  easily  seen 

Jo 
to  be  zero  when  the  (real)  quantity  «  is  infinite. 

Similarly  the  fourth  of  these  portions  is  zero. 

Honce  as  tho  complete  integral  is  xero,  wo  have,  on  passing  to  the  limit, 


r  oo  r  <n 

whence  $*         e-afl-m'j:dx=  I       e-^dx  —  Tvl, 

/ou 
e~x2  (cos  2lw  -  i  sin  2&.»)  dx=  irke~l*  ; 
—  CO 

and  therefore,  on  equating  real  parts,  wo  obtain  the  well-known  result 

f<f> 
I      e 


This  is  only  one  of  numerous  examples*  in  which  the  theorems  in  the  text  can  be 
applied  to  obtain  the  values  of  definite  integrals  with  rail  limits  and  real  variables. 

Ex.  5.  By  taking  the  integral  ^~s~dz  along  the  perimeter  of  a  sector  of  a  circle 
between  the  radii  of  a  circle  given  0  =  0,  0  =  -}7r,  and  the  intercepted  part  of  the  circum- 
ference of  radius  r  which  is  ultimately  increased  without  limit,  establish  the  value 
(•J-7r)&  for  each  of  Fresnel's  integrals 

f"  /•«• 

I      cos  ?<2  du,       I      sin  \P  du. 
Jo  Jo 

Ex.  6.     Prove  that,  when  aa  +  62  <  1,  the  value  of  the  integral 

/2w  o  cos  x+/3  sin  x  +  y  , 
o     acosa?+6  siu&'+l    '' 
for  real  values  of  x  within  the  range,  is 


(1  -  «2  -  &2)i  I       (1  -  aa  -  6«)i  +  1  J  ' 

Sfip.   'Rrinf;    n.nd    "Rmimipt      TJiilnrin   flas    fnnrtin-nt    oJlimtiniiae  \  llnA     c>A  ^      v,« 


....  co&  ax  —  cos  bx  7  ..... 

(n)  --    -  :«fcj         (m) 


where  a  and  6  are  real  and  lie  between  0  and  1  ; 

r  m     <&» 
(iv)  —  —  -  dx,    where    0  <  a  <  1. 

7  -co  1+6 


f  sn-l 

Ex.  8.     Consider  the  integral  I  -  —  dz,  where  n  is  a  real  positive  quantity  less  than 

J    *•  "T~2 

unity. 

The  only  infinities  of  the  subject  of  integration  are  the  origin  and  the  point  -  ]  ; 
the  branch-points  are  the  origin  and  2  =  00.  Everywhere  else  in  the  plane  the  function 
behaves  like  a  holomorphic  function  ;  and,  therefore,  when  we  take  any  simple  closed 
curve  enclosing  neither  the  origin  nor  the  point  —  1,  the  integral  of  the  function  round 
that  curve  is  zero. 

Choose  the  curve,  so  that  it  lies  on  the  positive  side  of  the  axis  of  .v  and  that  it  is 
made  up  of  :  — 

(i)    a  semicircle  (73  (fig.  9),  centre  the  origin  and  radius  R  which  is  made  to  increase 
indefinitely  : 

(ii)   two  semicircles,  c\  and  c2,  with  their  centres  at  0  and  —1  respectively,  and  with 
radii  r  and  ?•',  which  ultimately  are  made  infinitesimally  small  : 

(iii)  the  diameter  of  C3  along  the  axis  of  x  excepting  those  ultimately  infinitesimal 
portions  which  are  the  diameters  of  c\  and  of  c2. 

The  subject  of  integration  is  uniform  within  the  area  thus  enclosed  although  it 
is  not  uniform  over  the  whole  plane.  We  shall  take  that  value  of  zn~l  which  has  its 
argument  equal  to  (n—  T)6,  where  d  is  the  argument  of  z. 


Fig.  9. 
The  integral  round  the  boundary  is  made  up  of  four  parts. 

(a)    The  integral  round  (73.    The  value  of  z.  - — -,  as  1 2 1  increases  indefinitely,  tends 

uniformly  to  the  limit  zero  ;  hence,  as  the  radius  of  the  semicircle  is  increased  indefinitely, 
the  integral  round  (73  vanishes  (§  24,  II.,  Note). 

(V)    The  integral  round  GI.     The  value  of  z.  ,-— ,  as  \z    diminishes  indefinitely, 


rience  inia  pai  u  01  i/uu 


_ 
IT 


being  taken  in  the  direction  indicated  by  the  arrow  round  c,2,  the  infinitesimal  semicircle. 

Evidently  — —  —idd  and  the  limits  are  it  to  0,  so  that  this  part  of  the  whole  integral  is 
1  -\-z 


/" 

J     7 


(d)     The  integral  along  the  axis  of  x.     The  parts  at  -  1  and  at  0  which  form  the  l 

diameters  of  the  small  semicircles  are  to  be  omitted  ;  so  that  the  value  is 

f  f-i-r'       f-r  pi  ap-i  ; 

T  I  +  +  I     r  rv   dx. 

(J  -«>  J  -l+r'      J  r)  l+x  ; 

This  is  what  Cauchy  calls  the  principal  value  of  the  integral  I 

Since  the  whole  integral  is  zero,  we  have 


Let  P=         -r, 

ol+at 


and  Q=  I     ' dx. 

J  o  I-x 

principal  values  being  taken  in  each  case.    Then,  taking  account  of  the  arguments,  we  have 
7j/      /""  (-A1)™"1  j      /     i\,,    i  f°^n~'ldx 

]•>' —     I  x  '  /TT  —  I   ~~    \  A1i"~l     f 

J.       —     I  _  UMj  —  I   •—  i.  J  I  '     -,      ' 

J  (i         l-X  J  o        l-X 

Since  {7re'i7rl  +  P4-P'  =  0,  we  have 

so  that 

l'—Q  cos  n-rr  —  TT  sin  nir,     Q  sin nir  =  TT  cos  HIT. 

rM  xn-i 
Hence  I      ——^dx=P=ir  coaecn-ir, 


00  xn~l 
o  1  ~  % 


9.     In  the  same  way  it  may  be  proved  that 

f00     cos 
I        -- — 

J  _«*,  1  +# 


ULIUIU  ui  iruuiuM  7,  uuuuuuu  uy  uue  iciuu  a  =  u,  a  =  a,  vmere  o  is  less  man  •JTT  anu  ?i  18  positive, 
it  may  be  proved  that 


r  gin  a)}  rfr  =  r  (W)  cos  (0  +  na), 


on  proceeding  to  the  limit  when  r  is  made  infinite.  (Briot  and  Bouquet.) 

Ex.  11.     By  considering  the  integral  l(zz-l}m  z~ai~m~l  dz,  taken  round  a  semicircle, 
prove  that 

r  7T       •  ftTTOj  TT   /--,-S 

smmd<iae  d6  =  ; 


provided  the  real  part  of  m  is  greater  than  -  1. 
Similarly  deduce  the  value  of 

sin1'1 6  cos11  6  eae  dd, 


where  the  real  parts  of  m  and  n  are  each  greater  than  - 1,  from  a  consideration  of  the 
integral 

J(z2-  I)"1  (S2+l)uz--«i-m-n-l  fy 

taken  round  a  semicircle. 

(Many  of  the  results  stated  in  de  Haan,  Nouvelles  tables  d'integrales  definies,  can  be 
obtained  in  a  similar  manner.) 

/*  d z 

Ex.12.    Consider  the  integral  I ,  where  n  is  an  integer.    The  subject  of  integration 

J  zn  - 1 

is  meromorphic:  it  has  for  its  poles  (each  of  which  is  simple)  the  n  points  o>?'  for  r=0, 
1,  ...,  n  —  1,  where  w  is  a  primitive  nth  root  of  unity ;  and  it  has  no  other  infinities  and  no 

branch-points.     Moreover  the  value  of  — — - ,  as  1 2 1  increases  indefinitely,  tends  uniformly 

z  —  l 

to  the  limit  zero ;  hence  (§  24,  ill.)  the  value  of  the  integral,  taken  round  a  circle  centre 
the  origin  and  radius  >  1,  is  zero. 

This  result  can  be  derived  by  means  of  Corollary  II.  in  §  19.  Surround  each' of  the 
poles  with  an  infinitesimal  circle  having  the  pole  for  centre ;  then  the  integral  round 
the  circle  of  radius  >  1  is  equal  to  the  sum  of  the  values  of  the  integral  round  the 
infinitesimal  circles.  The  value  round  the  circle  having  w9'  for  its  centre  is,  by  §  20, 


limit  of 


gU  ' 

27rt 


,  when  z  —  a) 


Hence  the  integral  round  the  large  circle 


2    , 

n   r=o 


=  0. 

* 

r  eazi 

Ex.  13.     By  considering  the  integral   I  - — -  dz,  taken  round  a  semicircle,  prove  that 

/  z  + 1 


prove  (by  contour  integration)  that 

_2(2ro)!  «   _1 

W~(27T)Stt    nJl«SS' 

In  the  same  way,  obtain  expressions  for  the  coefficients,  in  the  expansion  in  powers  of  x, 
of  the  quantity 


(Hermite.) 

Ex.  16.  In  all  the  preceding  examples,  the  poles  that  have  occurred  have  been 
simple  :  but  the  results  proved  in  §  21  enable  us  to  obtain  the  integrals  of  functions 
which  have  multiple  poles  within  an  area.  As  an  instance,  consider  the  integral 

/fTZ~2yr-i-i  rouil(^  any  curve  which  includes   the  point  i  but  not  the  point  —  i,  these 
points  being  the  two  poles  of  the  subject  of  integration,  each  of  multiplicity  n-\-l. 

We  have  seen  that  /»  (a)  =  — -.  I  -—•-£->-  '    -  J.z, 

•/  *       '  O 7T*7       I     f y  (tv^  "^"  1 

where  f  (s)  is  holomorphio  throughout  the  region  bounded  by  the  curve  round  which  the 
integral  is  taken. 

In  the  present  case  a  is  i,  andf(s}==- ^— ~  ;  so  that 

•^          ~  n  !  (z  +  i)'2>l  +  i ' 

and  therefore  /(*)  (i)  =  ^  4'^Ji  =  ~  —7  %~Zn~l  i. 

Hence  we  have 

' !  "~  n  1  •*        \  '      n  t  »,  |  o-Fi  • 


In  the  case  of  the  integral  of  a  function  round  a  simple  curve  which  contains  several  i 

of  its  poles,  we  first  (§  20)  resolve  the  integral  into  the  sum  of  the  integrals  round  simple  f 
curves  each  containing  only  one  of  the  points,  and  then  determine  each  of  the  latter 

integrals  as  above.  " 

Another  method,  that  is  sometimes  possible,  makes  use  of  the  expression  of  the  uniform  \ 

function  in  partial  fractions.    After  Ex.  2,  we  need  retain  only  those  fractions  which  are  of  • 

the  form  A/(z-a}:  the  integral  of  such  a  fraction  is  2viA,  and  the  value  of  the  whole  f 

integral  is  therefore  2jriSJ.     It  is  thus  sufficient  to  obtain  the  coefficients  of  the  inverse  }' 

first  powers  which  arise  when  the  function  is  expressed  in  partial  fractions  corresponding  ; 

to  each  pole.     Such  a  coefficient  A,  being  the  coefficient  of  —  in  the  expansion  of  the 

;-  Z  ~~  Ci 

function,  is  called  by  Cauchy  the  residue  of  the  function  relative  to  the  point.  ' 

For  example,  \ 


along  the  axis  of  ?/,  so  as  to  lie  on  the  positive  side  of  the  axis  of  ?/,  the  area  between  the 
semi-circumference  and  the  diameter  includes  the  two  p°oints  -  w  and  -to2;  and  therefore 
the  value  of 


taken  along  the  semi-circumference  and  the  diameter,  is 
that  is,  the  value  is  -  $  -rri. 

Ex.  16.     Let  u  denote    I         I       — ,-— -r-  dzdz',  f  being  a  rational  integral  function 

J  (co J  <o  **  - 1 

2^tTOn2m«/n  of  the  complex  variables  2,  s',  the  integrations  being 'taken  in  the  positive  sense 
round  the  closed  contours  C,  C',  of  which  C  is  a  circle  of  unit  radius  with  its  centre 
at  the  origin.  Shew  that  u=0  if  C'  lies  wholly  inside  C,  or  if  C  and  C"  lie  wholly  outside 
one  another,  and  that  u=  —  47r22J.'i,n,H  (m=0,  1,  2,  ...)  if  C'  completely  surrounds  0. 
Discuss  also  the  value  of  u  if  C'  is  a  circle  passing  through  the  points  ±i',but  not 
coinciding  with  (7,  and /(0,  «')  =  /(  — 2,  —2'). 

(Math.  Trip.,  Part  II.,  1898.) 

NOTK.  For  further  applications  of  Caxtchy's  theory  of  residues,  together  with  many 
references  to  Cauchy'-s  own  resiilts,  Lindelof's  monograph  Le  calcul  des  residus  (Gaxithier- 
Villars,  1905)  may  be  consulted. 


CHAPTEE  III. 


EXPANSION  OF  FUNCTIONS  IN  SERIES  OF  POWERS. 

26.  WE  are  now  in  a  position  to  obtain  the  two  fundamental  theorems 
relating  to  the  expansion  of  functions  in  series  of  powers  of  the  variable: 
they  are  due  to  Cauchy  and  Laurent  respectively. 

Cauchy's  theorem  is  as  follows*  : — 

When  a  function  is  holomorphic  over  the  area  of  a  circle  of  centre  a,  it  can 
])&  expanded  as  a  series  of  positive  integral  powers  of  z  —  a,  converging  for  all 
points  within  the  circle. 

Let  z  be  any  point  within  the  circle;  describe  a  concentric  circle  of 
radius  r  such  that 

z  —  a\  =  p  <r<  R, 

where  R  is  the  radius  of  the  given  circle.  If  t 
denote  a  current  point  on  the  circumference  of  the 
new  circle,  we  have 


dt 


~a  1  _  z ~ a 
i  —  a 


Fig.   JO. 


the  integral  extending  along  the  whole  circumference  of  radius  r.     Now 


z  —  a 


z  —  a      !z  —  oA2 


t  —  a      \t-a 


fz-a\"-      \t-aJ 
+  I )    + 


t  —  a 


t  —  a 
so  that,  by  §  15  (III.),  we  have 


1  - 


t  —  a 


J  (t 


£  ~~*  QJ 

t  —  a 


/(*) 


dt 


•4- 


s 


therefore 


—  z  (t  —  a)n+l 

Let  the  last  term  be  denoted  by  L.  Since  |  z  —  a  —  p  and  1 1  —  a  \  =  r ; 
s  at  once  evident  that  \t—z  ~^r  —  p.  Let  M  be  the  greatest  value  of 
t)  |  for  points  along  the  circle  of  radius  r ;  then  M  must  be  finite,  owing  to 
;  initial  hypothesis  relating  to/ (2).  Taking 

t  —  a  =  reoi, 
that  '  dt  —  i  (t  —  a}  dO, 

have  1 1 


27T 


o  t-z(t-a)r' 


T  rn(r-p)J  o 
pH+1      M 


r71  (r  - 


Now  r  was  chosen  to  be  greater  than  p  ;   as  ?i  becomes  infinitely  large, 

n+i  4  /       p\~l 

becomes  infinitesimally  small.     Also  Mil—-}     is  finite.     Hence  as 


increases  indefinitely,  the  limit  of  \L\,  necessarily  not  negative,  is  in- 
itesimally  small  and  therefore,  in  the  same  case,  L  tends  towards  zero. 

It  thus  appears,  exactly  as  in  §  15  (V.),  that,  when  n  is  made  to  increase 
ihout  limit,  the  difference  between  the  quantity  /(#)  and  the  first  n+  1 
ms  of  the  series  is  ultimately  zero  ;  hence  the  series  is  a  converging  series 
as  the  limit  of  the  sum,  so  that 


ich  proves  the  proposition  under  the  assigned  conditions.  It  is  the  form 
Taylor's  expansion  for  complex  variables. 

Note.  A.  series,  such  as  that  on  the  right-hand  side  and  not  necessarily 
sing  through  the  expansion  of  a  given  function  /(V),  is  frequently  denoted 

P  (z  —  a),  where  Pisa  general  symbol  for  a  converging  series  of  positive 
iegral  powers  of  z  —  a  :  it  is  also  sometimes  *  denoted  by  P  (z  |  a).  Con- 
mablv  wifch  this  notation,  -a  series  of  negative  integral  Dowers  of  z—a 


\z  —  a/ 

either  by  P  [-]  or  by  P  (z\  <x> ),  the  latter  implying  a  series  proceeding  in 
\z  I 

positive  integral   powers   of  a  quantity  which  vanishes  when  z  is  infinite, 
that  is,  in  positive  integral  powers  of  z~l. 

If,  however,  the  circle  can  be  made  of  infinitely  great  radius  so  that,  the 
function  f(z)  is  holomorphic  over  the  finite  part  of  the  plane,  the  equivalent 
series  is  denoted  by  G  (z  —  a),  arid  it  converges  over  the  whole  plane*. 
Conformably  with  this  notation,  a  scries  of  negative  integral  powers  of  z  —  a 

which  converges  over  the  whole  plane  is  denoted  by  G 


Ex.     If  the  expansion,  taken  in  the  form  «0  +  a1,3  +  a,.i22+..,,  be  valid  over  the  whole  of 
the  finite  part  of  the  plane,  then  the  limit  of 


as  in  increases  indefinitely,  is  zero.     More  generally,  if  tho  circle  of  convergence  of  the 

series  be  of  radius  r,  then  the  limit  of  the  preceding  quantity  is  I  jr.  (Ctmuhy.)  \. 

i 

27.     The  following  remarks  on  the  proof  and  on  inferences  from  it  should  ; 

be  noted. 

(i)  In  order  that  (t  —  z}~1  may  be  expanded  in  the  required  form,  the 
point  z  must  be  taken  actually  within  the  area  of  the  circle  of  radius  R; 
and  therefore  the  convergence  of  the  series  P  (z  -  a)  is  not  established  for  l> 

points  on  the  circumference.  I 

(ii)  The  coefficients  of  the  powers  of  z  —  a  in  the  series  are  the 
values  of  the  function  and  its  derivatives  at  the  centre  of  the  circle  ;  and  the 
character  of  the  derivatives  is  sufficiently  ensured  (§  21)  by  the  holomorphic  '•• 

character  of  the  function   for  all   points  within  the  region.     It  therefore  i 

follows  that,  if  a   function  be  holomorphic  within  a  region  bounded  by  a 
circle  of  centre  a,  its  expansion  in  a  series  of  ascending  powers  of  z  —  a,  - 

which  converges  for  all  points  within  the  circle,  depends  only  upon  the  values  I 

of  the  function  and  its  derivatives  at  the  centre. 

Conversely,    a    converging    power-series    in    z  —  a,    having     assigned  ! 

coefficients  /(a),  /'  (a),  .  .  .  ,  defines  a  uniform  function  within  the   radius  f 

of  convergence  of  the  series.  ; 

But  instead  of  having  the  values  of  the  function  and  of  all  its  derivatives 
at  the  centre  of  the  circle,  it  will  suffice  to  have  the  values  of  the  holomorphic  [ 

function  itself  over  any  region  at  a  or  along  any  line  through  a,  the  region  • 

or  the  line  being  not  merely  a  point.     The  values  of  the  derivatives  at  a  can  ; 

be  found  in  either  case  ;  for  /  '  (6)  is  the  limit  of  {f(b  +  Sb)  —f(b)}/Sb,  so  that 
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(iii)  The  form  of  Maclaurin's  series  for  complex  variables  is  at  once 
derivable  by  supposing  the  centre  of  the  circle  at  the  origin.  We  then 
infer  that,  if  a  function  be  holomorphic  over  a  circle,  centre  the  origin,  it  can  be 
represented  in  the  form  of  a  series  of  ascending,  positive,  integral  powers  of  the 
variable  given  by 


where  the  coefficients  of  the  various  powers  of  z  are  the  values  of  the  derivatives 
of  f(z}  at  the  origin ;  and  the  series  converges  for  all  points  within  the  circle. 

Thus,  the  function  ez  is  holomorphic  over  the  finite  part  of  the  plane ; 
therefore  its  expansion  is  of  the  form  Cr  (z}.  The  function  log  (1  +  z)  has  a 
singularity  at  —  1 :  hence  within  a  circle,  centre  the  origin  and  radius  unity, 
it  can  be  expanded  in  the  form  of  an  ascending  series  of  positive  integral 
powers  of  z,  it  being  convenient  to  choose  that  one  of  the  values  of  the 
function  which  is  zero  at  the  origin.  Again,  tan"1  z"  has  singularities  at  the 
four  points  z*  =  —  1,  which  lie  on  the  same  circumference  ;  choosing  the  value 
at  the  origin  which  is  zero  there,  we  have  a  similar  expansion  in  a  series, 
converging  for  points  within  the  circle. 

Similarly  for  the  function  (1  +  z}11,  which  has  —  1  for  a  singularity  unless 
n  is  a  positive  integer. 

-7'(iv)  Darboux's  method*  of  derivation  of  the  expansion  of  f(z}  in 
positive  powers  of  z  —  a  depends  upon  the  expression,  obtained  in  §  15  (IV.), 
for  the  value  of  an  integral.  When  applied  to  the  general  term 

—  n\  n+l 


=  L  say,  it  gives 


where  £  is  some  point  on  the  circumference  of  the  circle  of  radius  r,  and  A,  is 

&  _„    ri 


a  complex  quantity  of  modulus  not  greater  than  unity.    The  modulus  of 

?  ~~ 
is  less  than  a  quantity  which  is  less  than  unity  ;  the  terms  of  the  series  of 

moduli  are  therefore  less  than  the  terms  of  a  converging  geometric  progress- 
ion, so  that  they  form  a  converging  series  ;  the  limit  of  [  L  ,  and  therefore 
of  L,  can,  with  indefinite  increase  of  n,  be  made  zero  and  Taylor's  expansion 
can  be  derived  as  before. 


is  finite  and  continuous,  as  well  as  all  its  derivatives,  within  and  on  the  boundary  of  the 
circle  |  z  |  =  1,  provided  |  a  \  <  1.  (Fredholrn.) 

Ex.  3.     The  radii  of  convergence  of  the  series 


are  p  and  //  ;  prove  that  pp'  is  the  radius  of  convergence  of  the  series 

h  (z"}  =  a()&o  -1-  «!&]/'  +  a$tf"'*  +  .... 

Denoting  the  singularities  of  /(z)  by  s1}  s.z,...,  and  those  of  g  (s'}  by  st',  »/,...,  prove 
that  the  singularities  of  h  (z"}  are  given  by  sm«n',  for  all  values  of  in  and  n.     (Hadamard.) 

Ex.  4.     (Soc  also  Ex.  2,  §  20.)    It  is  possible  to  express  the  sum  of  selected  terms 
in  the  form  of  a  dclinite  integral.     Tints,  writing 

/•    —    _  /(m)  (,,\ 
°m~m\J      W> 

for  m=l,  "2,  ...,  consider  the  finite  scries 

-0)  +  ...+  cn  (z  -  a)n 


/  \f)  X"         "V  Jt 

t —  a  z  —  ct> 

t  —  a 


t-z     t-a 


Ex.  5     Establish  the  following  results  in  a  similar  manner  :  — 
(i)     cv(z-a)v  +  cp  +  l(z-a)i>  +  '1  +  ...  +  c<1(z-ayi 


(ii)     c' 


(iii)     cj  H-  e3  (s  -  a)2  +  c0  (2 -  a)4  + ... 

=  _1_   I" 
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28.     Laurent's  theorem  is  as  follows*  : — 

A  function,  which  is  holomorphic  in  a  part  of  the  plane  bounded  by  two 
concentric  circles  with  centre  a  and  finite  radii,  can.  be  expanded  in  the  form 
of  a,  double  series  of  intearal  -Dowers,  'noftiti-im  and.  nanni/ive  n-f  •*  _  n  •  «w  +]><> 


radii  r  and  r',  such  that    . 

R>r>   z  —  a |  > r  >  R'. 

Denoting  by  t  and  by  s  current '  points  on  the 
circumference  of  the  outer  and  of  the  inner 
circles  respectively,  and  considering  the  space 
which  lies  between  them  and  includes  the  point 
z,  we  have,  by  §  20, 

1    f/($)          _1 
t~z 


Fig.  11. 

a  negative  sign  being  prefixed  to  the  second  integral  because  the  direction 
indicated  in  the  figure  is  the  negative  direction  for  the  description  of  the 
inner  circle  regarded  as  a  portion  of  the  boundary. 

Now  we  have 

'z  — 
t—a 
t^z: 


t  —  a 


—  a, 


z  - 


t  —  a 


z  —  a 


this  expansion  being  adopted  with  a  view  to  an  infinite  converging  series, 

P  —  C1 

is  less  than  unity  for  all  points  t',   and  hence,  by  §  15, 

t  —  ct 


because 


. 

(t  -  a)n+1 


, 
"*" 


_n\n+\ 


Now  each  of  the  integrals,  which  are  the  respective  coefficients  of  powers  of 
z—  a,  is  finite,  because  the  subject  of  integration  is  everywhere  finite.  along 
the  circle  of  finite  radius,  by  §  15  (IV.).  Let  the  value  of 


be  27T7/U,. :   the  quantity  ur  is  not  necessarily  equal  to  f(r}(a)  -~r\,  because  no 
knowledge  of  the  function  or  of  its  derivatives  is  given  for  a  point  within 
the  innermost  circle  of  radius  R'.     Thus 
1 


dt  =  «„ 


t  —  Z 


The  modulus  of  the  last  term  is  less  than 


(z  -  a)  it!  +  (z  • 

'f(t)(z-a 
-  i  — — — 
—  z  \u 


—  a    un 


dt. 


increase  or  n\   and  therefore  tne  modulus  or  cne.  expression 

dt  -  u0  -  0  -  aK  -  ......  -(z-  ci)n  un 

t  —  z. 

becomes  indefinitely  small  with  unlimited  increase  of  n.     The  quantity  itself 
therefore  vanishes  in  the  same  circumstances  ;   and  hence 


dt  =  ua  +  (z-a)u1  +  ......  +(z-a)mum+  ......  , 

t  —  z 

so  that  the  first  of  the  integrals  is  equal  to  a  series  of  positive  powers.  This 
series  converges  within  the  outer  circle,  for  the  modulus  of  the  (in  4-  l)th  term 
is  less  than 


which  is  the  (ra  +  l)th  term  of  a  converging  series. 

'     As  in  §  27,  the  equivalence  of  the  integral  and  the  series  can  be  affirmed 
only  for  points  which  lie  within  the  outermost  circle  of  radius  R. 

Again,  we  have 


z  ~~  a  —  1      s  ~~  a  a. 

•"       ~"  —  A  ~T~  "'     "         T"  '  .....  T~   I  I      ~T 


6'  —  z  z  —  a  \z  —  a/        1      6-  —  a 

z  —  a 

this  expansion  being  adopted  with  a  view  to  an  infinite  converging  series, 


. 
because 


s  —  a 
z  —  a 


is  less  than  unity  for  all  points  s.     Hence 


1       fyv   \    7  1                 If 

I   f  I  q\  Hi'  _I_  _1 . I 

„       .     I  /  v  o  I  UPO  ~  « ~   / "             \«ii    n       •    I 

2-»a  J-   v  7  (z  —  a)n+1  2?ri  J 


The  modulus  of  the  last  term  is  less  than 
"     •'•''  "  '  M' 


P 

where  M' 'is  the  greatest  value  of  /(s)  |  for  points  along  the  circle  of  radius 
r  .  With  unlimited  increase  of  n,  the  modulus  of  this  last  term  is  ultimately 
zero  ;  and  thus,  by  an  argument  similar  to  the  one  which  was  applied  to  the 
former  integral,  we  have 

1     f/Ys)   ,          y,             v2                          vm 
-L——L  ds  —  H ,  .  J        i  _i_  .       m- r_ 


cia.uv.  vKuig  VYJ.UUUUU  uue  iimer  circie ;  wie  equivalence  01  tne  integral  ana 
the  series  is  valid  only  for  points  z  that  lie  without  the  innermost  circle  of 
radius  R. 

The  coefficients  of  the  various  negative  powers  of  z—  a  are  of  the  form 


a  form  that  suggests  values  of  the  derivatives  of  /(s)  at  the  point  given  by 
-<— -  =  0,  that  is,  at  infinity.  But  the  outermost  circle  is  of  finite  radius: 

o   ~~   Cv 

and  no  knowledge  of  the  function  at  infinity,  lying  without  the  circle,  is 
given,  so  that  the  coefficients  of  the  negative  powers  may  not  be  assumed 
to  be  the  values  of  the  derivatives  at  infinity,  just  as,  in  the  former  case,  the 
coefficients  ur  could  not  be  assumed  to  be  the  values  of  the  derivatives  at  the 
common  centre  of  the  circles. 

Combining  the  expressions  obtained  for  the  two  integrals,  we  have 
f(z)  =  M0  +  (z  -  a)  MJ  +  (z  -  a)2  wg  +  . . . 

4-  (z -  a)-1  Vj  +  (z -  a)~2 V2+  .... 

Both  parts  of  the  double  series  converge  for  all  points  in  the  region  between 
the  two  circles,  though  not  necessarily  for  points  on  the  boundary  of  the 
region.  The  whole  series  therefore  converges  for  all  those  points:  and  we 
infer  the  theorem  as  enunciated. 

Conformably  with  the  notation  (§  26,  Note)  adopted  to  represent  Taylor's 
expansion,  a  function  f(z)  of  the  character  required  by  Laurent's  Theorem 
can  be  represented  in  the  form 


the  series  Pa  converging  within  the  outer  circle  and  the  series  P2  converging 
without  the  inner  circle ;  their  sum  converges  for  the  ring-space  between  the 
circles. 

29.     The  coefficient  u0  in  the  foregoing  expansion  is 

dt, 


27n'  Jt  —  a 

V»p.incr  t.alrpn  vnnnrl  f.Vip.  p.irn.lp  nf  vnHins  v        \\Tp 


xu    x  •  f<Z0    JI-T          »/v 

so  that  it0   <     _--  Jft  <  if  , 

J  ZTT 

M'  being  the  greatest  value  of  Mt,  the  modulus  of  /(£)>  for  points  along  the 
circle.  If  M  be  the  greatest  value  of  \f(z}\  for  any  point  in  the  whole 
region  in  which  f(z)  is  defined,  so  that  M'  ^  M,  then  we  have 

I  «•„  I  <  AT, 

that  is,  the  modulus  of  the  term  independent  of  z  —  a  in  the  expansion  of 
f(z)  by  Laurent's  Theorem  is  less  than  the  greatest  value  of  \f(z)  \  at  points 
in  the  region  in  which  it  is  defined. 

Again,  (z  —  a)~m  f(z)  is  a  double  series  in  positive  and  negative  powers  of 
z  —  a.  the  term  independent  of  z  —  a  being  nm  ;  hence,  by  what  has  just  been 
proved,  \um  is  less  than  p~mM,  where  p  is  \z—  a, \.  But  the  coefficient  um 
does  not  involve  z,  and  for  any  point  z  we  can  therefore  choose  a  limit.  The 
lowest  limit  will  evidently  be  given  by  taking  z  on  the  outer  circle  of  radius 
R,  so  that  um  <  MR~m.  Similarly  for  each  coefficient  vm;  and  therefore  we 
have  the  result : — 

If  f(z)  be  expanded  as  by  Laurent's  Theorem  in  the  form 

00  00 

Uo+  S  (z-a)m-um+  2  (z-a)-mvm, 

then  |  Um  |  <  MR~m,     \  vm  \  <  MR'm, 

where  M  is  the  greatest  value  of  \f(z)  \  at  points  within  the  region  in  which 

f(z)  is  defined,  and  R  and  R'  are  the  radii  of  the  outer  and  the  inner  circles 

respectively, 

COROLLAEY.  If  M  (r)  denote  the  greatest  value  of  f(z)  \  for  values  of  z 
on  the  circumference  of  the  circle  \z  —  a  =r,  then 

um  \<r~mM(r),     \vm\<  rm  M  (r)  : 
which  may  be  lower  limits  than  the  preceding.     As  above,  we  have 


taken  round  the  circle    z  —  a  =r;  so  that 


Similarly,  as  um  is  the  term  independent  of  z  —  a  in  the  Laurent  expansion 
of  (z  ~  a)~mf(z),  we  have 

|  Um  |  ^  greatest  value  of  |  (z  —  a)~mf(z}  \  along  |  z  -  a  \  =  r 


cle  of  centre  a,  it  can  be  expanded  in  the  form  of  a  series  of  negative  integral 
wers  of  z  •—  a,  the  series  converging- every  where  in  that  part  of  the  plane. 

It  can  be  deduced  as  the  limiting  case  of  Laurent's  Theorem  when  the 
lius  of  the  outer  circle  is  made  infinite.  We  then  take  r  infinitely  large, 
d  substitute  for  t  by  the  relation 

t  —  a  =  reei, 
that  the  first  integral  in  the  expression  (i),  p.  55,  for/(^)  is 

i  r^77  do 
..  _._  i    "^   ///\ 

o_  /     /       9J  W- 

ATT  J  ()    (i  ~  Z 

t  —  a 

ace  the  function  is  holomorphic  over  the  whole  of  the  plane  which  lies 
tside  the  assigned  circle,  f(t)  cannot  be  infinite  at  the  circle  of  radius  r 
ion  that  radius  increases  indefinitely.  If  f(t}  tend  towards  a  (finite) 
nit  k,  which  must  be  uniform  owing  to  the  hypothesis  as  to  the  functional 
aracter  of/' (2),  then,  since  the  limit  of  (t  —  z)j(t  —  a)  is  unity,  the  preceding 
begral  is  equal  to  k. 

The  second  integral  in  the  same  expression  (i),  p.  55,  for  f(z)  is 
laltered  by  the  conditions  of  the  present  proposition;  hence  we  have 

f(z)  =  k  +  (z-  a)-lv,  +  (z-  a)~"  v2  +  ... , 

e  series  converging  without  the  circle,  though  it  does  not  necessarily 
nverge  on  the  circumference. 

The  series  can  be  represented  in  the  form 

1 


nformably  with  the  notation  of  §  26. 

Of  the  three  theorems  in  expansion  which  have  been  obtained,  Cauchy's 

the  most  definite,  because  the  coefficients  of  the  powers  are  explicitly 

itainecl  as  values  of  the  function  and  of  its  derivatives  at  an  assigned 

•int.     In  Laurent's  theorem,  the  coefficients  are  not  evaluated  into  simple 

:pressions.     In  the  corollary  from  Laurent's  theorem  the  coefficients  are, 

is  easily  proved,  the  values  of  the  function  and  of  its  derivatives  for  infinite 

.lues  of  the  variable.     The  essentially  important  feature  of  all  the  theorems 

the  expansibility  of  the  function  in  converging  series  under  assigned 

nditions. 

31.     It  was  proved  (§  21)  that,  when  a  function  is  holomorphio  in  any 
gion  of  the  plane  bounded  by  a  simple  curve,  it  has  an  unlimited  number 


by  the  preceding  propositions,  each  such  derivative  can  be  expanded  in 
converging  series  of  integral  powers,  the  series  themselves  being  doducible 
by  differentiation  from  the  series  which  represents  the  function  in  the  region. 

In  particular,  when  the  region  is  a  finite  circle  of  centre  a,  within  which 
f(z]  and  consequently  all  the  derivatives -of/U)  are  expansible  in  converging 
series  of  positive  integral  powers  of  z  —  a,  the  coefficients  of  the  various 
powers  of  z  —  a  are— -save  as  to  numerical  factors — the  values  of  the 
derivatives  at  the  centre  of  the  circle.  Hence  it  appears  that,  when  a,  function 
is  holomorphic  over  the  area  of  a  given  circle,  tJi.e  iiaLu.es  of  the  function  and  all 
its  derivatives  at  any  point  z  within  the  circle  depend  only  upon  the  variable 
of  the  point  and  upon  the  values  of  the  function  and  its  derivatives  at  the 
centre. 

32.  Some  of  the  classes  of  points  in  a  plane  that  usually  arise  in 
connection  with  uniform  functions  may  now  bo  considered. 

(i)  A  point  a  in  the  plane  may  bo  such  that  a  function  of  the  variable 
has  a  determinate  finite  value  there,  always  independent  of  the  path  by 
which  the  variable  reaches  a;  the  point  a  is  called  an  ordinary  point*  of 
the  function.  The  function,  supposed  continuous  in  the  vicinity  of  a,  is 
continuous  at  a:  and  it  is  said  to  behave  regularly  in  the  vicinity  of  an 
ordinary  point. 

Let  such  an  ordinary  point  a  be  at  a  distance  d,  not  infinitesimal,  from 
the  nearest  of  the  singular  points  (if  any)  of  the  function ;  and  let  a  circle  of 
centre  a  and  radius  just  less  than  d  be  drawn.  The  part  of  the  #-plane  lying 
within  this  circle  is  called  f  the  domain  of  a ;  and  the  function,  holoinorphic 
within  this  circle,  is  said  to  behave  regularly  (or  to  be  regular)  in  the. domain 
of  a.  From  the  preceding  section,  we  infer  that  a  function  and  its  derivatives 
can  be  expanded  in  a  converging  series  of  positive  integral  powers  of  z  —  a 
for  all  points  z  in  the  domain  of  a,  an  ordinary  point  of  the  function:  and 
the  coefficients  in  the  series  are  the  values  of  the  function  and  of  its  derivatives 
at  a. 

The  property  possessed  by  the  series — that  it  contains  only  positive 
integral  powers  of  z  —  a — at  once  gives  a  test  which  is  both  necessary  and 
sufficient  to  determine  whether  a  point  is  an  ordinary  point.  If  the  point  a. 
be  ordinary,  the  limit  of  {z  —  d)f(z)  necessarily  is  zero  wlien  z  becomes  equal 
to  a.  This  necessary  condition  is  also  sufficient  to  ensure  that  the  point  is 
an  ordinary  point  of  the  function  f(z),  supposed  to  be  uniform ;  for,  since 


—  a)  +  ...}, 

shewing  that  f(z)  is  expressible  as  a  series  of  positive  integral  powers  of 
z—  a  converging  within  the  domain  of  a,  or,  in  other  words,  that/(0)  certainly 
has  a  for  an  ordinary  point  in  consequence  of  the  condition  being  satisfied. 

(ii)  A  point  a,  in  the  plane  may  be  such  that  a  function  f(z)  of  the 
variable  has  a  determinate  infinite  value  there,  always  independent  of  the 
path  by  which  the  variable  reaches  a,  the  function  behaving  regularly  for 

points  in  the  vicinity  of  a. ;  then  -v-r-r  has  a  determinate  zero  value  there,  so 

/  w 

that  a  is  an  ordinary  point  of  -VT-T-     The  point  a  is  called  a  pole  (§  12) 

J\z)t 
or  an  (.incidental  singularity*  of  the  function. 

A  test,  necessary  and  sufficient  to  settle  whether  a  point  is  a  pole  of 
a  function,  will  subsequently  (§  42)  be  given. 

(iii)  A  point  a  in  the  plane  maybe  such  that/ (,2)  has  not  a  determinate 
value  there,  either  finite  or  infinite,  though  the  function  is  definite  in  value 
at  all  points  in  the  immediate  vicinity  of  a  other  than  a  itself. 

Such  a  point  is  called  f  an  essential  singularity  of  the  function.  No 
hypothesis  is  postulated  as  to  the  character  of  the  function  for  points 
at  infinitesimal  distances  from  the  essential  singularity,  while  the  relation 
of  the  singularity  to  the  function  naturally  depends  upon  this  character  at 
points  near  it.  There  may  thus  be  various  kinds  of  essential  singularities 
all  included  under  the  foregoing  definition,  even  for  uniform  functions; 
one  classification  is  effected  through  the  consideration  of  the  character  of 
the.  function  at  points  in  their  immediate  vicinity.  (See  §  88.) 

One  sufficient  test  of  discrimination  between  an  accidental  singularity 
and  an  essential  singularity  is  furnished  by  the  determinateness  of  the  value 
at  the  point.  If  the  reciprocal  of  the  function  have  the  point  for  an  ordinary 
point,  the  point  is  an  accidental  singularity — it  is,  indeed,  a  zero  for  the 
reciprocal.  But  when  the  point  is  an  essential  singularity,  the  value  of  the 
reciprocal  of  the  function  is  not  determinate  there ;  and  then  the  reciprocal, 
as  well  as  the  function,  has  the  point  for  an  essential  singularity. 

In  these  statements  and  explanations,  it  is  assumed  that  the  essential 
singularity  is  an  isolated  point.  It  will  hereafter  be  seen  that  uniform 
functions  can  be  constructed  for  which  this  is  not  the  case;  thus  there  are 
uniform  functions  which  have  lines  of  essential  singularity.  For  the  present, 
we  shall  deal  only  with  essential  singularities  that  are  isolated  points. 
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the  mode  by  which  z  approaches  the  origin. 

Thus  suppose  that  z  approaches  the  origin  along  the  axis  of  imaginary  quantities  ;  and 
let  2=crt,  where  a  is  real  and  can  be  made  as  small  as  we  please.     Then 


if  a  be  positive  then  the  first  term,  and  if  a  be  negative  then  the  second  term,  can  be 
made  larger  than  any  assigned  finite  quantity  by  sufficiently  diminishing  a  :  that  is, 

by  thcae  methods  of  approach  of  z  to  its  origin,  the  function  cos-  ultimately  acquires  an 

infinite  value. 

Next  suppose  that  z  approaches  the  origin  along  the  axis  of  real  quantities,  and 
assume  it  to  have  positive  values,  (the  same  reasoning  applies  if  it  has  negative  values)  ; 
in  particular,  consider  real  values  of  z,  such  that  0  ^  s  O,  where  /3  is  a  quantity  that  may 
be  assigned  as  small  as  we  please.  When  j3  is  assigned,  take  any  positive  integer  w,  such 
that 


PTT 

so  that  m  will  be  any  integer  lying  between  some  one  integer  (that  will  be  large,  in 
dependence  upon  the  value  of  /3)  and  infinity.     Let 


where  £  is  a  positive  quantity  such  that  0  ^  £  ^  IT  ;  then 


and  so  0  <  z  <.  /3.     For  such  values  we  have 

cos-  =  (-l)"l-1vsinf, 

and  therefore  with  the  range  of  f  from  0  to  TT,  the  function  ranges  continuously  in 
numerical  value  between  0  and  1.  In  particular,  when  f=0,  the  function  has  a  zero 
value;  (also  when  f  =  7r,  but  this  in  effect  gives  the  next  greater  value  of  m);  and  this 
holds  for  each  of  the  integers  m  so  assumed.  Hence  it  follows  that  within  the  range 
for  real  values  of  z,  no  matter  how  small  the  real  quantity  /3  may  be  assigned, 


the  function  cos-  has  an  unlimited  number  of  zeros;  also  that,  within  the  same  range, 

z 

the  function  cos  —  K  (where  K  is  a  real  quantity  not  greater  than  unity)  has  an  unlimited 
number  of  zeros. 

Ex.  2.     Consider  the  function  cos  -  in  the  vicinity  of  the  origin,  when  the  variable  z  is 

3 

made  to  approach  the  origin  along  the  spiral  6  =  it.r,  where  z  —  roBl,  and  p.  is  a  parametric 
quantity;  and  shew  that,  in  the  immediate  vicinity  of  the  origin  along  this  path, 


sinh , 


1 
cos- 


cosh  2^.. 


z 
Discuss  the  possibility  of  so  choosing  the  approach  of  z  to  the  origin  as,  for  values  of  z 


'   Ex.  4.     Consider  the  variations  in  value  of  the  function  e*  for  values  of  z,  such  that 
z  |  is  not  greater  than  some  assigned  small  quantity  K. 

l 
Tn  parti cular,  consider  the  possibility  of  e*  either  acquiring,  or  tending  to,  any  assigned 

l 
value  A.     The  values  of  z  for  which  eg  =  A  are  given  by 

1 

2 

where  k  is  any  integer,  positive  or  negative.     Let  A=ae™,  where  a  and  a  are  real; 
so  that 

-  =  (2&7r  +  a)  i  +  log  a. 

Z 

If  z=x+iy  as  usual,  then 

.2,2  —  (2&7r  +  a)  i+log  a ; 

and  therefore  all  the  points,  for  which  ez  acquires  the  value  A,  lie  upon  the  circle 

v       a_    *' 
y  "log a" 

Accordingly,  we  consider  an  arc  of  this  circle  which  lies  within  the  circle 

i 

Not  every  point  on  the  arc  leads  to  the  value  A   of  a*;  for  taking  any  point  (£,  77) 
on  it,  let 

j  log  a  =  2??i7r  +  0, 
where  m  is  an  integer,  and  0  ^  6  <  2ir ;  thus 


I 
so  that  the  value  of  e~  is  elosa-^a>»'r+0)j  =ae~et,  which  is  only  the  same  as  aeal  for 

particular  points.     It  is  however  clear  that    es    is  the  same  for  all  points  on  the  circular 
arc. 

i 
The  values  of  z  for  which  es  =  A  are  given  by 

1 


where  k  is  an  integer.     It  is  manifest  that  a  value  of  k  (say  &t)  can  be  chosen  for  which 

\Z\<K, 

I 

this  inequality  holding  for  all  values  of  k  greater  than  k± :  so  that  the  function  es  acquires 
the  value  A  at  an  unlimited  number  of  points  in  the  region  \e\  <  K.  Further,  by 
sufficiently  increasing  k,  we  can  make  |  z  \  smaller  than  any  assigned  quantity  however 

a. 

ftrnn.il  •   n.nrl    thpvfifn-rp>    A    is  nnfi  nf  iVhp.  ('nnlimit.ftH    nnmVifir  nf^  vn.liifis  nf  />z  nn  7.  nlfimnt.p'Kr 


It  may 'be  remarked  at  once  that  there  must  "be  at  least  one  infinite 
value  among  the  values  which  a  uniform  function  can  assume  at  an  essential 
singularity.  For  if/(^)  cannot  be  infinite  at  a,  then  the  limit  of  (z  —  a)  f(z] 
would  be  zero  when  2  =  a,  no  matter  what  the  non-infinite  values  of/(^) 
may  be,  and  no  matter  by  what  path  z  acquires  the  value  a ;  that  is,  the 
limit  would  be  a  determinate  zero.  The  function  (z  —  a)f(z)  is  regular  in 
the  vicinity  of  a :  hence  by  the  foregoing  test  for  an  ordinary  point,  the  point 
a  would  be  ordinary  and  the  value  of  the  uniform  function  f(z)  would  be 
determinate,  contrary  to  hypothesis.  Hence  the  function  must  have  at  least 
one  infinite  value  at  an  essential  singularity. 

Further,  a  uniform  function  must  be  capable  of  assuming  any  value  C 
at  an  essential  singularity.  For  an  ^essential  singularity  of  f(z)  is  also  an 

essential  singularity  of  f(z)—C  and  therefore  also  of  -- -•—-  ~.     The  last 

function  must  have  at  least  one  infinite'  value  among  the  values  that  it 
can  assume  at  the  point;  and,  for  this  infinite  value,  we  have  f(z}  =  C 
at  the  point,  so  that  f(z]  assumes  the  assigned  value  G  at  the  essential 
singularity. 

Note.  This  result,  that  u,  uniform  function  can  acquire  any  assigned 
value  at  an  isolated  essential  singularity,  is  so  contrary  to  the  general  idea  of 
the  one-valuedness  of  the  function,  that  the  function  is  often  regarded  as  not 
existing  at  the  point :  and  the  point  then  is  regarded  as  not  belonging  to  the 
region  of  significance  of  the  function.  The  difference  between  the  two  views 
is  largely  a  matter  of  definition,  and  depends  upon  the  difference  between 
two  modes  of  considering  the  variable  z.  If  no  account  is  allowed  to  be 
taken  of  the  mode  by  which  z  approaches  its  value  at  an  essential  singularity 
a,  the  function  does  not  tend  uniformly  to  any  one  value  there.  If  such 
account  is  allowed,  then  it  can  happen  (as  in  Ex.  4,  above)  that  z  may 
approach  the  value  a  along  a  particular  path  through  a  limiting  series  of 
values  in  such  a  way  that  the  function  can  acquire  any  assigned  value  in  the 
limit  when  z  coincides  with  a  after  the  specified  mode  of  approach. 

33.  There  is  one  important  property  possessed  by  every  uniform  funct- 
ion in  the  immediate  vicinity  of  any  of  its  isolated  essential  singularities; 
it  was  first  stated  by  Weierstrass*,  as  follows : — In  the  immediate  vicinity  of 
an  isolated  essential  singularity  of  a  uniform  function,  there  are  positions  at 
•which  the  function  differs  from  an  assigned  value  by  a  quantity  not  greater 
than  a  non-vanishing  magnitude  that  can  be  made  as  small  as  we  please. 


the  vicinity  of  a,  represented  by 

\z-a\<  p, 

consider  the  function  f-r-c — TV     For  values  of  z  in  the  range 

0  <  |  z  —  a  |  <  p, 
this  function  may  have  poles,  or  it  may  not. 

If  it  has  poles,  then  at  each  of  them  f(z)  —  (7=  0 :  that  is,  the  function 
f(z)  actually  attains  the  value  (7,  so  that  the  difference  between  f(z)  and  G 
for  such  positions  is  not  merely  less  than  e,  it  actually  is  zero. 

If  it  has  no  poles,  then  the  function 

1 

7(*)-0 

is  regular  everywhere  through  the  domain 

0  <  z  —  a  <  p, 

because  no  point  in  that  domain  is  either  a  pole  or  an  essential  singularity. 
Accordingly,  by  Laurent's  theorem,  it  can  be  expanded  in  that  domain  in  a 
converging  series  of  positive  and  negative  powers,  in  the  form 

=  Uo  4  (z  _  a)  Ui  + +  (p  _  a)n  Un  + 

/  (?)  -  G 

I      ^      i       v*       .            -       v™       , 
z  -  a,     (z  -  a)2     (?-  a)m     

Choose  a  quantity  p1  such  that  0  <  p  <  p.  The  series  of  positive  powers 
converges  everywhere  within  and  on  a  circle,  centre  a  and  radius  p':  let  $(z) 
denote  its  value  at  z.  The  series  of  negative  powers  converges  everywhere 
in  the  plane  outside  the  point  a ;  and  therefore  the  series 

«    i^i       Vs       i 

Vl  +  *-a  +  (z-ay  + 

converges  everywhere  outside  the  point  a  :  let  T  (z)  denote  its  value,  so  that 


Accordingly,  as   ]$(#)]  is  finite  and     T(z)\  not  zero  —  it  may  be  a  rapidly 
increasing  quantity  as  |  z  —  a  \  decreases  —  choose  |  z  —  a    so  that,  while  not 

being  zero,  it  gives  the  modulus  of  the  right-hand  side  as  greater  than  -  . 

As  z  —  a  occurs  in  a  denominator,  this  can  be  done.     Then,  for  such  a  value 
of  z, 


1 


1 


cosec     in  tho  vicinity  of  the  origin,  we  must  have  sin  -  infinite  at  them ;  this  can  only 

z  z 

occur  when  z  becomes  zero  along  the  axis  of  imaginaries,  and  cannot  occur  for  any  value 
of  z  such  that  |  s  \  >  0.  Such  a  value  is  called  an  exceptional  value ;  the  discussion  of 
exceptional  values  is  effected  by  Picard  in  his  memoir  quoted. 

Ex.     Discuss  the  character  of  tho  functions  cos  (l/«),  tan  (1/2)  for  values  of  \s\  which 

i 

are  very  small ;  and  tho  character  of  the  functions  tan  z,  ec*,  z~He?,  c  z,  z  log  z,  for  values 
of  j  z  \  which  are  very  large. 

34.  Let  f(z)  denote  the  function  represented  by  a  series  of  powers 
PI  (z  —  a),  the  circle  of  convergence  of  which  is  the  domain  of  the  ordinary 
point  a,  and  the  coefficients  in  which  are  the  values  of  the  derivatives  of 
f  (z)  at  a.  The  region  over  which  the  function  f(z)  is  holomorphic  may 
extend  beyond  the  domain  of  a,  although  the  circumference  bounding  that 
domain  is  the  greatest  of  centre  a  that  can  be  drawn  within  the  region. 
The  region  evidently  cannot  extend  beyond  the  domain  of  a  in  all  directions. 

Take  an  ordinary  point  b  in  the  domain  of  a.  The  value  at  b  of  the 
function  f(z)  is  given  by  the  scries  Pj  (b  —  a),  and  the  values  at  b  of  all  its 
derivatives  are  given  by  the  derived  series.  All  these  series  converge  within 
the  domain  of  a  and  they  are  therefore  finite  at  b ;  and  their  expressions 
involve  the  values  at  a  of  the  function  and  its  derivatives. 

Let  the  domain  of  b  be  formed.  The  domain  of  b  may  bo  included  in 
that  of  a,  and  then  its  bounding  circle  will  touch  the  bounding  circle  of  the 
domain  of  a,  internally.  If  the  domain  of  b  be  not  entirely  included  in  that 
of  a,  part  of  it  will  lie  outside  the  domain  of  a, ;  but  it  cannot  include  the 
whole  of  the  domain  of  a  unless  its  bounding  circumference  touch  that  of 
the  domain  of  a,  externally,  for  otherwise  it  would  extend  beyond  a  in  all 
directions,  a  result  inconsistent  with  the  construction  of  the  domain  of  a. 
Hence  there  must  be  points  excluded  from  the  domain  of  a,  which  are  also 
excluded  from  the  domain  of  b. 

For  all  points  z  in  the  domain  of  b,  the  function  can  be  represented  by 
a  series,  say  P»(z—b),  the  coefficients  of  which  are  the  values  at  b  of  the 
function  and  its  derivatives.  Since  these  values  are  partially  dependent 
upon  the  corresponding  values  at  a,  the  series  representing  the  function  may 
be  denoted  by  P2  (z  -  b,  a). 

At  a  point  z  in  the  domain  of  b  lying  also  in  the  domain  of  a,  the  two 
series  Pl(z—a)  and  Pz(z  —  b,a)  must  furnish  the  same  value  for  the 
function  f(z) ;  and  therefore  no  new  value  is  derived  from  the  new  series  P2 
which  cannot  be  derived  from  the  old  series  PJ.  For  all  such  points  the  new 
series  is  of  no  advantage ;  and  hence,  if  the  domain  of  b  be  included  in  that 
nf  rt.  t;Vi P.  o.nnst.TunHnn  of  thft  snrifis  Pn(z  —  b.rt,}  is  snnfirflnnns  TVms  in 


P!  (z-  a).  The  new  series  P2  then  gives  an  additional  representation  of  the 
function ;  it  is  called*  a  continuation  of  the  series  which  represents  the  function 
in  the  domain  of  a.  The  derivatives  of  P2  give  the  values  of  the  derivatives 
of  f(z)  for  points  in  the  domain  of  b. 

It  thus  appears  that,  if  the  whole  of  the  domain  of  6  be  not  included  in 
that  of  a,  the  function  can,  by  the  series  which  is  valid  over  the  whole 
of  the  new  domain,  be  continued  into  that  part  of  the  new  domain  excluded 
from  the  domain  of  a. 

Now  take  a  point  c  within  the  region  occupied  by  the  combined  domains 
of  a  and  b ;  and  construct  the  domain  of  c.  In  the  new  domain,  the 
function  can  be  represented  by  a  new  series,  say  P3(z  —  c),  or,  since  the 
coefficient^  (being  the  values  at  c  of  the  function  and  of  its  derivatives) 
involve  the  values  at  a  and  possibly  also  the  values  at  b  of  the  function 
and  of  its  derivatives,  the  series  representing  the  function  may  be  denoted 
by  P3  (z  —  c,  a,  b).  Unless  the  domain  of  c  include  points,  which  are  not 
included  in  the  combined  domains  of  a  and  6,  the  series  Ps  does  not  give 
a  value  of  the  function  which  cannot  be  given  by  Pa  or  P2:  we  therefore 
choose  c,  if  possible,  so  that  its  domain  will  include  points  nob  included  in 
the  earlier  domains.  At  such  points  z  in  the  domain  of  c  as  are  excluded 
from  the  combined  domains  of  a  and  b,  the  series  Pa  (z  —  c,  a,  b)  gives  a  value 
for  f(z)  which  cannot  be  derived  from  Pl  or  P2 ;  and  thus  the  new  series 
is  a  continuation  of  the  earlier  series. 

Proceeding  in  this  manner  by  taking  successive  points  and  constructing 
their  domains,  we  can  reach  all  parts  of  the  plane  connected  with  one 
another  where  the  function  preserves  its  holomorphic  character;  their 
combined  aggregate  is  called •[•  the  region  of  continuity  of  the  function. 
With  each  domain,  constructed  so  as  to  include  some  portion  of  the  region  of 
continuity  not  included  in  the  earlier  domains,  a  series  is  associated,  which  is 
a  continuation  of  the  earlier  series  and,  as  such,  gives  a  value  of  the  function 
not  deducible  from  those  earlier  series ;  and  all  the  associated  series  are 
ultimately  deduced  from  the  first. 

Each  of  the  continuations  is  called  an  Element  of  the  function.  The 
aggregate  of  all  the  distinct  elements  is  called  a  monogenic  analytic  function : 
it  is  evidently  the  complete  analytical  expression  of  the  function  in  its  region 
of  continuity. 

Let  z  be  any  point  in  the  region  of  continuity,  not  necessarily  in  the 
circle  of  convergence  of  the  initial  element  of  the  function ;  a  value  of  the 


moreover,  be  different  sets  of  domains  which,  taken  together  in  a  set,  each 
lead  to  z  from  the  initial  point.  When  the  analytic  function  is  uniform,  as 
before  defined  (§  12),  the  same  value  at  z  for  the  function  is  obtained, 
whatever  be  the  set  of  domains.  If  there  be  two  sets  of  elements,  differently 
obtained,  which  give  at  z  different  values  for  the  function,  then  the  ana- 
lytic function  is  multiform,  as  before  defined  (§  12);  but  riot  every  change 
in  a  set  of  elements  leads  to  a  change  in  the  value  at  z  of  a  multiform 
function,  and  the  analytic  function  is  uniform  within  such  a  region  of  the 
plane  as  admits  only  equivalent  changes  of  elements. 

The  whole  process  is  reversible  when  the  function  is  uniform.  We  can 
pass  back  from  any  point  to  any  earlier  point  by  the  use,  if  necessary,  of 
intermediate  points.  Thus,  if  the  point  a  in  the  foregoing  explanation 
be  not  included  in  the  domain  of  b  (there  supposed  to  contribute  a  continu- 
ation of  the  first  series),  an  intermediate  point  on  a  line,  drawn  in  the 
region  of  continuity  so  as  to  join  a  and  b,  would  be  taken;  and  so  on, 
until  a  domain  is  formed  which  does  include  a.  The  continuation,  associated 
with  this  domain,  must  give  at  a  the  proper  value  for  the  function  and  its 
derivatives,  and  therefore  for  the  domain  of  a  the  original  series  P^z—a) 
will  be  obtained,  that  is,  Pl  (z  —  a)  can  be  deduced  from  Pa  (z  —  b,  a)  the 
series  in  the  domain  of  b.  This  result  is  general,  so  that  any  one  of  the 
continuations  of  a  uniform  function,  represented  by  a  power-series,  can  be 
deduced  from  any  other ;  and  therefore  the  expression  of  such  a  function  in 
its  region  of  continuity  is  potentially  given  by  one  element,  for  all  the 
distinct  elements  can  be  deduced  from  any  one  element. 

35.  It  has  been  assumed  that  the  property,  characteristic  of  some  of  the 
uniform  functions  adduced  as  examples,  of  possessing  either  accidental  or 
essential  singularities,  is  characteristic  of  all  such  functions;  it  will  be  proved 
(§  40)  to  hold  for  every  uniform  function  which'  is  not  a  mere  constant. 

The  singularities  limit  the  region  of  continuity;  for  each  of  the  separate 
domains  is,  from  its  construction,  limited  by  the  nearest  singularity,  and  the 
combined  aggregate  of  the  domains  constitutes  the  region  of  continuity  when 
they  form  a  continuous  space*.  Hence  the  complete  boundary  of  the  region 
of  continuity  is  the  aggregate  of  the  singularities  of  the  function f. 

*  Cases  occur  in  which  the  region  of  continuity  of  a  function  is  composed  of  isolated  spaces, 
each  continuous  in  itself,  but  not  continuous  into  one  another.  The  consideration  of  such  cases 
will  be  dealt  with  briefly  hereafter,  an  I  they  are  assumed  excluded  for  the  present :  meanwhile, 
it  is  sufficient  to  note  that  each  continuous  apace  could  be  deduced  from  an  element  belonging  to 
some  domain  of  that  space  and  that  a  new  element  would  be  needed  for  a  new  space. 

t  See  Weierstrass,  Ges.  Werke,  t.  ii,  pp.  77—79;  Mittag-Leffler,  "  Sur  la  representation  analy- 
tique  des  fonctions  monogenes  uniforrnes  d'une  variable  independarite, "  Aeta  Math.,  t.  iv,  (1884), 


region  ot  continuity  then  extends  over  the  whole  finite  part  of  the  plane  but 
it  does  not  include  the  point  at  infinity. 

It  follows  from  the  foregoing  explanations  that,  in  order  to  know  a 
uniform  analytic  function,  it  is  necessary  to  know  some  element  of  the 
function,  which  has  been  shewn  to  be  potentially  sufficient  for  the  derivation 
of  the  full  expression  of  the  function  and  for  the  construction  of  its  region  of 
continuity.  But  the  process  of  continuation  is  mainly  descriptive  of  the 
analytic  function,  and  in  actual  practice  it  can  prove  too  elaborate  to  be 
effected*. 

To  avoid  the  continuation  process,  Mittag-Leffler  has  devised  f  another 
method  of  representing  a  uniform  function.  Let  a  be  an  ordinary  point  of 
the  function,  and  let  a  line,  terminated  at  a,  rotate  round  it.  In  the  vicinity 
of  a,  let  the  element  of  the  function  be  denoted  by  P  (z  —  a)  ;  and  imagine 
the  continuation  of  this  element  to  be  effected  along  the  vector  as  far  as 
possible.  It  may  happen  that  the  continuation  can  be  effected  to  infinity 
along  the  vector  ;  if  not,  there  is  some  point  a'  on  the  vector  beyond  which 
the  continuation  is  impossible.  In  the  latter  case,  the  part  of  the  vector]: 
from  a  to  infinity  is  excluded  from  the  range  of  variation  of  the  variable. 
Let  this  be  done  for  every  position  of  the  vector  ;  then  the  part  of  the  plane, 
which  remains  after  these  various  ranges  have  been  excluded,  gives  a  star- 
shaped  figure,  which  is  a  region  of  continuity  of  the  uniform  function  of 
which  P(z  —  a)  is  the  initial  element.  The  function  manifestly  can  be 
continued  over  the  whole  of  this  star,  by  means  of  appropriate  elements  ;  but 
there  is  no  indication  as  to  the  necessary  number  of  elements.  Instead  of 
using  the  elements  to  express  the  function,  Mittag-Leffler  constructs  a  single 
expression,  which  is  the  valid  representation  of  the  function  over  the  whole 
star;  the  expression  is  an  infinite  series  of  polynomials,  and  not  merely  a 
power-series. 

Thus  let  there  be  a  power-series 

b()  +  b1(z-a')  +  ^b2(z-a)*  +  --b3(z-a)3+..., 

which  converges  uniformly  in  a  region  round  the  point  a  ;  the  -radius  of  convergence  of  the 

I 

.series  is  r,  where  I/r  is  the  upper  limit  of  the  quantities  (bn/n  !)«.  Let  the  star-shaped 
figure  be  constructed  ;  the  following  is  the  simplest  form  of  expression  as  obtained  by 
Mittag-Leffler  to  represent,  over  the  whole  star,  the  function  of  which  the  foregoing  series 
is  an  element.  Let  the  quantity 

p"-      p*  pip    A.    ,  .    ,       ,, 
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),   for  2  =  1,  2,  . 


Mittag-Lefiier'tt  expression  is 


and  it  converges  everywhere  within  the  star. 

Again,  an  element  representing  a  function  is  effective  only  within  its  own 
circle  of  convergence,  while  it  may  be  known  that  the  function  is  holomorphic 
over  some  closed  domain  which  touches  the  circle  of  convergence  externally. 
The  process  of  continuation  would  make  it  possible  to  obtain  the  analytical 
representation  over  the  whole  domain  by  means  of  appropriate  elements  : 
but  again  there  is  no  indication  as  to  the  necessary  number  of  elements. 
Painleve*  has  shewn  how  to  construct  a  single  expression,  which  is  the  valid 
representation  of  the  function  over  the  whole  domain  ;  this  expression  also  is 
an  infinite  series  of  polynomials,  and  not  merely  a  power-series. 

For  the  establishment  of  these  results,  we  refer  to  the  memoirs  quoted. 

36.  The  method  of  continuation  of  a  function,  by  means  of  successive 
elements,  is  quite  general;  there  is  one  particular  continuation,  which  is 
important  in  investigations  on  conformal  representation.  It  is  contained  in 
the  following  proposition,  due  to  Schwarz'l":  — 

If  an  analytic  function  w  of  z  be  defined  only  for  a  region  S'  in  the 
positive  half  of  the  z-plane,  and  if  continuous  real  values  of  w  correspond  to 
continuous  real  values  of  z,  then  w  can  be  continued  across  the  axis  of  real 
quantities. 

Consider  a  region  S",  symmetrical  with  S'  relative  to  the  axis  of  real 
quantities  (fig.  12).     Then  a  function  is 
defined  for  the  region  S"  by  associating 
a  value  w0,  the  conjugate  of  w,  with  z0, 
the  conjugate  of  z. 

Let  the  two  regions  be  combined 
along  the  portion  of  the  axis  of  oc  which 
is  their  common  boundary;  they  then 
form  a  single  region  S'  +  S". 

Consider  the  integrals 
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W 


dz    and  - — : 


,dzn 


taken  round  the   boundaries   of  S'  and  of  S"   respectively.      Since   w   is 
continuous  over  the  whole  area  of  S'  as  well  as  along  its  boundary,  and 


e  nrst  integral  is  w  (Q  and  that  of  the  second  is  zero  ;  while,  if  f  be  in  S", 
e  value  of  the  first  integral  is  zero  and  that  of  the  second  is  iu0  (£).  Hence 
e  sum  of  the  two  integrals  represents  a  unique  function  of  a  point  in  either 
'  or  S".  But  the  value  of  the  first  integral  is 


wdz        1     fBw(x)dx 
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e  first  being  taken  along  the  carve  J50J.  and  the  second  along  the  axis 
vB  ;  and  the  value  of  the  second  integral  is 


1    [A  w0  (so)  dec       1    [rB^w0dz0 
_    _j_ 


e  first  being  taken  along  the  axis  BxA  and  the  second  along  the  curve 
DS.  But 

/     \  /     \ 

W0  (OS)  =  W  (SO), 

cause  conjugate  values  w  and  iu0  correspond  to  conjugate  values  of  the 
jument  by  definition  of  w0,  and  because  w  (and  therefore  also  w0)  is  real 
d  continuous  when  the  argument  is  real  and  continuous.  Hence  when  the 
in  of  the  four  integrals  is  taken,  the  two  integrals  corresponding  to  the 
o  descriptions  of  the  axis  of  as  cancel ;  we  have  as  the  sum 

1    f,l  wd*    ,     !    f  *  WQ^Q 
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d  this  sum  represents  a  unique  function  of  a  point  in  Sf  +  S".     These  two 
;egrals,  taken  together,  are 

1    f  w'dz 


sen  round  the  whole  contour  of  S'  +  S",  where  w'  is  equal  to  w  (£)  in  the 
sitive  half  of  the  plane  and  to  w0  (£)  in  the  negative  half. 

For  all  points  £  in  the  whole  region  8'  +  8",  this  integral  represents  a 
igle  uniform,  finite,  continuous  function  of  £;  its  value  is  w(£)  in  the 
sitive  half  of  the  plane  and  is  w0(£)  in  the  negative  half;  and  therefore 
(£)  is  the  continuation,  into  the  negative  half  of  the  plane,  of  the  function 
dch  is  defined  by  w(%)  for  the  positive  half. 

For  a  point  c  on  the  axis  of  as,  we  have 

i  all  the  coefficients  A,  B,  C,  ...  are  real.  If,  in  addition,  w  be  such 
function  of  z  that  the  inverse  functional  relation  makes  z  a  uniform 
alytic  function  of  w,  obviously  A  must  not  vanish.  Thus  the  functional 

o  4-.i  r\ri    rv^  OTT    T-\/^    nvt-vnQc-c; 


CHAPTER  IV. 

GENERAL  PROPERTIES  OF  UNIFORM  FUNCTIONS,  PARTICULARLY  OF  THOSE 
WITHOUT  ESSENTIAL  SINGULARITIES. 

37.  IN  the  derivation  of  the  general  properties  of  functions,  which  will  be 
deduced  in  the  present  and  the  next  three  chapters  from  the  results  already 
obtained,  it  is  'to  be  supposed,  in  the  absence  of  any  express  statement  to 
other  effect,  that  the  functions  are  uniform,  monogenic  and,  except  at  either 
accidental  or  essential  singularities,  continuous*. 

THEOREM  I.  A  function,  which  is  constant  throughout  any  region  of  the 
plane  however  small,  or  which  is  constant  along  any  line  however  short,  is 
constant  throughout  its  region  of  continuity. 

For  the  first  part  of  the  theorem,  we  take  any  point  a  in  the  region  of  the 
plane  where  the  function  is  constant  ;  and  we  draw  a  circle  of  centre  a  and 
of  any  radius,  taking  care  that  the  circle  remains  within  the  region  of 
continuity  of  the  function.  At  any  point  z  within  this  circle,  we  have 


a  converging  series  the  coefficients  of  which  are  the  values  of  the  function 
and  its  derivatives  at  a.  Let  a  point  a  4-  So,  be  taken  in  the  region  ;  then 

ft  \      T-     •*    tf(a+  Sa)-/(ft) 
/  (a)  =  Limit  of  ---  --  —  ~  —  .....  •-->---  , 

oa 

which  is  zero  because  /(a  4-  Sa)  is  the  same  constant  as  /(a):  so  that  the 
first  derivative  is  zero  at  a.  Similarly,  all  the  derivatives  can  be  shewn  to 
be  zero  at-  a  ;  hence  the  above  series  after  its  first  term  is  evanescent, 
and  we  have 

/(*)=/(«)> 


each  has  just  been  proved  to  be  zero :  hence  /"  (a)  is  zero.  Similarly  the 
value  of  the  second  derivative  at  any  other  point  on  the  line  is  zero.  So  on 
for  all  the  derivatives :  the  value  of  each  of  them  at  a  is  zero. 

Using  the  same  expansion  as  before  and  inserting  again  the  zero  values 
of  all  the  derivatives  at  a,  we  find  that 

/(«)-/(<*), 

so  that  under  the  assigned  condition  the  function  preserves  its  constant  value 
throughout  its  region  of  continuity. 

It  should  be  noted  that,  if  in  the  first  case  the  area  and  in  the  second  the 
line  reduce  to  a  point,  then  consecutive  points  cannot  be  taken ;  the  values 
at  a  of  the  derivatives  cannot  be  proved  to  be  zero  and  the  theorem  cannot 
then  be  inferred. 

COROLLARY  I.  If  tiuo  functions  have  the  same  value  over  any  area  of 
their  common  region  of  continuity  however  small  or  along  any  line  in  that 
region  however  short,  then  they  have  the  same  values  at  all  points  in  their 
common  region  of  continuity. 

This  is  at  once  evident :  for  their  difference  is  zero  over  that  area  or  along 
that  line  and  therefore,  by  the  preceding  theorem,  their  difference  has  a 
constant  zero  value,  that  is,  the  functions  have  the  same  values,  everywhere 
in  their  common  region  of  continuity. 

But  two  functions  can  have  the  same  values  at  a  succession  of  isolated 
points,  without  having  the  same  values  everywhere  in  their  common  region 
of  continuity ;  in  such  a  case  the  theorem  does  not  apply,  the  reason  being 
that  the  fundamental  condition  of  equality  over  a  continuous  area  or  along 
a  continuous  line  is  not  satisfied. 

COROLLARY  II.  A  function  cannot  be  zero  over  any  area  of  its  region 
of  continuity  hoiuever  small,  or  along  any  line  in  that  region  however  short, 
without  being  zero  everywhere  in  its  region  of  continuity. 

It  is  deduced  in  the  same  manner  as  the  preceding  corollary. 

If,  then,  there  be  a  function  which  is  evidently  not  zero  everywhere,  we 
conclude  that  its  zeros  are  isolated  points  though  such  points  may  be  multiple 
zeros. 

Further,  in  any  finite  area  of  the  region  of  continuity  of  a  function  that  is 
subject  to  variation,  there  can  be  at  most  only  a  finite  number  of  its  zeros,  when 


number.  Either  they  must  then  constitute  a  continuous  area  or  a  continuous 
line  where  the  function  is  everywhere  zero :  which  would  require  that  the 
function  should  be  zero  everywhere  in  its  region  of  continuity,  a  condition 
excluded  by  the  hypothesis.  Or  they  must  be  so  close  to  some  point,  say  c, 
that  the  function  has  an  unlimited  number  of  zeros  within  a  region 

where  e  can  be  made  as  small  as  we  please :  and  so  for  non-zero  values  of  the 
function.  After  the  general  properties  which  have  been  established,  and 
the  proposition  of  §  33,  it  is  clear  that  c  is  an  essential  singularity  of  the 
function,  contrary  to  the  hypothesis  as  to  the  region  of  continuity  of  the 
function. 

It  immediately  follows  that  the  points  within  a  region  of  continuity, 
at  which  a  function  assumes  any  the  same  value,  are  isolated  points ;  and 
that  only  a  finite  number  of  such  points  occur  in  any  finite  area. 

This  result  may  be  established  in  another  way. 

Let  /CO  be  a  uniform  monogenic  function ;  we  proceed  to  shew  that, 
when/(tt)  is  not  zero,  we  can  choose  a  region  round  a,  in  which  f(z)  nowhere 
vanishes.  We  have 

f  (z)  =  a0  +  aa  (z  —  a)  +  Os (z-aj-  +  ..., 

where  a0  is  not  zero,  the  series  for /CO  converging  absolutely  and  uniformly 
for  values  of  z  such  that 

Within  or  on  the  circle  r,  let  M  be  the  greatest  value  of 

|  aa  +  a,,  (z  —  a)  +  . . .  , 
so  that  M  is,  of  course,  finite.     Let 

J  OB  |  =  Ms, 
so  that  s  is  finite ;  and  take  values  of  z  such  that 

z  —  a  ^  cr  <  s. 

Then 

1/00 1 


^  (s  -  o-)  M, 

so  that,  at  no  place  within  this  region  can/(^)  vanish. 
Now  let  c  be  a  zero  of  f(z)  of  order  n.  so  that 


where  g  (c)  is  not  zero  and  g  (z)  is  uniform  and  monogenic.  By  what  has  just 
been  proved,  we  can  choose  a  region  round  c  such  that  g  (z)  has  no  zero  within 
it.  Then  obviously  f(z)  has  no  zero  within  that  region  except  at  the  place  c  ; 
in  other  words,  the  zero  of/(0)  is  an  isolated  point. 

38.  THEOREM  II.  The  multiplicity  m  of  any  zero  a  of  a,  function  is 
finite  provided  the  zero  be  an  ordinary  point  of  the  function,  supposed  not  to  be 
zero  throughout  its  region  of  continuity  ;  and  the  function  can  be  expressed  in 
the  form 

(z  -  a)m  <f>  (z\ 

where  <p  (z)  is  liolomorphic  in  the  vicinity  of  a,  and  a  is  not  a  zero  of  <p  (z). 

Let  f(z)  denote   the  function;    since  a  is  a   zero,  we   have  /(a)  =  0. 
Suppose  that  /'  (a},f"  (a),  ......  vanish  :   in  the  succession  of  the  derivatives 

of  /,  one  of  finite  order  must  be  reached  which  does  not  have  a  zero  value. 
Otherwise,  if  all  vanish,  then  the  function  and  all  its  derivatives  would 
vanish  at  a;  the  expansion  off(z)  in  powers  of  z  —  a  would  lead  to  zero  as 
the  value  of  f(z),  that  is,  the  function  would  everywhere  be  zero  in  the 
region  of  continuity,  if  all  the  derivatives  vanish  at  a. 

Let,  then,  the  mth  derivative  be  the  first  in  the  natural  succession  which 
does  not  vanish  at  a,  so  that  m  is  finite.  Using  Cauchy's  expansion,  we  have 


where  <£  (z)  is  a  function  that  does  not  vanish  with  a  and,  being  the  quotient 
of  a  converging  series  by  a  monomial  factor,  is  liolomorphic  in  the  immediate 
vicinity  of  a. 

COROLLARY  I.  If  infinity  be  a  zero  of  a  function  of  multiplicity  m  and 
at  the  same  time  be  an  ordinary  point  of  the  function,  then  the  function  can  be 
expressed  in  the  form 


where  $i-\is  a  function  that  is  continuous  and  different  from  zero  for  infinitely 
\z/ 

large  values  of  z. 

The  result  can  be  derived  from  the  expansion  in  §  30  in  the  same  way  as 
the  foregoing  theorem  from  Cauchy's  expansion. 

COROLLARY  II.     The  number  of  zeros  of  a  function,  account  being  taken  of 

»7      •  j,  •     j  •     •,  7*7  'j-Z-,*  •/?'•/.  -£  4-1  '  •£  4-  *         *4- 


lary  I.,  that  the  zero  is  an  ordinary  point  of  the  function  under  consideration  ;  •' 

the  implication  therefore  is  that  the  zero  is  a  definite  zero  and  that  in  the 
immediate  vicinity  of  the  point  the  function  can  be  represented  in  the  form 

P(z  —  a)  or  P  [  -  )  ,  the  function  P(a—  a)  or  P  [  —  )  being1  always  a  definite  '. 

v  \z)  '  \<x>  J          o  J  . 

zero.  I 

Instances  do  occur  for  which  this  condition  is  not  satisfied.  The  point 
may  not  be  an  ordinary  point,  and  the  zero  value  may  be  an  indeterminate 
zero  ;  or  zero  may  be  only  one  of  a  set  of  distinct  values  though  everywhere  j 

in  the  vicinity  the  function  is  regular.     Thus  the  analysis  of  §  13  shews  that  \ 

z  =  a  is  a  point  where  the  function  sn  ---  has  any  number  of  zero  values  and  { 

any  number  of  infinite  values,  and  there  is  no  indication  that  there  are  not 

also  other  values  at  the  point.     In  such  a  case  the  preceding  proposition,  does 

not  apply  ;  there  may  be  no  limit  to  the  order  of  multiplicity  of  the  zero,  and  [ 

we  certainly  cannot  infer  that  any  finite  integer  m  can  be  obtained  such  that 

(z  -  a)~m  </>  (z)  (. 

is  finite  at  the  point.      Such  a  point  is  (§§  32,  33)  an  essential  singularity  of 

the  function.  • 

u 

39.  THEOKEM  III.  A  multiple  zero  of  a  function  is  a  zero  of  its 
derivative;  and  the  multiplicity  for  the  derivative  is  less  or  is  greater  by 
unity  according  as  the  zero  is  not  or  is  at  infinity.  ' 

If  a  be  a  point  in  the  finite  part  of  the  plane  which  is  a  zero  of  /"(X) 
of  multiplicity  n,  we  have 


and  therefore          /'  (z)  =  (z  -  a)""1  [nfy  (z)  +  (z-a)  <j>'  (2)}. 

The  coefficient  of  (z  —  a)71"1  is  holomorphic  in  the  immediate  vicinity  of  a  and 
does  not  vanish  for  a;  hence  a  is  a  zero  for  f'(z)  of  decreased  multiplicity 

71-1. 

If  z  =  co  be  a  zero  of  f(z)  of  multiplicity  r,  then 


infinity.     Therefore 


1 

z 

The  coefficient  of  z~r~l  is  holomorphic  for  very  large  values  of  z,  and  does 
not  vanish  at  infinity;  hence  z=  oo  is  a  zero  of  f  (z)  of  increased  multiplicity 

r+1. 

Corollary  I.     If  a  function  be  finite  at  infinity,  then  z  =  oo  is  a  zero  of  the 
first  derivative  of  multiplicity  at  least  two. 

Corollary  II.     If  a  be  a  finite  zero  of  f(z)  of  multiplicity  n,  we  have 


Now  a  is  not  a  zero  of  6  (#);  and  therefore   ,  ;  .  is  finite,  continuous,  uniform 

9W 
and  monogenic  in  the  immediate  vicinity  of  a.     Hence,  taking  the  integral 

of  both  members  of  the  equation  round  a  circle  of  centre  a  and  of  radius 
so  small  as  to  include  no  infinity  and  no  zero,  other  than  a,  of  f  (z)  —  arid 
therefore  no  zero  of  <£  (z)  —  we  have,  by  former  propositions, 

1     f/'OK 

___    I  J     _?  _  :   sit?  —  rt-j 
,-,       •         ,1  "f    \     tt-s  —  At. 

2?ri  .1  f  (z) 

40.     THEOREM  IV.     A  function  must  have  an  infinite  value  for  some  finite 
or  infinite  value  of  the  variable. 

If  M  be  a  finite  maximum  value  of  the  modulus  for  points  in  the  plane, 
then  (§  22)  we  have 


where  r  is  the  radius  of  an  arbitrary  circle  of  centre  a,  provided  the  whole  of 
the  circle  is  in  the  region  of  continuity  of  the  function.  But  as  the  function 
is  uniform,  monogenic,  finite  and  continuous  everywhere,  this  radius  can  be 
increased  indefinitely  ;  when  this  increase  takes  place,  the  limit  of 

l/w(*)l 

is  zero,  and  therefore  f(n)  (a)  vanishes.  This  is  true  for  all  the  indices  1,  2,  ... 
of  the  derivatives. 

Now  the  function  can  be  represented  at  any  point  z  in  the  vicinity  of  a 


COROLLARY  I.  A  function  must  have  a,  zero  value  for  some  finii 
infinite  value  of  the  variable. 

For  the  reciprocal  of  a  uniform  monogenic  analytic  function  is  its< 
uniform  monogenic  analytic  function ;  and  the  foregoing  proposition  s] 
that  this  reciprocal  must  have  an  infinite  value  for  some  value  of 
variable,  which  therefore  is  a  zero  of  the  original  function. 

COROLLARY  II.     A  function  must  assume  any  assigned  value  at  least  \ 

COROLLARY  III.     Every  function  which  is  not  a  mere  constant  must 
at  least  one  singularity,  either  accidental  or  essential.     For  it  must  ] 
an  infinite  value :  if  this  be  a  determinate  infinity,  the  point  is  an  accidc 
singularity  (§  32) ;  if  it  be  an  infinity  among  a  set  of  values  at  the  point, 
point  is  an  essential  singularity  (§§  32,  33). 

41.     Among  the  infinities  of  a  function,  the  simplest  class  is  that 
stituted  by  its  poles  or  accidental  singularities,  already  defined  (§  32)  by 
property  that,  in  the  immediate  vicinity  of  such  a  point,  the  reciprocf 
the  function  is  regular,  the  point  being  an  ordinary  (zero)  point  for 
reciprocal. 

It  follows  from  this  property  that,  because  (§  37)  an  ordinary  zero 
uniform  function  is  an  isolated  point,  every  pole  of  a  uniform  function  is 
an  isolated  point :  that  is  to  say,  in  some  non-infinitesimal  region  rour 
pole  a,  no  other  pole  of  the  function  can  occur. 

THEOREM  V.  A  function,  which  lias  a  point  c  for  an  accidental  singular 
can  be  expressed  in  the  form 

(Z  -  C)-n  (/>  (Z), 

where  n  is  a  finite  positive  integer  and  <jb  (z)  is  a  continuous  function  in 
vicinity  of  c. 

Since  c  is  an  accidental  singularity  of  the  function/^),  the  function  - 

j 
is  regular  in  the  vicinity  of  c  and  is  zero  there  (§  32).     Hence,  by  §  38,  tl 

is  a  finite  limit  to  the  multiplicity  of  the  zero,  say  n  (which  is  a  posi 
integer),  and  we  have 
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where  %  (z)  is  uniform,  monogenic  and  continuous  in  the  vicinity  of  c  and  is 
not  zero  there.  The  reciprocal  of  ^  (z),  say  <p  (z),  is  also  uniform,  monogenic 
and  continuous  in  the  vicinity  of  c,  which  is  an  ordinary  point  for  <jf>  (z)  ; 
hence  we  have 

f(g)  =  (z-cY*$(z\ 

which  proves  the  theorem. 

The  finite  positive  integer  n  measures  the  multiplicity  of  the  accidental 
singularity  at  c,  which  is  sometimes  said  to  be  of  multiplicity  n  or  of 
order  n. 

Another  analytical  expression  for  f(z)  can  be  derived  from  that  which 
has  just  been  obtained.  Since  c  is  an  ordinary  point  for  <£  (z)  and  not  a  zero, 
this  function  can  be  expanded  in  a  series  of  ascending,  positive,  integral 
powers  of  z  —  c,  converging  in  the  vicinity  of  c,  in  the  form 

0(*)  =  P(*-c) 

=  U0  +  1^(2-0)+  ...+  Un-i  (Z  ~  C)'1-1  +  Un  (Z  -  C)n  +  ... 
=  «0  +  U,  (Z  -  C)  +  ...  +  Un^  (Z-  C)71"1  +  (Z-  C)n  Q(Z-  C\ 

where  Q  (z  —  c),  a  series  of  positive,  integral,  powers  of  z  —  c  converging  in  the 
vicinity  of  c,  is  a  monogenic  analytic  function  of  2.  Hence  we  have 


the  indicated  expression  for/  (3),  valid  in  the  immediate  vicinity  of  c,  where 
Q  (z  -  c)  is  uniform,  finite,  continuous  and  monogenic. 

COB.OLLAEY.     A  function,  which  has  z  =  oo  for  an  accidental  singularity  of 
multiplicity  n,  can  be  expressed  in  the  form 


where  </>(-)  is  a  continuous  function  for  very  large  values  of    z  |,  and  is  not 

\™>  / 

^  zero  when  z  =  oo  .     It  can  also  be  expressed  in  the  form 

a0z  +  a1z      +  . . .  +  an^i  z  +  (^  I  —  J  , 

where  Q  (  — )  is  uniform,  finite,  continuous  and  monogenic  for  very  large  values 
\zj 


When  the  point  is  in  the  finite  part  of  the  plane,  say  at  c,  and  a  finite 
positive  integer  n  can  be  found  such  that 

(*-c)V(*) 

is  not  infinite  at  c,  then  c  is  an  accidental  singularity. 

When  the  point  is  at  infinity  and  a  finite  positive  integer  n  can  be  found 
such  that 

*-n/0) 

is  not  infinite  when  z=  oo  ,  then  z=  oo  is  an  accidental  singularity. 

If  the  condition  be  not  satisfied  in  the  respective  cases,  the  singularity 
at  the  point  is  essential.  But  it  must  not  be  assumed  that  the  failure  of  the 
limitation  to  finiteness  in  the  multiplicity  of  the  accidental  singularity  is 
the  only  source  or  the  complete  cause  of  essential  singularity. 

Since  the  association  of  a  single  factor  with  the  function  is  effective  in 
preventing  an  infinite  value  at  the  point  when  the  condition  is  satisfied, 
it  is  justifiable  to  regard  the  discontinuity  of  the  function  at  the  point 
as  not  essential,  and  to  call  the  singularity  either  non-essential  or  accidental 
(§  32). 

43.  THEOREM  VI.  The  poles  of  a  function,  that  lie  in  the  finite  part 
of  the  plane,  are  all  the  poles  (of  increased  multiplicity)  of  the  derivatives  of 
the  function  that  lie  in  the  finite  part  of  tlie  plane. 

Let  c  be  a  pole  of  the  function  f(z)  of  multiplicity  p  :  then,  for  any  point 
z  in  the  vicinity  of  c, 

/(*)  =  (a-c)-*$(*), 

where  <£  (z)  is  holomorphic  in  the  vicinity  of  c,  and  does  not  vanish  for  z=c. 
We  have 

/'  (z)  =  (g  -  o)r*  <jb'  (*)  -  p  (z  -  cY1}~1  0  (*) 
=  (,  _  c)-*-1  {(*  -  c)  #  (z} 


where  %  (z)  is  holomorphic  in  the  vicinity  of  c,  and  does  not  vanish  for  z  =  c. 

Hence  c  is  a  pole  of/'  (z)  of  multiplicity  p  +  l.  Similarly  it  can  be  shewn 
to  be  a  pole  of  f(r}  (z)  of  multiplicity  p  +  r. 

This  proves  that  all  the  poles  of  f(z)  in  the  finite  part  of  the  plane  are 
poles  of  its  derivatives.  It  remains  to  prove  that  a  derivative  cannot  have 
a  pole  which  the  original  function  does  not  also  possess. 

Let  a  be  a  pole  of  /'  (z)  of  multiplicity  m  :   then,  in  the  vicinity  of  a, 


andtherefore  /'(,)  = 

so  that,  integrating,  we  have 


j  \  j         (yy^ j \  / „ ct)m~*      (m, 2")  (z ct)m~2      " " " 

When  there  is  no  term  in  log  (z  —  a)  in  this  expression,  f(z)  is  uniform : 
that  is,  a  is  a  pole  of  f(z).  When  there  is  a  term  in  log  (z  -  a),  then./(f)  is 
not  uniform. 

An  exception  occurs  in  the  case  when  TO  is  unity:  for  then 


the  integral  of  which  leads  to 


so  thaty(^)  is  no  longer  uniform,  contrary  to  hypothesis.  Hence  a  derivative 
cannot  have  a  simple  pole  in  the  finite  part  of  the  plane;  and  so  this  exception 
is  excluded. 

The  theorem  is  thus  proved. 

COROLLARY  I.     The  rth  derivative  of  a  function  cannot  have  a  pole  in  the1 
finite  part  of  the  plane  of  multiplicity  less  than  r  +  1. 

COROLLARY  II.     If  c  be  a  pole  off(z)  of  any  order  of  multiplicity  p,  and 
if  f(r)  (?}  be  expressed  in  the  form 

ftp  fli 

-    +r      -    +r~i    '"' 


there  are  no  terms  in  this  expression  with  the  indices  —  1,  —  2,  .  .  .  ,  —  r. 
COROLLARY  III.     If  c  be  a  pole  of  f(z]  of  multiplicity  p,  we  have 


where  (/>  (z)  is  a  holomorphic  function  that  does  not  vanish  for  &  =  c,  so  that 

-  ••••  -  is  a  holomorphic  function  in  the  vicinity  of  c.     Taking  the  integral  of 
(p(z) 

f  (z) 

>r~T-  round  a  circle,  with  c  for  centre,  with  radius  so  small  as  to  exclude  all 
J\z) 
other  poles  or  zeros  of  the  function  f(z),  we  have 

1     f/'OO   7 

_       /  .      >    '    rl  v  —  _  m 
o       '    I    j.1  /    \      "'*  —         P' 

2?rt  J  t  (z  )  r 
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numbers  account  is  taken  of  possible  multiplicity,  and  if  the  curve  coi 
no  essential  singularity  of  the  function,  then 


the  integral  being  taken  round  the  curve. 

f  (z) 
The  only  infinities  of  the  function  -JJ-T  within  the  curve  are  the  : 

J\z) 
and  the  poles  of  f(z).     Round  each  of  these  draw  a  circle  of  radius  so  s 

as  to  include  it  but  no  other  infinity;  then,  by  Cor.  II.  §  19,  the  inti 
round  the  closed  curve  is  the  sum  of  the  values  when  taken  round  1 
circles.  By  the  Corollary  II.  §  39  arid  by  the  preceding  Corollary  III. 
sum  of  these  values  is 


It  is  easy  to  infer  the   known  theorem  that  the   number  of  roots 
polynomial   of  order  n  is  n,  as  well  as  the  further  result  that  2?r(iV 
is  the  variation  of  the  argument  of  f(z),  when  z  describes  the  closed  c 
in  a  positive  sense. 

Ex.  1.  A  function  /(«)  is  uniform  over  an  area  bounded  by  a  contour  ;  it  h 
essential  singularity  within  that  area;  and  it  has  no  zero  and  no  pole  on  the  coi 
Prove  that  the  change  in  the  argument  of  /(«),  as  s  makes  a  complete  description  c 
contour,  is  2?r  (n  ~p\  where  n  is  the  number  of  zeros  and  p  is  the  number  of  poles  v 
the  area.  (Caucl 

Ex.  2.  .Prove  that,  if  F(z)  be  holomorphic  over  an  area  of  simple  contour,  whicl 
tains  roots  etj,  az,...of  multiplicity  mi,  ma,...  and  poles  alt  6'2,...  of  multiplicity  pl} 
respectively  of  a  function  f(s)  which  has  no  other  singularities  within  the  contour,  t' 

L.   />(*)£«&«  2  mrF(a,)-  *PrF(cr), 

/7n  J  f(z)  r=l  r=l 

the  integral  being  taken  round  the  contour. 

In  particular,  if  the  contour  contains  a  single  simple  root  a  and  no  singularity 
that  root  is  given  by 


the  integral  being  taken  as  before.  (Laure 

Ex.  3.  Discuss  the  integral  in  the  preceding  example  when  F(z)  =  \ogz,  and  the 
is  excluded  by  a  small  circle  of  radius  p,  less  than  the  smallest  of  the  quantities  |  a, 
]  <?r  |  •  (Gours 


VVJICJLC  y>  J.Q  iiuiuj.uuj.jjj.iiu  iui    vviy  ituge  va/iuea  01  *  ciiiu  uoes  noij  vamsn  au 
infinity ;   hence 


The  coefficient  of  ^n"~1  is  holomorphic  for  very  large  values  of  z  and  does  not 
vanish  at  infinity  ;  hence  infinity  is  a  pole  of/'  (z)  of  multiplicity  n  —  1. 

If  w  be  unity,  so  that  infinity  is  a  simple  pole  of  f(z),  then  it  is  not  a 
pole  of  f'(z);  the  derivative  is  then  finite  at  infinity. 

45.     THEOREM  VIII.     A  function,  which  has  no  singularity  in  a  finite 
part  of  the  plane,  and  has  z=oo  for  a  pole,  is  a  polynomial  in  z.    ' 

Let  n,  necessarily  a  finite  integer,  be  the  order  of  multiplicity  of  the  pole 
at  infinity  :  then  the  function  f(z)  can  be  expressed  in  the  form 


where  Q  (-  )  is  a  holomorphic  function  for  very  large  values  of  z,  and  is  finite 

\#  / 
(or  zero)  when  z  is  infinite. 

Now  the  first  n  terms  of  the  series  constitute  a  function  which  has  no 
singularities  in  the  finite  part  of  the  plane  :  and  f(z)  has  no  singularities 

in  that  part  of  the  plane.     Hence  Q  [  -  )  has  no  singularities  in  the  finite  part 

\z/ 
of  the  plane  :  it  is  finite  for  infinite  values  of  z.     It  thus  can  never  have  an 

infinite  value  :  and  it  is  therefore  merely  a  constant,  say  an.    Then 
f(z)  =  a0zn  +  a^n-1  +  ......  +  an_iZ  +  an, 

a  polynomial  of  degree  equal  to  the  multiplicity  of  the  pole  at  infinity, 
supposed  to  be  the  only  pole  of  the  function. 

The  above  result  may  be  obtained  also  in  the  following  manner. 

Since  z=oo  is  a  pole  of  multiplicity  n,  the  limit  of  z~nf(z)  is  not  infinite 
when  z  =  oo  . 

Now  in  any  finite  part  of  the  plane  the  function  is  everywhere  finite,  so 
that  we  can  use  the  expansion 


where 


the  integral  being  taken  round  a  circle  of  any  radius  r  enclosing  the  point  z 
and  having  its  centre  at  the  origin.     As  the  subject  of  integration  is  finite 


Let  T  =  reia- ;  then  . 


T 
By  definition,  the  limit  of  J-~  &s  T  (and  therefore  r)  becomes  infinitely 

/       z       \~~^ 
large  is  not  infinite;  in  the  same  case,  the  limit  of  fl  —  e~aM      is  unity. 

Since  |  X  |  is  not  greater  than  unity,  the  limit  of  \/r  in  the  same  case  is  zero  ;. 
hence  with  indefinite  increase  of  r,  the  limit  of  R  is  zero,  and  so 


shewing  as  before  that  f(z)  is  a  polynomial  in  z. 

46.  As  the  quantity  n  is  necessarily  a  positive  integer*,  there  are  two 
distinct  classes  of  functions  discriminated  by  the  magnitude  of  n. 

The  first  (and  the  simpler)  is  that  for  which  n  has  a  finite  value.  The 
function  then  contains  only  a  finite  number  of  terms,  each  with  a  positive 
integral  index;  it  is  a  polynomial  or  a  rational  integral  function  of  z,  of 
degree  n..  . 

The  second  (a,nd  the  more  extensive,  as  significant  functions)  is  that 
for  which  n  has  an  infinite  value.  The  point  z  =  oc  is  not  a  pole,  for  then 
the  function  does  not  satisfy  the  test  of  §  42  :  it  is  an  essential  singularity 
of  the  function,  which  is  expansible  in  an  infinite  converging  series 
of  positive  integral  powers.  To  functions  of  this  class  the  general  term 
transcendental  is  applied. 

The  number  of  zeros  of  a  function,  of  the  former  class  is  known  :  it  is 
equal  to  the  degree  of  the  function.  It  has  been  proved  that  the  zeros  of  a 
transcendental  function  are  isolated  points,  occurring  necessarily  in  finite 
number  in  any  finite  part  of  the  region  of  continuity  of  the  function,  no 
point  on  the  boundary  of  the  part  being  an  essential  singularity  ;  but  no 
test  has  been  assigned  for  the  determination  of  the  total  number  of  zeros  of 
a  function  in  an  infinite  part  of  the  region  of  continuity  f. 

Again,  when  the  zeros  of  a  polynomial  are  given,  a  product-expression  can 
at  once  be  obtained  that  will  represent  its  analytical  value.  Also  we  know 

*  It  is  unnecessary  to  consider  the  zero  value  of  n,  for  the  function  is  then  a  polynomial  of 
order  zero,  that  is,  it  is  a  constant. 


lunction  can  be  represented  in  the  vicinity  ot  a,  by  the  expression 

(oo~a)n<l)(z), 

where  $(z)  is  holomorphic  In  the  vicinity  of  a.  The  other  zeros  of  the 
function  are .  zeros  of  <b  (z) ;  this  process  of  modification  in  the  expression 
can  be  continued  for  successive  zeros  so  long  as  the  number  of  zeros  taken 
account  of  is  limited.  But  when  the  number  of  zeros  is  unlimited,  then  the 
inferred  product-expression  for  the  original  function  is  not  necessarily  a 
converging  product ;  and  thus  the  question  of  the  formal  factorisation  of  a 
transcendental  function  arises. 

47.  THEOREM  IX.  A  function,  all  the  singularities  of  which  are  accid- 
ental, is  a  rational  meromorphic  function. 

Since    all    the    singularities    are    accidental,    each    must    be    of   finite 
multiplicity ;  and  therefore  infinity,  if  an  accidental  singularity,  is  of  finite 
multiplicity.     All  the  other  poles  are  in  the  finite  part  of  the  plane ;  they 
are  isolated  points  and  therefore  only  finite  in  number,  so  that  the   total 
number  of  distinct  poles  is  finite  and  each  is  of  finite  order.     Let  them  be 
«!,  a2,  ..-..,  fV  of  orders  in1}  mz,  .......  mM  respectively:    let  m  be  the  order 

of  the  pole  at  infinity:  and  let  the  poles  be  arranged  in  the  sequence  of 
decreasing  moduli  such  that  |  <v  |  >  |  aM_i  |  > >  |  at  \ . 

Then,  since  infinity  is  a  pole  of  order  m,  we  have 

/(*)  =  amz™  +  am^zm-i  + +  a.z  +/0  (z), 

where  f0(z)  is  not  infinite  for  infinite  values  of  z.     Now  the  polynomial 

m 

^  aiZ1  is  not  infinite  for  any  finite  value  of  z ;  hence  /„  (z)  is  infinite  for  all 

i-l 

the  finite  infinities  of  f(z)  and  in  the  same  way,  that  is,  the  function  f0  (z) 
has  a1}  ,  a^  for  its  poles  and  it  has  no  other  singularities. 

Again,  since  aM  is  a  finite  pole  of  multiplicity  m^,  we  have 

f°^=(z-c^+ -|-^-//^)> 

where  /i  (z)  is  not  infinite  for  z  —  a^  and,  as  /„  (z)  is  not  infinite  for  z  =  GO  , 
evidently  /j  (z)  is  not  infinite  for  z  •=  oo  .  Hence  the  singularities  of  /a  (z)  are 
merely  the  poles  alf  ,  <V-i;  and  these  are  all  its  singularities. 

Proceeding  in  this  mariner  for  the  singularities  in  succession,  we  ultimately 
reach  a  function  f^  (z)  which  has  only  one  pole  a:  and  no  other  singularity, 
so  that 


where  g^z)  is  the  series  k0  +  a1z  +  ......  +  amzm,  and  --W  is  the  sum  of 

ffa(2) 

finite  number  of  fractions.     Evidently  ga  (z)  is  the  product 
(z  -  aO"'1  (e  -  03)"'*  ......  0  -  <v)9rV  ; 

and  #2  (#)  is  at  most  of  degree 

ml  +  m.J,  +  ......  4-  nip.  —  1. 

If  F(z)  denote  </]  (z)  g.A  (z)  -\-  g,>  (2),  the  form  of  f(z)  is 


that  is,  f(z)  is  a  rational  merornorphic  function. 

It  is  evident  that,  when  the  function  is  thus  expressed  as  a  rati 
fraction,  the  degree  of  F  (z)  is  the  sum  of  the  multiplicities  of  all  the  | 
when  infinity  is  a  pole. 

COROLLARY  I.  A  function,  all  the  singularities  of  which  are  accid&i 
has  as  many  zeros  as  it  has  accidental  singularities  in  the  plane. 

When  2  =  oo  is  a  pole,  it  follows  that,  because  f(z)  can  be  expresse 
the  form 

l& 
9*(*Y 

the  function  has  as  many  zeros  as  F(z\  unless  one  such  should  be  also  a  ze 
gs  (z).  But  the  zeros  of  g.A  (#)  are  known,  and  no  one  of  them  is  a  zero  ofF(t 
account  of  the  form  of  f(z)  when  it  is  expressed  in  partial  fractions.  H 
the  number  of  zeros  of/(V)  is  equal  to  the  degree  of  F(z),  that  is,  it  is  e 
to  the  number  of  "poles  of  f(z). 

When  0=  oo  is  not  a  pole,  two  cases  are  possible  ;  (i)  the  function  f(z) 
be  finite  for  z  =  oo  ,  or  (ii)  it  may  be  zero  for  z  =  oo  .  In  the  former  case 
number  of  zeros  is,  as  before,  equal  to  the  degree  of  F(z),  that  is,  it  is  € 
to  the  number  of  infinities. 

In  the  latter  case,  if  the  degree  of  the  numerator  F  (z)  be  K  less 
that  of  the  denominator  gs  (z),  then  z  —  oo  is  a  zero  of  multiplicity  K  ;  a: 
follows  'that  the  number  of  zeros  is  equal  to  the  degree  of  the  nume: 
together  with  K,  so  that  their  number  is  the  same  as  the  number  of  accidi 
singularities. 


accidental,  has  only  a  finite  number  of  such  singularities. 

Hence,  by  the  preceding  Corollary,  such  a  function  can  have  only  a  finite 
number  of  zeros. 

If,  therefore,  the  number  of  zeros  of  a  function  be  infinite,  the  function 
must  have  at  least  one  essential  singularity. 

COROLLARY  III.  When  a  uniform,  function  has  no  essential  singularity, 
if  the  (finite)  number  of  its  poles,  say  ca,  ...,  cm,  be  m,  no  one  of  them  being 
at  z  —  oo ,  and  if  the  number  of  its  zeros,  say  a1}  . . . ,  am,  be  also  m,  no  one  of 
them  being  at  #  =  oo  ,  then  the  function  is 

m  / > « 

nr— ^ 

r*=l\Z       Cr 

except  possibly  as  to  a  constant  factor. 

When  z  =  oo  is  a  zero  of  order  n,  so  that  the  function  has  m  —  n  zeros,  say 
al}  a%,  ...,  in  the  finite  part  of  the  plane,  the  form  of  the  function  is 

m-n 

n(y  —  n  V 
\J6  —  (-<")•) 


r=l 

and,  when  z  =  oo  is  a  pole  of  order  p,  so  that  the  function  has  in  —  p  poles, 
say  cn  cz,  ...,  in  the  finite  part  of  the  plane,  the  form  of  the  function  is 

771 

II  (z  —  ar) 

r=l  • 


COROLLARY  IV.     All  the  singularities  of  rational  meromorphic  functions 
are  accidental. 

48.     Some  properties  of  the  simplest  functions  thus  defined  may  con- 
veniently be  given  here*.     We  shall  begin  with  polynomials. 

(i)    Let  P  (z)  denote 


amzm  +  am^zm-1  +  ......  +  a,z  +  a0, 

where  the  coefficients  a  are  constants  which  may  be  complex;  it  is  con- 
tinuous, for  every  one  of  the  finite  number  of  terms  is  continuous  ;  it 
is  finite  for  all  finite  values  of  z  ;  and  |  P  (z)  |  tends  to  become  infinite  as 
I  z  I  tends  to  become  infinite. 


am   ~    \z  I"        \z 


so  that,  when  |  z  \  >  1, 


•    1P(*)I> 

Now  take 


c  =  - 


then 

Hence  if  \z\,  already  supposed  greater  than  unity,  is  also  greater  than  c 
should  c  be  greater  than  unity,  we  have 


for  values  of  z  such  that    z  >  1,    z  >  c. 

(ii)  Next,  £/ie  equation  P  (z}  =  0  always  lias  a,  root.  The  quantity 
P  (#)  |  is  continuous,  is  never  negative,  and  tends  to  become  infinite  as 
z  |  tends  to  become  infinite.  Hence,  if  it  cannot  be  zero,  there  must  be 

at  least  one  minimum  value  greater  than  zero  below  which  it  cannot  fall. 

Denote  this  value  by  //.  ;  and  suppose  it  acquired  for  the  value  c  of  z,  so  that 


Construct  a  circle  of  radius  greater  than  c  |  ,  and  take  a  place  c  -f-  h  lying 
within  that  circle.  Then 

P  (c  +  A)  =  P  (c)  +  kP'(c)  -h  ......  +  —  PM  (c), 

//c-  . 

where  the  coefficient  of  km  is  am,  a  quantity  different  from  zero.  As 
(hypothetical!  y)  P  (c)  is  not  zero,  the  first  term  and  the  last  term  in 
P  (c  +  h)  do  not  disappear  ;  but  intervening  terms  may  disappear,  and 
so  we  write 

P  (c  +  /i)  =  P  (c)  +  brhr  +  br+ih1*1  +  ......  +  cLmhm, 

where  r  is  the  lowest  index  of  the  powers  of  h  that  survive.  Now  choose  h 
in  such  a  way  that  h  \  is  small  enough  to  secure  the  inequality 

Br    h  \r  <  P  (c)  |  <  /it, 
while  at  the  same  time 

r  {arg.  A}  +  (arg.  5r}  =  farg.  P  (c)}  +  (2n  +  1)  TT, 


i  Brhr  =  -  |  Brhr  |  eoi, 

.hat  P  (c)  +  £,.  /i*-  =  {  |  P  (c)  |  -  |  Brhr  \}eei, 

therefore  |  P  (c)  +  Br  hr  \  =  \P(c)\-\Brhr\. 

r  P  (c  +  /i)  =  P  (c)  +  hrBr  +  hr+*Br+l  +...; 
sequently 


|  Br    differs  from  zero,  the  coefficient  of  —  |  h  \r  on  the  right-hand  side  is 
tive  when  \h\  is  quite  small  ;  consequently,  for  such  values  of  h, 


;  is,  the  modulus  of  P(z)  in  the  immediate  vicinity  of  c  can  be  made  less 
i  |  P  (c)  |,  contrary  to  the  hypothesis  that  |  P  (c)  |  is  a  minimum  different 
i  zero.     Thus  there  cannot  be  a  minimum  different  from  zero,  and  |  P  (z) 
always  be  diminished  so  long  as  it  is  different  from  zero.     Hence  there 
it  be  a  value  of  z  which  makes  P  (z)  zero. 

It  now  follows,  by  the  customary  argument,  that  there  are  m  such  values. 
(iii)     Any  rational  function  of  z,  say  w,  is  of  the  form     • 


ire  Q  (z)  and  P  (z)  are  polynomials  in  z  of  degrees  m  and  n  respectively. 

Every  zero  of  Q  (z)  is  a  zero  of  w.  Every  zero  of  P  (z)  is  a  pole  of  w. 
\  place  z  =  oo  is  a  pole  of  w  if  m  >  n,  and  it  is  of  order  m  —  n;  it  is  a  zero 
'j  if  m  <  n,  and  it  is  of  order  m  —  n;  it  is  neither  if  m  =  n.  The  number 
joles  is  equal  to  the  number  of  zeros,  being  the  greater  of  the  two 
igers  m  and  n. 

^\vo  results,  which  are  of  use  in  one  method  of  establishing  some  of  the  special 
a  of  Abel's  theorem  concerning  integrals  of  algebraic  functions,  may  be  noted. 

jet  the  roots  of  P  (g)  be  simple,  say  %,...,  an.  Let  A  be  the  coefficient  of  zn  in  P(z). 
11 

(a)    when  m,  the  order  of  Q  (2),  is  less  than  n—l, 

I   £J?±)=o- 

,.=i  P'  (ar) 
(8}    when  m~n-l.  and  J3,  is  the  coefficient  of  zn~l  in  Q  (2), 


CHAPTER  Y. 
TRANSCENDENTAL  INTEGRAL  FUNCTIONS. 

49.  WE  now  proceed  to  consider  the  properties  of  uniform  functions 
which  have  essential  singularities. 

The  simplest  instance  of  the  occurrence  of  such  a  function  has  already 
been  referred  to  in  §  42  ;  the  function  has  no  singularity  except  at  z  =  co , 
and  that  value  is  an  essential  singularity  solely  through  the  failure  of  the 
limitation  to  fmiteness  that  would  render  the  singularity  accidental.  The 
function  is  then  an  integral  function  of  transcendental  character;  and  it  is 
analytically  represented  (§26)  by  G(z\  an  infinite  series  in  positive  powers  of 
z,  which  converges  everywhere  in  the  finite  part  of  the  plane  and  acquires 
an  infinite  value  at  infinity  alone. 

The  preceding  investigations  shew  that  uniform  functions,  all  the  singu- 
larities of  which  are  accidental,  are  rational  functions  of  the  variable — their 
character  being  completely  determined  by  their  uniformity  and  the  accidental 
nature  of  their  singularities,  and  that  among  such  functions  having  the  same 
accidental  singularities  the  discrimination  is  made,  save  as  to  a  constant 
factor,  by  means  of  their  zeros. 

Hence  the  zeros  and  the  accidental  singularities  of  a  rational  function 

"  determine,  save  as  to  a  constant  factor,  an  expression  of  the  function  which 

is  valid  for  the  whole  plane.     A  question  therefore  arises  how  far  the  zeros 

and  the  singularities  of  a  transcendental  function  determine  the  analytical 

expression  of  the  function  for  the  whole  plane. 

We  have  to  deal  with  converging  products ;  it  is  therefore  convenient  to  state,  as  for 
converging  series,  the  definitions  of  the  terms  used.  For  proofs  of  the  statements, 
developments,  and  applications,  as  well  as  the  various  tests  of  convergence,  the  references 
which  were  given  at  the  beginning  (p.  21)  of  Chapter  II.  may  be  consulted. 

When  a  series  of  quantities 

«ls  «2>  %) ...  ad  inf. 


nn=n(i+O, 

s=o 

increases  indefinitely,  is  a  unique  finite  quantity  P  different  from  zero.  (The  last 
[ition,  that  P  should  not  be  zero,  is  omitted  by  some  writers :  as  our  products  arise 
ugh  quantities  involving  z  and  do  not  vanish  for  every  value  of  2,  no  difficulty 
nised.  See  also  Pringsheim,  Math.  Ann.,  t.  xxxiii,  p.  125.)  "When,  in  the  same 
instances,  the  limit  of  nn  either  is  infinite,  or  is  zero,  or  if  finite  is  not  unique 
b  is,  may  be  one  of  several  quantities),  the  infinite  product  is  said  to  diverge. 

Che  necessary  and  sufficient  conditions  that  the  product  should  converge  are :  that  nn 
nite  and  different  from  zero,  however  large  n  may  be;  and  that,  corresponding  to 
y  finite  positive  quantity  e  taken  as  small  as  we  please,  an  integer  m  can  be  found 
.  that 

EL 


-1 


nn 

ill  integers  n  such  that  n  ^  m  and  for  every  integer  r. 
iVhen  the  product 

n  (i  +  |  u,  |  ) 

8=0 

rerges,  the  product 


converges  ;  and  it  is  said  to  converge  absolutely.  In  an  absolutely  converging  product, 
factors  may  be  arranged  in  any  order  without  affecting  the  convergence  or  the  value 
tie  product.  The  convergence  is  sometimes  called  unconditional.  The  necessary  and 
cient  condition  for  the  absolute  convergence  of  the  product  is  that  the  series 

«i}  M2)  u3,... 
ild  converge  absolutely. 

the  series  u^,  uz,  u3,  ...  does  not  converge  absolutely,  while  the  product  n  (1  +  us) 


«=o 

'erges,  the  convergence  of  the  infinite  product  is  called  conditional.  The  tests  differ 
rding  as  the  quantities  u  are  real  or  complex  :  we  shall  not  be  concerned  with 
litionally  converging  infinite  products. 

["he  instances,  which  we  shall  have  to  consider,  are  those  where  the  quantities  u 
md  upon  a  variable  (complex)  quantity  z.  The  convergence  is  required  as  z  varies,  the 
itities  u  being  regular  functions  throughout'  the  region  in  which  z  varies.  When  any 
11  quantity  8  has  been  chosen,  and  a  positive  integer  m  can  be  determined,  such 


:;very  value  of  n^m,  for  all  positive  integers  r,  and  for  all  values  of  z  within  the 
Dn,  the  convergence  of  the  infinite  product  is  said  to  be  uniform,  within  the  region. 
Convergence  of  an  infinite  product  may  be  uniform  without  being  unconditional; 
lay  be  unconditional  without  being  uniform. 

/Vhen  an  infinite  product  converges  uniformly  and  unconditionally  within  a  given 
HI,  then  every  partial  product,  which  is  formed  by  taking  any  number  of  factors 


'condition  stated)  take  logarithmic  derivatives  of  an  infinite  product,  which  converges 
uniformly  and  unconditionally  within  a  region;  and  the  infinite  aeries  is  equal  to  the 
logarithmic  dei'ivative  of  the  value  of  the  product. 

50.  We  shall  consider  first  h'ow  far  the  discrimination  of  transcendental 
integral  functions,  which  have  no  infinite  value  except  for  z  =  co  ,  is  effected 
by  means  of  their  zeros*. 

Let  the  zeros  a1}  a*,  as,  ...  be  arranged  in  order  of  increasing  moduli;  a 
finite  number  of  terms  in  the  series  may  have  the  same  value  so  as  to  allow 
for  the  existence  of  a  multiple  zero  at  any  point.  After  the  results  stated 
in  §  46,  it  will  be  assumed  that  the  number  of  zeros  is  infinite  ;  that, 
subject  to  limited  repetition,  they  are  isolated  points;  and,  in  the  present 
chapter,  that,  as  n  increases  indefinitely,  the  limit  of  ]  an  \  is  infinity.  And  it 
will  be  assumed  that  |  c^  ',  >  0,  so  that  the  origin  is  temporarily  excluded  from 
the  set  of  zeros. 

Let  z  be  any  point  in  the  finite  part  of  the  plane.  Then  only  a  limited 
number  of  the  zeros  can  lie  within  and  on  a  circle  centre  the  origin  and 
radius  equal  to  \z  ;  let  these  be  a^,  as,  ...,  a^-i,  and  let  ar  denote  any  one  of 
the  other  zeros.  We  proceed  to  form,  the  infinite  product  of  quantities  ur, 
where  ur  denotes 


and  gr  is  a  rational  integral  function  of  z  which,  being  subject  to  choice,  will 
be  chosen  so  as  to  make  the  infinite  product  converge  everywhere  in  the 
plane.  We  have 


i 

log1  ur  =  gr  — 

&         J> 


a  series  which  converges  because  |  z  |  <  j  a,.  |  .     Now  let 


-  V 
9r  ~  «"i  n  ' 


co      ^    f  Z\n 

then  loffw,.=  —  2  -(  —  )   , 

u=s  n  \arJ 


and  therefore  ur  =  e    "=" 

*  The  following,  investigations  are  based  upon  the  famous  memoir  by  Weierstrass,  "  Zur 
Theorie  der  eindeutigen  analytischen  Functionen,"  published  in  1876:  see  his  Gcs.  WerJie,  t.  ii, 
pp.  77—124. 

In  eonnecfcion  with  the  product-expression  of  a  transcendental  function,  Cayley,  "  Memoire  sur 
les  fonctions  doublement  periodiques,"  Liouville,  t.  x,  (1845),  pp.  385  —  420,  or  Collected  Mathe- 


if  the  expression  on  the  right-hand  side  is  finite,  that  is,  if  the  series 


oo      oo      ~\     /  ?  \1 

-2    2  -(-) 

r^Ic  n=s  n  ^r/ 


converges.     Denoting  the  modulus  of  this  series  by  M,  we  have 


so  that 


< 


CO         00       1 

oo         oo 


Z 

ar 


=lc  l- 


whence,  since  1  — 
sum,  we  have 


is  the  smallest  of  the  denominators  in  terms  of  the  last 


sM\l- 


z 
ar 

00 

'  2 

r=k 


If,  as  is  not  infrequently  the  case,  there  be  any  finite  integer  s  for  which 
(and  therefore  for  all  greater  indices)  the  series 

v      1 

r-ilOrl8' 
oo 

and  therefore  the  series  2    ar  \~s,  converges,  we  choose  s  to  be  that  least 
integer.     The  value  of  M  then  is  finite  for  all  finite  values  of  z ;  the  series 

co    •    oo       1     /   ~ 

2  s  £Gr 

converges  unconditionally,  and  therefore 


r=Jc 


is  a  product,  which  converges  unconditionally,  when 


n 


Hi/, 

r=k 


l+V      <B 

-  S    2 
—  I   Q      r=l  ?i-« 'I  VW     _  ]_ 


W    «,      1 

s  s  - 


J 

00         1 

2  r- 


—  1. 
00       1  I  ... 

Now  the  series  2  ; — ^  converges1;  hence  when  any  finite  quantity  e  is 
assigned,  we  can  choose  an  integer  I  such  that,  for  all  integers  Z"  $5 1, 

%      1 

> .x"      C 

I         I*' 

Denoting  by  p  any  positive  quantity  which  is  less  than  |  ai  ,  consider  a  region 
in  the  2-plane  given  by  z  |  <  p.  Let  8  denote  any  assigned  finite  quantity, 
however  small ;  and,  after  8  is  assigned,  choose  a  quantity  e  so  that 


e  <  Log  (1  +  8), 


taking  the  principal  logarithm.     Then 


i+i1 


H   u.r 

shewing  that  the  product  converges  uniformly  for  all  values  of  z  such  that 
\z\^p.  But  I  can  be  taken  as  large  as  we  please :  so  that  the  product 
converges  uniformly  for  all  finite  values  of  z. 

Let  the  finite  product 


be  associated  as  a  factor  with  the  foregoing  infinite  converging  product.    Then 
the  expression 


is  an  infinite  product,  converging  uniformly  and  unconditionally  for  all  finite 


51.     But  it  may  happen  that  no  finite  integer  s  can  be  found  which  will 
make  the  series 


converge*.     We  then  proceed  as  follows. 

Instead  of  having  the  same  index  s  throughout  the  series,  we  associate 
with  every  zero  ar  an  integer  mr,  chosen  so  as  to  make  the  series 

00  1        /    „ 

2    -(- 


converge.  To  obtain  these  integers,  we  take  any  series'  of  decreasing  real 
positive  quantities  e,  el5  <?2,  ...,  such  that  (i)  e  is  less  than  unity  and  (ii)  they 
form  a  converging  series  ;  and  we  choose  integers  mr  such  that 


These  integers  make  the  foregoing  series  of  moduli  converge.  For, 
neglecting  the  limited  number  of  terms  for  which  z  ^  |  a  |  e,  and  taking  the 
first  term  for  %  such  that 


we  have  for  all  succeeding  terms  (r  =  /£  +  l,  k+  2,  ...) 

z 


and  therefore 


€mr+1  Z  €r. 


Hence,  except  for  the  first  k  —  1  terms,  the  sum  of  which  is  finite,  we  have 


2 
n=k 


\o, 


which  is  finite  because  the  series  e  +  e^  +  e2  4-  . . .  converges.     Hence  the  series 

00 

V 


is  a  convergng  series. 

Just  as  in  the  preceding  case  a  special  expression  was  formed  to  serve  as 
a  typical  factor  in  the  infinite  product,  we  now  form,  a  similar  expression 
for  the  same  purpose.  Evidently 


we  have  E  (as,  ?/i)  =  e 

In  the  preceding  case-  it  was  possible  to  choose  the  integer  772,  so  that 
it  should  be  the  same  for  'all  the  factors  of  the  infinite  product,  which  was 

*  P 

ultimately  proved  to  converge.     Now,  we  take  x  =  —  and  associate  mn  as 

dn 

the  corresponding  value  of  in.     Hence,  if  •  . 


<   z  <|ctfc|,  we  have 


where 


The  infinite  product  represented  by  f(z)  will  converge,  if  the  double  series  in 
the  exponential  be  a  converging  series. 

Denoting  the  double  series  by  $,  we  have 


00       '00  1 

2   " 


r+mn 


«       »      I    Z    'r+mn 


n—kr=l 


< 


Z     1+n*«         1 


1- 


on  effecting  the  summation  for  ?\     Let  A  be  the  value  of  1  — 
all  the  remaining  values  of  n,  we  have 


;  then  for 


1- 


and  so 


This  series  converges;  hence  for  finite  values  of-\z\,  the  value  of  \S\  is 
finite,  so  that  S  is  an  unconditionally  converging  series.  Hence  it  follows 
that  f(z)  is  an  unconditionally  converging  product.  We  now  associate  with 
f(z)  as  factors  the  k  —  1  functions 


n=l 


u  is  an  unconditionally  converging  product. 

In  the  same  way  as  for  the  simpler  case,  we  prove,  that  the  infinite 
iroduct  converges  uniformly  for  finite  values  of  z. 

Denoting  the  series  in  the  exponential  by  gn  (z),  so  that 


E  (—  , 
\an 

therefore  the  function  obtained  is 


«?  1  (z_y 

\Q"n 

z 


»=1 


On 


The  series  gn  usually  contains  only  a  limited  number  of  terms ;  when  the 
lumber  of  terms  increases  without  limit,  it  is  only  with  indefinite  increase 
if  \an\,  and  the  series  is  then  a  converging  series. 

Since  the  product  G(z)  converges  uniformly  and  unconditionally,  no 
>roduct  constructed  from,  its  factors  E,  say  from  all  but  one  of  them,  can 
>e  infinite.  The  factor 

»i-n 


an '       HJ'      \          Ctn' 

Danishes  for  the  value  z  —  an  and  only  for  this  value ;  hence  G-  (z}  vanishes  for 
f  =  an.  It  therefore  appears  that  G(z)  has  the  assigned  points  a1}  az>  as,  ... 
or  its  zeros. 

Further,  take  any  finite  quantity,  say  p ;  and  let  am  be  such  that 


am\<  am+I 


Chen 


But 


=II  JE 


,m 


U 


y 

1  +- 


m»-  1 

V      _   I   _ 
•" 


Che  double  sum  in  the  index  is  a  series,  which  converges  unconditionally  for 
values  of  z  such  that  |  z  <  p  ;  and  therefore  it  is  expressible  in  the  form 
P  (z,  m+1),  which  is  a  power-series  converging  absolutely  for  those  values. 
Hence  e~p(z>™)  can  be  expressed  in  the  form 


UJ.J.C      JUJ.JU.UC>      IJL  U.J.JUL  kSO  I. 

series  of  the  form 


which  converges  absolutely  for  finite  values  of  z  and  therefore  for  values 
such  that  |  z  |  <  p.  The  product  of  all  these  n  +  1  series  is  also  an  absol 
converging  series,  of  the  form 


which  is  an  expression  for  G(z)  representing  it  as  a  holomorphic  uni 
function.  Clearly  we  can  take  p  as  large  as  we  please  without  affecting 
foregoing  argument. 

In  the  first  place,  since  0  (z)  is  a  uniform  analytic  function  which  hi 
singularity  in  any  finite  part  of  the  plane  and  which  clearly  is  transcendc 
the  value  z  =  oo  is  an  essential  singularity  of  G  (z}. 

In  the  second  place,  G  (z}  has  no  zero  other  than  the  assigned  zeros. 
let  a  be  a  value  of  z  ;  and  choose  m  sufficiently  large  to  secure  that  < 
within  the  region  of  convergence  of  P  (z,  m  +  1);  hence  e~1>(z'm+l)  is  fmil 
z  =  a.     No  one  of  the  factors 

(z 
—  , 
Uifl 

can  vanish,  if  a  is  not  included  in  the  set  ax,  aa,  ...,  am.  Therefore  G  < 
not  vanish  for  a,  proving  the  statement. 

It  should  be  noted  that  the  factors  of  the  infinite  product  G  (z)  ar 
expressions  E.  No  one  of  these  expressions,  for  the  purposes  of  the  pro 
is  resoluble  into  factors  that  can  be  distributed  and  recombined  with  sim 
obtained  factors  from  other  expressions  E  ;  for  there  is  no  guarantee 
the  product  of  the  factors,  when  so  modified,  would  converge  •uniformly 
unconditionally.  It  is  to  secure  such  convergence  that  the  expres 
E  have  been  constructed. 

It  was  assumed,  merely  for  temporary  convenience,  that  the  origir 
not  a  zero  of  the  required  function  ;  there  obviously  could  not  be  a  fact 
exactly  the  same  form  as  the  factors  E,  if  a  were  the  origin. 

If,  however,  the  origin  were  a  zero  of  order  X,  we  should  have  m 
to  associate  a  factor  ZK  with  the  function  already  constructed. 

We  thus  obtain  Weierstrass's  theorem  :  — 

It  is  possible  to  construct  a  transcendental  integral  function  such  tl 
shall  have  infinity  as  its  only  essential  singularity  and  have  the  origin 
multiplicity  X),  al}  a2,  as,  ...  as  zeros;  and  such  a  function  is 


upun  uw  luiw  uj  tsuivuvsiftun  uj  uw  zeros. 

52.  But;  unlike  uniform  functions  with  only  accidental  singularities,  the 
function  is  not  unique  :  there  are  an  unlimited  number  of  transcendental 
integral  functions  with  the  same  series  of  zeros  and  infinity  as  the  sole  essential 
singularity,  a  theorem  also  due  to  Weierstrass. 

For,  if  GI  (z}  and  G  (z)  be  two  transcendental,  integral  functions  with  the 
same  series  of  zeros  in  the  same  multiplicity,  and  z  =  oo  as  their  only  essential 
singularity,  then 


<?(*) 

is  a  function  with  no  zeros  and  no  infinities  in  the  finite  part  of  the  plane. 
Denoting  it  by  G2,  then 

_l_d<?a 

Gs  dz 

is  a  function  which,  in  the  finite  part  of  the  plane,  has  no  infinities  ;   and 
therefore  it  can  be  expanded  in  the  form. 

Ci  +  2Cf8*  +  3(7,*a+..., 

a  series  converging  everywhere  in  the  finite  part  of  the  plane.     Choosing  a 
constant  (70  so  that  Gt2(0)  =  ec»,  we  have  on  integration 


where  g  (z}  =  (70  +  C^z  +  Czz*+  ..., 

and  g  (z}  is  finite  everywhere  in  the  finite  part  of  the  plane.  Hence  it  follows 
that,  if~g(z)  denote  any  integral  function  of  z  which  is  finite  everywhere  in  the 
finite  part  of  the  plane,  and  if  G(z}  be  some  transcendental  integral  function 
with  a  given  series  of  zeros  and  z  =  oo  as  its  sole  essential  singularity,  all 
transcendental  integral  functions  with  that  series  of  zeros  and  z  =  oo  as  the 
sole  essential  singularity  are  included  in  the  form 


COROLLARY  I.  A  function  which  has  no  zeros  in  the  finite  part  of  the 
plane,  no  accidental  singularities,  and  z  =  cc  for  its  sole  essential  singularity, 
is  necessarily  of  the  form 


where  g  (z)  is  an  integral  function  of  z  finite  everywhere  in  the  finite  part 
of  the  plane. 

COROLLARY  II.  Every  transcendental  function,  which  has  the  same  zeros 
in  the  same  multiplicity  as  a  polynomial  A  (z)  —  the  number,  therefore,  being 
necessarilii  finite  —  .  which  has  no  accidental  singularities,  and  has  z=  oo  for  its 


is  of  the  form 

ft  (*).*« 
<?„(*)    ' 

where  the  zeros  of  G0  (z)  are  the  assigned  zeros  and  the  zeros  of  Gp  (z)  are  the 
assigned  poles. 

For  if  Grp(z}  be  any  transcendental  integral  function,  constructed  as  in 
the  proposition,  which  has  aa  its  zeros  the  poles  of  the  required  function  in 
the  assigned  multiplicity,  the  most  general  form  of  that  function  is 


where  h  (z]  is  integral.  Hence,  if  the  most  general  form  of  function  which 
has  those  zeros  for  its  poles  be  denoted  by/(0), 

/<*)<?„(*)«*» 

is  a  function  with  no  poles,  with  infinity  as  its  sole  essential  singularity,  and 
with  the  assigned  series  of  zeros.  But  if  G0  (z)  be  any  transcendental  integral 
function  with  the  assigned  zeros  as  its  zeros,  the  most  general  form  of  function 
with  those  zeros  is 


and  so  f(z}  Gp  (z)  eh  &  =  Gn  (z)  tf  <*>, 

whence  z=Q*S 


in  which  g  (z}  denotes  g  (z)  —  h  (z}. 

If  the  number  of  zeros  be  finite,  we  evidently  may  take  GQ(z)  as  the 
polynomial  in  z  with  those  zeros  as  its  only  zeros. 

If  the  number  of  poles  be  finite,  we  evidently  may  take  Gp  (z)  as  the 
polynomial  in  z  with  those  poles  as  its  only  zeros. 

And,  lastly,  if  a  function  has  a  finite  number  of  zeros,  a  finite  number 
of  accidental  singularities,  and  z  —  oo  as  its  sole  essential  singularity,  it  can 
be  expressed  in  the  form 


cw 

where  P  and  Q  are  polynomials.  This  is  valid,  even  though  the  number  of 
assigned  zeros  be  not  the  same  as  the  number  of  assigned  poles;  the  sole 
effect  of  the  inequality  of  these  numbers  is  to  complicate  the  character  of  the 
essential  singularity  at  infinity. 
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(i)     If  there  be  no  zero  an,  the  primary  factor  has  the  form 

e'Jn®. 

(ii)  The  exponential  index  gn  (z)  may  be  zero  for  individual  primary 
factors,  though  the  number  of  such  factors  must,  at  the  utmost, 
be  finite  f. 

(iii)     The  factor  takes  the  form  z  when  the  origin  is  a  zero. 
Hence  we  have  the  theorem,  due  to  Weierstrass  :  — 

Every  uniform  integral  function  of  z  can  be  expressed  as  a  product  of 
primary  factors,  each  of  the  form 


where  g  (z)  is  an  appropriate  polynomial  in  z  vanishing  with  z,  and  where  k,  I 
are  constants.  In  particular  factors,  g  (z)  may  vanish  ;  and  either  k  or  I,  but 
not  both  k  and  I,  may  vanish  with  or  without  a  non-vanishing  exponential 
index  g(z). 

54.  It  thus  appears  that  an  essential  distinction  between  transcendental 
integral  functions  is  constituted  by  the  aggregate  of  their  zeros  :  and  we  may 
conveniently  consider  that  all  such  functions  are  substantially  the  same  when 
they  have  the  same  zeros. 

There  are  a  few  very  simple  sets  of  functions,  thus  discriminated  by  their 
zeros  :  of  each  set  only  one  member  will  be  given,  and  the  factor  e^(z],  which 
makes  the  variation  among  the  members  of  the  same  set,  will  be  neglected 
for  the  present.  Moreover,  it  will  be  assumed  that  the  zeros  are  isolated 
points. 

I.  There  may  be  a  finite  number  of  zeros  ;  the  simplest  function  is  then 
a  polynomial. 

II.  There  may  be  a  singly-infinite  set  of  zeros.     Various  functions  will 
be  obtained,  according  to  the  law  of  distribution  of  the  zeros. 

Thus  let  them  be  distributed  according  to  a  law  of  simple  arithmetic 
progression  along  a  given  line.     If  a  be  a  zero,  <u  a  quantity  such  that    <w 
is  the  distance  between  two  zeros  and  arg.  o>  is  the  inclination  of  the  line, 
we  have 

a  +  mca, 

*  Weierstrass's  term  is  Primfunction  ;  see  Ges.  Werke,  t.  ii,  p.  91. 

t  Unless  the  class  (§  59)  be  zero,  when  the  index  is  zero  for  all  the  factors. 


is  merely  a  change  of  origin  of  coordinates  —  and  the  origin  is  tlien  a 
simple  zero  :  the  zeros  are  given  by  mew,  for  integer  values  of  m  from 
—  co  to  +  °o  . 

1        1       1    ... 

Now  2}  —  =  -  S  —  is  a  diverging'  series  ;  but  an  integer  s  —  the  lowest 
mw     w     m  °    °  & 

/  1  V 

value  is  s  =  2  —  can  be  found  for  which  the  series  2   —  )   converges  uncon- 

\mcoj  ° 

ditionally.     Taking  s  —  2,  we  have 

s-l 


so  that  the  primary  factor  of  the  present  function  is 

J~»  • 

K         j 


mwj 
and  therefore,  by  §  52,  the  product 


converges  uniformly  and  unconditionally  for  all  finite  values  of  z. 

The  term  corresponding  to  m  —  0  is  to  be  omitted  from  the  product  ;  and 
it  is  unnecessary  to  assume  that  the  numerical  value  of  the  positive  infinity 
for  m  is  the  same  as  that  of  the  negative  infinity  for  m.  If,  however,  the 
latter  assumption  be  adopted,  the  expression  can  be  changed  into  the  ordinary 
product-expression  for  a  sine,  by  combining  the  primary  factors  due  to  values 
of  m  that  are  equal  and  opposite.  In  any  case,  we  have 


co    .    TTZ 

=  —  sin  — 

7T  0) 


This  example  is  sufficient  to  shew  the  importance  of  the  exponential  term  in  the 
primary  factor.    If  the  product  be  formed  exactly  as  for  a  polynomial,  then  the  function  is 


z   li    (1- 
m--q\ 

iii  the  limit  when  both  p  and  g  are  infinite.     But  this  is  known*  to  be 

a  \  u  m   .    TTZ 
—      —  sm  —  . 


Another  illustration  is  afforded  by  Gauss's  n-function,  which  is  the  limit  when  k  is 
infinite  of 

1.2.3 k          . 


(1+0)  n  J  i+f     -^ 

w=8  IV       mj  \m-lj 
that  is,  of  (1+s)  n 


the  primary  factors  of  which  have  the  same  characteristic  form  as  in  the  preceding 
investigation,  though  not  the  same  literal  form.  This  is  associated  with  the  Gamma 
Function  t. 

It  is  chiefly  for  convenience  that  the  index  of  the  exponential  part  of  the  primary 

s-l  1    /  z  \n 

factor  is  taken,  in  §  50,  in  the  form  2   -  ( —  I  .     AVith  equal  effectiveness  it  may  be 

n=i  ft  \ttr/ 
s-l  i 
taken  in  the  form  2  -br<nzn,  provided  the  series 

2    2  £(&,,„ -aP-»)*» 


converges  uniformly  and  unconditionally. 
Ex.  1.     Prove  that  each  of  the  products 

f /       QZ  \   —• ~~ i      /     2,2  \  i"00  r~  (          2^ 

niV1~^r7e'"7'     (^^JLLr'C^ 

for  m=±l,  +3,  ±5, to  infinity,  the  term  for  n  =  0  being  excluded  from  the  latter 

product,  converges  uniformly  and  unconditionally,  and  that  each  of  them  is  equal  to 
cos  z.  (Hermite  and  Weyr.) 

Ex.  2.  Prove  that,  if  tho  zeros  of  a  transcendental  integral  function  be  given  by  the 
series 

0>   ±w,   ±4w,   ±9«j to  infinity, 

the  simplest  of  the  set  of  functions  thereby  determined  can  be  expressed  in  the  form 

sin  -1  TT  (  -  ) a  [  sin  \  ITT 
I    W  J         I      \» 

Ex.  3.  Construct  the  set  of  transcendental  integral  functions  which  have  in  common 
the  series  of  zeros  determined  by  the  law  m?coi  +  2meo2  +  <u3  for  all  integral  values  of  m 
between  -  oo  and  +00  ;  and  express  the  simplest  of  the  set  in  tei'ms  of  circular  functions. 

Ex.  4.     A  one-valued  analytical  function  satisfies  the  equation 


where  |  a  |  ^  1  ;  it  has  a  simple  zero  at  each  of  the  points  x-=am  (m=0,  ±1,...)  and  no 
other  zero,  arid  it  is  finite  for  all  values  of  x  which  are  neither  zero  nor  infinite.  Shew 
that  it  has  essential  singularities  at  a?=0,  #  =  oo  ;  and  resolve  it  into  primary  factors. 

(Math.  Trip.,  Part  II.,  1898.) 

*  Ges.  Werke,  t.  iii,  p.  145;  the  example  is  quoted  in  this  connection  by  Weierstrass,  Ges. 
Werke,  i.  ii,  p.  15. 
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Ex.  5.  Three  straight  lines  are  drawn  through  a  point  equally  inclined  to  one 
another ;  and  by  moans  of  three  infinite  series  of  lines,  respectively  parallel  to  these  three 
lines,  the  plane  is  divided  into  an  infinite  number  of  equilateral  triangles.  Construct  an 
integral  uniform  function  which  vanishes  at  the  centre  of  each  of  the  triangles. 

(Math.  Trip.,  Part  II.,  1894.) 

Ex,  6.     Take  a  series  of  concentric  circles 

«a+ys=w  (w=l,  2,  3,...)- 

in  the  plane  ;  and  four  common  radii 

(9  =  0,     0  =  ^7T,     0=7T,     0  =  $1T. 

Construct  a  function  which  shall  vanish  at  every  one  of  these  radial  points  on  the 
circumferences  :  and  express  it  by  means  of  circular  functions. 

55.  The  law  of  distribution  of  the  zeros,  next  in  importance  and  sub- 
stantially next  in  point  of  simplicity,  is  that  in  which  the  zeros  form  a 
doubly-infinite  double  arithmetic  progression,  the  points  being  the  co2 
intersections  of  one  infinite  system  of  equidistant  parallel  straight  lines 
with  another  infinite  system  of  equidistant  parallel  straight  lines. 

The  origin  may,  without  loss  of  generality,  be  taken  as  one  of  the  zeros. 
If  co  be  the  coordinate  of  the  nearest  zero  along  the  line  of  one  system 
passing  through  the  origin,  and  co'  be  the  coordinate  of  the  nearest  zero  along 
the  line  of  the  other  system  passing  through  the  origin,  then  the  complete 

series  of  zeros  is  given  by 

11  =  ma)  +  m'co' , 

for  all  integral  values  of  in  and  all  integral  values  of  m'  between  —  oo  and 
+  oo .  The  system  of  points  may  be  regarded  as  doubly-periodic,  having  &> 
and  o)  for  periods. 

It  must  be  assumed  that  the  two  systems  of  lines  intersect.  Other- 
wise, co  and  w'  would  have  the  same  argument,  and  their  ratio  would  be  a 
real  quantity,  say  a;  and  then 

a 

—  =  m  +  m  a. 
co 

m 

If  a.  be  commensurable,  let  -  denote  its  value,  where  p  and  q  are  positive 

f) 
integers  having  no  common  factor ;  also  let  -  be  expressed  as  a  continued 

f>'  f 

fraction,  and  let  *-.  denote  the  convergent  next  before  the  last    which,  of 


igned  small  region  round  the  origin.     This  would  make  the  origin  an 
sntial  singularity  instead  of,  as  required,  an  ordinary  point  of  the  tran- 
ndental  integral  function.     Hence  the  ratio  of  the  quantities  a  and  to   is 
real. 

56.     For  the  construction  of  the  primary  factor,  it  is  necessary  to  render 
'.  series 


.verging,  by  appropriate  choice  of  integers  sw,  m>.  It  is  found  to  be 
sible  to  choose  an  integer  s  to  be  the  same  for  every  term  of  the  series, 
responding  to  the  simpler  case  of  the  general  investigation,  given  in  |  50.  :. 
As  a  matter  of  fact,  the  series 

2n-s 

erges  for  s=I  (we  have  not  made  any  assumption  that  the  positive  and 
negative  infinities  for  m  are  numerically  equal,  nor  similarly  as  to  m'}  ; 
series  tends  to  a  finite  value  for  s=2,  but  the  value  depends  upon  the 

itive  values  of  the  infinities  for  m  and  m'  ;  and  s  =  3  is  the  lowest  integral 

ue  for   which,   as   for  all   greater   values,    the  series   converges   uncon- 

ionally. 

There  are  various  ways  of  proving  the  unconditional  convergence  of  the1 

ies  2fl-'i  when  fi  >  2  :  the  following  proof  is  based  upon  a  general  method 

5  to  Eisenstein*. 


w,= co 
V 

1=  —  co     71=  -co 


First,  the  series     S         2    (m"  +  n")-1*  converges  unconditionally,  if  jj,  >  1. 


j  the  whole  series  be  arranged  in  partial  series  :   for  this  purpose,  we 
>ose  integers  Ic  and  I,  and  include  in  each  such  partial  series  all  the  terms 

ich  satisfy  the  inequalities 

2*  <  m 


that  the  number  of  values  of  m  is  2fc  and  the  number  of  values  of  n  is 
Then,  if  Jc  +  I  =  2/c,  we  have 


that  each  term  in  the  partial  series  ^  jj—  .     The  number  of  terms  in  the 

*  Crelle,  t.  xxxv,  (1847),  p.  161.  A  geometrical  exposition  is  given  by  Halphen,  Traite  des 
••tions  elliptiqucs,  t.  i,  pp.  358  —  362  ;  and  another  by  Goursat,  Gours  d'  Analyse  Mathematique, 
,  §  324. 


partial  series  is  2*  .  2*,  that  is,   22"  :   so  that  the  sum  of  the  terms  ii 
partial  series  is 


Expressing  the  latter  in  the  form 


_ 
i)  •  2?  i*—  ij  ' 

and  taking  the  upper  limit  of  k  and  I  to  be  p,  ultimately  to  be  made  ini 
we  have  the  sum  of  all  the  partial  series 

%     %       1  1 

^  ' 


which,  when  £>  =  oo  ,  is  a  finite  quantity  if  p  >  1. 
Next,  let  co  =  a  4-  jBi,  a)'  =  7  +  Si,  so  that 

il  =  mw.  -f  no)'  =  ???.«  +  n/y  +  1  (7n/3  4-  n8)  ; 
hence,  if  9  =  ma  +  717,     </>  =  ??i/3  +  nS, 

we  have  |il|2=02  +  4>2. 

Now  take  integers  r  and  s  such  that 

r<d<r  +  l>     s<(j)<s+l. 

The  number  of  terms  £1  satisfying  these  conditions  is  definitely  finite 
independent  of  m  and  n.     For  since 

7?i  (08  -  /3y)  =  08-  (£7, 
n  («S  -  /37)  =  -  0/3  +  <K 

and  a.8  —  fty  does  not  vanish  because  &>'/«  is  not  purely  real,  the  num 
values  of  m  is  the  integral  part  of 

(r  +  1)  8  -  sj 

a&  —  /?7 
less  the  integral  part  of 

r8—  (s  +•  1)7 
~~«8  -  /8y      ' 
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which,  by  the  preceding  result,  is  finite  when  /j,  >  I.     Hence 

22  (TOW  +  m'o)'}-^ 

converges  unconditionally  when  //,  >  1  ;  and  therefore  the  least  integer  s,  for 
which 

22  (TOGO  +  m'o)'}~8 

converges  ;  unconditionally,  is  3.     But  this  series  converges  unconditionally  for 
any  real  value  of  s  which  is  definitely  greater  than  2. 

The  series  22  (mo>  +  mV)~2  has  a  finite  sura,  the  value  of  \vhich  depends*  upon 
the  infinite  limits  for  the  summation  with  regard  to  m  and  TO'.  This  dependence  is 
inconvenient,  and  it  is  therefore  excluded  in  view  of  the  present  purpose. 

Ex.     Prove  in  the  same  manner  that  the  series 
22  ......  2 


the  multiple  summation  extending  over  all  integers  m1?  ra2,  ......  ,  mn  between  -oo  and 

+  00,  converges  unconditionally  if  2p.>n.  (Eisenstein.) 

57.  Returning  now  to  the  construction  of  the  transcendental  integral 
function  the  zeros  of  which  are  the  various  points  O,  we  use  the  preceding 
result  in  connection  with  §  50  to  form  the  general  primary  factor.  Since 
s  =  3,  we  have 

s-l  1 

g(z}=  2  - 
•^' 


and  therefore  the  primary  factor  is 


Oy 

Moreover,  the  origin  is  a  simple  zero.     Hence,  denoting  the  required  function 
by  a-  (z),  we  have 

OC          ( 
—  00    — 

as  a  transcendental  integral  function  which,  since  the  product  converges  uni- 
formly and  unconditionally  for  all  finite  values  of  z,  exists  and  has  a  finite 
value  everywhere  in  the  finite  part  of  the  plane;  the  quantity  O  denotes 
TOW  +  ra'o/,  and  the  double  product  is  taken  for  all  values  of  TO  and  of  mf 
between  —  oo  and  +  oo ,  simultaneous  zero  values  alone  being  excluded. 
This  function  will  be  called  Weierstrass's  cr-function;  it  is  of  import- 


ii—  /Id    W^-r  *i«l«U»2  T^  IV    <"'J) 

(ai,  '"a?  ws  being  complex  constants  such  that  SI  does  not  vanish  for  real  values  of  m  and  n, 
then  the  series 


2    2 

—  CO   —CO 


converges  for  5  =  2  but  not  for  s  =  l.     The  primary  factor  is  thus 

,  •.      z 

H)*. 

and  the  simplest  transcendental  integral  function  having  the  assigned  zeros  is 


The  actual  points  that  are  the  zeros  are  the  intersections  of  two  infinite  systems  of 
parabolas. 

58.  One  other  result  —  of  &  negative  character  —  will  be  adduced  in  this 
connection.  We  have  dealt  with  the  case  in  which  the  system  of  zeros  is  a 
singly-infinite  arithmetical  progression  of  points  along  one  straight  line,  and 
with  the  case  in  which  the  system  of  zeros  is  a  doubly-infinite  arithmetical 
progression  of  points  along  two  different  straight  lines.  We  proceed  to  prove 
that  a  uniform  transcendental  integral  function  cannot  exist  with  a  triply- 
infinite  arithmetical  progression  of  points  for  zeros. 

A  triply-infinite  arithmetical  progression  of  points  would  be  represented 
by  all  the  possible  values  of 


for  all  possible  integer  values  for  p1}  p,2)  ps  between  —  oo  and  -I-  <x>  ,  where  no 
two  of  the  arguments  of  the  complex  constants  fij,  fL,  ft3  are  equal.  Let 

fir  =  wr  +  io)r',  (r  =  1  ,  2,  3)  ; 

then,  as  will  be  proved  (§  107)  in  connection  with  a  later  proposition,  it  is 
possible*  —  and  possible  in  an  unlimited  number  of  ways  —  to  determine 
integers  pj}  p2,  ps  so  that,  save  as  to  infinitesimal  quantities, 

__..  .__  P}  _____      .......     P*  ___       ______  P*  ___ 


all  the  denominators  in  which  equations  differ  from  zero  on  account  of  the 
fact  that  no  two  arguments  of  the  three  quantities  O1(  n2,  fi3  are  equal.  For 
each  such  set  of  determined  integers,  the  quantity 


is  zero  or  infinitesimal.     If  it  is  zero,  then  (as  in  §  107  for  periods)  the  triple 
infinitude  is  reallv  onlv  a  double  infinitude.     If  it  is  infinitesimal,  then  (as 


trHiUsuuiiutiuuHii  luuutiuii  uciiiiiut  exist  iiaviug  a.  tiipjy-iuuiiiit!  ciiuuzimetiua.! 
succession  of  zeros. 

59.  In  effecting  the  formation  of  a  transcendental  integral  function  by 
means  of  its  primary  factors,  it  has  been  proved  that  the  expression  of  the 
primary  factor  depends  upon  the  values  of  the  integers  which  make 

oo 
«=1 

a  converging  series.  Moreover,  the  primary  factors  are  not  unique  in  form, 
because  any  finite  number  of  terms  of  the  proper  form  can  be  added  to  the 
exponential  index  in 

ws"1- 
1-  —  ' 


the  added  terms  will  only  the  more  effectively  secure  the  convergence  of  the 
infinite  product.  But  there  is  a4ower  limit  to  the  removal  of  terms  with  the 
highest  exponents  from  the  index  of  the  exponential  ;  for  there  are,  in  general, 
least  values  for  the  integers  m1}  m2,  ...,  below  which  these  integers  cannot  be 
reduced,  if  the  convergence  of  the  product  is  to  be  secured. 

The  simplest  case,  in  which  the  exponential  must  be  retained  in  the 
primary  factor  in  order  to  secure  the  convergence  of  the  infinite  product,  is 
that  discussed  in  §  50,  viz.,  when  the  integers  m-i,  ma,  ...  are  equal  to  one 
another.  Let  in  denote  this  common  value  for  a  given  function,  and  let 
m  be  the  least  integer  effective  for  the  purpose  :  the  function  is  then  said* 
to  be  of  class  m,  and  the  condition  that  it  should  be  of  class  m  is,  that  the 
integer  m  be  the  least  integer  to  make  the  series 


converge,  the  constants  an  being  the  zeros  of  the  function. 

Thus  algebraical  polynomials  are  of  class  0  ;  the  circular  functions  sin  z 
and  cos  z  are  of  class  1  ;  Weierstrass's  cr-function  and  the  Jacobian  elliptic 
function  sn  z  are  of  class  2,  and  so  on  :  but  for  no  one  of  these  classes  do  the 
functions  mentioned  constitute  the  whole  of  the  functions  of  that  class. 

60.  One  or  two  of  the  simpler  properties  of  an  aggregate  of  transcendental 
integral  functions  of  the  same  class  can  easily  be  obtained. 

Let  a  function  f(z),  of  class  n,  have  a  zero  of  order  r  at  the  origin  and 
have  a]}  as,  ...  for  its  other  zeros,  arranged  in  order  of  increasing  moduli. 
Then,  by  §  50,  the  function  f(z)  can  be  expressed  in  the  form 

f(*\  =  flG<z>  t?   f!    \\-\- 


to  secure  the  equality. 
Now  consider  the  series 


?=i  s 


<=i  Oift  (a;  -  s) 

for  all  values  of  z  that  lie  outside  circles  round  the  points  a,  taken  as  small 
as  we  please.     The  sum  of  the  series  of  the  moduli  of  its  terms  is 

"        1  1 


Let  d  be  the  least  of  the  quantities 


,  necessarily  non-evanescent 


because  z  lies  outside  the  specified  circles;   then  the  sum  of  the  series 


1 
<-  _ 


which  is  a  converging  series  since  the  function  is  of  class  n.     Hence  the 
series    of  moduli   converges,   and   therefore   the   original   series  converges. 

00 

Moreover,  the  series  2  Iciij""71"1  converges.     Denoting  by  e  any  real  positive 
quantity,  as  small  as  we  please,  we  can  choose  an  integer  m  such  that 

!«.  +  ?• 

for  all  integers  /^^m  and  for  all  positive  integers  r.     Accordingly,  for  the 
values  of  z  considered,  we  have 


-i 


<*i 

for  all  integers  ^  ^  wi,  for  all  positive  integers  r,  and  for  all  the  values  of  z. 
Hence  the  series  converges  unconditionally  and  uniformly  within  the  specified 
region  of  variation  of  z;  let  it  be  denoted  by  8(z),  so  that 


We  have 


r      °°    1 

i  v 
;  +  2i- 


this  form,  the  function  is  thereby  proved  to  be  of  class  n. 

IV* 

If  there  be  no  zero  at  the  origin,  the  term  -  is  absent. 

If  the  exponential  factor  G  (z)  be  a  constant  so  that  Grr  (z)  is  zero,  the 
function  f(z)  is  said  to  be  &  simple  function  of  class  n. 

61.  There  are  several  criteria,  used  to  determine  the  class  of  a  function  : 
the  simplest  of  them  is  contained  in  the  following  proposition,  due  to 
Laguerre*. 

If,  as  z  tends  to  the  value  oo ,  a,  very  great  value  of  \z\  can  be  found  for 

f  (z) 
which  the  limit  of  z~nJ-~^ ,  where  f(z)  is  a  transcendental  integral  function, 

/  w 
tends  uniformly  to  the  value  zero,  thenf(z)  is  of  class  n. 

Take  a  circle,  centre  the  origin  and  of  radius  R  equal  to  this  value  of  |  z  \ ; 
then,  by  §  24,  II.,  the  integral 

1    r  !/'(*)   dt 

2-TriJ  tn  f(t)  t-z' 

taken  round  the  circle,  is  zero  when  R  becomes  indefinitely  great.  But  the 
value  of  the  integral  is,  by  the  Corollary  in  §  20, 

!_fl<"  ±f(Q  _ctt_,_l_  f'2'  \f_(£L_dt__  ,  J_  §    ftoi)  !/'(*)    dt 
2m]      tn  Y(t)  t-z      2m]       tn  f(t)t-z  +  2iri £1  J       tn  f  (t)  t-z' 

taken  round  small  circles  enclosing  the  origin,  the  point  z,  and  the  points 
ttj,  which  are  the  infinities  of  the  subject  of  integration;  the  origin  being 
supposed  a  zero  of  f(t)  of  multiplicity  r.  Now 

lf(t}    dt   ^lf'(z) 

tn  f(t)  t-z      zn  f(z)  ' 

)  1  f  (V  dt  -  _L    1 

P  f(t)  t-z~  a"  ai-z' 


,  .     ,  <°>  1  /'  (t)    dt  <£  < 

fJJIQ  j  «/  ^     '     — .     _L_ 


2m]       tn  f(t)  t-z 
where  cf)  (z}  denotes  the  polynomial 

(         I       y  . J  J_ >     ' 1        I  I 

.  r    i  "  ,?j .  i    £  /  /\         .  r    i    •  •  •  ~ 


when  i  is  made  zero.     Hence 


o-71-t-l 


and  therefore 

•£§-*<*>+;-«•«<•>. 

which,  by  §  60,  shews  that/(#)  is  of  class  7?,. 

COROLLARY.  The  product  of  any  finite  number  of  functions  of  the  st 
class  n  is  a  function  of  class  not  higher  than  n  ;  and  the  class  of  the  proc 
of  any  finite  number  of  functions  of  different  classes  is  not  greater  than 
highest  class  of  the  component  functions. 

NOTE  1.  In  connection  with  Weierstrass's  theorem  in  §  52,  one  rem 
may  be  made  as  to  its  influence  upon  the  class  of  a  function;  it  will 
sufficiently  illustrated  by  taking  ez*  sin  z  as  an  example.  Laguerre's 
.shews  that  the  class  is  two,  whereas  by  the  test  of  §  60  the  class  apparei 
is  unity.  The  explanation  of  the  difference  is  that,  in  §  60,  the  zeros  of 
generalising  factor  e?(z)  of  §  52  are  not  taken  into  account.  It  is  true  thai 
these  zeros  are  at  infinity  ;  but  their  existence  may  affect  the  integer,  wl 
is  the  least  that  secures  the  convergence  of  the  series  2  |  tti|~n-1.  Thus 
zeros  of  the  function  e3"sin^  are  mir,  where  m  =  0,  +  1,  ...,  ±00,  arit 
from  sin  z  :  and 

ipk,     —  ip*, 

each  occurring  p  times,  where  p  is  an  infinite  positive  integer  :  the  la 
arising  from  ez\  by  regarding  it  as  the  limit  of 

1  + 

when  p  is  an  infinite  positive  integer.  In  order  that  the  critical  series  i 
converge,  it  is  necessary  that,  as  these  new  zeros  are  at  infinity,  the  integi 
should  be  chosen  so  as  to  make 


p  \  (ip}-n~l  \+p\(-  i 

vanish.     The  lowest  value  of  n  is  two  ;  and  therefore  the  function  really  i 
class  two,  agreeing  with  the  result  of  Laguerre's  test. 

More  generally,  consider  a  function 

F(zl=e™>f(z), 

where  f(z)  is  of  class  n,  and  G  (z}  is  itself  an  integral  function.     On 
application  of  Laguerre's  test,  the  limit  of 


00 

beger  s  exists  such  that  the  series  2  (logn)~s  converges  ;  consequently  the 
iss  of  the  series  is  infinite*. 

NOTE  2.  Borel f  introduces  the  notion  of  the  order  of  an  integral  function 
distinct  from  the  class  of  the  function.  In  the  preceding  investigation  (§  59), 
e  class  of  the  equation  is  taken  to  be  the  loAvest  integer  s  (if  any)  for  which 
e  series 

2  an-s-J 

here  a1}  a.2)  ...  are  the  zeros  arranged  in  non-descending  magnitude  of 
:>duli)  converges  absolutely.  Borel  takes  the  order  of  the  function  to  be  the 
vest  real  quantity  for  which  the  same  series  converges  absolutely ;  so  that, 
fji  he  the  class  and  p!  the  order  of  a  function, 

ms  the  class  of  the  product 

n 

unity,  because  2  is  the  lowest  integer  which  makes  the  series  S  n~8  converge; 

71  =  1 

i  order  is  1  4-  k,  where  k  is  any  quantity  greater  than  zero  but  as  small  as 

00 

}  please,  because  the  series  2  ?i~1~fc  converges. 

The  following  are  the  chief  references  to  memoirs  discussing  the  class  of  functions  : — 

Laguerre,  Comptes  Rendus,  t.  xciv,  (1882),  pp.  160—163,  pp.  635 — 638,  ib.  t.  xcv,  (1882), 
.  828-831,  ib.  t.  xcviii,  (1884),  pp.  79— 81 J  ;  Poincare,  Bull,  des  Sciences  Math.,  t.  xi, 
583),  pp.  136—144;  Oesaro,  Comptes  fiendus,  t.  xcix,  (1884),  pp.  26 — 27  (followed 

27)  by  a  note  by  Hermitc),  Giornale  di  Battaglini,  t.  xxii,  (1884),  pp.  191 — 200  ; 
vanti,  Giornale  di  Bttttaglini,  t.  xxii,  (1884),  pp.  243 — 261,  pp.  378—380,  ib.  t.  xxiii, 
!85),  pp.  96—122,  ib.  t.  xxvi,  (1888),  pp.  303—314;  Hermite,  COWK  a  la  faculte 
;  Sciences  (4"1C  ed.,  1891),  pp.  91—93;  Hadamard,  Liouville,  4mo  Sdr.,  t.  ix,  (1893), 
.  171 — 214;  Borel,  Ada  Math.,  t.  xx,  (1897),  pp.  357 — 396,  Lecons  sur  les  f auctions 
tires,  (1900),  cli.  ii. 

Ex.  1.     Prove  that  the  class  of  the  functions  sinz,  I+zsinz  is  unity. 
Ex.  2.     The  function 


ere  the  quantities  o  are  constants,  n  is  a  finite  integer,  and  the  functions  /f(z)  are 
lynomials,  is  of  class  unity. 

*  For  functions   of    infinite   class,   reference   may   be   made   to   Blnmenthal's   monograph 
Indpes  tie  In  thcorie  des  f  auctions  entieres  d'ordre  infini  (1910). 
Leijoiis  sur  les  fonctions  enticres,  p.  26. 


All 


Ex.  5.     Examine  the  following  test  for  the  class  of  a  function,  due  to  Poincare". 

Let  a  be  any  number,  no  matter  how  small  provided  its  argument  be  such  that  eaj5H+1 
vanishes  when  z  tends  towards  infinity.     Then  f(z)  is  of  class  n,  if  the  limit  of 

vanish  with  indefinite  increase  of  z. 

00 

A  possible  value  of  a  is  2  ^a,-"-*,  where  ct  is  a  constant  of  modulus  unity. 

Eos.  6.     Verify  the  following  test  for  the  class  of  a  function,  due  to  de  Sparre*. 

Let  X  be  any  positive  non-infinitesimal  quantity ;  then  the  function  f(z]  is  of  class  n, 
if  the  limit,  for  m=  oo ,  of 

|'/v      |»-1/|  rt  I  —  I  n      P 

I  am  \          \\  «)u  +  l  |  — |  am  |; 

be  not  less  than  X.     Thus  sin  z  is  of  class  vinity. 

Ex.  1.     Lot  the  roots  of  dn  +  1  =  l  be  1,  a,  a2,  ,  a11;  and  let  f(z)  be  a  function 

of  class  n.     Then  forming  the  product 

n 

II   /  ( usz), 
,1=0 ' 

we  evidently  have  an  integral  function  of  s"  +  1;  let  it  bo  denoted  by  F(zn  +  l).     The  roots 

Of  p{zn  +  i)  =  0  are  a,:a",  for  i=l,  2, ,  and  s  =  0,  1, ,  n;  and  therefore,  replacing  s'l+1 

by  2,  the  roots  of  F(z)  =  Q  are  «iu  +  1,  for  i  =  l,  2,  

Since  f(z)  is  of  claws  71,  the  series 


converges  unconditionally.     This  series  is  the  sum  of  the  first  powers  of  the  reciprocals  of 
the  roots  of  F(z)  =  0;  hence,  according  to  the  definition  (p.  109),  F(z)  is  of  class  zero. 

It  therefore  follows  that  from  a  function  of  any  class,  a  function  of  class  zero  with  a 
modified  variable  can  be  deduced.  Conversely,  by  appropriately  modifying  the  variable  of 
a  given  function  of  class  zero,  it  is  possible  to  deduce  functions  of  any  required  class. 

Ex.  8.     If  all  the  zeros  of  the  function 


a'll/  J 

be  real,  then  all  the  zeros  of  its  derivative  are  also  real.  (Witting.) 

*  Comptes  Rendns,  t.  cii,  (1886),  p.  741. 


CHAPTER   VI. 

FUNCTIONS  WITH  A  LIMITED  NUMBER  OF  ESSENTIAL  SINGULARITIES. 

62.  SOME  indications  regarding  the  character  of  a  function  at  an 
essential  singularity  have  already  been  given.  Thus,  though  the  function 
is  regular  in  the  vicinity  of  such  a  point  a,  it  may,  like  sn  (1/z)  at  the  origin, 
have  a  zero  of  unlimited  multiplicity  or  an  infinity  of  unlimited  multiplicity 
at  the  point  ;  and  in  either  case  the  point  is  such  that  there  is  no  factor  of 
the  form  (z  —  a)*-,  which  can  be  associated  with  the  function  so  as  to  make  the 
point  an  ordinary  point  for  the  modified  function.  Moreover,  even  when  the 
path  of  approach  to  the  essential  singularity  is  specified,  the  value  acquired 
may  not  be  definite  :  thus,  as  z  approaches  the  origin  along  the  axis  of  so, 
so  that  its  value  may  be  taken  to  be  1  -f-  (4miK  +  as),  the  value  of  sn  (l/#)  is  not 
definite  in  the  limit  when  in  is  made  infinite.  One  characteristic  of  the 
point  is  the  inclefimteness  of  value  of  the  function  at  the  essential  singu- 
larity, though  in  the  vicinity  the  function  is  uniform. 

A  brief  statement  and  a  proof  of  this  characteristic  were  given  in  §  32  ; 
the  theorem  there  proved  —  that  a  uniform  analytical  function  can  assume 
any  value  at  an  essential  singularity  —  may  also  be  proved  as  follows.  The 
essential  singularity  will  be  taken  at  infinity  —  a  supposition  that  does  not 
detract  from  generality. 

Let  f(z)  be  a  function  having  any  number  of  zeros  and  any  number 
of  accidental  singularities  and  £  =  oo  for  its  sole  essential  singularity;  then 
it  can  be  expressed  in  the  form 


where  Gl  (z)  is  polynomial  or  transcendental  according  as  the  number  of  zeros 
is  finite  or  infinite,  and  G2  (z)  is  polynomial  or  transcendental  according  as 
the  number  of  accidental  singularities  is  finite  or  infinite. 
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in  the  finite  part  of  the  plane  is  of  only  finite  multiplicity  and  therefore  som< 
of  them  must  be  at  infinity.  At  each  such  point,  the  function  G2  (z)  vanishe; 
and  G-i  (z)  does  not  vanish  ;  and  so/(^)  has  infinite  values  for  z=<x>  . 

If  QZ(Z)  be  polynomial  and  G^  (z)  be  also  polynomial,  then  the  factor  ea(t 
may  not  be  omitted,  for  its  omission  would  make  f(z)  a  rational  function 
Now  z  =  oo  is  either  an  ordinary  point  or  an  accidental  singularity  of 


hence  as  g  (z)  is  integral,  there  are  infinite  values  of  z  which  make 


infinite. 

If  Gz(z)  be  polynomial  and  Gl(z}  be  transcendental,  the  factor  e!l(z}  ma; 
be  omitted.     Let  a:,  a.,,  ...,  an  be  the  roots  of  G2  (z}  :  then  taking 

/(5)=     1      /"       +<?„(*), 

,.  _  i  z  —  a,. 

i  ,        G-i  (a,.) 

we  have  Ar=  ?T,y   ' 

Cr.j  (a,.) 

a  non-vanishing  constant  ;  and  so 


where  Gn(z)  is  a  transcendental  integral  function.     When  z—  oo  ,  the  vain 
of  Gr3  (z)/Gz  (z)  is  zero,  but  Gn(z)  is  infinite;  hence  f(z)  has  infinite  values  fo 

z  =  oo  . 

Similarly  it  may  be  shewn,  as  follows,  that/(^)  has  zero  values  for  £=  oo 
In  the  first  of  the  preceding  cases,  if  Gj,  (z)  be  transcendental,  so  that  /  (z 
has  an  infinite  number  of  zeros,  then  some  of  them  must  be  at  an  infinit 
distance;  f(z)  has  a  zero  value  for  each  such  point.  And  if  Gl(z)  b 
polynomial,  then  there  are  infinite  values  of  z  which,  not  being  zeros  c 
Cr2(f),  make  f(z)  vanish. 

In  the  second  case,  when  z  is  made  infinite  with  such  an  argument  as  t 
make  the  highest  term  in  g(z)  a  real  negative  quantity,  then  f(z)  vanishe 
for  that  infinite  value  of  z. 

Tn    +.1-1  a    f.ViiwI     noo/3      ft  v\    ^..-.v.i'c.U™    -A™    ~    ~™n    nf    H.    (v\    fl^o-f    ia    of.    ^n-finif.ir 


where,  if  G2  (z)  be  polynomial,  the  exponential  h  (z)  must  occur,  since  f(z), 
and  therefore  /(#)  —  G,  is  transcendental.     The  function 


evidently  has  z  =  oo  for  an  essential  singularity,  so  that,  by  the  second  or 
the  third  case  above,  it  certainly  has  an  infinite  value  for  z  —  co  ,  that  is, 
f(z]  certainly  acquires  the  value  C  for  z  —  oo  . 

Hence  the  function  can  acquire  any  value  at  an  essential  singularity. 

63.  We  now  proceed  to  obtain  the  character  of  the  expression  of  a 
function  at  a  point  z  which,  lying  in  the  region  of  continuity,  is  in  the 
vicinity  of  an  essential  singularity  b  in  the  finite  part  of  the  plane. 

With  b  as  centre  describe  two  circles,  so  that  their  circumferences  and 
the  whole  area  between  them  lie  entirely  within  the  region  of  continuity. 
The  radius  of  the  inner  circle  is  to  be  as  small  as  possible  consistent  with 
this  condition  ;  and  therefore,  as  it  will  be  assumed  that  b  is  the  only 
singularity  in  its  own  immediate  vicinity,  this  radius  may  be  made  very 
small. 

The  ordinary  point  z  of  the  function  may  be  taken  as  lying  within  the 
circular  ring-formed  part  of  the  region  of  continuity.  At  all  such  points  in 
this  band,  the  function  is  holomorphic  ;  and  therefore,  by  Laurent's  Theorem 
(§  28),  it  can  be  expanded  in  a  converging  series  of  positive  and  negative 
integral  powers  of  z  —  b,  in  the  form 

u0  +  Ui  (z  —  b)  +  u2  (z  —  6)2  +  .  .  . 

+  v,  (z  ~  b)~l  +  v2(z-  6)~2  +  .  .  .  ; 
the  coefficients  un  are  determined  by  the  equation 


the  integrals  being  taken  positively  round  the  outer  circle,  and  the  coefficients 
un  are  determined  by  the  equation 


the  integrals  being  taken  positively  round  the  inner  circle. 


of  centre  b,  and  so  (§  26)  it  may  be  denoted  by  P  (z  —  b) ;  and  the  function  P 
may  be  either  polynomial  or  transcendental. 

The  series  of  negative  powers  converges  everywhere  without  the  inner 
circle  of  centre  b ;  and,  since  b  is  not  an  accidental  but  an  essential  singularity 
of  the  function,  the  series  of  negative  powers  contains  an  infinite  number  of 

terms.     It  may  be  denoted  by  #(— y],  a  series  converging  for  all  points 
in  the  plane  except  z  =  b,  and  vanishing  when  z  —  b  —  oo  . 

Thus  f(z)  = 


is  the  analytical  representation  of  the  function  in  the  vicinity  of  its  essential 
singularity  b ;  the  function  G  is  transcendental  and  converges  everywhere  in 
the  plane  outside  an  infinitesimal  circle  round  b,  and  the  function  P,  if 
transcendental,  converges  for  sufficiently  small  values  of  \z  —  b\. 

Had  the  singularity  at  b  been  accidental,  the  function  G  would  have  been 
polynomial. 

COROLLARY  I.  If  the  function  have  any  essential  singularity  other  than 
b,  it  is  an  essential  singularity  of  P  (z  —  b)  continued  outside  the  outer  circle  ; 

but  it  is  not  an  essential  singularity  of  G[ — -,] ,  for  the  latter  function 

\/£-  —~  O/ 

converges  everywhere  in  the  plane  outside  the  inner  circle. 

COROLLARY  II.  Suppose  the  function  has  no  singularity  in  the  plane 
except  at  the  point  b  ;  then  the  outer  circle  can  have  its  radius  made  infinite. 
In  that  case,  all  positive  powers  except  the  constant  term  u0  disappear : 
and  even  this  term  survives  only  in  case  the  function  have  a  finite  value  at 
infinity.  The  expression  for  the  function  is 

V-,  V,, 

,,      i  *        I *  i_ 

'*0  ~r  7     •    /  1  NO  ^  •  •  •  > 

z—b     (z—by 

and  the  transcendental  series  converges  everywhere  outside  the  infinitesimal 
circle  round  b,  that  is,  at  every  point  in  the  plane  for  which  , -.-  remains 

Z  ~~~  0 

less  than  any  assigned  quantity,  however  large.  Hence  the  function  can  be 
represented  by 


mi   •_     •    i      I.L      '        J-.J i     i-__     TIT    • j. o 


- 

z  —       — ,  , 
z  —  b 

s)  changes  into  a  function  of  zf,  the  only  essential  singularity  of  which 
is  at  /  =  oo  .  It  has  no  other  singularity  in  the  plane ;  and  the  form  of  the 
function  is  therefore  Q-(z'),  that  is,  a  function  having  an  essential  singularity 
at  b,  but  no  other  singularity  in  the  plane,  is 

G 


z-b)' 

COROLLARY  III.  The  most  general  expression  of  a  function  having  its 
sole  essential  singularity  at  &,  a  point  in  the  finite  part  of  the  plane,  and  any 
number  of  accidental  singularities,  is 


,z-b 

where  the  zeros  of  the  function  are  the  zeros  of  Gl}  the  accidental  singularities 
of  the  function  are  the  zeros  of  Gz,  and  the  function  g  in  the  exponential  is  a 

function  which  is  finite  for  all  finite  values  of j- . 

.£•    """""  C/ 

This  can  be  derived  in  the  same  way  as  before ;  or  it  can  be  deduced 
from  the  corresponding  theorem  relating  to  transcendental  integral  functions, 
as  above.  It  would  be  necessary  to  construct  an  integral  function  G^(z"), 
having  as  its  zeros 


0.3  —  6 '    a2  —  b'  '"' 
and  then  to  replace  /  by  j ;    and  G2  is  polynomial  or  transcendental, 

%  ~"~  0 

according  as  the  number  of  zeros  is  finite  or  infinite. 
Similarly  we  obtain  the  following  result : — 

COROLLARY  IV.  A  uniform  function  of  z,  which  has  its  sole  essential 
singularity  at  b,  a  point  in  the  finite  part  of  the  plane,  and  no  accidental 
singularities,  can  be  represented  in  the  form  of  an  infinite  product  of  primary 
factors  of  the  form 

k_ 
\z  —  b 


without  a  vanishing  exponent  g    

\z  — 

If  a,i  be  any  zero,  the  corresponding  primary  factor  may  evidently  be 
expressed  in  the  form 


Similarly,  for  a  uniform  function  of  z  with  its  sole  essential  singularity  at  b 
and  any  number  of  accidental  singularities,  the  product-form  is  at  once 
derivable  by  applying  the  result  of  the  present  Corollary  to  the  result  given 
in  Corollary  III. 

These  results,  combined  with  the  results  of  Chapter  V.,  give  the  general 
theory  of  uniform  functions  with  only  one  essential  singularity. 

64.  We  now  proceed  to  the  consideration  of  functions,  which  have  a 
limited  number  of  assigned  essential  singularities. 

The  theorem  of  §  63  gives  an  expression  for  the  function  at  any  point  in 
the  band  between  the  two  circles  there  drawn. 

Let  c  be  such  a  point,  which  is  thus  an  ordinary  point  for  the  function ; 
then  in  the  domain  of  c,  the  function  is  expansible  in  a  form  P:  (z  —  c). 
This  domain  may  extend  as  far  as  an  infinitesimal  circle  round  an  essential 
singularity  6,  or  it  may  be  limited  by  a  pole  d  which  is  nearer  to  c  than  6  is, 
or  it  may  be  limited  by  an  essential  singularity  f  which  is  nearer  to  c  than  b 
is.  In  the  first  case,  we  form  a  continuation  of  the  function  in  a  direction 
away  from  b ;  in  the  second  case,  we  continue  the  function  by  associating 
with  the  function  a  factor  (z  —  d)'1  which  takes  account  of  the  accidental 
singularity;  in  the  third  case,  we  form  a  continuation  of  the  function 
towards  f.  Taking  the  continuations  for  successive  domains  of  points  in  the 
vicinity  of  /,  we  can  obtain  the  value  of  the  function  for  points  on  two  circles 
that  have  /  for  their  common  centre.  Using  these  values,  as  in  §  63,  to 
obtain  coefficients,  we  ultimately  construct  a  series  of  positive  and  negative 
powers  converging  outside  an  infinitesimal  circle  round/.  Different  express- 
ions  in  different  parts  of  the  plane  will  thus  be  obtained,  each  being  valid 
only  in  a  particular  portion :  the  aggregate  of  all  of  them  is  the  analytical 
expression  of  the  function  for  the  whole  of  the  region  of  the  plane  where  the 
function  exists. 

We  thus  have  one  mode  of  representation  of  the  function ;  its  chief 
advantage  is  that  it  indicates  the  form  in  the  vicinity  of  any  point,  though  it 


J  Jr  J  Jr  JL  " 

it  is  therefore  necessary  to  have  another  mode  of  representation. 

65.  Suppose  that  the  function  has  n  essential  singularities  a1}  a2>  ...,  an, 
and  that  it  has  no  other  singularity.  Let  a  circle,  or  any  simple  closed 
curve,  be  drawn  enclosing  them  all,  every  point  of  the  boundary  as  well 
as  the  included  area  (with  the  exception  of  the  n  singularities*)  lying  in 
the  region  of  continuity  of  the  function. 

Let  z  be  any  ordinary  point  in  the  interior  of  the  circle  or  curve ;  and 
consider  the  integral 

7(0 


t-z 


dt, 


taken  round  the  curve.  If  we  surround  z  and  each  of  the  n  singularities  by 
small  circles  with  the  respective  points  for  centres,  then  the  integral  round 
the  outer  curve  is  equal  to  the  sum  of  the  values  of  the  integral  taken  round 
the  n  +  I  circles.  Thus 


and  therefore 

j_.  m.dt  i.mdt__L* 


.  . 

2-Trt    zt  —  z          2?n  J  „  t  —  z          ZTTI     J  ar  t  —  z 
The  left-hand  side  of  the  equation  isf(z). 
Evaluating  the  integrals,  we  have 


where  Gr  is,  as  before,  a  transcendental  function  of  -  vanishing  when 

— 


I 

-  .......  —  is  zero. 

z  —  ar 


Now,  of  these  functions,  Gr  {  -  ]  converges  everywhere  in  the  plane 

U  -  OrJ  6  J  l 

outside  the  infinitesimal  circle  round  a,.,  (say  except  at  ar}  :  and  therefore,  as 

n  is  finite, 

1 


2  <?,. 
,.=i 

is  a  function  which  converges  everywhere  in  the  plane  except  at  the  n  points 
ttj,  ...,  an. 

Because  0=00  is  not  an  essential  singularity  of  f(z),  the  radius  of  the 
circle  in  the  integral  ^  —  .  /  ~-^-  dt  may  be  indefinitely  increased.     The  value 


of  /(£)  tends,  with  unlimited  increase  of  t,  to  some  determinate  value  C  which 
is  not  infinite ;  hence,  as  in  §  24,  II.,  Corollary,  the  value  of  the  integral  is 
C.  We  therefore  have  the  result  that  f(z)  can  be  expressed  in  the  form 

n  /I 

C+  2  6U  — 
r=i       \z-ar 

or,  absorbing  the  constant  G  into  the  functions  G  and  replacing  the  limitation 

that  the  function  G>  ( 1  shall  vanish  for =0,  by  the  limitation 

\z  —  aj  z  —  ii-r  J 

that,  for  the  same  value  — ----  =  0,  it  shall  be  finite,  we  have  the  theorem*: — 

If  a  given  function  f(z)  have  n  singularities  alt  ...,  an,  all  of  which  are  in 
the  finite  part  of  the  plane  and  are  essential  singularities,  it  can  be  expressed 
in  the  form 


2  G 
r=i       \z  -  a 

where  Gr  is  a  transcendental  function,  converging  everywhere  in  the  plane 
outside  an  infinitesimal   circle   round   ar,  and   having  a  determinate  finite 

1  n 

value  gr  for =  0,  such  that  2)  gr  is  $l®  finite  value  of  the  given  func- 

z  —  ar  r=i ' 

tion  at  infinity. 

COEOLLAKY.  If  the  given  function  have  a  singularity  at  oo  ,  and  n  singu- 
larities in  the  finite  part  of  the  plane,  then  the  function  can  be  expressed  in' 
the  form 


where  Gr  is  a  transcendental  or  a  polynomial  function,  according  as  ar  is  an 
essential  or  an  accidental  singularity  :  and  so  also  for  G  (z},  according  to  the 
character  of  the  singularity  at  infinity. 

66.     Any  uniform  function,  which  has  an  essential  singularity  at  z  =  a, 
can  (§  63)  be  expressed  in  the  form 


for  points  z  in  the  vicinity  of  a.  Suppose  that,  for  points  in  this  vicinity, 
the  function  f(z)  has  no  zero,  and  that  it  has  no  accidental  singularity. 
Therefore,  among  such  points  z,  the  function 


Hence  it  can  be  expanded  in  the  form 


where  G  converges  everywhere  in  the  plane  except  at  a,  and  vanishes  for 

-1—  =  0.     Let 

z—  a 


where  G?!  ( )  converges  everywhere  in  the  plane  except  at  a,  and  vanishes 

\Z  —  CL/ 

for  -1-  =  0. 

z  —  a 

Then  c,  evidently  not  an  infinite  quantity,  is  an  integer.     To  prove  this, 
describe  a  small  circle  of  radius  p  round  a :  then  taking  z  —  a  =  peei,  so  that 

—idd,  we  have 

z  —  a 

1      /7/Y*\  J    (        /     1      \1 

dz, 


-  -      ,  - 

f(z}    dz  ^         '  dz  (      \z-a 

and  therefore 


Now  fP(z  —  a)dz  is  a  uniform  function:  and  so. is  f(z).     But  a  change 
of  6  into  0  +  ZTT  does  not  alter  z  or  any  of  the  functions :  thus 

and  therefore  c  is  an  integer. 

67.     If  the  function /(#)  have  essential  singularities  al5 ...,  an  and  no 
others,  then  it  can  be  expressed  in  the  form 

C+  I 


z  -  ar 

If  there  be  no  zeros  for  this  function  f(z)  anywhere  (except  of  course  such 
as  may  enter  through  the  indeterminateness  at  the  essential  singularities), 
then 

JL  £&) 
/(*)    d* 

has  n  essential  singularities  alt ...,  an  and  no  other  singularities  of  any  kind. 


z  —  ar 

(jrr         -    —  I  =  —  -  -) — 5—  •<  Gr>  I 

—  arj     z  —  ar     dz  \      \z  —  ar 


where  Gr  (  ---  )  is  a  function  of  the  same  kind  as  Or  ( 

\z  —  a,./  \z  — 

Then  all  the  coefficients  cr,  evidently  not  infinite  quantities,  are  integers. 
For,  let  a  small  circle  of  radius  p  be  drawn  round  ar  :  then,  if  z  —  ar  =  pe61,  we 
have 


and 


We  proceed  as  before  :  the  expression  for  the  function  in  the  former 
case  is  changed  so  that  now  the  sum  SPS  (#  —  «,.)  for  s  =  l,  ...,?•—  1, 
7"  +  l,  ...,  n  is  a  uniform  function  ;  there  is  no  other  change.  In  exactly  the 
same  way  as  before,  we  shew  that  every  one  of  the  coefficients  cr  is  an 
integer. 

Hence  it  appears  that  if  a  given  function  f(z)  have,  in  the  finite  part  of 
the  plane,  n  essential  singularities  a1}  ...,  an  and  no  other  singularities,  and  if 
it  have  no  zeros  anywhere  in  the  plane,  then 


f(z)     dz     ' 

where  all  the  coefficients  GI  are  integers,  the  functions  &  converge  everywhere 
in  the  plane  except  at  the  essential  singularities,  and  Gi  vanishes  for 

-!-  =  o. 

<y  _ .-  n  . 
6  U/1 

Now,  since  f(z)  has  no  singularity  at  oo  ,  we  have  for  very  large  values  of  z 


and  therefore,  for  very  large  values  of  z, 

1     df(z)  =  _  Vj,  !_     Wi 


with  —  at  least  ;  thus  2ct-  must  therefore  also  vanish. 

Z" 

Hence  for  a  function  f(z\  which  has  no  singularity  at  z  =  oo  and  no- 
zeros  anywhere  in  the  plane,  and  of  which  the  only  singularities  are  the  n 
essential  singularities  at  a1}  a»,  ...,  an,  we  have 

1     df(z}_  a       *  »    d   f,  /     1 

-;—  -  —  ^  i-  ^  —-—  •<  (j-£ 

/  (*)     dz        i=i  z  —  cbi      i=1  ete  I      Vs  — 

where  the  coefficients  GJ  are  integers  subject  to  the  condition 

w 

2  c,-  =  0. 

i=l 

If  f/w  =  oo  ,  so  that  £  =  oo  is  an  essential  singularity  in  addition  to  a1}  a.2t 

...  ,  «n_i  ,  there  is  a  term  G  (z)  instead  of  Gn  (  --  )  ;  there  is  no  term,  that 

\z      a-nj 

s* 

corresponds  to  —  ---  ,  but  there  may  be  a  constant  0.     Writing 


with  the  condition  that  G(z)  vanishes  when  z  =  0,  we  then  have 

="s  -^- + -i [G (z)} +"2  A 1^ (-J- )1 

./  —  1    &          tvi*          CviS  y  — - 1    Ww     I  V'2'  ^~"  Cl/-]/  ) 

i,  —  i  t-  ^x^^  t'/ 


where  the  coefficients   0$   are    integers,  but   are  no  longer  subject  to   the 
condition  that  their  sum  vanishes. 

Let  R*  (z)  denote  the  function 


the  product  extending  over  the  factors  associated  with  the  essential 
singularities  of  f(z)  that  lie  in  the  finite  part  of  the  plane  ;  thus  R*  (z} 
is  a  rational  meromorphic  function.  Since 


_ 
R*  (z)      dz 

we  have 

!__  df(z)         1       ^J^* 
' 


___  _        _ 

f(z)'dz        R*(z)      dz          ^i 

Avhere  Gn  (  ---  )  is  to  be  replaced  by  Q-  (z)  if  an  =  oo  ,  that  is,  if  z=  oo  be  an 

\Z  —  CLn/ 

essential  singularity  of  f(z).     Hence,  except  as  to  an  undetermined  constant 
factor,  we  have 


singularities,  no    accidental   singularities,  and  no  zeros  :    and  the  rational 
function  R*  (z)  becomes  zero  or  oo  only  at  the  singularities  of  f(z). 

If  z  =  oo  be  not  an  essential  singularity,  then  R*  (z)  for  z  =  oo  is  equal  to 

n 

unity  because  5J  c.;  =  0. 

4=1 

COBOLLARY.  It  is  easy  to  see,  from  §  43,  that,  if  the  point  at-  be  only  an 
accidental  singularity,  then  Ct  is  a  negative  integer  and  ty  (  -  j  is  zero  :  so 

that  the  polar  property  at  at  is  determined  by  the  occurrence  of  a  factor 
(z  —  tti)0*  solely  in  the  denominator  of  the  rational  rneromorphic  function  R*  (z). 

And,  in  general,  each  of  the  integral  coefficients  a  is  determined  from  the 
expansion  of  the  function  f'(z}+f(z)  in  the  vicinity  of  the  singularity 
with  which  it  is  associated. 

68.  Another  form  of.  expression  for  the  function  can  be  obtained  from 
the  preceding;  and  it  is  valid  even  when  the  function  possesses  zeros 
not  absorbed  into  the  essential  singularities  f. 

Consider  a  function  with  one  essential  singularity,  and  let  a  be  the 
point.  Suppose  that,  within  a  finite  circle  of  centre  a  (or  within  a  finite 
simple  curve  which  encloses  a),  there  are  in  simple  zeros  a,  #,...,  X  of  the 
function  f(z)\  assume  m  to  be  finite,  and  also  assume  that  there  are  no 
accidental  singularities  within  or  on  the  'circle,  or  at  a  merely  infinitesimal 
distance  from  its  circumference.  Then,  if 


the  function  F  (z)  has  a  for  an  essential  singularity  and  has  no  zeros  within 
the  circle.     Hence,  for  points  z  within  the  circle, 

F'(z)  c  ,  d  (n  (  I  \\  ,  „,  x 
.-=9—'  =  —  +  __  J  0  -  H  +  P  (z  -  a\ 
F  (z)  z  —  a  dz[  \z-aj)  .  ' 

where   Gra  (          )  converges  uniformly  everywhere  in  the  plane   outside  a 

small  circle  round  a,  and  vanishes  with  -  ,  and  P  (z  —  a)  is  an  integral 

z  —  a  ° 

function  converging  uniformly  within  the  circle  ;   moreover,  c  is  an  integer. 
Thus 

F  (z}  =  A  (z  -  af  eG>  ^  e1  p  (*~a}  a~~. 
Let    *-as-£...*-X  =  (s-a) 

'  \  / 


—a)  as 
)  Q       \z-at  Q 

.z  -  a,j 

of  this  product-expression  fmf(z)  it  should  be  noted : — 
)     That  m  +  c  is  an  integer,  finite  because  m  and  c  are  finite : 

i)  The  function  e  '  \z~af  can  be  expressed  in  the  form  of  a  series  con- 
.ng  uniformly  everywhere  outside  a  small  circle  round  a,  and  proceeding 

twers  of     'in  the  form 

z  —  a 

b-i  bn 

1    _1_          :       _L  •*  i 

J.  -p  T  7  r^  T  •  •  •  • 

z  —  a     (z  -  a)- 

:S  no  zero  within  the  circle  considered,  for  F(z)  has  no  zero.    Also  a,  ( ) 

v  '  J  \z-aj 

polynomial  in  --—•--,  beginning  with  unity  and  containing  only  a  finite 
ber  of  terms :  hence,  multiplying  the  two  series  together,  we  have  as  the 
uct  a  series  proceeding  in  powers  of in  the  form 

Z  ~~"  CL 


h  converges  uniformly  everywhere  outside  any  small  circle  round  a.     Let 

•series  be  denoted  by  H  (  -  ]  ;  it  has  an  essential  singularity  at  a  and 
\z  —  ctj 

mly  zeros  are  the  points  a,  /3,  ...,  A,,  because  the  series  multiplied  by 

-  '•'--•  )  has  no  zeros  : 

-  aj 

iii)  The  function  /  P  (z  —  a)  dz  is  a  series  of  positive  powers  of  z  —  a, 
erging  uniformly  in  the  vicinity  of  a;  and  therefore  e/-P(«-«)^  can  be 
mded  in  a  series  of  positive  integral  powers  of  z  -  a,  which  converges 
he  vicinity  of  a.  Let  it  be  denoted  by  Q  (z  —  a)  which,  since  it  is  a 
>r  of  F(z),  has  no  zeros  within  the  circle. 

Hence  we  have 

/(*)  =  A  (z  -  aY  Q(z-a]  H  (-L)  , 


re    j,    s  an 


integer  ;    H  (  -  )  is  a  series  that  converges   everywhere 
\z  —  ft/ 

ide  an  infinitesimal  circle  round  a,  is  equal  to  unity  when   ----  vanishes, 


The  foregoing  function  f(z)  is  supposed  to  have  no  essential  singularity 
except  at  a.  If,  however,  a  given  function  have  singularities  at  points 
other  than  a,  then  the  circle  would  be  taken  of  radius  less  than  the  distance 
of  a  from  the  nearest  essential  singularity. 

Introducing  a  new  function  /i  (z)  defined  by  the  equation 


the  value  of'/i  (z)  is  Q  (z  —  a)  within  the  circle,  but  it  is  not  determined  by 
the  foregoing  analysis  for  points  without  the  circle.  Moreover,  as  (z  —  aY 

and  also  H  (  —  '•  —  ]  are  finite  everywhere  except  in  the  immediate  vicinity  of 

\z  —  a  I  J  l  J 

the  isolated  singularity  at  a,  it  follows  that  essential  singularities  of  f(z) 
other  than  a  must  be  essential  singularities  of  _/j  (z).  Also  since  /,  (z)  is 
Q  (z  -  «,)  in  the  immediate  vicinity  of  a,  this  point  is  not  an  essential 
singularity  of  J'\  (z). 

Thus  f-i  (z)  is  a  function  of  the  same  kind  us  f(z);  it  has  all  the  essential 
singularities  of  f(z)  except  a,  but  it  has  fewer  zeros,  on  account  of  the  m 

zeros  of  f(z)  possessed  by  H  (  )  .     The  foregoing  expression  for  f(z)  is 

\Z        Q// 

the  one  referred  to  at  the  beginning  of  the  section. 

ffi  (  —  -) 
If  we  choose  to  absorb  into  /i  (z)  the  factors  e  '  \~-«'    and 

which  occur  in 

«  (  l  } 
'  ^~a)    J^(«-a).te 


z  —  a 


an  expression  that  is  valid  within  the  circle  considered,  then  we  obtain  a 
result  that  is  otherwise  obvious,  by  taking 


where  now  gl  (  --  )  is  polynomial  in  ---  ,  and  has  for  its  zeros  all  the 
\£  —  ci/  z  —  cj 

zeros  within  the  circle  ;  /j,  is  an  integer  ;  and  /a  (z)  is  a  function  of  the  same 
kind  as  f(z),  which  now  possesses  all  the  essential  singularities  of  f(z),  but 

its  zeros  are  fewer  by  the  m  zeros  that  are  possessed  by  g^ 


i\Tavf      rvmeinov     in      •fnnr'hmn      f  ( s>\     -wif.li     m     ocoonf  inl     c-in  n-nl  «n»ifnf 


KM.JU.tllAJLCVJL.1  UJ.OC 


When  the  zeros  are  unlimited  in  number,  then  at  least  one  of  the 
pilarities  must  be  such  that  the  zeros  in  infinite  number  lie  within 
role  of  finite  radius,  described  round  it  as  centre  and  containing  no  other 
Clarity.  For  if  there  be  not  an  infinite  number  in  such  a  vicinity  of 
.e  one  point  (which  must  be  an  essential  singularity  :  the  only  alternative 
bat  the  zeros  should  form  a  continuous  aggregate,  and  then  the  function 
ild  be  zero  everywhere),  the  points  are  isolated  and  there  must  be  an 
nite  number  outside  a  circle  z  =  R,  where  R  is  a  finite  quantity  that 

be  made  as  large  as  we  please,  say  an  infinite  number  at  z  =  oo  .  If 
oo  be  an  essential  singularity,  the  above  alternative  is  satisfied  :  if  not, 

function,  as  in  the  preceding  alternative,  must  be  zero  at  all  other  parts 
he  plane.  Hence  it  follows  that,  if  a  uniform  function  have  a  finite  number 
essential  singularities  and  an  infinite  number  of  zeros,  all  but  a  finite 
nber  of  the  zeros  lie  within  circles  of  finite  radii  described  round  the 
intial  singularities  as  centres  ;  at  least  one  of  the  circles  contains  an 
nite  number  of  the  zeros,  and  some  of  the  circles  may  contain  only  a  finite 
nber  of  them. 

We  divide  the  whole  plane  into  region.s,  each  containing  one  but  only  one 
jularity  anrl   containing  also  the  circle  round  the  singularity;    let  the 
ion  containing  a/  be  denoted  by  (?.t-,  and  let  the  region  Cn  be  the  part  of 
plane  other  than  (7,,  G.2,  ..,,  (?„_•,. 

If  the  region  Ol  contain  only  a  limited  number  of  the  zeros,  then,  by  §  68, 
can  choose,  a  new  function/,  (z)  such  that,  if 


function  f\  (3)  has  aa  for  an  ordinary  point,  has  no  zeros  within  the  region 
and  has  a.,,  u;!,  ...,  an  for  its  essential  singularities. 

If  the  region  d  contain  an  unlimited  number  of  the  zeros,  then,  as  in 
rollaries  II.  and  III.  of  §63,  we  construct  any  transcendental  function 

/     1     \ 

I  --------  |  ,  having1  a,  for  its  sole  essential  singularity  and  the  zeros  in  (7,  for 

\z-aj  * 

its  zeros.     When  we  introduce  a  function  gi  (#),  defined  by  the  equation 


!  function  (/,  (z]  has  no  zeros  in  GI  and  certainly  has  a,2>  as,  ...,  an  for 
ential  singularities ;  in  the  absence  of  the  generalising  factor  of  GI,  it  can 


so  that  /j  (z)  does  not  have  a1  as  an  essential  singularity,  but  it  has  all  the 
remaining  singularities  of  gl  (z),  and  it  has  no  zeros  within  C^. 

In  either  case,  we  have  a  new  function  f\  (z)  given  by 


where  ^  is  an  integer.  The  zeros  of/(#)  that  lie  in  Cl  are  the  zeros  of  G±\  the 
function /i  (#)  has  a»,  a3,  ...,  an  (but  not  a,)  for  its  essential  singularities, 
and  it  has  the  zeros  of /(#)  in  the  remaining  regions  for  its  zeros. 

Similarly,  considering  C2,  we  obtain  a  function  /»  (z},  such  that 


Z 


where  /x2  is  an  integer,  G»  is  a  transcendental  function  finite  everywhere  except 
at  a«  and  has  for  its  zeros  all  the  zeros  of/i  (z} — and  therefore  all  the  zeros  of 
f(z} — that  lie  in  Gz.  Then/n  (z}  possesses  all  the  zeros  of  f(z)  in  the  regions 
other  than  Gt  and  G2,  and  has  a...,  a4>  ...,  an  for  its  essential  singularities. 

Proceeding  in  this  manner,  we  ultimately  obtain  a  function  fn  (z)  which 
has  none  of  the  zeros  of  f(z)  in  any  of  the  n  regions  Clt  02,  ...,  On,  that  is3 
has  no  zeros  in  the  plane,  and  it  has  no  essential  singularities;  it  has  no 
accidental  singularities,  and  therefore  fn  (z)  is  a  constant.  Hence,  when  we 

n 

substitute,  and  denote  by  8*  (z)  the  product  II  (z  —  cti)^,  we  have 


which  is  the  most  general  form  of  a  function  with  n  essential  singularities,  no 
accidental  singularities,  and  any  number  of  zeros.  The  function  $*  (z}  is  a 
rational  function  of  z,  usually  meromorphic  in  form,  and  it  has  the  essential 
singularities  of  f(z)  as  its  zeros  and  poles;  and  the  zeros  of  f(z)  are  dis- 
tributed among  the  functions  G(. 

As  however  the  distribution  of  the  zeros  by  the  regions  C  and  therefore 
the  functions  G  (— — — J  are  somewhat  arbitrary,  the  above  form  though  general 
is  not  unique. 

If  any  one  of  the  singularities,  say  am,  had  been  accidental  and  nofc 
essential,  then  in  the  corresponding  form  the  function  Gtn  ( — —  J  would  be 

•nnlvnnrm'a.l   n.nrl  not 


singularities  of/ (2),  each  in  its  proper  multiplicity.     Then  the  product 

/(*)  4  (5) 

is  a  function  which  has  no  accidental  singularities;  its  zeros  and  its  essential 
singularities  arc  the  assigned  zeros  and  the  assigned  essential  singularities  of 
f(z\  and  therefore  it  is  included  in  the  form 

Gt 


where  8*  (z}  is  a  rational  meromorphic  function  having  the  points  a1}a2,  ...,  an 
for  zeros  and  poles.     The  form  of  the  function /(V)  is  therefore 

.cf#  (Vi  «    (       /i 

-,-#n  {<?/   1 


71.  A  function  f(z),  which  has  an  unlimited  number  of  accidental  singu- 
larities in  addition  to  n  assigned  essential  singular ities  and  any  number  of 
assigned  zeros,  can  be  constructed  as  follows. 

Let  the  accidental  singularities  be  a.',  (•$', ....  Construct  a  function  /  (z), 
having  the  n  essential  singularities  assigned  to  f  (z),  no  accidental  singu- 
larities, and  the  series  a',  /3',  ...  of  zeros.  It  will,  by  §69,  be  of  the  form  of  a 
product  of  n  transcendental  functions  Gn+1,  ...,  G2n,  which  are  such  that  a 
function  Gr  has  for  its  zeros  the  zeros  of/  (z)  lying  within  a  region  of  the  plane, 
divided  as  in  §69;  and  the  function  Gn+i  is  associated  with  the  point  a^. 
Thus 

n 

i  =  l 

where  T*  (z)  is  a  rational  meromorphic  function  having  its  zeros  and  its 
poles,  each  of  finite  multiplicity,  at  the  essential  singularities  of/(>). 

Because  the  accidental  singularities  of/(^)  are  the  same  points  and  have 
the  same  multiplicity  as  the  zeros  of/(^),  the  function  f(z)fi  (z)  has  no 
accidental  singularities.  This  new  function  has  all  the  zeros  of  /  (z),  and 
a1}  ...,  an  are  its  essential  singularities;  moreover,  it  has  no  accidental  singu- 
larities. Hence  the  product/ (2) /  (z}  can  be  represented  in  the  form 

1    \ 


2  - 

and  therefore  we  have 


f    1    \ 

\z  —  aj 


i=\ 


G« 


\z  —  a, 
as  an  expression  of  the  function. 


in  §  69,  the  zeros  can  to  some  extent  be  arbitrarily  associated  with  the 
functions  G\,  G2,  ...,  Gn  and  likewise  the  accidental  singularities  can  to  some 
extent  be  arbitrarily  associated  with  the  functions  Gn+i>  Gn+z,  •--,  &m>  the 
product-expression  just  obtained,  though  definite  in  character  and  general, 
is  not.  unique  in  the  detailed  form  of  the  functions  which  occur. 

The  fraction  Tr^-f  ( 

J.     (z) 

is  rational,  neither  S*  nor  T*  being  transcendental ;  it  vanishes  or  becomes 
infinite  only  at  the  essential  singularities  al}  a,2,  ...,  an,  being  the.  product 
of  factors  of  the  form  (z  —  ct;)wi,  for  i—  1,  2,  . ..,  n.  Let  the  power  (2—  at-)'"t 
be  absorbed  into  the  function  Gi/GH+i  for  each  of  the.  n  values  of  i;  no 
substantial  change  in  the  transcendental  character  of  Gr,;  and  of  Gn+i  is 
thereby  caused,  and  we  may  therefore  use  the  same  symbol  to  denote  the 
modified  function  after  the  absorption.  Hence  f  the  must  general  product- 
expression  of  a  uniform,  function  of  z,  w)iich  lias  n  essential  singularities 
al}  u2,  ...,  an,  any  unlimited  number  of  unsigned  zeros,  and  any  unlimited 
number  of  assigned  accidental,  singularities,  is 


.  ft 

n  — 

i=l    /"n 

The  resolution  of  a  transcendental  function  with  one  essential  singularity 
into  its  primary  factors,  each  of  which  gives  only  a  single  zero  of  the  function, 
has  been  obtained  in  §  63,  Corollary  IV. 

We  therefore  resolve  each  of  the  functions  Glt  ...,  Gzn  into  its  primary 
factors.  Each  factor  of  the  first  n  functions  will  contain  one  and  only  one  zero 
of  the  original  functions  f(z) ;  and  each  factor  of  the  second  n  functions  will 
contain  one  and  only  one  of  the  poles  of  f(z\  The  sole  essential  singularity 
of  each  primary  factor  is  one  of  the  essential  singularities  of/(^).  Hence  we 
have  a  method  of  constructing  a  uniform  function  with  any  finite  number  of 
essential  singularities  as  a  product  of  any  number  of  primary  factors,  each 
of  which  has  one  of  the  essential  singularities  as  its  sole  essential  singularity 
and  either  (i)  has  as  its  sole  zero  either  one  of  the  zeros  or  one  of  the 
accidental  singularities  of  f(z),  so  that  it  is  of  the  form 


or  (ii)  it  has  no  zero  and  then  it  is  of  the  form 


iiiLv   same   way  as  in  §  oz    ana  m  3  DO, 
III.,    except  that   now  the   number   of    essential  singularities  is  not 
ted  to  unity.     The  product  converges  uniformly  for  all  finite  values  of  z 
<  lie  outside  small  circles  round  the  singularities ;  and  similarly  for  infinite 
.es,  if  the  function  is  regular  for  z  =  oo  . 

Iwo  forms  of  expression  of  a  function  with  a  limited  number  of  essential 
•ularities  have  been  obtained :  one  (§  65)  as  a  sum,  the  other  (§  69)  as  a 
luct,  of  functions  each  of  which  has  only  one  essential  singularity.  Inter- 
liate  expressions,  partly  product  and  partly  sum,  can  be  derived,  e.g. 
ressions  of  the  form 

M 

£  G* 


the  pure  product-expression  is  the  most  genera],  in  that  it  brings  into 
lence  not  merely  the  n  essential  singularities  but  also  the  zeros  and  the 
dental  singularities,  whereas  the  expression  as  a  sum  tacitly  requires  that 
function  shall  have  no  singularities  other  than  the  n  which  are  essential. 

Vote.  The  formation  of  fcho  various  elements,  the  aggregate  of  which  is  the  complete 
iisentution  of  the  function  with  a  limited  number  of  essential  singularities,  can  be 
icd  out  in  the  same  manner  as  in  §  34 ;  each  element  is  associated  with  a  particular 
ain,  the  range  of  the  domain  is  limited  by  the  nearest  singularities,  and  the  aggregate 
tc  singularities  determines  the  boundary  of  the  region  of  continuity. 

.""o  avoid  the  practical  difficulty  of  the  gradual  formation  of  the  region  of  continuity 
jhe  construction  of  the  successive  domains  when  there  is  a  limited  number  of 
alaritics  (and  also,  if  desirable  to  be  considered,  of  branch-points),  Fuchs  devised 
jthod  which  simplifies  the  process.  The  basis  of  the  method  is  an  appropriate  change 
IB  independent  variable.  The  result  of  that  change  is  to  divide  the  plane  of  the 
ified  variable  £  into  two  portions,  one  of  which,  G»,  is  Unite  in  area  and  the  other  of 
h,  GI,  occupies  the  rest  of  the  plane;  arid  the  boundary,  common  to  Gr{  and  6r2,  is 
I'cle  of  finite  radius,  called  the  discriminating  circle*  of  the  function.  In  t?2  the 
ified  function  is  holomorphic;  in  G\  the  function  is  holomorphic  except  at  £=oo  ; 
all  the  singularities  (and  the  branch-points,  if  any)  lie  on  the  discriminating  circle. 

?ho  theory  is  given  in  Fuchs's  memoir  "  Ueber  die  Darstellung  der  Functionen  com- 

3r  Variabeln,  ,"  Crolle,  t.  Ixxv,  (1872),  pp.  176—223.     It  is  corrected  in  details 

is  amplified  in  Crelle,  t.  cvi,  (1890),  pp.  1 — 4,  and  in  Crelle,  t.  cviii,  (1891), 
181 — 192;  see  also  Nekrassoff,  Math.  Ann.,  t.  xxsviii,  (1891),  pp.  82 — 90,  and 
isimoff,  Math.  Ann.,  t.  xl,  (1892),  pp.  145—148. 

*  Fuchs  calls  it  Grenzlcreis. 


CHAPTER  VII. 

FUNCTIONS  WITH  UNLIMITED  ESSENTIAL  SINGULARITIES,  AND  EXPANSION 
IN  SERIES  OF  FUNCTIONS. 

IN  addition  to  the  memoirs  mentioned  below,  aw  being  the  basis  of  the  present  chapter, 
there  are  several  others  (alluded  to  at  the  end  of  $  35)  of  the  greatest  importance,  dealing 
•with  the  general  theory  of  uniform  analytic  functions  and  particularly  with  their  analytical 
representation  by  an  infinite  .scries  of  polynomials  in  the  variable.  Among  these,  specially 
worthy  of  note,  are : — 

Range,  A  eta  Math.,  t.  vi,  (1885),  pp.  229—248; 

Hilbert,  GntL  Nadir.,  (1897),  pp.  03—70; 

Painlevi!-,  Comptcs  Rendus,  t.  cxxvi,  (1.898),  pp.  200—202,  318—321,  385—388,  459—461, 

ib.  t.  cxxviii,  (1899),  pp.  1277—1280,  ib.  t.  uxxix,  (1899),  pp.  27—31 ;  see  also  his 

thesis,  quoted  in  tj  8G ; 

Phragmen,  Comptes  Rendus,  t.  cxxviii,  (1899),  pp.  1434—1437; 
Mittag-Leffier,  Acta,  Matli.,  t.  xxiii,  (1900),  pp.   A3 — 62,  where  references  are  given 

to  earlier  records  of  the  investigations ;  also  Camli.  Phil.  Trans.,  (Stokes  Jubilee 

volume),  t.  xviii,  (1900),  pp.  1—11;  and  Acta  Math.,  t.  xxiv,  (1901),  pp.  183—244. 
See  also   Borel,   Lecons  sur  la  tkeorie  des  fonctions,  (Gauthier-Villars,  Paris,  1898), 

ch.  vi. 
A  comprehensive  reference  may  here  be  given  to  the  Collection  de  monographi.es  sur  la 

theorie  des  fonctions,  puhlie'e  sous  la  direction  de  M.  Emile  Borel.     The  earliest  of 

them  is  the  monograph  by  Eorel  just  quoted ;  and  some  of  them  deal  solely  with 

functions  of  real  variables. 

72.  It  now  remains  to  consider  functions  which  have  an  infinite  number 
of  essential  singularities*.  It  will,  in  the  first  place,  be  assumed  that  the 
essential  singularities  are  isolated  points,  that  is,  that  they  do  not  form  a 
continuous  line,  however  short,  and  that  they  do  not  constitute  a  continuous 

*  The  results  in  the  present  chapter  are  founded,  except  where  other  particular  references  are 
given,  upon  the  researches  of  Mittng-Leffler  and  Weierstrass.  The  most  important  investigations 
of  Mittag-Leffler  are  contained  in  a  series  of  short  notes,  constituting  the  memoir  "Sur  la  theorie 
des  fonctions  uuiforines  d'une  variable,"  Comptes  Rendus,  t.  xoiv,  (1882),  pp.  414,  511,  713,  781, 
938,  1040,  1105,  1163,  t.  xcv,  (1882),  p.  835 ;  and  in  a  memoir  "  Sur  la  representation  analytique 
des  fonctions  monogenes  uniformes,"  Acta  Math..,  t.  iv,  (1884),  pp.  1 — 79.  The  investigations  of 
Weierstrass  referred  to  are  contained  in  his  two  memoirs  "Ueber  einea  functionentheorefcisehen 
Satz  des  Herrn  G-.  Mittag-Leffler,"  (1880),  and  "  Zur  Functionenlehre,"  (1880),  both  included  in 
the  volume  Abhandlmigcn  aus  der  Fnnctionenlehre,  pp.  53—66,  67 — 101,  102 — 104,  Gew.  Wcrke, 
t.  ii,  pp.  189 — 199,  201 — 233.  A  memoir  by  Hermite,  "  Sur  quelques  points  de  la  thdorie  des 
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i,  however  small,  in  the  plane.  Since  their  number  is  unlimited  and 
ir  distance  from  one  another  is  finite,  there  must  be  at  least  one  point  in 
plane  (it  may  be  at  z  =  oo  )  where  there  is  an  infinite  aggregate  of  such 
nts.  But  no  special  note  need  be  taken  of  this  fact,  for  the  character  of  an 
jntial  singularity  does  not  enter  into  the  question  at  this  stage;  the 
sntial  singularity  at  such  a  point  would  merely  be  of  a  nature  different 
n  the  essential  singularity  at  some  other  point. 

We  take,  therefore,  an  infinite  series  of  quantities  a1}  a2,  as, ...  arranged  in 
er  of  increasing  moduli,  and  such  that  no  two  are  the  same :  and  so  we 
re  infinity  as  the  limit  of  j  av  \  when  v  =  oo  . 

Let  there  be  an  associated  series  of  uniform  functions  of  z  such  that 

all  values  of  i,  the  function  Gi  ( ) ,  vanishing  with ,  has  a,s  as 

\z-0il  °  z-a-i 

sole  singularity;  the  singularity  is  essential  or  accidental  according  as 
is  transcendental  or  polynomial.  These  functions  can  be  constructed 
theorems  already  proved.  Then  we  have  the  theorem,  due  to  Mittag- 
:fler: — It  is  always  possible  to  construct  a  uniform  analytic  function  F(z), 
ring  no  singularities  other  than  a];  a2,  aS)  ...  and  such  that  for  each 

erminate  value  of  v.  the  difference  F(z}  —  Gv  ( 1  is  finite  for  z  =  av 

•  •"  ^  '  \z~a.J       J         J 

I  therefore,  in  the  vicinity  of  av,  is  expressible  in  the  form  P(z—  av\ 
73.     To  prove  Mittag-Leffler's  theorem,  we  first  form  subsidiary  functions 
(z),  derived  from  the  functions  G  as  follows.     The  function  G 


a, 

iverges  everywhere  in  the  plane  except  within  an  infinitesimal  circle  -round 
:  point  av;  hence  within  a  circle  \z  |  =  p,  where  p  is  less  than  av\,  it  is  a 
iiogenic  analytic  function  of  z,  and  can  therefore  be  expanded  in  a  series 
positive  powers  of  z  which  converges  uniformly  within  the  circle  z  =  p, 


z-a 

values  of  z  such  that  \z  j  ^.p  <  j  av  |.     If  av  be  zero,  there  is  evidently  no 
Dansion. 

Let  e  be  a  positive  quantity  less  than  1,  and  let  el5  e2,  e3,  ...  be  arbitrarily 
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or 
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Hence,  with  values  of  z  satisfying  the  condition 


[73. 


,  we  have,  for 


any  value  of  m, 


2 
fi=» 


<  s  7  i*  ^   9    (i 

L  ~"~ 

since  e<  e0.     Take  the  smallest  integral  value  of  m  such  that 

ff 


it  will  be  finite  and  may  be  denoted  by  ?>?.„.     Thus  Ave  have 

[         CO 


for  values  of  z  satisfying  the  condition  j  z  \  ^  e  |  «„  |. 

We  now  construct  a  subsidiary  function  Fv(z}  such  that,  for  all  values  of  z, 

1 


then,  for  values  of  |  2r    which  are  ^  e  |  atf  , 


mv-l 

Moreover,  the  function   £  v^  is  finite  for  all  finite  values  of  z\  so  that,  if  we 
n=o 

take 


then  $„  (z}  is  zero  at  infinity,  because,  when  £  =  oo  ,  Gv  I  —      )  is  finite  by 

\z  —  QJV) 

hypothesis.     Evidently  $v(z)  is  infinite  only  at  z  =  av,  and  its  singularity  is 

of  the  same  kind  as  that  of  G,,  [  -—  -  ]  . 

\z  -  aj 

74.     Now  let  c  be  any  point  in  the  Diane,  which  is  not  one  of  the  points 


:1  therefore 


I  v 

!  *=„ 


inite  quantity.     Also  let  8  denote  any  assigned  finite  positive  quantity, 

f/.+y 

wever  small  ;  an  integer  //  can  be  chosen  so  that  2  es  <  8,  for  all  integers 

S=M. 
&  /A',  and  for  all  positive  integers  r.     For  these  same  integers,  we  have 


00 

therefore  follows  that  the  series    S  J'1,  0)  converges  uniformly  for   all 

a  =  v 

Lues  of  ^  which  satisfy  the  condition   z  -  c  ]  <  p.    Moreover,  all  the  functions 
(s),  Fs(z),...t  Fr~i(z)  we  finite  for  such  values  of  «,  because  their  singularities 
without  the  circle  \z-c   =  p  ;  and  therefore  the  series 


^verges  uniformly  for  all  points  z  within  or  on  the  circle  \z  —  c\=p,  where 
.s  chosen  so  that  all  the  points  a  lie  without  the  circle. 

The  function,  represented  by  the  series,  can  therefore  be  expanded  in  the 
•m  P  (z  —  c),  in  the  domain  of  the  point  c. 

If  am  denote  any  one  of  the  points  a1;  «2,  ...,  and  we  take  p'  so  small  that 

the  points,  other  than  amt  lie  without  the  circle 

z     cim  —  p , 

en,  since  Fm  (z)  is  the  only  one  of  the  functions  F  which  has  a  singularity 
am,  the  series 


r=l 


iere  2™  implies  that  Fm  (z)  is  omitted,  converges  uniformly  in  the  vicinity 
a,  and  therefore  it  can  be  expressed  in  the  form  P  (z  —  am).     Hence 


thus  appears  that  the  series  2  Fr(z)  is  a  function  which  has  infinities  only 

r-l 

at  the  points  a1;  a2,  ...,  and  is  such  that 


can  be  expressed  in  the  vicinity  of  am  in  the  form  P  (z  —  am).    Hence  2  Fr  (z) 
is  a  function  of  the  required  kind. 


r=l 


75.  It  may  be  remarked  that  the  function  is  not  unique.  As  the 
positive  quantities  e  were  subjected  to  merely  the  single  condition  that  they 
form  a  converging  series,  there  is  the  possibility  of.  wide  variation  in  their 
choice:  and  a  difference  of  choice  might  easily  lead  to  a  difference  in  the 
ultimate  expression  of  the  function. 

This  latitude  of  ultimate  expression  is  not,  however,  entirely  unlimited. 
For,  suppose  there  are  two  functions  F(z]  and  F  (z),  enjoying  all  the  assigned 
properties.  Then  as  any  point  c,  other  than  al}  a*,  ...,  is  an  ordinary  point  for 
both  F(z)  and  F  (z),  it  is  an  ordinary  point  for  their  difference  :  and  so 


for  points  in  the  immediate  vicinity  -of  c.  The  .  points  a  are,  however, 
singularities  for  each  of  the  functions  :  in  the  vicinity  of  such  a  point  a*, 
we  have 


\Z  — 

since  the  functions  are  of  the  required  form  :  hence 


or  the  point  af  is  an  ordinary  point  for  the  difference  of  the  functions.  Hence 
every  finite  point  in  the  plane,  whether  an  ordinary  point  or  a  singularity 
for  each  of  the  functions,  is  an  ordinary  point  for  the  difference  of  the 
functions  :  and  therefore  that  difference  is  a  uniform  integral  function  of  z. 
It  thus  appears  that,  if  F  (z)  be  a  function  with  the  required  properties,  then 
every  other  function  with  those  properties  is  of  the  form 


where    G-  (z}  is  a  uniform  intearal    function   of  z  either  transcendental   or 


v=l 

be  desirable  to  do  so  :  and  therefore  it  follows  that  any  function  with  the 
signed  characteristics  can  be  expressed  in  the  form 

I  {Fv(z)+gv(z}}. 

v=l 

Note.  In  the  preceding  investigation,  the  integers  mv  have  not  been  limited  to  be  the 
no  for  each  of  the  functions  67.  The  simplest  sets  of  functions  evidently  arise  when  a 
union  value  can  bo  assigned  to  the  integers;  they  then  correspond  to  Weierstrass's 
averging  infinite  products  (§§  50,  59—61),  arranged  according  to  their  class.  But  as 
bh  the  converging  infinite  products  (§  51),  it  may  happen  that  no  common  value  can 

assigned  :  And  then  the  preceding  investigation,  in  its  most  general  form,  establishes 
3  existence  of  the  functions. 

It  does  not,  however,  indicate  that  the  expression  is  unique.  If,  for  instance,  the 
•ics  of  functions  G  be 


•  71=1,  2,...,  the  function  formed  by  the  preceding  method  is 

xmn       \         l 


. 
m=i    (loge 

d   there  in  no  finite   integer   which,   when   assigned  as   the  common  value  of   the 
:eger,s  mn,  will  make  the  series  converge. 
But  we  may  use  the  function 


n=l 

rich  satisfies  all  the  conditions  and  is  a  converging  series*. 

76.     The  following  applications,  due  to  Weierstrass,  can  be  made  so  as 
give  a  new  expression  for  functions,  already  considered  in  Chapter  VI., 
iving  z  =  oo  as  their  sole  essential  singularity  and  an  unlimited  number 
poles  at  points  a1}  a.2,  .... 

If  the  pole  at  cii  be  of  multiplicity  mi}  then  (z  —  ai)m\f(z)  is  regular  at 
e  point  at  and  can  therefore  be  expressed  in  the  form 

co 

S  CM  (z  -  a^y. 

li.=0 
mi  -I 

ence,  if  we  take  fa  (z)  —    2  CM  (z  —  a,i)~mi+l*, 

ju  =  0 

5  have  f(z)  =/<  (z}  +  P  (z  -  a£. 

ow  deduce  from  fa  (z)  a  function  Fi  (z)  as  in  §  73,  and  let  this  deduction  be 
fected  for  each  of  the  functions  fa,  (z}.     Then  we  know  that 


form  of  the  function  therefore  is 


Hence  any  uniform  analytical  function  which  has  no  essential  singularity 
except  at  infinity-  can  be  expressed  as  a  sum  of  functions  each  of  which  has  onh 
one  singularity  in  the  finite  part  of  the  plane.  The  form  of  Fr  (z)  is 


where  /,.  (#)  is  infinite  at  z=ar,  and  G>(#)   is  a  properly  chosen  integra 
function. 

We  pass  to  the  case  of  a  function,  having  a  single  essential  singularity  a 
c  and  at  no  other  point,  and  any  number  of  accidental  singularities,  by  taldnj 

/  =  -  as  in  §  63,  Cor.  II.  :  and  so  we  obtain  the  theorem  :  — 
z  -c  d 

Any  uniform  function  which  has  only  one,  essential  singularity,  say  at  ( 
can  be  expressed  as  a  swn  of  uniform  functions  each  of  which  has  only  on 
singularity  different  from  c. 

Evidently  the  typical  summative  function  Fr(z}  for  the  present  case  is  c 
the  form 


77.  The  results,  which  have  been  obtained  for  functions  possessed  c 
an  infinitude  of  singularities,  are  valid  on  the  supposition,  stated  in  §  7S 
that  the  limit  of  av  with  indefinite  increase  of  v  is  infinite;  the  tern 
in  the  sequence  al}  aa,  ...  tend  to  one  definite  limiting  point  which  ; 
.2=00  and,  by  the  substitution  z  (z  —  c)  =  l,  can  be  made  any  point  c  i 
the  finite  part  of  the  plane. 

Such  a  sequence,  however,  does  not  necessarily  tend  to  one  definite  limitin 
point :  it  may,  for  instance,  tend  to  condensation  on  a  curve,  though  tb 
condensation  does  not  imply  that  all  points  of  the  continuous  arc  of  tt 
curve  must  be  included  in  the  sequence.  We  shall  not  enter  into  the  dii 
cussion  of  the  most  general  case,  but  shall  consider  that  case  in  which  tt 
sequence  of  moduli  Oj  ,  |  a2  \ ,  ...  tends  to  one  definite  limiting  value  so  tha 
with  indefinite  increase  of  v,  the  limit  of  |  av  is  finite  and  equal  to  L 
the  points  ax,  a2,  ...  tend  to  condense  on  the  circle  \z\-R. 
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that  p.,,,.  approaches  the  limit  zero  with  indefinite  increase  of  in.  There 
mot  l>o  an  infinitude  of  points  ap,  such  that  pp^  ®,  any  assigned  positive 
mtity  ;  for  then  either  there  would  be  an  infinitude  of  points  a  within  or 
the  circle  i  z  \  =  R  —  ®,  or  there  would  be  an  infinitude  of  points  a  within 
on  the  circle  \z  =  R  +  ©,  both  of  which  are  contrary  to  the  hypothesis 
it,  with  indefinite  increase  of  /',  the  limit  of  av\  is  R.  Hence  it  follows 
it  a  finite  integer  n  exists  for  every  assigned  positive  quantity©,  such  that 

K»~&m|<  ® 

en  m  ^  ?'. 

Then  the  theorem,  which  corresponds  to  Mittag-Leffler's  as  stated  in  §  72 
;1  which  also  is  due  to  him,  is  as  follows  :  — 

It  is  always  possible  to  construct  a  uniform  analytical  function  of  z  which  is 
<inite  over  the  whole  plane,  except  within  infinitesimal  circles  round  the  points 
md  b,  and  which.,  in  the  immediate  vicinity  of  each  one  of  the  singularities  a, 
'i  be  expressed  in  the  form 


z  —  a 

'ere  the  functions  Gi  are  assigned  functions,  vanishing  with  -  ,  and  finite 

z  —  ai 

irywliere  in  the  plane  except  at  the  single  points  a,;  with  which  they  are 
ipectively  associated. 

In  establishing  this  theorem,  we  shall  need  a  positive  quantity  e  less  than 
tity  and  a  converging  series  e1}  ea,  eg,  ...  of  positive  quantities,  all  less  than 
iity. 

Let  the  expression  of  the  function  Gu  be 

1  Cnz  CH>  i{ 


/  7    \   )  1         ^n          n  I 

ien,  since  z  —  an=(z  —  on)  ]  1  —  -  —  r~  r  , 

(  *  ~  Un  ) 

e  function  Gn  can  be  expressed!  in  the  form 


z  -  a 


*  The  first  of  these  examples  is  given  by  Mittag-Leffler,  Acta  Math.,  t.  iv,  p.  11 ;  the  second 
,s  stated  to  me  by  Prof.  Buruside. 
t  The  justification  of  this  statement  is  to  be  found  in  the  proposition  in  §  82. 


n'r 


Now,  because  Cr,,,  is  finite  everywhere  in  the  plane  except  at  an,  the  series 

I  cn,i  I    ,    I  \Gn,z      .    \0n,3  \    , 

&     """    fc  2    "•"    e  u    """  ••• 

£11  £«  fen 

has  a  finite  value,  say  g,  for  any  non-zero  value  of  the  positive  quantity  %n  ; 
then 


Hence 


r=l 


1  + 


f« 


-  6,, 


JU.-1 


Introducing  a  positive  quantity  a  such  that 

(1  +  a)  e  <  1, 

we  choose  £7i  so  that  %n  <  a  an  —  bn  \ ;    . 

and  then  |  An>IJ.\  <  c/a  (1  +  a)^"1. 

Because  (1  4-  a)  e  is  less  than  unity,  a  quantity  Q  exists  such  that 

(1+  o)  e  <  0  <  1. 


Then  for  values  of  z  determined  by  the  condition 


%       \An,,\ 


o 


z-bn 


<  e,  we  have 


Let  the  integer  mn  be  chosen  so  that 

go.      6^n 


1  +  a  1  -  0  ~   "" 

it  will  be  a  finite  integer,  because  Q  <  1.     Then 

i  //    _  A    n 


We  now  construct,  as  in  §  73,  a  subsidiary  function  Fn  (z),  defining  it  by 
the  equation 

7)  \  f- 

n      vn\ 


Fn(z)\<en. 
iunction  with  the  required  properties  is 

F(z)  =  2  Fm(z). 


m=l 


To  prove  it,  let  c  be  any  point  in  the  plane  distinct  from  any  of  the  points 
,nd  b  ;  we  can  always  find  a  value  of  p  such  that  the  circle 


itains  none  of  the  points  a  and  6.  Let  I  be  the  shortest  distance  between 
s  circle  and  the  circle  of  radius  R,  on  which  all  the  points  b  lie ;  then  for 
points  z  within  or  on  the  circle  z  —  c  \  =  p,  we  have 

I  7  —  h      >  / 

I  «       "m    &  (" 

>w  we  have  seen  that,  for  any  assigned  positive  quantity  6,  there  is  a 
ite  integer  n  such  that 

Om-bm\<®, 

ten  m  ^  n.     Taking  ©  =  el,  we  have 


len  M  ^  n,  n  being  the  finite  integer  associated  with  the  positive  quantity  el. 
It  therefore  follows  that,  for  points  z  within  or  on  the  circle    z  —  c  \  =  p, 

I  Fm  («)  |  <  em, 
ion  in  is  not  less  than  the  finite  integer  n  ;  hence 

oc 

S    j  Fm  (z}  \<en  +  en+1  +  en+»  +  .... 

m=n 

ow  the  series  of  positive  quantities  els  e2,  ...  converges  ;  and  therefore 


a  series,  which  converges  uniformly  and  unconditionally.     Each  of  the 
notions  F1  (z),  Fz  (z),  ...  ,  Fnr.l  (z)  is  finite  when  \z  -c\^p;  and  therefore 

5  Fm(z) 


Hence  the  function  represented  by  the  series  can  be  expressed  in  the  form 
P  (z  —  c)  for  all  such  values  of  z.  The  function  therefore  exists  over  the 
whole  plane  except  at  the  points  a  and  b. 

It  may  be  proved,  exactly  as  in  §  74,  that,  for  points  z  in  the  immediate 
vicinity  of  a  singularity  am> 


The  theorem  is  thus  completely  established. 

The  function  thus  obtained  is  not  unique,  for  a  wide  variation  of  choice  of 
the  converging  series  e1  +  e2  -i- . . .  is  possible.  But,  in  the  same  way  as  in  the 
corresponding  case  in  §  75,  it  is  proved  that,  if  F(z)  be  a  function  with  the 
required  properties,  every  other  fim,ction  with  those  propertied  is  of  the  form 

where  0  (z)  behaves  regularly  in  the  immediate  vicinity  of  every  point  in  the 
plane  except  the  points  b. 

Kx.     If  the  points  a  in  Mittag-Loftbr'n  theorem  are  given  by 
and  if  ("/„,( )  =  ,  shew  that 

\    ~   .         ry          I  «  rf          ' 

\*      "HI/        z      ""in 


is  a  function  of  the  character  specified  in  the  theorem. 
Discuss  the  nature  of  the  function  defined  by 


x,  nan-l 

2  — 

1>~1    _M. 


(Math.  Trip.,  Part  II.,  1899.) 

78.  The  theorem  just  given  regards  the  function  in  the  light  of  an 
infinite  converging  series  of  functions  of  the  variable  :  it  is  natural  to  suppose 
that  a  corresponding  theorem  holds  when  the  function  is  expressed  as  an 
infinite  converging  product.  With  the  same  series  of  singularities  as  in 
§  77,  when  the  limit  of  «.„  |  with  indefinite  increase  of  v  is  finite  and 
equal  to  R}  the  theorem  *  is : — 


piuui   is   siuaiicu    0.11  u«utiiio  uu   jjiuuis  ui   uuiiei  jjiupucuuiuiio  cuiu.  10   YVJJJ. 

ierefore  be  given  only  in  outline.     We  have 


n,,  nv 


i 


•  T    T 
rovided 


--  , 
z  —  bv 


__ 
—  bv     z  —  bv  ^_i  \z  — 


<  e,  the  notation  being  the  same  as  in  §  77.     Hence,  for 


ich  values  of  z, 


f  we  denote 


2 

y  Ev  (z),  we  have  Ev  (z)  =  e   llv^mv^ 

lence,  if  F(z)  denote  the  infinite  product 


v=l 


Sj        S     i/a,,-6AM) 

-  S  <HV       2-       -  I  -"—  —      J. 
—  e     v=i  (      ft=?»I/+i  P\z-ovJ   )  • 


?e  have  £ 

nd  F(z)  is  a  determinate  function  provided  the  double  series  in  the  index  of 
he  exponential  converges. 

Because  tiv  is  a  finite  integer,  and  because 


s  a  converging  series,  it  is  possible  to  choose  an  integer  mv  so  that 


vhere  77  „  is  any  assigned  positive  quantity.  We  take  a  converging  series  of 
jositive  quantities  ??„;  and  then  the  moduli  of  the  terms  in  the  double  aeries 
'orm  a  uniformly  converging  series.  The  double  series  itself  therefore 
converges  uniformly;  and  then  the  infinite  product  F  (z)  converges  uniformly 
br  points  z  such  that 

a,,  — 


z  —  6, 


<  e. 


10 


lie  outside  the  circle  \z  —  c\  —  p\  and  then,  for  all  points  within  or  on  this 
circle, 

^in       vm 

----- 
z  -  bm 

when  'in^n,  n  being  the  finite  integer  associated  with  the  positive  quantity 
el.     The  product 

ft  Ev(z) 

v—n 

is  therefore  finite,  for  its  modulus  is  less  than 


n-L 

the  product  n  Ev  (z) 

,>~i 

is  finite,  because  the  circle  \z~c\-p  contains  none  of  the  points  a  and  b  ; 
and  therefore  the  function  F(z)  is  finite  for  all  points  within  or  on  the  circle. 
Hence  in  the  vicinity  of  c,  the  function  can  be  expanded  in  the  form  P  (z  —  c)\ 
and  therefore  the  function  is  definite  everywhere  in  the  plane  except  within 
infinitesimal  circles  round  the  points  a  and  b. 

The  infinite  product  converges  uniformly  and  unconditionally.  As  in  §  51, 
it  can  be  zero  only  at  points  which  make  one  of  the  factors  zero  and,  from  the 
form  of  the  factors,  this  can  take  place  only  at  the  points  av  with  positive 
integers  nv.  In  the  vicinity  of  av,  all  the  factors  of  F  (z)  except  Ev(z)  are 
regular  ;  hence  F  (z)IEv  (z}  can  be  expressed  as  a  function  of  z  —  av  in  the 
vicinity.  But  the  function  has  no  zeros  there,  and  therefore  the  form  of  the 
function  is 

gPxCs-n,,). 

Hence,  in  the  vicinity  of  av>  we  have 


=  (z  —  avyiv  ep(s~a''\ 

on  combining  the  exponential  index  in  Ev  (s)  with  Pj  (z  —  av).     This  is  the 
required  property. 

Other  general  theorems  will  be  found  in  Mittag-Leffler's  memoir  just 
quoted. 

79.     The  investigations  in  §§  72  —  75  have  led  to  the  construction  of  a 

r.-««A,'  --     -,,^4-1*      nr,,^™^^A     •.^•..^•^/-.^•f-,'™  T>     -,'r,     i  rvi  -n  /i  ivi-n  ••->•(-     *  ^     T™     r.'Mrv     f/->     r.1-.  n  -n  n-n      I'T-,-*-^ 


point,  we  have 


„=!  J       *  -  z  \t 
n«)  .        .  .  ' 

where          implies  an  integral  taken  round  a  very  small  circle  centre  a. 

It'  the  origin  be  one  of  the  points  a1}  a2,  ...,  then  the  first  term  will  be 
included  in  the  summation. 

Assuming  that  z  is  neither  the  origin  nor  any  one  ^  of  the  points  a1}  ...,  a^, 
we  have 


scthnt 


„ 

Now 


(T\*l  l  I      i      J  C"*  "      I  /  \      t 

ZTrt  J     t  —  z  \t  J  27n  J      t  —  z  \t 

~  ZTTI  ,=i 


t-z\t 


(in  —  1)  !  \_dtm~l  t  — 
~dm~l 


—  +  -~ 
|_a(/"~  ~  (    £ 

(m-l)l    -<=bm"1^ 


(m  -  1)  !  L^"1 

n55  _  1 

m-i  (0)  +  !?      J;  cD«-2  (0)  +  .  .  . 


1  (QY\ 

P  =  -  ew, 


unless  ^  =  0  be  a  singularity  and  then  there  will  be  no  term  G  (z).     Similarly, 
it  can  be  shewn" that 

am, 


is  equal  to  (?,  (-L-)  -  "s'  y,  ( f  )  =  F,  (z\ 

\Z  —  U,VJ          x=o 


where  G 

'  V^  -  avj          VTTI  J        t  ~  z     ' 

10—2 


development  ot  (.rv  in  ascending  powers  ol  z.     Jtiencc 


If,  for  an  infinitely  large  contour,  m  can  bo  chosen  so  that  the  integral 


,        . 

t  —  z\t 

diminishes  indefinitely  with  mcreu.sing  contours  enclosing  successive  singu- 
larities, then 

$(*)  =  <?(*)+  2  F,(e). 

*  !<=-! 

The  integer  m  may  be  called  the  critical  integer. 
If  the  origin  be  a  singularity,  we  take 


and  there  is  then  no  term  G  (z)  :  hence,  including  the  origin  in  the  summa- 
tion, we  have 


I  — 

so  that  if,  for  this  case  also,  there  be  some  finite  value  of  tn  which  makes 
the  integral  vanish,  then 

*(*)«  2  jFVC*), 

v  =  0 

Other  expressions  can  be  obtained  by  choosing  for  m  a  value  greater  than 
the  critical  integer  ;  but  it  is  usually  most  advantageous  to  take  m  equal  to 
its  lowest  effective  value. 

Ex.  1.  The  singularities  of  the  function  TT  cot  ire  are  given  by  z=\  for  all  integer 
values  of  X  from  —  co  to  +  co  including  zero,  so  that  the  origin  is  ii  singularity. 

The  integral  to  be  considered  is 

irt  /  z\m  . 

at. 


t-z     \t 


AYe  take  the  contour  to  be  a  circle  of  very  large  radius  R  chosen  so  that  the  circumference 
does  not  pass  intinitesimally  near  any  one  of  the  singularities  of  n-cot  rrt  at  infinity;  this 
is,  of  course,  possible  because  there  is  a  finite  distance  between  any  two  of  them.  Then, 
round  the  circumference  so  taken,  TT  cot  irt  is  never  infinite:  hence  its  modulus  is  never 
greater  than  some  finite  quantity  M. 


1  .some  point  t  on  the  circle.     Now,  as  the  circle  is  very  large,  we  have  \t-s\  infinite  : 
ice  |/  1  can  be  made  zero  merely  by  taking  m  unity. 

Thus,  for  the  function  -n-  cot  irz,  the  critical  integer  is  unity. 
Hence,  by  the  general  theorem,  we  have  the  equation 

,  I       [IT  cot  nt  s  7 

7T  COt  7TZ=  —  -—.  21  ----------  dt. 

27rt    .J     t  —  g      t     ' 

'  .summation  extending  to  all  the  points  X  for  integer  values  of  \=-<x>  to  +00,  and 
:h  integral  being  taken  round  a  small  circle  centre  X. 

,T          .„    .  1       [W  TT  Cot  Trt  Z    , 

.Now  if.  m  -  —  .          —  -  --  -dt, 

'  2?rt  J          t-z       t 

take  tfasX  +  f,  we  have 

7rcot7r*= 
ere  P(f)  =  0  when  f=0;  and  therefore  the  value  of  the  integral  is 


In  the  limit  when  j  £  |  is  infinitesimal,  -this  integral 

z 


I 


X-2        X' 

1         1 

I  therefore  Fx  (z)  —  — -  +  - , 

AV  '    z-X     X' 

i  be  not  zero. 

And  for  the  aero  of  X,  the  value  of  the  integral  is 


hat  F0  (s)  is  - .     In  fact,  in  the  notation  of  §  72,  we  have 


the  summation  not  including  the  zero  value  of  X. 
Ex,  2.     Obtain,  ab  initio,  the  relation 

_JL    _  A=°°     _  ]• 
d&*~  J-vft- 

Ex.  3.     Shew  that,  if 


TrcotTrs      1   .  „     «>        1  1 

.  _    .  .  —  __  U  9?' 
/>  /    \        —          I    ^-"^    -2 


(Gyldon,  Mittag-Lcffler.) 
Ex.  4.     Obtain  an  expression,  in  the  form  of  a  stun,  for 

7T  COt  TTZ 

where  Q(s)  denotes 

7^-.  5.     Construct  a  uniform  analytioal  function  F(v),  which  is  finite  at  all  [finite 
points  except  at  the  points  0,  1,  2,  3,  ...,  at  which  it  in  infinite  in  .such  a  way  that 

^  (#)-«*  COt  7T/17 

is  finite  at  each  of  the  points. 

(Math.  Trip.,  Part  II.,  1897.) 

80.  The  results  obtained  in  the  present  chapter  relating  to  functions 
which  have  an  unlimited  number  of  singularities,  whether  distributed  over 
the  whole  plane  or  distributed  over  only  a  finite  portion  of  it,  sheAv  that 
analytical  functions  can  be  represented,  not  merely  as  infinite  converging 
series  of  powers  of  the  variable,  but  also  as  infinite  converging  series  of 
functions  of  the  variable.  The  properties  of  functions  when  represented  by 
series  of  powers  of  the  variable  depended  in  their  proof  on  the  condition  that 
the  series  proceeded  in  powers  ;  and  it  is  therefore  necessary  at  least  to 
revise  those  properties  in  the  case  of  functions  when  represented  as  series 
of  functions  of  the  variable. 

Let  there  be  a  series  of  uniform  functions  /i  (z),  /2  (z),  .  .  .  ;  then  the 
aggregate  of  values  of  z,  for  which  the  series 


has  a  finite  value,  is  the  region  of  continuity  of  the  series.     If  a  positive 
quantity  p  can  be  determined  such  that,  for  all  points  z  within  the  circle 

z  —  a  \  =  p, 

GO 

the  series  %  fj  (z)   converges   uniformly*,    the  series   is   said   to   converge 


j  z  —  a  =  R 

is  called  the  domain  of  a;  and  the  series  converges  uniformly  in  the  vicinity 
of  any  point  in  the  domain  of  a. 

It  will  be  proved  in  §  82  that  the  function,  represented  by  the  series  of 
functions,  can  be  represented  by  power-series,  each  such  series  being  equiva- 
lent to  the  function  within  the  domain  of  some  one  point.  In  order  to  be 
able  to  obtain  all  the  power-series,  it  is  necessary  to  distribute  the  region  of 
continuity  of  the  function  into  domains  of  points  where  it  has  a  uniform 
finite  value.  We  therefore  form  the  domain  of  a  point  6  in  the  domain  of  a 
from  a  knowledge  of  the  singularities  of  the  function,  then  the  domain  of 
a  point  c  in  the  domain  of  b,  and  so  on ;  the  aggregate  of  these  domains  is  a ' 
continuous  part  of  the  plane  which  has  isolated  points  and  which  has  one  or 
several  lines  for  its  boundaries.  Let  this  part  be  denoted  by  Alf 

For  most  of  the  functions,  which  have  already  been  considered,  the  region 
AI,  thus  obtained,  is  the  complete  region  of  continuity.  But  examples  will 
be  adduced  almost  immediately  to  shew  that  A^  does  not  necessarily  include 
all  the  region  of  continuity  of  the  series  under  consideration.  Let  a'  be  a 
point  not  in  Alt  within  whose  vicinity  the  function  has  a  uniform  finite 
value ;  then  a  second  portion  A.,  can  be  separated  from  the  whole  plane,  by 
proceeding  from  a  as  before  from  a.  The  limits  of  Al  and  A,,  may  be  wholly 
or  partially  the  same,  or  may  be  independent  of  one  another :  but  no  point 
within  either  can  belong  to  the  other.  If  there  be  points  in  the  region  of 
continuity  which  belong  to  neither  A}  nor  A2,  then  there  must  be  at  least 
another  part  of  the  plane  A;i  with  properties  similar  to  Al  and  As.  And  so 

on 

on.     The  series  S  fi  (z)  converges  uniformly  in  the  vicinity  of  every  point 

i-l 

Avithin  each  of  the  separate  portions  of  its  region  of  continuity. 

It  Avas  proved  that  a  function  represented  by  a  series  of  powers  has  a 
definite  finite  derivative  at  every  point  lying  actually  within  the  circle 
of  convergence  of  the  series,  but  that  this  result  cannot  be  affirmed  for  <a 
point  on  the  boundary  of  the  circle  of  convergence  even  though  the  value  of 
the  series  itself  should  be  finite  at  the  point,  an  illustration  being  provided 
by  the  hypergeo metric  series  at  a  point  on  the  circumference  of  its  circle  of 
convergence.  It  will  appear  that  a  function  represented  by  a  series  of 
functions  has  a  definite  finite  derivative  at  every  point  lying  actually  within 
its  region  of  continuity,  but  that  the  result  cannot  be  affirmed  for  a  point 
on  the  boundary ;  and  an  example  will  be  given  (§  83)  in  which  the  derivative 
is  indefinite. 


analytical  expression,  either  a  series  of  powers  or  a  series  of  functions  : 
(i)  can  represent  different  functions  in  the  same  continuous  part  of  its  region 
of  continuity,  (ii)  can  represent  different  functions  in  distinct,  that  is,  non- 
continuous,  parts  of  its  region  of  continuity. 

81.     Consider  first  a  function  defined  by  a  given  series  of  powers. 

Let  there  be  a  region  A'  in  the  plane  and  let  the  region  of  continuity  of 
the  function,  say  y  (z),  have  parts  common  with  A'.  Then  if  a0  be  any  point 
in  one  of  these  common  parts,  we  can  express  g  (z}  in  the  form  P  (z  —  «.0)  in 
the  domain  of  an. 

As  already  explained,  the  function  can  be  continued  from  the  domain  of 
«„  by  a  series  of  elements,  so  that,  the  whole  region  of  continuity  is  gradually 
covered  by  domains  of  successive  points ;  to  find  the  value  in  the  domain  of 
any  point  a,  it  is  sufficient  to  know  any  one  element,  say,  the  element  in  the 
domain  of  ai}.  The  function  is  the  same  through  its  region  of  continuity. 

Two  distinct  cases  may  occur  in  the  continuations. 

First,  it  may  happen  that  the  region  of  continuity  of  the  function  g  (z) 
extends  beyond  A'.  Then  we  can  obtain  elements  for  points  outside  A', 
their  aggregate  being  a  uniform  analytical  function.  The  aggregate  of 
elements  then  represents  within  A'  a  single  analytical  function  :  but  as  that 
function  has  elements  for  points  without  A',  the  aggregate  within  A'  does  not 
completely  represent  the  function.  Hence  : — 

If  a  function  I>Q  defined  within  a.  continuous  region  of  a  plane  by  an 
aggregate  of  elements  in  the  form  of  power-series,  which  are  continuations  of 
one  another,  the  aggregate  represents  in  that  part  of  the  plane  one  (and  only 
one]  analytical  function:  but  if  the  power-series  can  be  continued  beyond  the 
boundary  of  the  region,  the  aggregate  of  elements  within  the  region  is  not  the 
r-omplete  representation  of  the  analytical  fit-notion.' 

This  is  the  more  common  case,  so  that  examples  need  not  be  given. 

Secondly,  it  may  happen  that  the  region  of  continuity  of  the  function  does 
not  extend  beyond  A'  in  any  direction.  There  are  then  no  elements  of  the 
function  for  points  outside  A'  and  the  function  cannot  be  continued  beyond 
the  boundary  of  A'.  The  aggregate  of  elements  is  then  the  complete  repre- 
sentation of  the  function  and  therefore  : — 

//'  a  function  be  defined  within,  a  continuous  region  of  a  plane  by  an 
aggregate  of  elements  in  the  form  of  power-series,  which  are  continuations  of 
one  another,  and  if  the  power-series  cannot  be  continued  across  the  boundary 

n~l~    f.nrtf.    V&nt.rm      f.Jift    tlflfwonnio    n~F   ola^novifo    nvt.    tlia    won-tnti    •/«•    +l>o  fnnttitiloto    n'o.rvr'a- 


>.,  caueu  one  natural/  Limit  01  tne  iiinction  ,  as  it  is  a  line  beyond  wnicn 
function  cannot  be  continued.     Such  a  line  arises  for  the  series 


:,he  circle  |^|  =  1,  a  remark  clue  to  Kronecker;  other  illustrations  occur 
joimection  with  the  modular  functions,  the  axis  of  real  variables  being 
natural  limit,  and  in  connection  with  the  automorphic  functions  (see 
tpter  XXII.)  when  the  fundamental  circle  is  the  natural  limit.  A  few 
mples  will  be  given  at  the  end  of  the  present  chapter. 

t  appears  that  Weier.sfcrass  was  the  first  to  announce  the  existence  of  natural  limits 
malytic  functions,  Berlin.  Monatsber.  (1866),  p.  617  ;  see  also  Schwara,  Ges.  Werke, 
pp.  24.0  —  242,  who  adduces  other  illustrations  and  gives  some  references  ;  Klein  and 
Ice,  Vorl.  'fiber  dia  T/ienrie  der  elliptisc/ion  Modulfunctionen,  t.  i,  (1890),  p.  110.  Some 
•eating  examples  and  discussions  of  functions,  which  have  the  axis  of  real  variables 
%  natural  limit,  are  given  by  Hankel,  "  Untersuclmngen  iiber  die  xinondlich  oft 
lircnden  uud  unwtotigen  Fmictionen,"  Math.  Ann.,  t.  xx,  (1870),  pp.  63  —  112. 

82.  Consider  next  a  series  of  functions  /j,  (z),  fs  (z),  fs  (z),  ...  of  the 
:able  z. 

In  the  first  place,  let  each  of  them  occur  in  the  form  of  power-series  in  z, 
h  (it  may  be)  positive  and  negative  indices,  say  in  the  form 


time  that  the  power-series  for  the  separate  functions,  as  well  as  the  series 


unctions,  have  a  common  region  of  continuity  in  the  vicinity  of  the  origin 
i  that,  for  values  of  z  given  by 


function -series  and  each  of  the  power-series  converge  uniformly.     Then 

sum 


a  definite  finite  value,  say  A^;  for  the  values  of  z  considered,  the  series 
)erges ;  and  -we  have 


to  choose  an  integer  m,  such  that 

2  /.(*) 

I  s~n 

for  all  integers  n  ^  m,  and  for  all  values  of  z  such  that  R  <  7\  <  r  <  r2  <  R, 
where  rj  —  R  and  .R'  —  ?%a  are  non-vanishing  quantities,  no  matter  how  small 
they  may  be  assigned ;  and  therefore  for  the  same  range  of  variables,  it  is 
possible  to  choose  an  integer  m  so  that,  for  all  integers  n^m  and  for  all 
finite  positive  integers  p,  we  have 

r/.oo  =  i /„(*>-  s  _/,(*)! 


2 

jf-t-^-Kl' 


Owing  to  the  iiniteness  of  the  integer  p,  we  have 


2 


/n+p 


so  that 


for  all  integers  n  ^  m,  and  for  all  positive  integers  p.     Hence  (Corollary,  §  29) 


i  n+p 


< 


Avhere  z\  =  r;  because  k,  being  greater  than  the  upper  limit  of  the  modulus 
of  the  above  series  for  all  the  values  of  z  considered,  is  greater  than  the  upper 
limit  of  its  modulus  for  values  of  z  such  that  |  z  \  =  r.  It  therefore  follows 
that,  because  kr~*  is  an  arbitrary  quantity  assigned  as  small  as  we  please, 
and  because  an  integer  m  can  be  chosen  such  that  the  above  inequality  holds 

CO 

for  all  integers  n  ^  m  and  for  all  positive  integers  p,  the  series  2  a,s.K  converges 

•s> = i 
to  a  unique  finite  limit.     Denote  this  by  A,,.. 


Let 


n  -1 


,  =  A. 


V 


then  regarding  kr{~*  and  kr^  as  two  assigned  quantities,  as  small  as  we 
please  (because  k  can  be  assigned  as  small  as  we  please,  and  rlt  rz  are  finite 
non-vanishing  magnitudes),  the  convergence  of  the  series  whose  sum  is  A^ 
enables  us  to  choose  an  integer  n  such  that  A^"  is  smaller  than  each  of  the 


/v,  \  jli 

k- 


-1 

2 


and  therefore 


Hence  the  series   5U1/V-  converges.     Moreover,  each  of  the  power-series 
/i  00.  •  •  •  ,  fn-i  (z)  converges  uniformly  ;   therefore 


;.ind  the  latter  series  converges  uniformly.     The  two  series  2  A^, 
can  therefore  be  combined  into  the  series 


Avhich  accordingly  is  a  converging  series. 
Finally,  we  have 

«/  ' 


2/,(*)-S^=2/.^) 

,s-  =  l  M  ,s-  =  l 


and  therefore 


-2  A 


^»  91 

i}'G  ~T~  K  -p  /C  . 

?•  —  ?'j       r2  —  ?' 


As  the  assigned  quantity  k  is  at  our  disposal,  we  can  choose  it  so  that  the 
quantity  on  the  right-hand  side  is  smaller  than  any  assignable  magnitude  : 
consequently,  for  the  values  of  z  under  consideration,  we  have 


s=l 


and  assume  that  within  A  (though  not  necessarily  at  points  on  its  boundary) 
the  function-series  converges  uniformly.  Let  a  denote  any  arbitrarily 
assumed  position  within  A  ;  each  of  the  functions  fK(z)  is  regular  in  the 
vicinity  of  a  and  is  expressible  in  the  form  of  a  power-series  .Px(z-ci) 
containing  only  positive  powers  of  z  —  a.  By  the  preceding  investigation,  the 
function-series  can  be  represented  as  a  power-series,  and  we  have 


VI 

In  P(z—  a),  the  coefficient  of  (z—  of  is  A^,  which  is  2  aXH.,  where  ww  is  the 

,y~l 

coefficient  of  (z  —  a)1*  in  fg  (s)  ;  accordingly 


for  all  values  of  fj,.     Since  a  is  any  arbitrarily  chosen  point  in  A,  it  follows 
that,  for  all  points  within  A,  we  have 


en 

As  the  function-series  5}  /H  0)  converges  imiforiuly,  and  as  /„  0)  is  regular  in 

.S'  =  l         , 

the  vicinity  of  a,  it  is  easy  to  see  that  the  series 

£  <£/•.(*) 
«=i     d&- 

also  converges  uniformly  ;  and  therefore  the  derivatives  of  the  function-series 
within  the  region  of  continuity  are  the  derivatives  of  the  function  the  series 
represents. 

The  expression  P  (z  -  a.)  is  an  Element  of  the  function  F  (z)  :  and  within 
the  domain  of  a,  contained  in  the  region  A,  it  represents  the  function.  It  can 
be  used  for  the  continuation  of  F  (z)  so  long  as  the  domains  of  successive 
points  lie  within  A  ;  but  this  restriction  is  necessary,  and  the  full  continuation 
of  P(z-a)  as  an  element  of  a  power-series  is  not  necessarily  limited  by 
the  region  A.  It  is  solely  in  that  part  of  its  region  of  continuity  which  is 
included  within  A  that  it  represents  the  function  F(z);  the  boundary  of  the 
region  A  must  not  be  crossed  in  forming  the  continuations  of  P  (z-a). 

It  therefore  appears  that  a  converging  series  of  functions  of  a  variable 
can  be  expressed  in  the  form  of  series  of  powers  of  the  variable,  which 
converge  within  the  parts  of  the  plane  where  the  series  of  functions 
converges  uniformly:  but  the  equivalence  of  the  two' 


83.]  :  A   SERIES   OF   FUNCTIONS 

to  .such  parts  of  the  plane,  and  cannot  be  extended  beyond  the  boundary  of 
the  region  of  continuity  of  the  series  of  functions. 

If  the  region  of  continuity  of  a  series  of  functions  consist  of  several  parts 
of  the  plane,  then  the  series  of  functions  can  in  each  part  be  expressed  in 
the  form  of  a  set  of  converging  series  of  powers  :  but  the  sets  of  series  of 
powers  are  not  necessarily  the  same  for  the  different  parts,  and  they  are  not 
necessarily  continuations  of  one  another,  regarded  as  power-series. 

Suppose,  then,  that  the  region  of  continuity  of  a  series  of  functions 

*»  =!/.(*) 
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consists  of  several  parts  Al}  A.J,,  ....  Within  the  part  Al  let  F ' (z]  be 
represented,  as  above,  by  a  set  of  power-series.  At  every  point  within  A1} 
the  values  of  F  (z)  and  of  its  derivatives  are  each  definite  and  unique ;  so 
that,  at  every  point  which  lies  in  the  regions  of  convergence  of  two  of  the 
power-series,  the  values  which  the  two  power-series,  as  the  equivalents  of  F(z) 
in  their  respective  regions,  furnish  for  F  (z)  and  for  its  derivatives  must  be 
the  same.  Hence  the  various  power-series,  which  are  the  equivalents  ofF(z) 
in  the  region  A1}  are  continuations  of  one  another:  and  they  are  sufficient  to 
determine  a  uniform  monogenic  analytic  function,  say  Fl  (z).  The  functions 
F  (z)  and  Fl(z)  are  equivalent  in  the  region  Al ;  and  therefore,  by  §  81,  the 
series  of  functions  represents  one  and  the  same  function  for  all  points  within 
one  continuous  part  of  its  region  of  continuity.  It  may  (and  frequently  does) 
happen  that  the  region  of  continuity  of  the  analytical  function  F^  (z}  extends 
beyond  AT^;  and  then  Fl(z)  can  be  continued  beyond  the  boundary  of  Al  by 
a  succession  of  elements.  Or  it  may  happen  that  the  region  of  continuity 
of  Fi(z}  is  completely  bounded  by  the  boundary  of  A: ;  and  then  that  function 
cannot  be  continued  across  that  boundary.  In  either  case,  the  equivalence 

oo 

of  F1(z)  and  2  fs(z)  does  not  extend  beyond  the  boundary  of  Al}  one 
*=i 

CO 

complete  and  distinct  part  of  the  region  of  continuity  of  2  fs  (z) ;   and 

s-l 

therefore,  by  using  the  theorem  proved  in  §  81,  it  follows  that : — 

A  series  of  /auctions  of  a  variable,  which  converges  within  a  continuous 
part  of  the  plane  of  the  variable  z,  is  either  a  partial  or  a  complete 
representation  of  a  sinqle  uniform  analytic  function  of  the  variable  in  that 


sum  uj.  nit:  uurresjjuiiuiiig  utJiivtiiivcsa  ui  Jx\z)i  wilts  nu.ni  UUHV  tuning  uimunmy 
within  A.  The  equivalence  of  the  analytic  function  and  the  series  of 
functions  has  not  been  proved  for  points  on  the  boundary  ;  even  if  they  are 
equivalent  there,  the  function  Fl  (z)  cannot  be  proved  to  have  a  uniform 

finite  derivative  at  every  point  on  the  boundary  of  A,  and  therefore  it  cannot 

f> 
be  affirmed  that  5}  f8  (z)  has,  of  necessity,  a  uniform  finite  derivative  at  points 

s-l 
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on  the  boundary  of  A,  even-  though  the  value  of  2  f$(z)  be  uniform  and  finite 

s=T 
at  every  point  on  the  boundary*. 

Ex.  In  illustration  of  the  Lust  inference,  regarding  the  derivative  of  a  function  at 
a  point  on  the  boundary  of  its  region  of  continuity,  consider  the  series 

<j(z)=    2   ft"*"11, 
«=o 

where  I  is  a  positive  quantity  less  than  unity,  and  <t  is  a  positive  quantity  which  will  be 
taken  to  be  an  odd  integer. 

For  points  within  and  on  the  circumference  of  the  circle  |s|  =  ],  the  series  converges 
uniformly  and  unconditionally;  and  for  .all  points  without  the  circle  the  series  diverges. 
It  thus  defines  a  function  for  points  within  the  circle  and  on  the  circumference,  but  not 
for  points  without  the  circle. 

Moreover,  for  points  actually  within  the  circle,  the  function  has  a  first  derivative  and 
consequently  has  any  number  of  derivatives.  But  it  cannot  be  declared  to  have  a 
derivative  for  points  on  the  circle  :  and  it  will  in  fact  now  be  proved  that,  if  a  certain 
condition  be  satisfied,  the  derivative  for  variations  at  any  point  on  the  circle  is  not  merely 
infinite  but  that  the  sign  of  the  infinite  value  depends  upon  the  direction  of  the  variation, 
so  that  the  function  is  not  monogenic  for  the  circumference  t. 

Let  3=uei:  then,  as  the  function  converges  unconditionally  for  all  points  along  the 
circle,  we  take 


=   2 

71=0 

where  Q  is  a  real  variable.     Hence 


, 
2,   -j-  \e 


<£  7i=o  9 

=  "'2   anbn\- --:— 1 

n-o  (.  a  <p  } 
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+    2    6" 


*  It  should  be  remarked  here,  as  at  the  end  of  §  21,  that  the  result  in  itself  does  not 
contravene  Eiemann's  definition  of  a  function,  according  to  which  (§  8)  -—  must  have  the  same 


ming  m,  in  the  first  place,  to  be  any  positive  integer.     To  transform  the  first  sum  on 
'i  ght-hanci  side,  we  take 


therefore 


m-1 

<  2   («&)» 
n=() 

m-l 

<  2    (<i&Y 


>  1.     Hence,  on  this  hypothesis,  we  have 


=  7 
7 


(aft)"' 

=    -V-^-  ? 
J      7a6-l' 

i'u  y  is  a  complex  quantity  with  modulus  <  1. 

^ 
L\>  tranHform  tho  second  .sum  on  the  right-hand  side,  let  the  integer  nearest  to  am- 

TT 

(„,.,  so  that 


my  value  of  m  :  then  taking 

^  =  a"l^  —  7ram, 

i;ive  |TT  ^  x  >  -{ITT, 

cos  .?;  is  not  neg;iti\'e.     We  choose  the  quantity  0  so  that 


thereforo 


ill,  by  taking  m  sufficiently  large  (a  is  >1),  can  be  made  as  small  as  we  please.     We 
have 

gfl."'"1""  (0 f  </))  i  _  e«'Vi  (1  +  a,,,)  _  _  /  _  -^  \  a,,, 

be  an  odd  integer,  and 


therefore        2 


,     . 

2  bn(l+eaXI'). 


real  part  of  the  series  on  the  right-hand  side  is 


2    0" 


Moroovcr  -i-TT  <  TT  —  a?  <  iin-, 

77  2 

so  that  —  —  is  positive  and  >s.     Hence 
ir  —  .v  o 


whore  7;  is  a  finite  complex  quantity,  the  real  part  of  which  is  positive  and  greater  tl 
unity.     We  thus  have 


where  |  y'  \  <  1,  and  the  real  part  of  ?;  is  positive  and  >  1. 
Proceeding  in  the  same  way  and  taking 

#  -  X  _  "«i  ~  '-1 

7T  «?lt       ' 

.so  that  ^.±x 


X  X  [_.}   7T  (f'>—  J. 

where  i  71'  |  <  1  twicl  the  real  part  of  77,  ,  a  finite  complex  (quantity,  is  positive  and  grej 
than  unity. 

If  now  we  take  ab  —  l  >  iiir, 

the  real  parts  of  "  ^  4-y'  -J—  :  ,  way  of  f, 

v  TT         cty  "~  ~  J 


are  both  positive  and  different  from  zero.-    Then,  since 

« 


7ii  being  at  present  any  positive  integer,  we  have  the  right-hand  sides  essentially  diflfe] 
quantities,  because  the  real  part  of  the  first  is  of  sign  opposite  to  the  real  part  of 
second. 

Now  let  ?7i  be  indefinitely  increased;  then  <£  and  x  are  infinitesimal  quantities  wl 
ultimately  vanish;  and  the  limit  of  I  [/  (Q  +  <£)-/  (6)]  for  c/>  =  0  is  a  complex  infi 
quantity  with  its  real  part  opposite  in  sign  to  the  real  part  of  the  complex  infi 
quantity  which  is  the  limit  of  -  [  flfi-  ^-/cmi  for  v  =  n  Tf  f(fi\  linr!  n. 


2   bn  cos  (an<9), 

Ji=0 

which  is  a  series  converging  uniformly  and  unconditionally.     The  real  parts  of 

-(-!)*«.  («&)'»£ 
and  of  +(-l)a™(a&)™fi 

are  the  corresponding  magnitudes  for  the  series  of  real  quantities  :  and  they  are  of  opposite 
.signs.     Hence  for  no  value  of  Q  has  the  series 


a  determinate  differential  coefficient,  that  is,  we  can  choose  an  increase  <£  and  a  decrease  % 
of  0,  both  being  made  as  small  as  we  please  and  ultimately  zero,  such  that  the  limits  of 
the  expressions 


are  different  from  one  another,  provided  a  be  an  odd  integer  and  a&>' 

The  chief  interest  of  the  above  investigation  lies  in  its  application  to  functions  of  real 
variables,  continuity  in  the  value  of  which  is  tlras  shewn  not  necessarily  to  imply  the 
existence  of  a  determinate  differential  coefficient  denned  in  the  ordinary  way.  The 
application  is  duo  to  Weierstrass,  as  has  already  been  stated.  Further  discussions  will 
bo  found  in  a  paper  by  Wiener,  Crelle,  t.  xc,  (1881),  pp.  221  —  252,  in  a  remark  by 
Weierstrass,  Ges.  Werke,  t.  ii,  p.  229,  and  in  a  paper  by  Lerch,  Crelle,  '  t.  ciii,  (1888), 
pp.  126  —  138,  who  constructs  other  examples  of  continuous  functions  of  real  variables; 
and  an  example  of  a  continuous  function  without  a  derivative  is  given  by  Schwarz, 
ties.  Werke,  t.  ii,  pp.  269—274. 

The  simplest  classes  of  ordinary  functions  are  characterised  by  the  properties  :  — 

(i)    Within  some  region  of  the  plane  of  the  variable  they  are  uniform,  finite,  and 
continuous  : 

(ii)    At  all  points  within  that  region  (but  not  necessarily  on  its  boundary)  they  have 
a  differential  coefficient: 

(iii)    When  the  variable  is  real,  the  number  of  maximum  values  and  the  number  of 
minimum  values  within  any  given  range  is  finite. 

The  function  2  6ncos(an0),  suggested  by  Weierstrass,  possesses  the  first  but  not  the 

71=0 

second  of  these  properties.  Kb'pcke  (Math.  Ann.,  t.  xxix,  pp.  123  —  140)  gives  an  example 
of  a  function  which  possesses  the  first  and  the  second  but  not  the  third  of  these 
propei'ties. 

84.  In  each  of  the  distinct  portions  Al3  A2>  ...  of  the  complete  region 
of  continuity  of  a  series  of  functions,  the  series  can  be  represented  by  a 
rnonogenic  analytic  function,  the  elements  of  which  are  converging  power- 
series.  But  the  equivalence  of  the  function-series  and  the  monogenic 
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oo 

the  equivalent  of  the  scries  S  f8(z}iT\  A2.    Hence,  if  the  inonogenic  analytic 

s=l' 

functions  for  the  two  portions  A^  and  As  be  different,  the  function-series 
represents  different  functions  in  the  distinct  parts  of  its  region  of  continuity. 

A  simple  example  will  be  an  effective  indication  of  the  actual  existence 
of  such  variety  of  representation  in  particular  cases ;  that,  which  follows,  is 
due  to  Tannery*. 

Let  a,  b,  c  be  any  three  constants ;  then  the  fraction 

a,  +  bczm 
l+b^' 

when  'in  is  infinite,  is  equal  to  a  if  |  z  j  <  1,  and  is  equal  to  c  if  |  z   >  1. 

Let-»m0,  TOJ,  m»,  ...  be  any  set  of  positive  integers  arranged  in  ascending 
order  and  be  such  that  the  limit  of  ww,  when  n  =  oo ,  is  infinite.  Then, 
since 

a  +  bc2m»     a  +  bczm°  {a  -t-  bczmt     a  +  bczmt-i 

+ 


1  +  bzm»       I  +  bzm°      7=1(1+  bz™i       I  + 

__a  +  bcz™»     ,  .  £   (  (s"li-'» 

-  -r+k&  +  &  (c  -  a)  ^  1^^  ^ 

the  function  (j>  (z),  defined  by  the  equation 

f 


r1  V/  —    i     .7     MI ~  v  \ "  —  ^J    "^    l/i     i    ?^ 

r  X  1  +  6#"'»  0  =  1  1(1  +  bi 

converges  uniformly  to  a  value  a  if  \  z  [  ^  p  <  1,  am/  converges  uniformly  to  a 
value  c  if  |s|^//>l.  But  if  |0|  =  1;  the  value  to  which  the  series  tends 
depends  upon  the  argument  of  z :  the  series  cannot  be  said  to  converge  for 
values  of  z  such  that  z  j  =  1. 

The  simplest  case  occurs  when  b  =  —  I  and  mt  =  2': ;  then,  denoting  the 
function  by  ^>(^),  we  have 

f\ly  00  fl.iil 

—  /  \     v  * 
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61  ~~  CZ        ,  N   i       «^  «  <^  I 
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lur  Tine  series,  me  circle  evidently  nas  tne  property  ot  dividing  tne  plane 
into  two  parts  such  that  the  analytical  expression  represents  different 
functions  in  the  two  parts. 

If  we  introduce  a  new  variable  £  connected  with  z  by  the  relation* 


_ 

_, 

then,  if  £'=  £  +  irj  and  z  =  as  +  iy,  we  have 


- 
so  that  |  is  positive  when  \  z  \  <  1,  and  £  is  negative  when  \  z  \  >  1.     If  then 


the  function  %  (£)  is  equal  to  a  or  to  c  according  as  the  real  part  of  £  is 
positive  or  negative. 

And,  generally,  if  we  take  £  a  rational  function  of  z  and  denote  the 
modified  form  of  <{>(£),  which  will  be  a  sum  of  rational  functions  of  z,  by 
0i  (2),  then  (/>!  (z)  will  be  equal  to  a  in  some  parts  of  the  plane  and  to  c 
in  other  parts  of  the  plane.  The  boundaries  between  these  parts  are  lines 
<  >t'  singular  points  :  and  they  are  constituted  by  the  ^-curves  which  correspond 
bo  £|  =  1. 

85.  Now  let  F(z)  and  G(z)  be  two  functions  of  z  with  any  number  of 
singularities  in  the  plane  :  it  is  possible  to  construct  a  function  which  shall 
be  equal  to  F(z)  within  a  circle  centre  the  origin  and  to  G(z)  without  the 
circle,  the  circumference  being  a  line  of  singularities.  For,  when  we  make 
a  =  1  and  c  =  0  in  (/>  (z)  of  §  84,  the  function 


____  ... 
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is  unity  for  all  points  within  the  circle  and  is  zero  for  all  points  without  it  : 
and  therefore 


is  a  function  which  has  the  required  property. 

Similarly  F3  (z}  +  {F,  (z)  -  F,  (z)}  6  (z)  +  {F.2  (z)  -  F3  (*)}  6 


is  a  function  which  has  the  value  Fl  (z)  within  a  circle  of  radius  unity,  the  value  Fz  (z) 
between  a  circle  of  radius  unity  and  a  concentric  circle  of  radius  r  greater  than  unity,  and 
the  value  Fs  (z)  without  the  latter  circle.  All  the  singularities  of  the  functions  F^  Fz,  F3 
are  singularities  of  the  function  thus  represented:  and  it  has,  in  addition  to  these,  the 


V    '    J  / 

is  a  function  of  z,  which  is  equal  to  F(s)  on  the  positive  side'of  the  axis  of  y,  and  is  equal 
to  G(z)  on  the  negative  .side  of  that  axis. 

. ,       .r        ,  ,  ,     •  1+2 

Also,  if  we  take  fe-J*i  —  pi  =  ,  —  , 

J.  —  z 

where  a\  and  pt  are  real  constants,  as  an  equationj-defiuing  a  new  variable  £+2.77,  we  have 
£  COH  aj + 1]  sin  ai  - P-L — ••-,-- 


so  that  the  two  regions  of  the  z-plane  determined  by  |  z  \  <  1  and  |  s  \  >  1  correspond  to  the 
two  regions  of  the  f- plane  into  which  the  line  £  cos  G^  +  T?  sin  aj  —  p^  =  0  divides  it.     Let 

fta—  la, —  m    — IN 

0^=0(4^    '__/• 


«o  that  on  the  positive  side  of  the  line  |  cos  01  +  17  sin  «i-jpi=0  the  function  61  is  unity 
and  on  the  negative  side  of  that  line  it  is  zero.  Take  any  three  lines  denned  by 
a"  Pi',  QS> p2;  a3,  ps  respectively;  then  /nA  ^  / 


is  a  function  which  has  the  value  F  within 
the  triangle,  the  value  -2?  in  three  of  the 
spaces  without  it,  and  the  value  zero  in  the 
remaining  three  spaces  without  it,  as  indi- 
cated in  the  figure  (fig.  13). 

And  for  every  division  of  the  plane  by 
lines,  into  which  a  circle  can  be  transformed 
by  rational  equations,  as  will  be  explained 

when  conformal  representation  is  discussed  v  ' '  ™     •,  .> 

hereafter,  there  is  a  possibility  of  represent- 
ing discontinuous  functions,  by  expressions  similar  to  those  just  given. 

These  examples  are  sufficient  to  lead  to  the  following  result*,  which  is 
complementary  to  the  theorem  of  §  82 : — 

When  the  region  of  continuity  of  an  infinite  series  of  functions  consists 
of  several  distinct  parts,  the  series  represents  a  single  function  in  each  part 
but  it  does  not  necessarily  represent  the  same  function  in  different  parts. 

It  thus  appears  that  an  analytical  expression  of  given  form,  which  con- 
verges uniformly  and  unconditionally  in  different  parts  of  the  plane  separated 
from  one  another,  can  represent  different  functions  of  the  variable  in  those 
different  parts;  and  hence  the  idea  of  monogenic  functionality  of  a'complex 
variable  is  not  coextensive  with  the  idea  of  functional  dependence  expressible 
through  arithmetical  operations,  a  distinction  first  established  by  Weierstrass. 

86.     We  have  seen  that  an  analytic  function  has  not  a  definite  value  at 


LUOUS  lines  of  essential  singularities  which  must  therefore  be  excluded, 
nethod  for  the  construction  of  such  functions  has  just  been  indicated : 
3  is  possible  to  obtain  other  analytical  expressions  for  functions  which 
ss  what  may  be  called  a  singular  line.  Thus  let  a  function  have  a 
of  radius  c  as  a  line  of  essential  singularity*;  let  it  have  no  other 
[arities  in  the  plane  and  let  its  zeros  be  c^,  a2,  a;),  ...,  supposed  arranged 
;h  order  that,  if  pnei9n  =  an,  then 

pn       C  I  ^    pn+i        C  I , 

ut  the  limit  of  pn,  when  n  is  infinite,  is  c. 

2t  on  =  ceion,  a  point  on  the  singular  circle,  corresponding  to  an  which  is 
ied  not  to  lie  on  it.    Then,  proceeding  as  in  Weierstrass's  theory  in  §  51, 


n  f  -- 

74=1    (Z  ~ 


is  a  uniform  function,  continuous  everywhere  in  the  plane  except  along 
reu  inference  of  the  circle  which  may  be  a  line  of  essential  singularities. 

pecial  simpler  forms  can  be  derived  according  to  the  character  of  the 
of  quantities  constituted  by  |  an  —  cn  |  .     If  there  be  a  finite  integer  m, 

00 

that   S    |  an  —  cn  m  is  a  converging  series,  then  in  gn  (z)  only  the  first 
n=i 

terms  need  be  retained. 
.     Construct  the  function  when 

,         ,  .       Zmwi 
1  —  _- 


ig  a  given  positive  integer  and  r  a  positive  quantity. 

gain,  the  point  cn  was  associated  with  an  so  that  they  have  the  same 
nent  :  but  this  distribution  of  points  on  the  circle  is  not  necessary,  and 
.  be  made  in  any  manner  which  satisfies  the  condition  that  in  the  limited 

00 

ust  quoted  the  series  2  j  an  —  cn  jm  is  a  converging  series. 

n=l 

igular  lines  of  other  classes,  for  example,  sections^  in  connection  with  functions 
I  by  integrals,  arise  in  connection  with  analytical  functions.  They  are  discussed 
inleve,  Sur  las  lignes  singulieres  des  fonctions  analytiques,  (These,  Gauthier-Villars, 
1887). 

'.  1.     Shew  that,  if  the  zeros  of  a  function  be  the  points 

.  _ 


the  function  n 

where  the  product  extends  to  all  positive  integers  subject  to  the  foregoing  condition 
ad  —  bc=l,  is  a  uniform  function  finite  for  all  points  in  the  plane  not  lying  on  the 
circle  of  radius  unity.  (Pi  card.) 

Ex.  2.     Examine  the  character  of  the  disti'ibution  of  points  zn  in  the  plane  of   : 
which  are  given  by 

'••    =  |  1  J--  \  <A/iJMjri  In  —  1     9    Q         \ 

-7i  —  \    ~,,,/  '  i/t  —  i,  -a,  o,  ,..;. 

\        "/ 

Consider  especially  the  neighbourhood  of  the  circle  whose  centre  i.s  the  origin  and  whose 
radius  is  1. 

Shew  that 


represents  a  inonogenic  function  of  z  at  all  points  within  the  circle  ;  and  investigate  tin? 
possibility  of  an  analytical  continuation  of  this  function  beyond  the  circle. 

(Math.  Trip.,  Part  II.,  1896.) 

87.  In  the  earlier  examples,  instances  were  given  of  functions  which 
have  only  isolated  points  for  their  essential  singularities  :  and,  in  the  latter 
examples,  instances  have  been  given  of  functions  which  have  lines  of 
essential  singularities,  that  is,  there  are  continuous  lines  for  which  the 
functions  do  not  exist.  We  now  proceed  to  shew  how  functions  can  he 
constructed  which  do  not  exist  in  assigned  continuous  spaces  in  the  plane. 
Weierstrass  was  the  first  to  draw  attention  to  lacwmry  functions,  as  they 
may  he  called;  the  following  investigation  in  illustration  of  Weierstrass's 
theorem  is  due  to  Poincare*. 

Take  any  convex  curve  in  the  plane,  say  0  :  and  consider  a  function- 
series  of  the  form 

A 
-"-71 


where  the  constants  An  and  bn  are  subject  to  the  conditions 

CO 

(i)      The  series  IE  An  converges  unconditionally  : 

il  =  0 

.(ii)     Each  of  the  points  bn  is  either  within  or  upon  the  curve  C  : 

(iii)     When  any  arc  whatever  of  C  is  taken,  as  small  as  we  please,  that 
arc  contains  an  unlimited  number  of  the  points  bn. 


*        Antr.          C^ 


which  therefore  has  the  area  of  G  for  a  lacunary  space. 

00 

^et  8  denote  the  sum  of  .the  converging  series  S  |  An  \ :  then  denoting  by 

iy  assigned  quantity,  as  small  as  we  please,  an  integer  p  can  always  be 
rmined  so  that 


=  S 

n-  p 


An\<K. 


Consider  the  function-series  in  the  vicinity  of  any  point  c  outside  C.  Let 
anote  the  distance  of  c  from  the  nearest  point  of  the  boundary*  of  G,  so 
R  is  a  finite  non-  vanishing  quantity  ;  and  draw  a  circle  of  radius  R  and 
re  c,  which  thus  touches  C  externally.  Thus  for  all  the  points  b  except 
le  point  of  contact,  we  have 

\bn-c   >  R. 

z  be  any  point  within  the  circle,  so  that 

—  G<  R 


where  6  is  a  positive  quantity  less  than  1.     Then 
\z  —  bn\>   bn  —  c  |  —  |  z  —  c  \ 
>  R  (I  -  0)  ; 


therefore 


__ 

Z  —  bn 


.•? 

<.  ~i 


R(i-ey 


2 
«=o 


An         -    o         \ An 


s 


hat  the  function-series  converges  unconditionally.     Also 

00       I  A 

K.          Jin 


^R(i-ey 

therefore  the  function-series  converges  uniformly :  that  is, 


investigation  (§§  82,  83),  this  is  expressible  in  the  form  of  a  converging  series 
P  (0  —  c)  ;  manifestly 


We  have 


and  therefore  , 


m=Dn-() 
8 


that   is,   the   series    P  (z  —  c)   converges   unconditionally.     Let    Gm    denote 


An(bn-c)-m-1;  then 

71  =  0 


m=() 


The  point  c  is  any  arbitrarily  chosen  point  outside  the  curve  G  ;  and  therefore 
the  function  represented  by  </>  (z)  for  points  z  outside  the  curve  G  is  a  uniform 
analytic  function. 

Any  power-series  representing  this  function  can  be  used  as  an  element 
for  continuation  outside  G  and  away  from  G:  we  proceed  to  prove  that  it 
cannot  be  continued  across  the  boundary  of  G.  If  this  were  possible,  it  would 
arise  through  the  construction  of  the  domain  of  some  point  z0,  where  £„  is  a 
point  outside  G  (say  within  such  a  circle  as  the  above,  centre  c),  and  where 
the  circle  bounding  the  domain  of  z0  would  cut  off  some  arc  from  the  boundary 
of  G.  The  preceding  analysis  shews  that,  in  the  domain  of  z0,  the  function  is 
represented  by  a  power-series 

Q  (*-*„)  =  -  2  Bm(z-z0)m, 


where 


Sm  =  2  An  (bn  - 


n-O 


it  must  be  shewn  that  the  series  diverges  for  points  z  within  G. 

In  the  first  place,  consider  the  series  P  (z  —  c)  ;  in  order  that  it  may 
converge,  only  such  values  of  z  are  admissible  as  make  the  limit  of 
Gm  (z  —•c)m  zero,  when  in  is  infinite.  Let  a  point  be  taken  on  the  circum- 


i/  externally ;  let  the  point  01  contact  be  a  point  bk  (such  a  circle  can  always 
be  constructed,  by  drawing  the  outward  normal  at  a  point  b  and  choosing 
some  point  o  upon  it).  Let  any  arbitrary  quantity  e  be  assigned,  as  small 
as  we  please ;  and  let  an  integer  p  be  chosen  large  enough  to  secure  that 


this  being  possible  because  Sp,  the  remainder  of  the  converging  series  £  \Av  |, 
can  (by  choice  of  p)  be  made  less  than  any  assigned  quantity.  Either  the 
chosen  number  p  is  greater  than  k :  or  if  it  is  less  than  k,  then  some  other 
number  (>  p)  can  be  chosen  so  that  it  is  greater  than  k :  we  may  therefore 
assume  p  >  k. 

Draw  a  circle,  centre  c  and  radius  R'  greater  than  R,  so  as  to  include  the 
point  fa,  and  exclude  the  points  60,  ...,  bp  with  the  exception  of  fa.  This  can 
be  clone :  for  if 

i  fa  -  fa-i  |  >  X22,         |  fa  -  fa+l  |  >  \R, 

where  A,  is  some  positive  quantity  as  small  as  we  please  (but  not  absolutely 
zero),  we  can  take 

and  then 

j?fr  3  3          3    *  *  *  J  3  3"*)    jf  * 

Let  q  denote  a  number  sufficiently  large  to  secure  that 

S 


R'\R 


Then  as 


we  have 


and  therefore 


G,,= 


.  v 

n—r>  \"m ' 


n=0 
fc-l 


, 
+ 


«Jf^y+i 


A-l 


p  -I 


that  is, 

Limit  CgE*  j  =  Limit  |  AkR*  (bk  -  c)-*-1  \  =  !-^*  '  , 

(/  =  00  IJ—tX  •*-" 

so  that  C^jK'-f  does  not  tend  to  zero  when  ^  is  infinitely  large,  as  it  should  if 
P  (z  —  c)  converges.     Thus  P  (s  —  c)  does  not  converge  for  points  given  by 

j  z  —  c   =  R. 

Consider  now  the  domain  of  z0,  assumed  to  include  points  within  G  and 
therefore  some  arc  of  C  ;  the  function  is  represented  throughout  that  domain 
by  Q  (z  ~  #o)'  Ori  the  included  arc  of  G  take  any  one  (say  &fc)  of  the  un- 
limited number  'of  points  b  ;  at  Lk  draw  an  outward  normal  to  C  and  choose  a 
point  z-i  on  it  such  that  the  circle 


lies  wholly  within  the  domain  of  #„.  The  function  is  represented  by  a  power- 
series  in  z  —  Zi  throughout  this  circle  ;  and  as  the  circle  lies  wholly  within 
the  domain  of  z0,  the  representation  is  included  in  Q(z  —  zQ).  But,  by  the 
preceding  investigation,  the  power-series  does  not  converge  on  the  circum- 
ference of  the  circle  z  —  ^  =  |  bk  —  zl  \  :  contradicting  the  supposition  that 
Q(z  —  z0)  converges  in  a  domain  of  z0  enclosing  this  circle.  Hence  the  power- 
series  P  (z—  c)  cannot  be  continued  across  the  boundary  of  (7;  in  other  words, 
the  function  represented  by  P  (z  —  c)  and  its  continuations  has  the  area  of  Gf 
for  a  lacunary  space. 

The  discussion  of  the  significance  (if  any)  of  (j)  (2)  for  points  z  within 
G  depends  on  the  distribution  of  the  points  bn  within  C,  as  to  which  no 
hypothesis  has  been  made. 

As  an  example,  take  a  convex  polygon  having  «i,  ......  ,  a,v  for  its  angular  points; 

then  any  point 


where  mi,  ......,wip  are  positive  integers  or  zero  (simultaneous  zeros  being  excluded),  is 

cither  within  the  polygon  or  on  its  boundary  :  and  any  rational  point  within  the  polygon 
or  on  its  boundary  can  be  represented  by 


S  mrar 

r=l 

v 
2  mr 

r-l 


by  proper  choice  of  m1;  ,  mp,  a  choice  which  can  be  made  in  an  infinite  number 

of  ways. 

Let  M:, ,  Up  be  given  quantities,  the  modulus  qf  each  of  which  is  less  than  unity  : 


and  therefore  it  in  a  function  which  converges  uniformly  and  unconditionally  everywhere 
outside  the  polygon  and  which  has  the  polygonal  space  (including  the  boundary)  for 
a  lacunary  space. 

If,  in  particular,  p  =  2,  we  obtain  a  function  -which  has  the  straight  line 
joining  «j  and  a»  as  a  line  of  essential  singularity.  When  we  take  ^  =  0, 
0.3  =  1,  and  slightly  modify  the  summation,  we  obtain  the  function 

oo        n     ni  niq,  n—tn 
•&  t(li     "2 

' 


n 

which,  when  Wj  <  1  and  uz  \  <  1,  converges  uniformly  and  unconditionally 
everywhere  in  the  plane  except  at  points  between  0  and  1  on  the  axis  of  real 
quantities,  this  part  of  the  axis  being  a  line  of  essential  singularity. 

For  the  general  case,  the  following  remarks  may  be  made : — 

(i)  The  quantities  wa,  u2,  ...  need  not  be  the  same  for  every  term;  a 
numerator,  quite  different  in  form,  might  be  chosen,  such  as 
(ml2+  ...  +  m/)~lt  where  2/u,  >  p;  all  that  is  requisite  is  that  the 
series,  made  up  of  the  numerators,  should  converge  uncondition- 
ally. 

(ii)  The  preceding  is  only  a  particular  illustration,  and  is  not  necessarily 
the  most  general  form  of  function  having  the  assigned  lacunary 
-space. 

It  is  evident  that  one  mode  of  constructing  a  function,  which  shall  have 
any  assigned  lacunary  space,  would  begin  by  the  formation  of  some  expression 
which,  by  the  variation  of  the  constants  it  contains,  can  be  made  to  represent 
indefinitely  nearly  any  point  within  or  on  the  contour  of  the  space.  Thus 
for  the  space  between  two  concentric  circles,  of  radii  a  and  c  and  centre  the 
origin,  we  could  take 

r^a  +  (n  —  m^  b  -~  2*1 
n  e 

which,  by  giving  wa  all  values  from  0  to  n,  rn2  all  values  from  0  to  n  —  1,  and 
n  all  values  from  1  to  infinity,  will  represent  all  rational  points  in  the  space : 
and  a  function,  having  the  space  between  the  circles  as  lacunary,  would  be 

given  by 

oo      n      n-i  r  7 

222 

n=l  m,=0  m2=0      (        m->a  • 


2  —  ae*- 
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2    u 

M=l   w=0     w,  n    in,  n 


provided  the  series  2      2    u       v 

1  M=l   w=0     w,  n    i 

converges  unconditionally,  is  a  function  having  the  circle  \z\~u,  as  a  lino  of  essential 
singularity.  It  can  be  expressed  as  an  analytic  function  within  the  circle,  and  as  another 
analytic  function  without  the  circle. 

Other  examples  will  be  found  in  memoirs  l>y  Goursat*,  Poincare.t,  and   Moment- 


Ex.  1.     Shew  that  the  function 

J»=«  !)  =  «. 

2         2      («i-H«0 


where  r  is  a  real  positive  quantity  and  the  summation  is  for  all  integers  w  and  n  between 
the  positive  and  the  negative  infinities,  is  a  uniform  function  in  all  parts  of  the  plane 
except  the  axis  of  real  quantities  which  is  a  line  of  essential  singularity. 


Ex.  2.     Discuss  the  region  in  which  the  function 

222  - 


is  definite.  (Homen.) 

Ex.  3.    Prove  that  the  function 


exists  only  within  a  circle  of  radius  unity  and  centre  the  origin.  (Poiucam) 

Ex.  4.    Prove  that  the  series 


I  "» 


represents  a  uniform  merornorphic  function,  if  the  quantities  |  an  \  increase  without  limit 
as  n  increases  and  if  the  series    Anjan   converges. 

Ex.  5.    An  infinite  number  of  points  «1,  0,%,  a;i,  ......  arc  taken  011  the  circumference  of 

a  given  circle,  centre  the  origin,  so  that  they  form  the  aggregate  of  rational  points  on  the 
circumference.     Shew  that  the  series 


n=l  n'   a"fi~Z 

can  be  expanded  in  a  series  of  ascending  powers  of  z  which  converges  for  points  within  the 
circle,  but  that  the  function  cannot  be  continued  across  the  circumference  of  the  circle. 

(Stieltjes.) 

*  Comptes  Rcndus,  t.  xciv,  (1882),  pp.  715—718;  Bulletin  dc  Darboux,  2me  Ser.,  t.  xi,  (1887), 


converges  for  all  values  of  2,  provided  the  series 


2  an 

n=l 


diverges,  the  quantities  a  being  real.     Discuss,  in  particular,  the  cases,  (i)  when  z  has  real 

positive  values,  (ii)  when  z  has  real  negative  values. 

(Stieltjes.) 

Ex.  1.     Denoting  by  en  a  positive  quantity  less  than  1,  prove  that  the  infinite  product 


z 
II  -Ml —    fl»     1 


»  =  1 

converges  ;  and  that  the  series 

2    - 

ii=l  fn 

converges. 

Shew  that,  if  a  new  series  be  constructed  by  separating  the  two  fractions  in  the  single 
term  so  as  to  provide  two  terms,  this  new  series  does  not  converge  when  en  =  n~3.  Does 
the  same  consequence  follow  when  em=?i~21? 

(Borel.), 

Ex.  8.     Prove  that  the  series 
2  ,    .      «     2 


O  00  00  (  r,  1 

(,j-,-r)4._    5    5    J     __  -    —  _____  i 
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where  the  summation  extends  over  all  positive  and  negative  integral  values  of  m  and  of  n 
except  simultaneous  zeros,  converges  uniformly  arid  unconditionally  for  all  points  iu 
the  finite  part  of  the  plane  which  do  not  lie  on  the  axis  of  y;  and  that  it  has  the 
value  +1  or  —1,  according  as  the  real  part  of  z  is  positive  or  negative. 

(Weierstrass.) 

Ex.  9.     Prove  that  the  region  of  continuity  of  the  series 


consists  of  two  parts,  separated  by  the  circle  |  z  |  =  1  which  is  a  line  of  infinities  for 
the  series:  and  that,  in  these  two  parts  of  the  plane,  it  represents  two  different 
functions. 

U'TT 

If  two  complex  quantities  co  and  »'  be  taken,  such  that  z=e    wl  and  the  real  part  .of 

—.  is  positive,  and  if  they  be  associated  with  the  elliptic  function  (P(tt)  as  its  half-periods, 
6rt 

then  for  values  of  z,  which  lie  within  the  circle  |  z  |  =  1, 


l  -f-  6 


aim 


for  all  values  of  the  complex  argument  s.  (Math.  Trip.,  Part  II.,  1893.) 

Ex.  11.  Four  circles  are  drawn  each  of  radius  ^  having  their  centres  at  the  points 
1,  i,  -  1,  -i  respectively  ;  the  two  parts  of  the  plane,  excluded  by  the  four  circumferences, 
are  denoted  the  interior  and  the  exterior  parts.  Shew  that  the  function 


is  equal  to  TT  in  the  interior  part  and  is  zero  in  the  exterior  part.  (Appall.) 

Ex.  12.     Obtain  the  values  of  the  function 


in  the  two  parts  of  the  area  within  a  circle  centre  the  origin  and  radius  2  which  lie 
without  two  circles  of  radius  unity,  having  their  centres  at  the  points  1  and  -  'J 
respectively.  (Appell.) 


Ex.  13.    If 

and 


where  the  regions  of  continuity  of  the  functions  F  extend  over  the  whole  plane,  then  f(s) 
is  a  function  existing  everywhere  except  within  the  circles  of  radius  unity  described  round 
the  points  a{  ,  «2  ,  ......  ,  an  .  (Teixeira.) 

Ex.  14.     Let  there  be  n  circles  having  'the  origin  for  a  common   centre,  and   lot. 
Clt  C2,  ......  ,  (7H,  (7,i  +  i  ^e  n  +  l  arbitrary  constants  ;  also  let  al3  az,  ......  ,  an  bo  any  n  points 

lying  respectively  on  the  circumferences  of  the  first,  the  second,  ......  ,  the  nth  circles. 

Shew  that  the  expression 


has  the  value  Cm  for  points  z  lying  between  the  (m-l)th  and  the  mth  circles,  and  the 
value  Cn  +  i  for  points  lying  without  the  ?ith  circle. 

Construct  a  function  which  shall  have  any  assigned  values  in  the  various  bands  into 
which  the  plane  is  divided  by  the  circles.  (Piuchorlc.) 

Ex.  15.    Examine  the  nature  of  the  functions  defined  by  the  series 
^    n ?i  Z(e-  a}Zn  -  5  (zz  -  a8)"  +  2  (z  +  a)'in ' 


for  all  points  in  the  space  without  a  circl^  centre  b  of  small  radius  and  within 
a  concentric  circle  of  radius  not  large  enough  to  include  singularities  at 
a  finite  distance  from  6.  Because  the  essential  singularity  at  b  is  isolated, 
the  radius  of  the  inner  circle  can  be  diminished  to  be  all  but  infinitesimal  : 

the  series  P(z-b}  is  then   unimportant  compared  with  G(  ----  7),  which 
v         '  l  r  \z-bJ 

can  be  regarded  as  characteristic  for  the  singularity  of  the  function. 

Another  method  of  obtaining  a  function,  which  is  characteristic  of  the 
singularity,  is  provided  by  §  68.  It  was  there  proved  that,  in  the  vicinity  of 
an  essential  singularity  a,  the  function  could  be  represented  by  an  expression 
of  the  form 


where,  within  a  circle  of  centre  a  and  radius  not  sufficiently  large  to  include 
the  nearest  singularity  at  a  finite  distance  from  a,  the  function  Q  (z  —  a}  is 
finite  and  has  no  zeros  :  all  the  zeros  of  the  given  function  within  this  circle 
(except  such  as  are  absorbed  into  the  essential  singularity  at  a)  are  zeros  of 

the   factor  Iff  -  )  ,  and  the  integer-index  n  is  affected  by  the  number  of 
\z  —  aj  &  J 

these  zeros.     When  the  circle  is  made  small,  the  function 


\Z  —  Clj 

can  be  regarded  as  characteristic  of  the  immediate  vicinity  of  a  or,  more 
briefly,  as  characteristic  of  a. 

It  is  easily  seen  that  the  two  characteristic  functions  are  distinct.  For 
if  F  and  F^  be  two  functions,  which  have  essential  singularities  at  a  of  the 
same  kind  as  determined  \>y  the  first  characteristic,  then 

F(z)  -  F,  (z}  =  P  (z  -  a)  -  I\  (e  -  a) 


while  if  their  singularities  at  a  be  of  the  same  kind  as  determined  by  the 
second  characteristic,  then 

F(z}__Q(z-a)__ 

^   a) 


iii  the  immediate  vicinity  of  a,  since  Ql  has  no  zeros.     Two  such  equations 
cannot  subsist  simultaneously,  except  in  one  instance. 

Without  entering  into  detailed  discussion,  the  results  obtained  in  the 
preceding  chapters  are  sufficient  to  lead  to  an  indication  of  the  classification 
of  singularities*. 

Singularities  are  said  to  be  of  the  first  class  when  they  are  accidental ; 
and  a  function  is  said  to  be  of  the  first  class  when  all  its  singularities  are  of 
the  first  class.  It  can,  by  §  48,  have  only  a  finite  number  of  such  singularities, 
each  singularity  being  isolated. 

It  is  for  this  case  alone  that  the  two  characteristic  functions  are  in 
accord. 

When  a  function,  otherwise  of  the  first  class,  fails  to  satisfy  the  last 
condition,  solely  owing  to  failure  of  finiteness  of  multiplicity  at  some  point, 
say  at  z  =  oo  ,  then  that  point  ceases  to  be  an  accidental  singularity.  It  has 
been  called  (§  32)  an  essential  singularity;  it  belongs  to  the  simplest  kind  of 
essential  singularity ;  and  it  is  called  a  singularity  of  the  second  Glass. 

A  function  is  said  to  be  of  the  second  class  when  it  has  some  singularities 
of  the  second  class ;  it  may  possess  singularities  of  the  first  class.  By  an 
argument  similar  to  that  adopted  in  §  48,  a  function  of  the  second  class 
can  have  only  a  limited  number  of  singularities  of  the  second  class,  each 
singularity  being  isolated. 

When  a  function,  otherwise  of  the  second  class,  fails  to  satisfy  the  last 
condition  solely  owing  to  unlimited  condensation  at  some  point,  say  at  z  =  oo , 
of  singularities  of  the  second  class,  that  point  ceases  to  be  a  singularity 
of  the  second  class :  it  is  called  a  singularity  (necessarily  essential)  of  the 
third  class. 

A  function  is  said  to  be  of  the  third  class  when  it  has  some  singularities 
of  the  third  class ;  it  may  possess  singularities  of  the  first  and  the  second 
classes.  But  it  can  have  only  a  limited  number  of  singularities  of  the  third 
class,  each  singularity  being  isolated. 

Proceeding  in  this  gradual  sequence,  we  obtain  an  unlimited  number  of 
classes  of  singularities  :  and  functions  of  the  various  classes  can  be  constructed 
by  means  of  the  theorems  which  have  been  proved.  A  function  of  class  n 
has  a  limited  number  of  singularities  of  class  n,  each  singularity  being 
isolated,  and  any  number  of  singularities  of  lower  classes  which,  except  in  so 
far  as  they  are  absorbed  in  the  singularities  of  class  n,  are  isolated  points. 


mber  of  the  class  increases  beyond  any  integer,  however  large.  When 
3e  such  a  limit  is  attained,  we  have  functions  with  essential  singularities  of 
limited  class,  each  singularity  being  isolated ;  when  we  pass  to  functions 
ich  have  their  essential  singularities  no  longer  isolated  but,  as  in  previous 
ss-developments,  of  infinite  condensation,  it  is  necessary  to  add  to  the 
•angemcnt  in  classes  an  arrangement  in  a  wider  group,  say,  in  species*. 

Calling,  then,  all  the  preceding  classes  of  functions  functions  of  the  first 
3cies,  we  may,  after  Guichard  (I.e.),  construct,  by  the  theorems  already 
wed,  a  function  which  has  at  the  points  al}  a2, ...  singularities  of  classes 
2,  ..  ,  both  series  being  continued  to  infinity.  Such  a  function  is  called 
•unction  of  the  second  species. 

By  a  combination  of  classes  in  species,  this  arrangement  can  be  continued 
definitely  ;  each  species  will  contain  an  infinitely  increasing  number  of 
isses;  and  when  an  unlimited  number  of  species  is  ultimately  obtained, 
.other  wider  group  must  be  introduced. 

This  gradual  construction,  relative  to  essential  singularities,  can  be  carried 
.t  without  limit ;  the  singularities  are  the  characteristics  of  the  functions. 

*  Guichard  (I.e.)  uses  the  term  genre. 


CHAPTER  VIII. 

MULTIFORM  FUNCTIONS. 

89.  HAVING  now  discussed  some  of  the  more  important  general  properties 
of  uniform  functions,  we  proceed  to  discuss  some  of  the  properties  of  multiform 
functions. 

Deviations  from  uniformity  in  character  may  arise  through  various  causes : 
the  most  common  is  the  existence  of  those  points  in  the  2-plane,  which  have 
already  (§  12)  been  defined  as  branch-points. 

As  an  example,  consider  the  two  power-series 

u-i-K-K1--,     w—a-K-K8-...),  • 

which,  for  points  in  the  plane  such  that  z'\  is  less  than  unity,  are  the  two 
values  of  (1  —  z'y* ;  they  may  be  regarded  as  representing  the  two  branches 
of  the  function  w,  say  wt  and  wz,  defined  by  the  equation 

ui-  =  I  —  z  =  z. 

Let  z1  describe  a  small  curve  (say  a  circle  of  radius  ?•)  round  the  point 
£'  =  1,  beginning  on  the  axis  of  as;  the  point  1  is  the  origin  for  z.  Then  z 
is  r  initially,  and  at  the  end  of  the  first  description  of  the  circle  z  is  re"*1. 
The  branch  of  the  function,  which  initially  is  equal  to  u,  changes  continuously 
during  the  description  of  the  circle.  The  series  for  u,  and  the  continuations 
of  that  series,  give  rise  to  the  complete  variation  of  the  branch  of  the  function 
which  originally  is  u.  Its  initial  value  is  r^,  and  its  final  value  is  r*e™,  that 
is,  —  ?•  ~a ;  go  that  the  final  value  of  the  branch  is  v.  Similarly  for  the  branch 
of  the  function,  which  initially  is  equal  to  v;  it  is  continuously  changed 
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which  a  variation  in  the  path  of  the  variable  has  made  a  difference  in  the 
result;  but  this  interchange  of  value  is  distinct  from  any  of  the  effects 
produced  by  points  belonging  to  the  families  of  critical  points  which  have 
been  considered.  The  critical  point  is  of  a  new  nature;  it  is,  in  fact,  a 
characteristic  of  multiform  functions  at  certain  associated  points. 

We  now  proceed  to  indicate  more  generally  the  character  of  the  relation 
of  such  points  to  functions  affected  by  them. 

The  method  of  constructing  a  monogenic  analytic  function,  described  in 
§  ^4,  by  forming  all  the  continuations  of  a  power-series,  regarded  as  a  given 
initial  element  of  the  function,  leads  to  the  aggregate  of  the  elements  of  the 
function  and  determines  its  region  of  continuity.  When  the  process  of  con- 
tinuation has  been  completely  carried  out,  two  distinct  cases  may  occur. 

In  the  first  case,  the  function  is  such  that  any  and  every  pafch,  leading 
from  one  point  a  to  another  point  z  by  the  construction  of  a  series  of 
successive  domains  of  points  along  the  path,  gives  a  single  value  at  z  as  the 
continuation  of  one  initial  value  at  a.  When,  therefore,  there  is  only  a 
single  value  of  the  function  at  a,  the  process  of  continuation  leads  to  only  a 
single  value  of  the  function  at  any  other  point  in  the  plane.  The  function  is 
uniform  throughout  its  region  of  continuity.  The  detailed  properties  of  such 
functions  have  been  considered  in  the  preceding  chapters. 

.In  the  second  case,  the  function  is  such  that  different  paths,  leading  from 
a,  to  2,  do  not  give  a  single  value  at  z  as  the  continuation  of  one  and  the 
same  initial  value  at  a.  There  are  different  sets  of  elements  of  the  function, 
associated  with  different  sets  of  consecutive  domains  of  points  on  paths  from 
a  to  z,  which  lead  to  different  values  of  the  function  at  z;  but  any  change 
in  a  path  from  a  to  z  does  not  necessarily  cause  a  change  in  the  value  of  the 
function  at  z.  The  function  is  multiform  in  its  region  of  continuity.  The 
detailed  properties  of  such  functions  will  now  be  considered. 

90.  In  order  that  the  process  of  continuation  may  be  completely  carried 
out,  continuations  must  be  effected,  beginning  at  the  domain  of  any  point  a 
and  proceeding  to  the  domain  of  any  other  point  b  by  all  possible  paths  in 
the  region  of  continuity,  and  they  must  be  effected  for  all  points  a  and  b. 
Continuations  must  be  effected,  beginning  in  the  domain  of  every  point  a 
and  returning  to  that  domain  by  all  possible  closed  paths  in  the  region  of 
continuity.  When  they  are  effected  from  the  domain  of  one  point  a  to  that 
of  another  point  b,  all  the  values  at  any  point  z  in  the  domain  of  a  (and  not 
merely  a  single  value  at  such  points)  must  be  continued :  and  similarly  when 
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In  the  first  instance,  let  the  boundary  of  the  region  be  constituted  by  a 
number,  either  finite  or  infinite,  of 
isolated  points,  say  Ll}  L<2,  L3,  .... 
Take  any  point  A.  in  the  region,  so 
that  its  distance  from  any  of  the 
points  L  is  not  infinitesimal ;  and 
in  the  region  draw  a  closed  path 
ABC...EFA  so  as  to  enclose  one 
point,  say  LI,  but  only  one  point,  of 
the  boundary  and  to  have  no  point 

of  the  curve  at  a  merely  infinitesimal  distance  from  7^.  Let  such  curves  be 
drawn,  beginning  and  ending  at  A,  so  that  each  of  them  encloses  one  and 
only  one  of  the  points  of  the  boundary :  and  let  Kr  be  the  curve  which 
encloses  the  point  Lr. 

Let  Wi  be  one  of  the  power-series  defining  the  function  in  a  domain  with 
its  centre  at  A  :  let  this  series  be  continued  along  each  of  the  curves  Ks  by 
successive  domains  of  points  along  the  curve  returning  to  A.  The  result 
of  the  description  of  all  the  curves  will  be  that  the  series  wl  cannot  be 
reproduced  at  A  for  all  the  curves,  though  it  may  be  reproduced  for  some 
of  them  ;  otherwise,  iur would  be  a  uniform- function.  Suppose  that  wz,  wz,  ..., 
each  in  the  form  of  a  power-series,  are  the  aggregate  of  new  distinct  values 
thus  obtained  at  A;  let  the  same  process  be  effected  on  w2,  wa,  ...  as  has 
been  effected  on  «;,.  and  let  it  further  be  effected  on  any  new  distinct  values 
obtained  at  A  through  wz,  wz,  ...,  and  so  on.  When  the  process  has 
been  carried  out  so  far  that  all  values  obtained  at  A,  by  continuing  any 
series  round  any  of  the  curves  K  back  to  A,  are  included  in  values  already 
obtained,  the  aggregate  of  the  values  of  the  function  at  A  is  complete :  fchey 
are  the  values  at  A  of  the  branches  of  the  function. 

We  shall  now  assume  that  the  number  of  values  thus  obtained  is  finite, 
say  n,  so  that  the  function  has  n  branches  at  A  :  if  their  values  be  denoted 
by  w-i,  wz,  ...,  wn,  these  n  quantities  are  all  the  values  of  the  function  at  A. 
Moreover,  n  is  the  same  for  all  points  in  the  plane,  as  may  be  seen  by  con- 
tinuing the  series  at  A  to  any  other  point  and  taking  account  of  the  corollaries 
at  the  end  of  the  present  section. 

The  boundary-points  L  may  be  of  two  kinds.     It  may  (and  not  infre- 
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-  particular  branch  at  A,  depends  upon  the  path  of  z  between  A  and  B; 
governed  by  the  following  fundamental  proposition : — 

The  final  value  of  a  branch  of  a  function  for  two  paths  of  variation  of  the 
'/pendent  variable  from  one  point  to  another  will  be  the  same,  if  one  path 
be  deformed  into  the  other  without  passing  over  a  branch-point. 

Let  the  initial  and  the  final  points  be  a  and  b,  and  let  one  path  of 

ation  be  acb.     Let  another  path  of  variation  be  aeb,  , 

\  paths  lying  in  the  region  in  which  the  function  can 

ixpressed  by  series  of  positive  integral  powers :  the  two 

is  are  assumed  to  have  no  point  within  an  infinitesimal 

ance  of  any  of  the  boundary-points  L  and  to  be  taken 

lose  together,  that  the  circles  of  convergence  of  pairs  of 

its  (such  as  GI  and  el}  c2  and  e2>  and  so  on)  along  the  two 

is  have  common,  areas.     When  we  begin  at  a  with  a 

ich  of  'the  function,  values  at  GI  and  at  el  are  obtained, 

snding  upon  the  values  of  the  branch  and  its  derivatives  at  a  and  upon 

positions  of  ca  and  e:;  hence,  at  any  point  in  the  area  common  to  the 

les  of  convergence  of  these  two  points,  only  a  single  value  arises  as 

ved  through  the  initial  value  at  a.     Proceeding  in  this  way,  only  a  single 

LU  is  obtained  at  any  point  in  an  area  common  to  the  circles  of  con- 

jencc  of  points  in  the  two  paths.     Hence  ultimately  one  and  the  same 

ie  will  be  obtained  at  b  as  the  continuation  of  the  value  of  the  one  branch 

;  by  the  two  different  paths  of  variation  which  have  been  taken  so  that 

)oundary-point  L  lies  between  them  or  infinitesimally  near  to  them. 

Now  consider  any  two  paths  from  a  to  b,  say  acb  and  adb,  such  that 

her  of  them  is  near  a  boundary-point  and  that  the 

;our  they  constitute  does  not  enclose  a  boundary-point. 

n  by  a  series  of  successive  infinitesimal  deformations  we 

change  the  path  acb  to  adb  ;  and  as  at  b  the  same  value 

u  is  obtained  for  variations  of  z  from  a  to  b  along  the 

;essive  deformations,  it  follows  that  the  same  value  of  w 

btained  at  b  for  variations  of  z  along  acb  as  for  varia- 

s  along  adb. 

Next,  let  there  be  two  paths  acb,  adb  constituting  a  closed  contour, 
osing  one  (but  not  more  than  one)  of  the  points  /  and  none  of  the  points 

When  the  original  curve  K  which  contains  the  point  /  is  described,  the 
ial  value  is  restored :  and  hence  the  branches  of  the  function  obtained  at 

noint  of  K  bv  the  two  -oaths  from  anv  Doint.  taken  as  initial  Doint,  are 


Fig.  16. 
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into  the  parts  of  aobda  without  affecting  the  branches  of  the  function  :  hence 
the  value  obtained  at  b}  by  continuation  along  acb,  is  the  same  as  the  value 
there  obtained  by  continuation  along  adb.  It  therefore  follows  that  a  path 
between  two  points  a  and  b  can  be  deformed  over  any  point  I  without 
affecting  the  value  of  the  function  at  b ;  so.  that,  when  the  preceding 
results  are  combined,  the  proposition  enunciated  is  proved. 

By  the  continued  application  of  the  theorem,  we  are  led  to  the  following 
results : — 

COROLLARY  I.  Whatever  he  the  effect  of  the  description  of  a  circuit  on  the 
initial  value  of  a  function,  a  reversal  of  the  circuit  restores  the  original  value 
of  the  function. 

For  the  circuit,  when  described  positively  and  negatively,  may  be  re- 
garded as  the  contour  of  an  area  of  infinitesimal '  breadth,  which  encloses  no 
branch-point  within  itself  and  the  description  of  the  contour  of  which 
therefore  restores  the  initial  value  of  the  function. 

COROLLARY  II.  .rl  circuit  can  be  deformed  into  any  other  circuit  without 
affecting  the  final  value  of  tJie  function,  provided  that -no  branch-point  be  crossed 
in  the -process  of  deformation, 

It  is  thus  justifiable,  and  it  is  often  convenient,  to  deform  a  path  con- 
taining a  single  branch-point  into  a  loop  round  the 

point.     A  loop  *  consists  of  a  line  nearly  to  the  point,        o  ""TvO^ 

nearly  the  whole  of  a  very  small  circle  round  the  point,  p.     IP. 

and  a  line  back  to  the  initial  point ;  see  figure  17. 

COROLLARY  III.     The  value  of  a  function  is  unchanged  when  the  variable 
describes  a  closed  circuit  containing  no  branch-point;  it  is  likewise  uncli 
when  the  variable  describes  a  closed  circuit  containing  all  the  branch-points. 

The  first  part  is  at  once  proved  by  remarking  that,  without  altering  the 
value  of  the  function,  the  circuit  can  be  deformed  into  a  point. 

For  the  second  part,  the  simplest  plan  is  to  represent  the  variable  on 
Neumann's  sphere.  The  circuit  is  then  a  curve  on  the  sphere  enclosing  all 
the  branch-points :  the  effect  on  the  value  of  the  function  is  unaltered  by 
any  deformation  of  this  curve  which  does  not  make  it  cross  a  branch-point. 
The  curve  can,  without  crossing  a  branch-point,  be  deformed  into  a  point 
in  that  other  part  of  the  area  of  the  sphere  which  contains  none  of  the 
branch-points ;  and  the  point,  which  is  the  limit  of  the  curve,  is  not  a 
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e  cannot  be  the  same  :  that  is,  the  value  with  which  the  infinitesimal  circle 
round  a  begins  to  be  described  is  changed  by  the  description  of  that  circle. 
Hence  the  part  of  the  loop  that  is  effective  for  the  change  in  the  value  of  w  is 
the  small  circle  round  the  point;  and  it  is  because  the  description  of  a  small 
circle  changes  the  value  of  w  that  the  value  of  w  is  changed  at  0  after  the 
description  of  a  loop. 

If/(^)  be  the  value  of  w  which  is  changed  into/  (z)  by  the  description  of 
the  loop,  so  that/  (2)  and/  (z)  are  the  values  at  0,  then  the  foregoing 
explanation  shews  that/(e)  and  /  (e)  are  the  values  at  e,  the  branch  /(e) 
being  changed  by  the  description  of  the  circle  into  the  branch/  (e). 

From  this  result  the  inference  can  be  derived  that  the  points  B1}  Bz,  ... 
are  branch-points  as  defined  in  §  12.  Let  a  be  any  one  of  the  points,  and 
let/  (2)  be  the  value  of  w  which  is  changed  into/  (2)  by  the  description  of 
a  very  small  circle  round  a.  Then  as  the  branch  of  w  is  monogenic,  the1. 
difference  between  f  (z]  and  /  (z)  is  an  infinitesimal  quantity  of  the  same 
order  as  the  length  of  the  circumference  of  the  circle:  so  that,  as  the  circle 
is  infinitesimal  and  ultimately  evanescent,  \f(z)  —  /  (z)  \  can  be  made  as  small 
as  we  please  with  decrease  of  z—  a\  or,  in  the  limit,  the  values  of  /(a)  and 
fi  (a)  at  the  branch-point  are  equal.  Hence  each  of  the  points  B  is  such 
that  two  or  'more  brandies  of  the  function  have  the  same  value  at  the  point, 
and  there  is  interchange  among'  these  branches  when  the  variable  describes  a 
small  circuit  round  the  point  :  which  affords  a  definition  of  a  branch-point, 
more  complete  than  that  given,  in  §12. 

COROLLARY  V.  If  a  closed  circuit  contain  several  branch-points,  the  effect 
which  it  prod'uces  can  be  obtained  by  a  combination  of  the  effects  produced  in 
succession  by  a  set  of  loops  each  going  round  only  one  of  the  branch-points. 

If  the  circuit  contain  several  branch-points,  say  three  as  at  a,  b,  c,  then 
a  path  such  as  AEFD,  in  fig.  18,  can  without 
crossing  any  branch-point,  be  deformed  into  the 
loops  AaB,  BbC,  CcD  ;  and  therefore  the  complete 
circuit  AEFD  A  can  be  deformed  validly  into 
AaBbCcDA,  and  the  same  effect  will  be  produced 
by  the  two  forms  of  circuit.  When  D  is  made  DA 

practically  to  coincide  with  A.  the  whole  of  the  Fig.  18. 

second  circuit  is  composed  of  the  three  loops.     Hence  the  corollary. 

This  corollary  is  of  especial  importance  in  the  consideration  of  integrals 
of  multiform  functions. 


vi.     in  a  continuous  pan  oj  me  ptane  w/iere  mere  are  no 
branch-points,  each  branch  of  a  multiform  function  is  uniform. 

Each  branch  is  monogeiiic  and,  except  at  isolated  points,  continuous ; 
hence,  in  such  regions  of  the  plane,  all  the  propositions  which  have  been 
proved  for  monogenic  analytic  functions  can  be  applied  to  each  of  the 
branches  of  a  multiform  function. 

91.  If  there  be  a  branch-point  within  the  circuit,  then  the  value  of  the 
function  at  6  consequent  on  variations  along  acb  may,  but  will  not  necessarily, 
differ  from  its  value  at  the  same  point  consequent  on  variations  along  adb. 
Should  the  values  be  different,  then  the  description  of  the  whole  curve  acbda 
will  lead  at  a  not  to  the  initial  value  of  w,  but  to  a  different  value. 
The  test  as  to  whether  such  a  change  is  effected  by  the  description  is 
immediately  derivable  from  the  foregoing  proposition ;  and  as  in  Corollary 
IV.,  §  90,  it  is  proved  that  the  value  is  or  is  not  changed  by  the  loop, 
according  as  the  value  of  w  for  a  point  near  the  circle  of  the  loop  is  or 
is  not  changed  by  the  description  of  that  circle.  Hence  it  follows  that,  if 
there  be  a  branch-point  which  affects  the  branch  of  the  function,  a-  path  of 
•variation  of  the  independent  variable  cannot  be  deformed  across  the  branch- 
point without  a  change  in  the  value  of  w  at  the  extremity  of  the  path. 

And  it  is  evident  that  a  point  can  be  regarded  as  a  branch-point  for  a 
function  only  if  a  circuit  round  the  point  interchange  some  (or  all)  of  the 
branches  of  the  function  which  are  equal  at  the  point.  It  is  not  necessary  that 
all  the  branches  of  the  function  should  be  thus  affected  by  the  point :  it  is 
sufficient  that  some  should  be  interchanged*. 

Further,  the  change  in  the  value  of  w  for  a.  single  description  of  a  circuit 
enclosing  a  branch-point  is  unique. 

For,  if  a  circuit  could  change  w  into  w  or  w",  then,  beginning  with  w" 
and  describing  it  in  the  negative  sense  we  should  return  to  w  and  afterwards 
describing  it  in  the  positive  sense  with  w  as  the  initial  value  we  should 
obtain  w'.  Hence  the  circuit,  described  and  then  reversed,  does  not  restore 
the  original  value  w"  but  gives  a  different  branch  w' ' ',  and  no  point  on 
the  circuit  is  a  branch-point.  This  result  is  in  opposition  to  Corollar}?  I., 
of  §  90 ;  and  therefore  the  hypothesis  of  alternative  'values  at  the  end  of 
the  circuit  is  not  valid,  that  is,  the  change  for  a  single  description  is 
unique. 

But  repetitions  of  the  circuit  maj^,  of  course,  give  different  values  at  the 
find  of  successive  descriptions. 
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branch-points  (generally  assumed  finite  in 
number)  in  succession  by  lines  which  do  not 
meet  each  other:  then  each  branch  is  uniform 
for  each  path  of  variation  of  the  variable  which 
meets  none  of  these  lines.  The  effects  pro- 
duced by  the  various  branch-points  and  their 
relations  on  the  various  branches  can  be  indi- 
cated by  describing  curves,  each  of  which 
begins  at  a  point  indefinitely  near  0  and 
returns  to  another  point  indefinitely  near  it 
after  passing  round  one  of  the  branch-points, 
and  by  noting  the  value  of  each  branch  of  the  function  after  each  of  these 
curves  has  been  described. 

The  law  of  interchange  of  branches  of  a  function  after  description  of  a 
circuit  round  a  branch-point  is  as  follows : — 

All  the  branches  of  a  function,  which  are  affected  by  a  branch-point  as  such, 
can  either  be  arranged  so  that  the  order  of  interchange  (for  description  of  a 
path  round  the  point}  is  cyclical,  or  be  divided  into  sets  in  each  of  which  the 
order  of  interchange  in  cyclical. 

Let  M/j,  «'ai  w.,...  be  the  branches  of  a  function  for  values  of  z  near  a 
branch-point  a  which  are  affected  by  the  description  of  a  small  closed  curve 
C  round  a  :  they  are  not  necessarily  all  the  branches  of  the  function,  but  only 
those  affected  by  the  branch-point. 

The  branch  tul  is  changed  after  a  description  of  C ;  let  wz  be  the  branch 
into  which  it  is  changed.  Then  w2  cannot  be  unchanged  by  C ;  for  a  reversed 
description  of  G,  which  ought  to  restore  wl}  would  otherwise  leave  w,  un- 
changed. Hence  m,  is  changed  after  a  description  of  C';  it  may  be  changed 
either  into  tol  or  into  a  new  branch,  say  w3.  If  into  wlf  then  w^  and  w2  form 
a  cyclical  set. 

If  the  change  be  into  ws,  then  ws  cannot  remain  unchanged  after  a 
description  of  G,  for  reasons  similar  to  those  that  before  applied  to  the 
change  of  w2\  arid  it  cannot  be  changed  into  wz,  for  then  a  reversed  de- 
scription of  G  would  change  wz  into  ws,  and  it  ought  to  change  wz  into  w-i. 
Hence.,  after  a  description  of  C,  ws  is  changed  either  into  wl  or  into  a  new 
branch,  say  w4.  If  into  wl5  then  w1;  w»,  w3  form  a  cyclical  set. 

If  the  change  be  into  w,,  then  w4  cannot  remain  unchanged  after  a 
description  of  G ;  and  it  cannot  be  changed  into  wz  or  ws ,  for  by  a  reversal 
of  the  circuit  that  earlier  branch  would  be  changed  into  w<  whereas  it  ought 


branch  and  either  complete  a  cyclical  set  or  add  one  more  to  the  set.  By- 
repetition  of  the  process,  we  complete  a  cyclical  set  sooner  or  later. 

If  all  the  branches  be  included,  then  evidently  their  complete  system 
taken  in  the  order  in  which  they  come  in  the  foregoing  investigation  is  a 
system  in  which  the  interchange  is  cyclical. 

If  only  some  of  the  branches  be  included,  the  remark  applies  to  the  set 
constituted  by  them.  We  then  begin  with  one  of  the  branches  not  included 
in  that  set  and  evidently  not  inclusible  in  it,  and  proceed  as  at  first,  until 
we  complete  another  set  which  may  include  all  the  remaining  branches  or 
only  some  of  them.  In  the  latter  case,  we  begin  again  with  a  IIBAV  branch 
and  repeat  the  process;  and  so  on,  until  ultimately  all  the  branches  are 
included.  The  whole  system  is  then  arranged  in  sets,  in  each  of  which  the 
order  of  interchange  is  cyclical. 

93.  The  analytical  test  of  a  branch-point  is  easily  obtained  by  con- 
structing the  general  expression  for  the  branches  of  a  function  which  are 
interchanged  there. 

Let  z  =  a  be  a  branch-point  where  n  branches  wlt  w>,  ...,  w.n  arc  cyclically 
interchanged.  Since  by  a  first  description  of  a  small  curve  round  a,  the 
branch  wl  changes  into  w3,  the  branch  w.,  into  wa,  and  so  on,  it  follows  that 
by  ?•  descriptions  wl  is  changed  into  w,.+1  and  by  n  descriptions  wl  reverts  to 
its  initial  value.  Similarly  for  each  of  the  branches.  Hence  each  branch 
returns  to  its  initial  value  after  n  descriptions  of  a  circuit  round  a  branch- 
point where  n  branches  of  the  function  are  interchangeable. 

Now  let  z-a  =  Zn ; 

then,  when  z  describes  circles  round  a,  Z  moves  in  a  circular  arc  round  its 
origin.  For  each  circumference  described  by  z,  the  variable  Z  describes 

-  th  part  of  its  circumference ;   and  the  complete  circle  is  described  by  Z 

round  its  origizi  when  n  complete  circles  are  described  by  z  round  a.     Now  ; 

the  substitution  changes  ivr  as  a  function  of  z  into  a  function  of  Z,  say  into  ^ 

Wr;   and,  after  n  complete  descriptions  of  the  ^-circle  round  a,  wr  returns  ', 

to  its  initial   value.     Hence,  after  the  description  of  a  ^-circle  round  its  f 

origin,  Wr  returns  to  its  initial  value,  that  is,  Z=Q  ceases  to  be  a  branch-  ! 

point  for  Wr.     Similarly  for  all  the  branches  W.  \ 

But  no  other  condition  has  been  associated  with  a  as  a  point  for  the  ' 

function  w ;  and  therefore  Z  =  0  may  be  any  point  for  the  function  W,  that  ; 
is,  it  may  be  an  ordinary  point,  or  a  singularity.     In  every  case,  we  have   W 
a  uniform  function  of  Z  in  the  immediate  vicinity  of  the  origin  ;  and  therefore 


ordinary  point,  G  is  a  constant  or  zero  ;  when  it  is  an  accidental  singularity, 
0-  is  a  polynomial  function;  and,  when  it  is  an  essential  singularity,  G  is 
a  transcendental  function. 

The  simpler  cases  are,  of  course,  those  in  which  the  form  of  G  is  poly- 
nomial or  constant  or  zero  ;  and  then  W  can  be  put  into  the  form 

ZmP  (Z), 

where  P  is  an  infinite  series  of  positive  powers  and  in  is  an  integer.  As  this 
is  the  form  of  W  in  the  vicinity  of  Z  =  Q,  it  follows  that  the  form  of  w  in  the 
vicinity  of  z  =  a  is 

(*-aFP[(g-a)»}', 

and  the  various  n  branches  of  the  function  are  easily  seen  to  be  given  by 

i_ 

substituting  in  the  above  for  (z  —  a)n  the  values 


where  «  =  0,  1,  .  .  .  ,  n  —  \.  We  therefore  infer  that  the  general  expression  for 
tli.e  n  branches  of  a  function,  which  are  interchanged  by  circuits  round  a 
branch-point  z  =  a,  assumed  not  to  be  an  essential  singularity,  is 


where  m  is  an  integer,  and  where  to  (z  —  a)n  its  n  values  are  in  turn  assigned 
to  obtain  the  different  brandies  of  the  function. 

There  may  be,  however,  more  than  one  cyclical  set  of  branches.  If  there 
be  another  set  of  r  branches,  then  it  may  similarly  be  proved  that  their 
general  expression  is 

(*-aYQ{(z-af], 

where  m^  is  an  integer,  and  Q  is  an  integral  function  ;  the  various  branches 

i 

are  obtained  by  assigning  to  (z  —  a)r  its  r  values  in  turn. 

And  so  on,  for  each  of  the  sets,  the  members  of  which  are  cyclically 
interchangeable  at  the  branch-point; 

When  the  branch-point  is  at  infinity,  a  different  form  is  obtained.  Thus 
in  the  case  of  a  set  of  n  cyclically  interchangeable  branches  we  take 

z  =  u">\ 


so  that  n  negative  descriptions  of  a  closed  .z-curve,  excluding  infinity  and  no 
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to  be  a  branch-point  for  the  function  U]  and  therefore  the  form  of  U  is 


where  the  symbols  have  the  same  general  signification  as  before. 

If,  in  particular,  z  -  oo  be  a  branch-point  but  not  an  essential  singularity, 
then  Q  is  either  a  constant  or  a  polynomial  function  ;   and  then  U  can  be 

expressed  in  the  form  __ 

u~m  P  (u), 

where  m  is  an  integer.  When  the  variable  is  changed  from  u  to  z,  then  the 
general  expression  for  the  n  branches  of  a  function  which  are  interchangeable 
at  z  =  GO  ,  assumed  not  to  lie  an  essential  singularity,  is 


where  m,  is  an  integer  and  where  to  z11  its  n  values  are  assigned  to  obtain  the 
different  branches  of  the  function. 

If,  however,  the  branch-point  z  —  a  in  the  former  case  or  £  =  oc  in  the 
latter  be  an  essential  singularity,  the  forms  of  the  expressions  in  the  vicinity 

of  the  point  are 

_i  i 

Cr{(z-a}  n}+P{(z-a)n], 

1          '    _!. 
and  G(zn}  +  P(z  n), 

respectively. 

Note.  When  a  multiform  function  is  denned,  either  explicitly  or  im- 
plicitly, it  is  practically  always  necessary  to  consider  the  relations  of  the 
branches  of  the  function  for  z  =  oo  as  well  as  their  relations  for  points  that 
are  infinities  of  the  function.  The  former  can  be  determined  by  either 
of  the  processes  suggested  in  §  4  for  dealing  with  £  =  co  ;  the  latter  can  be 
determined  as  in  the  present  section. 

Moreover,  the  total  number  of  branches  of  the  function  has  been  assumed 
to  be  finite.  The  cases,  in  which  the  number  of  branches  is  unlimited,  need 
not  be  discussed  in  general  :  it  will  be  sufficient  to  consider  them  when  they 
arise,  as  they  do  arise,  e.g.,  when  the  function  is  of  the  form  of  an  algebraical 
irrational  with  an  irrational  index  such  as  z^~  —  hardly  a  function  in  the 
ordinary  sense  —  ,  or  when  the  function  is  the  logarithm  of  a  function  of  zy 
or  is  the  inverse  of  a  periodic  function.  In  the  nature  of  their  multiplicity 
of  branching  and  of  their  sequence  of  interchange,  they  are  for  the  most  part 


of  the  form  w  =  {A  (z  —  a^)(z-a^ (s-an)}w,  m  and  n  being  integers. 

This  particular  function  has  m  branches  ;  the  points  al5  «2j >  "n  are  branch-points. 

To  find  the  law  of  interchange,  we  take  z  —  ar~pe9'1;  then  when  a  small  circle  of  radius  p 
is  described  round  a,.,  so  that  z  returns  to  its  initial  position,  the  value  of  6  increases  by 

£TT  and  the  new  value  of  w  is  aw,  where  a  is  the  mth  root  of  unity  defined  by  em  .  Taking 
then  the  various  branches  as  given  by  w,  aw,  a%, ,  am~%,  we  have  the  law  of  inter- 
change for  description  of  a  small  curve  round  any  one  branch-point  as  given  by  this 
succession  in  cyclical  order.  The  law  of  succession  for  a  circuit  enclosing  more  than 
one  of  the  branch-points  is  derivable  by  means  of  Corollary  V.,  §  90.  ij 

To  find  the  relation  of  2=00  to  w,  we  take  zz'  =  \  and  consider  the  new  function  W  in 
•the  vicinity  of  the  /-origin.     We  have 

I      '1 

W={A  (1  —  «]/)  (1  —  «2/) (1  —  au/)} »»/    m. 

If  the  variable  s'  describe  a  very  small  circle  round  the  origin  in  the  negative  sense,  then 

•-- 
z'  is  multiplied  by  c~  m  and  so  W  acquires  a  factor  e  '"'»,  that  is,  W  is  changed  unless 

this  acquired  factor  is  unity.  It  can  be  unity  only  when  n/m  is  an  integer;  and  therefore, 
except  when  n/m  is  an  integer,  2  =  03  is  a  branch-point  of  the  function.  The  law  of 

succession  is  the  same  as  that  for  negative  description  of  the  /-circle,  viz.,  w,  anw,  aZnw, ; 

the  m  values  form  a  single  cycle  only  if  n  be  prime  to  m,  and  a  set  of  cycles  if  n  be  not 
prime  to  m. 

Thus  2=00  is  a  branch-point  for  w  =  (4=zi  —  g>,s  —  gy)~^;  it  is  not  a  branch-point  for 
w={(l  -z2)(l—  &2«2)}~2;   and  z  —  b  is  a  branch-point  for  the  function  defined  by 

but  z  =  ?;  is  not  a  branch-point  for  the  function  defined  by  (z—b)2w'2=z  —  a. 

Again,  if  p  denote  a  particular  value  of  z%,  when  z  has  a  given  value,  and  q  similarly 
denote  a  particular  value  of  ( — - )  ,  then  w=p-\-q  is  a  six-valued  function,  the  values 

\2+l/      . 

being 


Wi=-p  +  aq,          W0  =-p  +  aq, 
whore  a  is  a  primitive  cube  root  of  unity.     The  branch-points  are  —  1,  0,  1,  oo ;  and  the 
orders  of  change  for  small  circuits  round  one  (and  only  one)  of  these  points  are  as 
follows : — 


For  a  small  circuit  round 
Wi  changes  to 

-1 

0 
W2 

1 

OC 
W2 

M>5 

W3 

W2               „ 

W6 

Wl 

W4 

Wi 

V>3 

Wi 

V>4 

Wr, 

Wi 

™4                „ 

W'2 

w* 

WQ 

W3 

but*  not  —  1  or  0,  the  succession  is 

Wl,    W.J,    %„    Ma,    W;j,    W() 

in  cyclical  ordei'. 

94.  It  has  already  been  remarked  that  algebraic  irrationals  are  a  special 
class  of  functions  defined  by  algebraical  equations.  Functions  thus  generally 
defined  by  equations,  which  are  polynomial  so  far  as  concerns  the  dependent 
variable  but  need  not  be  so  in  reference  to  the  independent  variable,  are 
often  called  algebraical.  The  term,  in  one  sense,  cannot  be  strictly  applied 
to  the  roots  of  an  equation  of  every  degree,  seeing  that  the  solution 
of  equations  of  the  fifth  and  higher  degrees  can  be  effected  only  by 
transcendental  functions;  but  what  is  implied  is  that  a  finite  number  of 
determinations  of  the  dependent  variable  is  given  by  the  equationf. 

The  equation  is  polynomial  in  relation  to  the  dependent  variable  w,  that 
is,  it  will  be  taken  to  be  of  finite  degree  n  in  w.  The  coefficients  of  the 
different  powers  will  be  supposed  to  be  uniform  functions  of  z :  were  they 
multiform  (with  a  limited  number  of  values  for  each  value  of  z)  in  any  given 
,  equation,  the  equation  could  be  transformed  into  another,  the  coefficients  of 
which  are  uniform  functions.  And  the  equation  is  supposed  to  be  irreducible, 
that  is,  if  the  equation  be  taken,  in  the  form 

/(w,*)  =  0, 

the  left-hand  member  f(w,  z)  cannot  be  resolved  into  factors  of  a  form  and 
character  as  regards  w  and  z  similar  to  /  itself. 

The  existence  of  equal  roots  of  the  equation  for  general  values  of  z 
requires  that 

£t        \         -^    df(w>  z) 
f(w,  s)   and    -•   \     - 
1   v       '  dw 

shall  have  a  common  factor,  which  will  be  uniform  owing  to  the  form  of 
f(w,  z).  This  form  of  factor  is  excluded  by  the  irreducibility  of  the  equation ; 
so  that  /=  0,  as  an  equation  in  w,  has  not  equal  roots  for  general  values 
of  z.  But  though  the  two  equations  are  not  both  satisfied  in  virtue  of  a 
simpler  equation,  they  are  two  equations  determining  values  of  w  and  z; 
and  their  form  is  such  that  they  will  give  equal  values  of  w  for  special 
values  of  z. 

Since  the  equation  is  of  degree  n,  it  may  be  taken  to  be 

wn  +  wn-iFi  ^  +  Wn-2p2  (/)+...+  rf^  (^  +  ffn  (^  =  Q, 

where  the  functions  F,,  F2)...  are  uniform.  If  all  their  singularities  be 
accidental,  they  are  rational  meromorphic  functions  of  z  (unless  z  =  oo  is  the 

*  Such  a  circuit,  if  drawn  on  the  Neumann's  snhere.  nmvbe  vfinm.rded  as  exo.lnrlino'  _1  n.nrl  n 


then  be  replaced  by  one  "which  is  equivalent  and  has  all  its  coefficients 
holomorphic,  the  coefficient  of  wn  being  the  least  common  multiple  of  all  the 
denominators  of  the  meromorphic  functions  in  the  first  form.  This  form 
cannot  however  be  deduced,  if  any  of  the  singularities  be  essential. 

The  equation,  as  an  equation  in  w,  has  n  roots,  all  functions  of  z ;  let 
these  be  denoted  by  wl,w<,, .. .,  wn,  which  are  the  n  branches  of  the  function  w. 
When  the  geometrical  interpretation  is  associated  with  the  analytical  relation, 
there  are  n  points  in  the  w-plane,  say  al}...,an, which  correspond  with  a  point 
in  the  £-plane,  say  with  a^  and  in  general  these  n  points  are  distinct. 
Further,  as  Avill  appear  from  the  investigations  in  §  97  (p.  207),  the  n  roots  w 
are  continuous  functions  of  z\  that  is  to  say,  any  small  change  in  the  value 
of  z  entails  corresponding  small  changes  in  the  value  of  each  of  the  n  roots  w. 
Hence,  when  z  varies  so  as  to  move  in  its  own  plane,  each  of  the  w- points 
moves  in  their  common  plane ;  and  thus  there  are  n  w-paths  corresponding 
to  a  given  3-path.  These  n  curves  may  or  may  not  meet  one  another. 

If  they  do  not,  there  are  n  distinct  w-paths,  leading  from  alt  ...,an  to 
j8], ...,  @n,  respectively  corresponding  to  the  single  £-path  leading  from  a  to  b. 

If  two  or  more  of  the  iw-paths  do  meet  one  another,  and  if  the  describing 
w-points  coincide  at  their  point  of  intersection,  then  at  such  a  point  of 
intersection  in  the  w-plane,  the  associated  branches  w  are  equal ;  and 
therefore  the  point  in  the  2-plane  is  a  point  that  gives  equal  values  for  w. 
It  is  one  of  the  roots  of  the  equation  obtained  by  the  elimination  of  w 
between 

/(w>,,.0.    ^  =  0; 

the  analytical  test  as  to  whether  the  point  is  a  branch-point  will  be 
considered  later.  The  march  of  the  concurrent  w-branches  from  such  a 
point  of  intersection  of  two  w-paths  depends  upon  their  relations  in  its 
immediate  vicinity. 

When  no  such  point  lies  on  a  2-path  from  a  to  6,  no  two  of  the  w-points 
coincide  during  the  description  of  their  paths.  By  §  90,  the  £-path  can  be 
deformed  (provided  that,  in  the  deformation,  it  does  not  cross  a  branch-point) 
without  causing  any  two  of  the  w-points  to  coincide.  Further,  if  z  describe 
a  closed  curve  which  includes  none  of  the  branch-points,  then  each  of  the 
w-branches  describes  a  closed  curve  and  no  two  of  the  tracing  points  ever 
coincide. 

Note.  The  limitation  for  a  branch-point,  that  the  tracing  w-points 
coincide  at  the  point  of  intersection  of  the  w-curves,  is  of  essential  im- 


interchange  of  the  branches  for  a  small  circuit  round  the  point.  Thus  let  there 
be  such  a  geometrical  intersection  of  two  w-curves,  without  coincidence  of  the 
tracing  points.  There  are  two  points  in  the  £-plane  corresponding  to  the 
geometrical  intersection;  one  belongs  to  the  intersection  as  a  point,  of  the 
w-path  which  first  passed  through  it,  and  the  other  to  the  intersection  as  a 
point  of  the  w-path  which  was  the  second  to  pass  through  it.  The  two 
branches  of  w  for  the  respective  values  of  z  are  undoubtedly  equal  ;  but  the 
equality  would  not  be  for  the  same  value  of  z.  And  unless  the  equality  of 
branches  subsists  for  the  same  value  of  z,  the  point  is  not  a  branch-point. 

A  simple  example  will  serve  to  illustrate  these  remarks.     Let  w  be  defined  by  the 

equation 

/=c2O2-2sM>)-3'f  =  0, 

so  that  the  branches  10^  and  w2  are  given  by 

cw1=cs+z(^  +  c^         an>s=*cs-z  (3*  +  a2)*; 
it  is  easy  to  prove  that  the  equation  resulting  from  the  elimination  of  w  between  /'=()  and 


and  that  only  the  two  points  z—  ±ic  are  branch-points. 

The  values  of  z  which  make  M!  equal  to  the  value  of  w~2  for  s  —  a  (supposed  not  equal  to 
either  0,  ci  or  —  ci}  are  given  by 

a.z  +  z  (£  +  c2)  -  =  ca  -  a  (a-  +  ctf  , 

which  evidently  has  not  z—  a  for  a  root.  Rationalising  the  equation  so  far  as  concerns  z 
and  removing  the  factor  z  -  a,  as  it  has  just  been  seen  not  to  furnish  a  root,  we  find  that  z 
is  determined  by 

s3  +  z*a  +  so?  +  a;!  +  2aca  -  Sac  («a  +  c^  =  0, 

the  three  roots  of  which  are  distinct  from  a,  the  assumed  point,  and  from  ±  ci,  the  branch- 
point. Each  of  these  three  values  of  z  will  make  Wj  equal  to  the  value  of  wz  for  z=a:  we 
have  geometrical  intersection  without  coincidence  of  the  tracing  points. 

95.  When  the  characteristics  of  a  function  are  required,  the  most  im- 
portant class  are  its  infinities  :  these  must  therefore  now  be  investigated. 
It  is  preferable  to  obtain  the  infinities  of  the  function  rather  than  the 
singularities  alone,  in  the  vicinity  of  which  each  branch  of  the  function 
is  uniform*  :  for  the  former  will  include  these  singularities  as  well  as  those 
branch-points  which,  giving  'infinite  values,  lead  to  regular  singularities  when 
the  variables  are  transformed  as  in  §  93.  The  theorem  which  determines 
them  is  :  — 

The  infinities  of  a  function  determined  by  an  algebraical  equation  are  the 
singularities  of  the  coefficients  of  the  equation. 


and  let  w'  be  any.  branch  of  the  function;    then,  .if  the  equation  which 
determines  the  remaining  branches  be 

wn-i  +  wn-z  Gi  ^  +  wn-S  ^  ^  +  .  .  .  +  wQn_z  (/)  +  Q^  (0)  =  Q, 

we  have  Fz  =  -w'Gz 


Fn_z  (z)  =  -  w'Gn-z  0)  +  Gn,2  0), 


Now  suppose  that  a  is  an  infinity  of  w' ;  then,  unless  it  be  a  zero  of  order 
at  least  equal  to  that  of  Gll_1  (z),  a  is  an  infinity  of  Fn  (z}.  If,  however,  it  be 
a  zero  of  Gn-^  (z)  of  sufficient  order,  then  from  the  second  equation  it  is  an 
infinity  of  Fn^  (z)  unless  it  is  a  zero  of  order  at  least  equal  to  that  of 
Gn-s(z)'}  and  so  on.  The  infinity  must  be  an  infinity  of  some  coefficient  not 
earlier  than  F{  (z)  in  the  equation,  or  it  must  be  a  zero  of  all  the  functions 
G  which  are  later  than  G^_a  (z).  If  it  be  a  zero  of  all  the  functions  G>,  so 
that  we  may  not,  without  knowing^  the  order,  assert  that  it  is  of  rank  at 
least  equal  to  its  order  as  an  infinity  of  tv',  still  from  the  last  equation  it 
follows  that  a  must  be  an  infinity  of  F±  (z}.  Hence  any  infinity  of  w  is  cm 
infinity  of  at  least  one  of  the  coefficients  of  the  equation. 

Conversely,  from  the  same  equations  it  follows  that  a  singularity  of  one 
of  the  coefficients  is  an  infinity  either  of  w'  or  of  at  least  one  of  the  co- 
efficients G.  Similarly  the  latter  alternative  leads  to  an  inference  that  the 
infinity  is  either  an  infinity  of  another  branch  w"  or  of  the  coefficients  of  the 
(theoretical)  equation  which  survives  when  the  two  branches  have  been 
removed.  Proceeding  in  this  way,  we  ultimately  find  that  the  infinity  either 
is  an  infinity  of  one  of  the  branches  or  is  an  infinity  of  the  coefficient  in  the 
last  equation,  that  is,  of  the  last  of  the  branches.  Hence  any  singularity 
of  a  coefficient  is  an  infinity  of  at  least  one  of  the  branches  of  the  function. 

It  thus  appears  that  all  the  infinities  of  the  function  are  included  among, 
and  include,  all  the  singularities  of  the  coefficients ;  but  the  order  of  the 
infinity  for  a  branch  does  not  necessarily  make  that  point  a  regular 
singularity  nor,  if  it  be  a  regular  singularity,  is  the  order  necessarily  the 
same  as  for  the  coefficient. 

The  following  method  is  effective  for  the  determination  of  the  order  of 

+  Vi  r±     Tn-hm  \-\r     r\-P    -f  n  o     rM"a  nr»  n 


+  cn_j  0  -  a}~mn-iw  +  cn  (z  -  a)-™*  =  0. 

Mark  in  a   plane,  referred   to   two   rectangular   axes,  points   n,  0 ;   n  —  1, 
—  raa ;  7i  —  2,  —  m2 ;  . . . ,  0,  —  mn ;  let  these 
be  A0,  A !,...,  An  respectively.     Any  line  ' 
through  .At-  has  its  equation  of  the  form 

that  is, 

If  then  w  =  (2  —  a}~Kf(z),  where  /(Y)  is       y,\ 

finite  when  5  =  «,  the'  intercept  of  the  Fig.  20. 

foregoing  line  on  the  negative  side  of  the  axis  of  y  is  equal  to  the  order  of 

the  infinity  in  the  term 

vf^FiW. 

This  being  so,  Ave  take  a  line  through  An  coinciding  in  direction  Avith  the 
negative  part  of  the  axis  of  y,  and  Ave  turn  it  about  An  in  a  trigonometrically 
positive  direction  until  it  first  meets  one  of  the  other  points,  say  -4n_r;  then. 
Ave  turn  it  about  An-r  until  it  meets  one  of  the  other  points,  say  An_s]  and 
so  on  until  it  passes  through  A0.  There  will  thus  be  a  line  from  An  to 
AQ,  generally  consisting  of  a  number  of  parts;  and  none  of  the  points  A 
Avill  be  outside  the  figure  bounded  by  this  line  and  the  axes. 

The  perpendicular  from  the  origin  on  the  line  through  An_r  and  An-K  is 
evidently  greater  than  the  perpendicular  on  any  parallel  line  through  a 
point  A,  that  is,  on  any  line  through  a  point  A  with  the  same  value 
of  A.;  and,  as  this  perpendicular  is 

it  folloAArs  that  the  order  of  the  infinite  terms  in  the  equation,  when  the  par- 
ticular substitution  is  made  for  w,  is  greater  for  terms  corresponding  to  points 
lying  on  the  line  than  it  is  for  any  other  terms. 

If  f(z)  =  6  when  z  =  a,  then  the  terms  of  lowest  order  after  the  substitu- 
tion of  (z  —  a}~Kf(z)  for  w  are 

(Z       Gi)       "•-''         L^H— r  U    +  . . .  +  Cji—s  u  J , 

as  many  terms  occurring  in  the  bracket  as  there  are  points  A  on  the  line 
joining  An_r  to  An-s.  Since  the  equation  determining  w  must  be  satisfied, 
terms  of  all  orders  must  disappear,  and  therefore 

cn_s6s-'r  +  . . .  +  cn-r  —  0, 

tin    p.nnn.t.inn    rlp.tp.rrmnmo1    ft  —  r    vn.lnps    of   ft     t.hn.t,    is     f.hp    -first,    t.pvins    in    f.lip 


associated  value  ;  for  the  third,  t  —  s  branches  with  a  third  associated  value  ; 
and  so  on. 

The  order  of  the  infinity  for  the  branches  is  measured  by  the  tangent 
of  the  angle  Avhich  the  corresponding  part  of  the  broken  line  makes  with  the 
axis  of  a;;  thus  for  the  line  joining  An-.r  to  An_8  the  order  of  the  infinity 
for  the  s  —  r  branches  is 


s-r 


where  mn-r  and  wi7l_s  are  the  orders  of  the  accidental  singularities  of  Fn-r  (z) 
and  Fn-a  0). 

If  any  part  of  the  broken  line  should  have  its  inclination  to  the  axis  of 
x  greater  than  \TT  so  that  the  tangent  is  negative  and  equal  to  —  p,  then  the 
form  of  the  corresponding  set  of  branches  w  is  (z  —  a)1*  g  (z)  for  all  of  them, 
that  is,  the  point  is  not  an  infinity  for  those  branches.  But  when  the 
inclination  of  a  part  of  the  line  to  the  axis  is  <  ^TT,  so  that  the  tangent  is 
positive  and  equal  to  A,,  then  the  form  of  the  corresponding  set  of  branches 
iu  is  (s  —  a)~^f(z}  for  all  of  them,  that  is,  the  point  is  an  infinity  of  order  \ 
for  those  branches. 

In  passing  from  An  to  A0,  there  may  be  parts  of  the  broken  line  which 
have  the  tangential  coordinate  negative,  implying  therefore  that  a  is  not  an 
infinity  of  the  corresponding  set  or  sets  of  branches  w.  But  as  the  revolving 
line  has  to  change  its  direction  from  Any'  to  some  direction  through  AQ, 
there  must  evidently  be  some  part  or  parts  of  the  broken  line  which  have 
their  tangential  coordinate  positive,  implying  therefore  that  a  is  an  infinity 
of  the  corresponding  set  or  sets  of  branches. 

Moreover,  the  point  a  is,  by  hypothesis,  an  accidental  singularity  of  at 
least  one  of  the  coefficients,  and  it  has  been  supposed  to  be  an  essential 
singularity  of  none  of  them;  hence  the  points  A9,  Al}  ...,  An  are  all  in  the 
finite  part  of  the  plane.  And  as  no  two  of  their  abscissse  are  equal,  no  line 
joining  two  of  them  can  be  parallel  to  the  axis  of  y,  that  is,  the  inclination 
of  the  broken  line  is  never  \ir  and  therefore  the  tangential  coordinate  is 
finite,  that  is,  the  order  of  the  infinity  for  the  branches  is  finite  for  any 
accidental  singularity  of  the  coefficients. 

If  the  singularity  at  a  be  essential  for  some  of  the  coefficients,  the 
corresponding  result  can  be  inferred  by  passing  to  the  limit  which  is 
obtained  by  making  the  corresponding  value  or  values  of  m  infinite.  In 

tlial,   PJ.I.SP    t.Vip    nnrrnsnrvn  diner  nm'nhs    A    move  to  infinitv  and  then   nnrt.s  nf  t.Tio 


It  has  been  assumed  implicitly  that  the  singularity  is  at  a  finite  point  in 
the  0-plane ;  if,  hoAvever,  it  be  at  oo ,  we  can,  by  using  the  transformation 
zz'  =  I  and  discussing  as  above  the  function  in  the  vicinity  of  the  origin, 
obtain  the  relation  of  the  singularity  to  the  various  branches.  We  thus 
have  the  further  proposition: — 

The  order  of  the  infinity  of  a  branch  of  an  algebraical  function  at  a 
singularity  of  a  coefficient  of  the  equation,  which  determines  the  function,  is 
finite  or  infinite  according  as  the  singularity  is  accidental  or  essential. 

If  the  coefficients  Ft  of  the  equation  be  holomorphic  functions,  then 
0=00  is  their  only  singularity  and  it  is  consequently  the  only  infinity  for 
branches  of  the  function.  If  some  of  or  all  the  coefficients  Ft  be  mero- 
morphic  functions,  the  singularities  of  the  coefficients  are  the  zeros  of 
the  denominators  and,  possibly,  z  =  oo ;  and,  if  the  functions  be  rational, 
all  such  singularities  are  accidental.  In  that  case,  the  equation  can  be 
modified  to 

ho  (z)  wn  +  h,  (z)  wn~l  +  hz  0)  wn~'2  +  . . .  =  0, 

where  h^(z)  is  the  least  common  multiple  of  all  the  denominators  of  the 
functions  Fi.  The  preceding  results  therefore  lead  'to  the  more  limited 
theorem : — 

When  a  function  w  is  determined  by  an  algebraical  equation  the  coefficients 
of  which  are  holomorphic  functions  of  z,  then  each  of  the  zeros  of  the  coefficient 
of  the  highest  power  of  w  is  an  infinity  of  some  of  (and  it  may  be  of  all)  the 
branches  of  the  function  w,  each  such  infinity  being  of  finite  order.  The  point 
z  —  oo  may  also  be  an  infinity  of  the  function  w ;  the  order  of  that  infinity  is 
finite  or  infinite  according  as  z  =  <x>  is  an  accidental  or  an  essential  singularity 
of  any  of  the  coefficients. 

It  will  be  noticed  that  no  precise  determination  of  the  forms  of  the 
branches  w  at  an  infinity  has  been  made.  The  determination  has,  however, 
only  been  deferred :  the  infinities  of  the  branches  for  a  singularity  of  the 
coefficients  are  usually  associated  with  a  branch-point  of  the  function,  and 
therefore  the  relations  of  the  branches  at  such  a  point  will  be  of  a  general 
character  independent  of  the  fact  that  the  point  is  an  infinity. 

If,  however,  in  any  case  a  singularity  of  a  coefficient  should  prove  to  be, 
not  a  branch-point  of  w  but  only  a  regular  singularity,  then  in  the  vicinity  of 
that  point  the  branch  of  w  is  a  uniform  function.  A  necessary  (but  not  suffi- 
cient) condition  for  uniformity  is  that  (mn_,.  —  mn_s}  +  (s  —  r)  be  an  integer. 


lunction  determined  oy  an  aigeoraicai  equation. 

The  characteristic  property  of  a  "branch-point  is  the  equality  of  branches 
of  the  function  for  the  associated  value  of  the  variable,  coupled  with  the 
interchange  of  some  of  (or  all)  the  equal  branches  after  description  by  the 
variable  of  a  small  contour  enclosing  the  point. 

So  far  as  concerns  the  first  part,  the  general  indication  of  the  form  of  the 
value  has  already  (§  93)  been  given.  The  points,  for  which  values  of  lu 
determined  as  a  function  of  z  by  the  equation 

/(w,*)  =  0 

are  equal,  are  determined  by  the  solution  of  this  equation  treated  simul- 
taneously with 


and  when  a  point  z  is  thus  determined,  the  corresponding  values  of  ui,  which 
are  equal  there,  are  obtained  by  substituting  that  value  of  z  and  taking  M, 

7)f 
the  greatest  common  measure  of  /  and  ^-  .     The  factors  of  M  then  lead  to 

the  value  or  the  values  of  w  at  the  point  ;  the  index  m  of  a  linear  factor 
gives  at  the  point  the  multiplicity  of  the  value  which  it  determines,  and 
shews  that  m+1  values  of  w  have  a  common  value  there,  though  they  are 
distinct  at  infinitesimal  distances  from  the  point.  Values  of  w,  determined 
by/=0  but  not  occurring  in  a  factor  of  If,  are  isolated  values;  each  of  them 
determines  a  branch  that  is  uniform  at  the  point. 

Let  z  =  a,  w  =  a  be  a  value  of  z  and  a  value  of  w  thus  obtained  ;  and 
suppose  that  m  is  the  number  of  values  of  w  that  are  equal  to  one  another. 
The  point  z  =  a,  is  not  a  branch-point  unless  some  interchange  among  the 
m  values  of  w  is  effected  by  a  small  circuit  round  a;  and  it  is  therefore 
necessary  to  investigate  the  values  of  the  branches*  in  the  vicinity  of  z  =  a. 

Let  w  =  a  +  w',  z  =  a  +  z'  ;  then  we  have 


that  is,  on  the  supposition  that  f(w,  z)  has  been  freed  from  fractions, 

/(«,«)  +  2  ^Arsz'rw's  =  0, 

r,s 

so  that,  since  a  is  a  value  of  w  corresponding  to  the  value  a  of  z,  we  have 
w'  and  /  connected  by  the  relation 


When  z'  is  0,  the  zero  value  of  w'  must  occur  m  times,  since  a  is  a  r<: 
m  times  repeated;  hence  there  are  terms  in  the  foregoing  equation  inc. 
pendent  of  s/,  and  the  term  of  lowest  index  among  them  is  w'm.  Also  wh 
w'  =  0,  z'  =  0  is  a  possible  root  ;  hence  there  must  be  a  term  or  ten 
independent  of  w'  in  the  equation. 

First,  suppose  that  the  lowest  power  of  /  among  the  terms  indepenrlc 
of  w'  is  the  first.  The  equation  has  the  form 

Az'  +  higher  powers  of  z' 
+  .Bw'm  +  higher  powers  of  w' 
+  terms  involving  z  and  w  =  0, 

where  A  is  the  value  of  —  V       f°r  w  =  a,  z  =  a.     Let  z'  =  £m,  w'  =  vt\  t 

oz 

last  form  changes  to 

(A  +  Bvm)  £™  +  terms  with  f  Ml+1  as  a  factor  =  0  ; 
and  therefore  A  +  Bvm  4-  terms  involving  £  =  0. 

Hence  in  the  immediate  vicinity  of  z  =  a,  that  is,  of  £  =  0,  we  have 

4  +  .8um  =  0. 

Neither  .4  nor  B  is  zero,  so  that  all  the  m  values  of  v  are  finite.  Let  tin 
be  v1}...,  vm,  so  arranged  that  their  arguments  increase  by  2?r/?/i  throu 
the  succession.  The  corresponding  values  of  w'  are 

w,,!  =  vr 


-       'm 


-  vrz 

for  r—l,  ..;,  m.     Now  a  ^-circuit  round  a,  that  is,  a  /-circuit  round 
origin,  increases  the  argument  of  z   by  2-rr  ;  hence  after  such  a  circuit, 

—    fe'j  i 

have  the  new  value  of  wr'  as  vrz'm  em,  that  is,  it  is  vr+1J™  which  is  the  vai 

of  w'r+l.  Hence  the  set  of  values  w\,  w'«,  ...,  w'm  form  a  complete  set 
interchangeable  values  in  their  cyclical  succession;  all  the  m  values,  wh: 
are  equal  at  a,  form  a  single  cycle  and  the  point  is  a  branch-point. 

Next,  suppose  that  the  lowest  poAver  of  z  among  the  terms  independt 
of  w'  is  /*,  where  I  >  1.     The  equation  now  has  the  form 
0  =  Az'1  +  higher  powers  of  z' 
+  Bw'  m  +  higher  powers  of  w' 

l-l  m-l 


term  of  w' in  its  expansion  in  powers  of  z,  we  may  use  the  foregoing  equation 
in  the  form 

1-1  m-I 

Az'l+  2     S  Arsz'rw's  +  Ew'm  =  0. 

?•=!   s=l 

To  obtain  this  first  term  we  proceed  in  a  manner  similar  to  that  in  §  95  *. 
Points  A0,...,Am  are  taken  in  a  plane 
referred  to  rectangular  axes  having  as  co- 
ordinates 0, 1 ; . . . ;  s,  r ; . . . ;  in,  0  respectively. 
A  line  is  taken  through  Am  and  is  made  to 
turn  round  Am  from  the  position  AmO  until 
it  first  meets  one  of  the  other  points ;  then 
round  the  last  point  which  lies  in  this 
direction,  say  round  Aj,  until  it  first  meets 
another ;  and  so  on. 

Any  line  through  At  (the  point  si}  n)  is 
of  the  form 

The  intercept  on  the  axis  of  /-indices  is  As^  + 1\,  that  is,  the  order  of  the 
term  involving  Arist  for  a  substitution  w'  =  vz'\  The  perpendicular  from  the 
origin  for  a  line  through  Ai  and  Aj  is  less  than  for  any  parallel  line  through 
other  points  with  the  same  inclination  ;  and,  as  this  perpendicular  is 


it  follows  that,  for  the  particular  substitution  w  =  vz'K,  the  terms  correspond- 
ing to  the  points  lying  on  the  line  with  coordinate  TV,  are  the  terms  of  lowest 
order,  and  consequently  they  are  the  terms  which  give  the  initial  terms  for 
the  associated  set  of  quantities  w'. 

Evidently,  from  the  indices  retained  in  the  equation,  the  quantities  TV, 
for  the  various  pieces  o'f  the  broken  line  from  Am  to  A0  are  positive  and 
finite. 

Consider  the  first  piece,  from  Am  to  Aj  say;  then  taking  the  value  of  TV,  for 
that  piece  as  /u,a  ,  so  that  we  write  v^z'^  as  the  first  term  of  w,  we  have  as  the 
set  of  terms  involving  the  lowest  indices 

Bw'm  +  ^Arsz'r 


being  the  smallest  value  of  5  retained  ;  and  then 


r  ~ 


Let  plq  be  tne  equivalent  vame  01  /^  as  O 

?  .       , 

write  z'  =  £2.     Then  w/  =  v10'«  =  %^;  all  the  terms  except  the  above  group 

are  of  order  >mp,  and  therefore  the  equation  leads  after  division  by  £m^fiyto 

W-*  +  ZArM'-**  +  4V,=  0, 

an  equation  which  determines  m-8j  values  for  v1}  and  therefore  the  initial 
terms  of  m  —  s,-  of  the  w-branches. 

Consider  now  the  second  piece,  from  Aj  to  At  say  ;  then  taking  the  value 
of  A,  for  that  piece  as  i^,  so  that  we  write  v^'**  as  the  first  term  of  w',  we 
have  as  the  set  of  terms  involving  the  lowest  indices  for  this  value  of  #, 


where  st  is  the  smallest  value  of  s  retained.     Then 


Proceeding  exactly  as  before,  we  find 

ArjljvJJ-«t  +  %2ArHv./-st  +  A  ,.A  =  0 

as  the  equation  determining  Sj  —  Si  values  for  v2)  and  therefore  the  initial 
terms  of  Sj  —  s^  of  the  ?y-branches. 

And  so  on,  until  all  the  pieces  of  the  line  are  used  ;  the  initial  terms  of 
all  the  w-branches  are  thus  far  determined  in  groups  connected  with  the 
various  pieces  of  the  line  AmAjAi...A0.  By  means  of  these  initial  terms, 
the  m  branches  can  be  arranged  for  their  interchanges,  by  the  description  of 
a  small  circuit  round  the  branch-point,  according  to  the  following  theorem  :  — 

Each  group  can  be  resolved  into  systems,  the  members  of  each  of  which  are 
cyclically  in  ter  changeable. 

It  will  be  sufficient  to  prove  this  theorem  for  a  single  group,  say  the 
group  determined  by  the  first  piece  of  broken  line  :  the  argument  is 
general. 

1")  .  V  7  '« 

Since  -  is  the  equivalent  of  —      and  of  —  -;  —  and  since  s,-  <  s,  we  have 
q  i  m  —  s  m  —  Sj  J 

m  —  s  =  kq,        m  —  Sj  =  fyq,         kj  >  k  ; 
and  then  the  equation  which  determines  vt  is 

Bvffl  +  ^AnVfy-**  5  +  Ar^  =  0, 

that  is,  an  equation  of  degree  kj  in  vj  as  its  variable.  Let  U  be  any  root  of 
it  ;  then  the  corresponding  values  of  ^  are  the  values  of  U%.  Suppose  these 
q  values  to  be  arranged  so  that  the  arguments  increase  by  27r~,  which  is 


q 

round  the  #' -origin  evidently  increases  the  argument  of  any  one  of  these 
w'- values  by  27rp/g,  that  is,  it  changes  it  into  the  value  next  in  the  succession ; 
and  so  the  set  of  q  values  is  a  system  the  members  of  which  are  cyclically 
interchangeable. 

This  holds  for  each  value  of  U  derived  from  the  above  equation ;  so  that 
the  whole  set  of  m  —  Sj  branches  are  resolved  into  %  systems,  each  containing 
q  members  with  the  assigned  properties. 

It  is  assumed  that  the  above  equation  of  order  kj  in  v^  has  its  roots  unequal. 
If,  however,  it  should  have  equal  roots,  it  must  be  discussed  ab  initio  by  a 
method  similar  to  that  for  the  general  equation;  as  the  order  kj  (being  a 
factor  of  m  —  Sj)  is  less  than  m,  the  discussion  will  be  shorter  and  simpler, 
and  will  ultimately  depend  on  equations  with  unequal  roots  as  in  the  case 
above  supposed. 

It  may  happen  that  some  of  the  quantities  /A  are  integers,  so  that  the 
corresponding  integers  q  are  unity :  a  number  of  the  branches  would  then  be 
uniform  at  the  point. 

It  thus  appears  that  z  =  a  is  a  branch-point  and  that,  under  the  present 
circumstances,  the  m  branches  of  the  function  can  be  arranged  in  systems, 
the  members  of  each  one  of  which  are  cyclically  interchangeable. 

Lastly  it  has  been  tacitly  assumed  in  what  precedes  that  the  common 
value  of  w  for  the  branch-point  is  finite.  If  it  be  infinite,  this  infinite  value 
can,  by  §  95,  arise  only  out  of  singularities  of  the  coefficients  of  the  equation : 
and  there  is  therefore  a  reversion  to  the  discussion  of  §§  95,  96.  The  dis- 
tribution of  the  various  branches  into  cyclical  systems  can  be  carried  out 
exactly  as  above. 

Another  method  of  proceeding  for  these  infinities  would  be  to  take 
iuw'  =  l,  Z=G+Z;  but  this  method  has  no  substantial  advantage  over  the 
earlier  one  and,  indeed,  it  is  easy  to  see  that  there  is  no  substantial 
difference  between  them. 

Note.  In  the  first  case  considered,  a  single  transformation  of  the  variables 
represented  by  z  =  %m,  w  =  v£,  was  sufficient  to  discriminate  among  the  m 
branches. 

In  the  second  case,  the  number  of  different  directions  in  the  broken  line 
of  fig.  21  is  finite  (^m);  to  each  such  direction  there  corresponds  a  trans- 
formation of  the  variables  which  leads  to  a  discrimination  among  one  of  the 
groups  out  of  the  m  branches,  and  therefore  the  whole  number  of  trans- 
formations needed  to  discriminate  among  the  m  branches  is  finite. 


function  w  are  discriminated,  at  a'  branch-point,  by  a  finite  number  of  trans- 
formations. 

Ex.  1.    As  an  example,  consider  the  function  determined  by  the  equation 

&zw*  +  (1  -  z)  (3w  +  1)  =  0. 
The  equation  determining  the  values  of  z  which  give  equal  roots  for  10  is 

8z  (z-  1)2  =  4  (z-  I)3, 
so  that  the  values  are  2  =  1  (repeated)  and  z=  —  1. 

When  z=l,  then  10  =0,  occurring  thrice;  and  if  2=1+2',  then 


that  is,  z0'  =  £s's. 

The  three  values  are  branches  of  one  system  in  cyclical  order  for  a  circii.it  round  0=1. 

When  2=  —  1,  the  eqxiatiou  for  w  is 

4W3  —  3w  —  1  =  0, 

that  ia,  (w  -  1  )  (2w  +  1  )'2  =  0, 

so  that  w=l,  or  10=  -i,  occurring  twice. 

For  the  former   of  these  we  easily  find  that,  for  s  =  —  1  +  z',  the  value  of  w  is 
1+52'+  ......  ,  an  isolated  branch  as  is  to  be  expected,  for  the  value  1  is  not  repeated. 

For  the  latter  we  take  w—  —  i-f-w',  and  find 

«/2=^'  +  ......  , 

so  that  the  two  branches  are 


__ 


_.__ 

and  they  are  cyclically  interchangeable  for  a  small  circuit  round  z—  -1. 

These  are  the  finite  values  of  w  at  branch-points.     For  the.  infinities  of  w,  which  may 
arise  in  connection  with  the  singularities  of  the  coefficients,  we  take  the  zeros  of  the 
coefficient  of  the  highest  power  of  w  in  the  integral  equation,  viz.,  2  =  0,  which  is  thus  the 
only  infinity  of  w.     To  find  its  order  we  take  w=z~nf(z}=yz~n  +  ......  ,  where  y  is  a 

constant  and  f(z)  is  finite  for  z  —  Q;  and  then  we  have 


Thus  l-3?^=-7^, 

provided  both  of  them  be  negative;  the  equality  gives  n  —  ^  and  satisfies  the  condition. 
And  8y3=  —  3y.  Of  these  values  one  ia  zero,  and  gives  a  branch  of  the  function  without 
an  infinity;  the  other  two  are  ±-|V  —  $  and  they  give  the  initial  term  of  the  two 
branches  of  w,  which  have  an  infinity  of  order  —  ^  at  the  origin  and  are  cyclically 
interchangeable  for  a  small  circuit  round  it.  The  three  values  of  w  for  infinitesimal 
values  of  z  are 

3  .  _i      1       7        /3  .  x      4         275         /3  .  $        4 

8W      +6~18  V  8W""81*~1944  V  8W        729        ...... 

/S          7         1          7  /3       i         A.  97n  /3       s  J. 


Ex.  2.     Obtain  the  branch-points  of  the  functions  which  are  defined  by  the  following 
ntions,  and  determine  the  cyclical  systems  at  the  branch-points : — 
(i)     ufi  — 

(ii)     i<P 

(hi)     w3 

(iv)     w3  -  'Azw  +  23  =  0 ; 

41 
(v)    la*  -  ( 1  -  s»)  w'1  -  -fi  2a  ( 1  -  s*)*  =  0.  (Briot  and  Bouquet. ) 

A-lso  discuss  the  branches,  in  the  vicinity  of  z=0  and  of  2=00,  of  the  functions  denned 
;he  following  equations : — 

(vi)     awr  •+•  Z>?y°s  +  ewV1  +  dwz&  +  ems7  +/2U  +  gift  +  /ra4*6  +  /b10 = 0 ; 
(vii)     wmzn  +  wn  +  zm=Q. 

97.  Having  shewn  how  to  discriminate  at  an}?-  point  among  the  various 
nches  of  the  algebraic  function  defined  by  the  equation 

f(w,  z)  =  h0  (z)  wn  +  h,  (2)  wn~l  +  h2  (2}  wn~"  +  . . .  =  0, 
3re  the  quantities  h0(z),  h^z),  Ji2(z),  ...   are  holomorphic  functions,  we 
seed  to  indicate  the  character  of  the  various  branches  near  the  point.    After 

preceding  discussions,  it  will  be  sufficient  to  consider  only  finite  values 
r.\  the  consideration  of  infinite  values  can  be  obtained  through  the  zero 

les  of  z',  where  -  is  substituted  for  z.  It  is  only  for  zeros  of  kQ  (z)  that 
infinite  value  (or  several  infinite  values)  of  w  can  arise :  they  can  be 
mssed  through  the  zero  values  of  ^v',  where  —  is  substituted  ,for  w. 

Accordingly,  let  a  denote  a  finite  value  of  z,  and  let  a  denote  a  finite 
.ie  of  w  for  z  =  a,  where  a  may  be  a  simple  root  or  multiple  root  of 
,  a)  =  0.     Take  w  =  a  +  y,  z  =  a  +  x,  so  as  to  consider  some  vicinity  of  the 
it  ft  and  the  character  of  w  in  that  vicinity ;  and  let 
f(w,  z)  =f(a  +  y,a  +  a))  =  F(y,  a?), 

ire  F  is  a  polynomial  in  y  of  degree  not  greater  than  n,  and  the  coefficients 
holomorphic  functions  of  x  which  are  polynomials  when  all  the  coefficients 
h1}  ...  are  polynomials.  We  have  F(0,  0)=0,  so  that  there  is  no  term 

from  x  and  y  in  F(y,  x).  Also  F  (y,  0)  does  not  vanish  for  all  values  of 
for  that  would  imply  that  some  integral  power  of  a;  is  a  factor  of  F  (y,  x) 

therefore  that  some  integral  power  of  z  —  a  is  a  factor  of  f(w,  z),  which 
Dt  the  case.  Hence  there  is  at  least  one  term  in  the  polynomial  F  ( y,  x}, 
3h  has  a  constant  for  its  coefficient,  and  there  may  be  more  than  one 
i  term ;  let  the  term  of  lowest  order  in  y  be  Bym,  and  let  the  aggregate 
uch  terms  be  denoted  \%y  F0(y).  Denoting  the  rest  by  F1(y,  x),  where 
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clearly  Fl(y,  x)  vanishes  when  «  =  0  for  all  values  of  y,  in  any  vicinity  of 
2/  =  0.  Hence*  we  can  choose  a  region  in  the  vicinity  of  y  =  0,  %=Q, 
such  that 

\FQ  >  \Fi\i 

but  as  FQ  vanishes  when  y~Q,  there  may  be  some  limit  of  |  y  \  other  than 
zero,  at  and  below  which  the  inequality  does  not  hold.  Accordingly,  assume 
as  the  range  for  the  inequality 

\.PO  <\y\<p,       x  <r- 

For  such  values  we  have,  on  taking  logarithmic  derivatives  of  the  equation 


the  relation 


Since  F0  is  a  polynomial  in  y  that  is  divisible  by  ym,  we  have 


where  Q-  is  a  converging  series  of  integral  powers.     Similarly 

PA.          co 


where  the  quantities  6rA;/x  are  converging  series  of  integral  powers  of  as,  each 

03        J    J^  \ 

of  them  vanishing  with  a?.     As  the  series  ^  -  •—-  converges  uniformly,  we 

-          ^ 


may  gather  together  the  various  terms  that  involve  the  same  power  of  ?/  ; 
and  we  then  have 


where  each  of  the  coefficients  Gp  is  a  converging  power-series  in  x  which 
vanishes  with  x.     Thus 

IdF     m     „  d      ™     n 

•pK-  =  -  +  £(v)-—    2    GviP, 
F  dy      y         v/     dy  p=^   pj 

where  the  only  term  on  the  right-hand  side  in  y~l  is  ?72/  . 

\y 

Now  let  ^,  ...,  77,  denote  the  zeros  of  F(y,  «),  for  values  of  y  such  that 
!  y  |  <  p  and  for  a  parametric  value  K  of  ss  such  that  «  |  <  r  :  it  might  be  that 
there  are  no  such  zeros  Cthoncrh  t-.lTis  will  Via  coon-  n^f  f^  "u,-,  ^.i, 


inuuuii  greuuer  uuan  une  greaoeisu  01  i>ne  quanmw.es  \<r)i\,   me 
right-hand  side  can  be  expanded  in  descending  powers  of  y,  and  we  have 


where  $,  =  ijf  +  T?./*  +  .  .  .  +  "nf. 

The  parametric  value  «  in  this  expansion  can  be  replaced  by  as  ;  and  thus 

•      n,.  c     l  dF         v 

comparing  the  two  expansions  tor  -~  v—  ,  we  nave 

s  =  m,         /S>  =  p,G-^ 

The  first  of  these  results  shews  that  there  are  m  roots  of  F  within  the 
range.  The  second  of  them  expresses  the  sums  of  the  positive  powers  of 
T?],  ...,  7]i  as  converging  series  of  positive  powers  of  x  which  vanish  with  x; 
hence  the  symmetric  integral  functions  of  %,  ..'.,^1  are  regular  functions  of  a- 
in  the  vicinity  of  x  —  0  and  vanish  with  x.  Let 

g  (y>  «)  =  (y-ri  (y-  W  —  (y  -  ^) 

=  2/m  +  #i2/m-1  +  ---  +9i> 

where  ^  are  regular  functions  of  a1  and  vanish  with  x. 
A  further  comparison  of  the  expansions  shews  that 


where  T  (y,  a;)  is  a  regular  function  of  y  and  x,  given  by 


J  o  2=0 

Hence 


and  therefore 

JF 

where  U  is  a  quantity  independent  of  y.     Now  when  x  is  zero,  U  is  B  ;  hence 

generally 

17=  J5  (1  +  positive  powers  of  x) 


wnere  £  is  a  regular 

r  (y,  a?)  +  1,  where  (?  (0,  0)  =  0,  we  have 


with  the  defined  significance  of  g  (y,  a)  and  G  (y,  a). 

Our  immediate  purpose  is  with  such  values  of  y,  being  functions  of  a?,  as 
make  .F  vanish  in  the  region  considered.  Clearly  the  exponential  term  does 
not  vanish  ;  and  therefore  we  have  the  values  of  y  given  by 

g  (  y,  x}  =  ym  +  g,  ym^  +  g2ym~*  +...+  <Jm  =  0, 
where  g1}  g2,  ...,  gm  are  regular  functions  of  x  that  vanish  with  x. 

Case  1.  The  simplest  case  arises  when  in  =  I  ;  the  root  a  is  then  a  simple 
root  of  /(a,  a.)  =  0,  and  we  have 

y  +  9i  =  Q, 
that  is, 

w-a  =  y  =  -gi=Q(z-a),    , 

or  in  the  vicinity  of  the  point  a,  the  branch  associated  with  the  simple  root 
of  /(a,  a)  =  0  is  a  regular  function  of  z  —  a. 

The  same  result  holds  for  each  simple  root  a  of  the  equation  /(a,  a)  ~  0. 

Case  2.  Let  m  >  1,  so  that  the  root  a  is  a  multiple  root  of  /(a,  a)  =  03 
and  z  =  a  may  be  (and  generally  is)  a  branch-point.  The  equation 

g(y,  x)  =  ym  +  frym-1  +g*ym-2  +  ...  +gm  =  0 

determines  m  branches.     By  §  96  these  branches  can  be  arranged  in  groups, 

P 
each  group  corresponding  to  a  particular  order  \  y  \  oc  \  x  \  (i  for  sufficiently  small 

values  of  1  7/|  and    a\,  and  the  order  being  determined  by  a  portion  of  a  broken 
line  in  a  Puiseux  diagram. 

Thus  for  the  first  portion  of  the  line,  take  x  =  t,q,  y=  v£p  ;  then  the  equation 
becomes  of  the  form 

vm  +  2Krvm~r  +  K8vn-*  +  £P  (v,  £)  =  0, 
where  P  (v,  £)  is  a  regular  function  of  its  arguments.     When  £=0,  we  have 


rejecting  the  zero-  values  of  v.  If  v  =  vl  be  a  simple  root  of  this  equation, 
then  in  the  earlier  equation  we  write  v  =  v-^  +  u  ;  and  it  then  follows,  by 
Case  1  above,  that 


shewing  that  the  corresponding  branch  of  the  algebraic  function  is  a  uniform 

i^ 

function  of  (z  —  a)  «.  When  q  is  1,  the  branch  is  a  regular  function  of  z  —  a. 
When  q  >  1,  there  is  a  system  of  roots  of  the  same  form. 

It  may  happen  that  vx  is  a  multiple  root*  of 

v8  +  2/crvs'~?'  +  KS  =  0. 

This  equation  is  of  degree  s,  being  less  than  m,  the  degree  of  the  original 
equation.  To  it  we  apply,  for  the  multiple  root,  the  preceding  process  :  and 
so  gradually  reach  the  stage  in  which  each  of  the  branches  is  discriminated 
and  analytically  expressed. 

Similarly  for  the  remaining  portions  of  the  broken  line  in  the  Puiseux 
diagram  of  §  96. 

It  therefore  follows  that  all  the  branches  (if  the  branches  be  more  than 
one)  of  the  function,  defined  by  the  equation  f(w,  z)  —  0  and  acquiring  the 
value,  a.  when  z-a,  where  /(a,  a)  =  0,  can  be  represented  in  the  analytical 
form 


where  S  (£)  is  a  regular  function  of  its  argument  which  does  not  vanish  when 
£=0,  and  where  p,  q  are  positive  integers  not  necessarily  the  same  for  all 
the  branches.  (As  already  remarked,  we  have  assumed  a  and  a  to  be  finite. 
It  is  easy  to  see  that  for  an  infinite  value  of  w  when  z  =  a,  we  have  a  branch 
of  the  form 


where  p'  is  a  finite  integer;  and  similarly  for  infinite  values  of  z.)  Conse- 
quently the  function  defined  by  the  equation  /(w,  z)  =  0,  which  is  polynomial 

in  w  and  uniform  in  z,  has  m  branches  at  any  point  a,  each  of  the  branches 

i_ 

being  expressible  as  a  uniform  analytic  function  of  (z—  0)1.  If  f(w,z)  is 
polynomial  in  z  as  well  as  in  w,  the  non-regular  points  of  the  branches  are 
poles  and  branch-points:  no  point  in  the  plane  is  an  essential  singularity  for 
any  branch. 

COROLLAKY.     We  have  the  theorem,  originally  due  to  Cauchy,  as  an 
inference  from  the  whole  investigation:  — 

The  roots  w  of  an  equation  f(w,z)  =  0,  which  is  polynomial  in  w  and 
uniform  in  z,  are  continuous  functions  of  z. 


is  still  valid:  but  p  and  q  are  then  not  necessarily  prime  to  each  other.    (The 
equation  represented  by 


is  an  example.)    The  condition  is  that,  if  the  indices  in  the  expression  for 
w  —  o.  have  a  common  factor/,  then  /is  not  a  factor  of  q, 

98.  There  is  one  case  of  considerable  importance  which,  though  limited 
in  character,  is  made  the  basis  of  Clebsch  and  Gordan's  investigations*  in  the 
theory  of  Abelian  functions  —  the  results  being,  of  course,  restricted  by  the 
initial  limitations.  It  is  assumed  that  all  the  branch-points  are  simple,  that 
is,  are  such  that  only  one  pair  of  branches  of  w  are  interchanged  by  a  circuit 
of  the  variable  round  the  point  ;  and  it  is  assumed  that  the  equation  /=  0  is 
polynomial  not  merely  in  w  but  also  in  z.  The  equation  f=  0  can  then  be 
regarded  as  the  generalised  form  of  the  equation  of  a  curve  of  the  wth  order, 
the  generalisation  consisting  in  replacing  the  usual  coordinates  by  complex 
variables  ;  and  it  is  further  assumed,  in  order  to  simplify  the  analysis,  that  .all 
the  multiple  points  on  the  curve  are  (real  or  imaginary)  double-points.  But, 
even  with  the  limitations,  the  results  are  of  great  value  in  themselves  ;  and 
the  theory  of  birational  transformation  (§§  245  —  252)  brings  them  within  the 
range  of  unrestricted  generality.  It  is  therefore  desirable  to  establish  the 
results  that  belong  to  the  present  section  of  the  subject. 

We  assume,  therefore,  that  the  branch-points  are  such  that  only  one 
pair  of  branches  of  w  are  interchanged  by  a  small  closed  circuit  round  any 
one  of  the  points.  The  branch-points  are  among  the  values  of  z  determined 
by  the  equations 

ft          \        A  df(W>2)        rv 

/(«>,*)  =  <),         -^    '  =  0. 

When  /=  0  has  the  most  general  form  consistent  with  the  assigned 
limitations,  f(w,  z)  is  of  the  nth  degree  in  z\  the  values  of  z  are  determined 
by  the  eliminant  of  the  two  equations  which  is  of  degree  n  (n  —  1),  and  there 
are,  therefore,  n  (n  -  1)  values  of  z  which  must  be  examined. 

First,  suppose  that  J-^L?)  does  not  vanish  for  a  value  of  z,  thus 
obtained,  and  the  corresponding  value  of  w;  then  we  have  the  first  case 
in  the  preceding  investigation.  And,  on  the  hypothesis  adopted  in  the 
present  instance,  m  =  2  ;  so  that  each  such  point  z  is  a  branch-point. 

*  Clebsch  und  Gordan,  Theorie  der  Abel'schen  Functionen,  (Leipzig,  Teubner,  I860).     It  will 
be  proved  hereafter  (S  2521  that  anv  ali?alirfi.in.n.l  pmm.Mrm  PC.V,  v,a  t.i.nv,c,p«  ------  1  i,,-.  ._*.,-  ___  n..  :,_.L  ___ 


value  of  m  is  still  2,  owing  to  the  hypothesis.     The  case  will  now  be  still 
iher  limited  by  assuming  that       ^  z'  —  -  does  not  vanish  for  the  value  of  z 

UZ 

.  the  corresponding  value  of  w  ;  and  thus  in  the  vicinity  of  z  =  a,  w  =  a.  we 
e  an  equation 

0  =  AtP  +  2Bz'w'  +  Cw'2  +  terms  of  the  third  degree  +  ......  , 

jre  A,  B,  0  are  the  values  of  ~  ,  -  ;    ,  -^—  for  z  =  a,  w  =  a. 

oz2-    ozow    owz 

If  J32  $  A  0,  this  equation  leads  to  the  solution 

Ow  +  Bz'  oc  uniform  function  of  z'. 

i  point  z  =  a,  w  =  a  is  not  a  branch-point  ;  the  values  of  w,  equal  at  the  point, 
functionally  distinct.  Moreover,  such  a  point  z  occurs  doubly  in  the 
ninant  ;  so  that,  if  there  be  8  such  points,  they  account  for  28  in  the  eliminant 
legree  n  (n  —  1)  ;  and  therefore,  on  their  score,  the  number  n(n  —  l)  must 
diminished  by  28.  The  case  is,  reverting  to  the  generalisation  of  the 
metry,  that  of  a  double  point  where  the  tangents  are  not  coincident. 

If,  however,  J52  =  A  C,  the  equation  leads  to  the  solution 


3  point  z  =  a,  w  —  a.  is  a  point  where  the  two  values  of  z  interchange. 
w  such  a  point  z  occurs  triply  in  the  eliminant  ;  so  that,  if  there  be  K 
h  points,  they  account  for  3/c  of  the  degree  of  the  equation.  Each  of 
m  provides  only  one  branch-point,  and  the  aggregate  therefore  provides  K 
nch-points  ;  hence,  in  counting  the  branch-points  of  this  type  as  derived 
ough  the  degree  of  the  eliminant,  the  degree  must  be  diminished  by  2«. 
3  case  is,  reverting  to  the  generalisation  of  the  geometry,  that  of  a  double 
nt  (real  or  imaginary)  where  the  tangents  are  coincident. 

It  is  assumed  that  all  the  n  (n  —  1)  points  z  are  accounted  for  under 
three  classes  considered.      Hence  the  number  of  branch-points  of  the 
ation  is 

fi  =  n(n-l)-2S-2«, 

2re  n  is  the  degree  of  the  equation,  5  is  the  number  of  double  points 
the  generalised  geometrical  sense)  at  which  tangents  to  the  curve  do  not 
icide,  and  K  is  the  number  of  double  points  at  which  tangents  to  the 
ve  do  coincide. 


A  function  w,  which  has  n  (and  only  ri)  values  for  each  value  of  z,  and 
which  has  a  finite  number  of  infinities  and  of  branch-points  in  any  part  of  the 
plane,  is  a  root  of  an  equation  in  w  of  degree  n,  the  coefficients  of  which  are 
uniform  functions  of  z  in  that  part  of  the  plane. 

We  shall  first  prove  that  every  integral  symmetric  function  of  the  n 
values  is  a  uniform  function  in  the  part  of  the  plane  under  consideration. 

n 

Let  Sk  denote  z,  wf,  where  Jc  is  a  positive  integer.     At  an  ordinary  point 

i=l 

of  the  plane,  $&  is  evidently  a  one-valued  function  and  that  value  is  finite  ; 
Sh  is  continuous  ;  and  therefore  the  function  Sh  is  uniform  in  the  immediate 
vicinity  of  an  ordinary  point  of  the  plane. 

For  a  point  a,  which  is  a  branch-point  of  the  function  w,  we  know  that 
the  branches  can  be  arranged  in  cyclical  systems.  Let  wl}  ...,  w^  be  such  a 
system.  Then  these  branches  interchange  in  cyclical  order  for  a  description 
of  a  small  circuit  round  a  ;  and,  if  z  —  a  =  Z*,  it  is  known  (§  93)  that,  in  the 
vicinity  of  Z  =  0,  a  branch  w  is  a  uniform  function  of  Z,  say 


Therefore  wk  =  Gk  (-}  +  Pk  (Z), 

\&J 

in  the  vicinity  of  Z—  0  ;  say 

wl***Ak+  2  Bh,mZ~™  +  2  Ck>mZ«\       ' 

m  =  l  m=l 

Now  the  other  branches  of  the  function,  which  are  equal  at  a,  are  derivable 
from  any  one  of  them  by  taking  the  successive  values  which  that  one 
acquires  as  the  variable  describes  successive  circuits  round  a.  A  circuit 
of  w  round  a  changes  the  argument  of  z  —  a  by  2-Tr,  and  therefore  gives  Z 
reproduced  but  multiplied  by  a  factor  which  is  a  primitive  /^th  root  of  unity, 
say  by  a  factor  aj  a  second  circuit  will  reproduce  Z  with  a  factor  aa  ;  and  so 
on.  Hence 

,..  k  _    A       \_    5>     R.       a—mF—mi      "?     H,       rtm^m 

M/2     —  -O.&  -f     ^v     -O£]mU.          £J  ~r      ^      Ufc(  jftOC     .£/      , 

m  =  I  in  =  I 


k —  A       I      V     ft        n—rm'7—in\      5*    H-,       nrmPin 
\  — -tt-k  T    —   z>fc)m«        £j       -f    £<    vfr^mU.     £j    , 

m=l  m=l 


2  «v*  =  /J,Ak  +  2  BkmZ~m  (1  +  a~m  +  cr2m  +  .  .  .  + 

?•  =  !  111  =  1 

+  2  afc?)^m  (1  +  a™  +  a2m  +  .  .  .  +  a7"'1-7"'). 

m=l 

w,  since  a  is  a  primitive  /nth  root  of  unity, 

1  +  a"  +  a2*  +  ...  +  as(^-D 

ero  for  all  integral  values  of  s  which  are  not  integral  multiples  of  p,  and  it 
(,  for  those  values  of  s  which  are  integral  values  of  /*  ;  hence 

-  |  wrk= 


B'k>1  (z  -  a)-1  +  ^,2  (z  -  a)-*  +  B'k>5  (z  -  a)~3+  ... 


ince  the  point  z  =  a  may  be  a  singularity  of  2  wrfc  but  it  is  not  a  branch- 

)•  =  ! 

nt  of  the  function  ;  and  therefore  in  the  immediate  vicinity  of  z  =  a  the 

£ 
.mtity  2t  wrk  is  a  uniform  function. 

»•  =  ! 

The  point  a  is  an  essential  singularity  of  this  uniform  function,  if  the 
ler  of  the  infinity  of  w  at  a  be  infinite  :  it  is  an  accidental  singularity,  if 
it  order  be  finite. 

This  result  is  evidently  valid  for  all  the  cyclical  systems  at  a,  as  well  as 

the  individual  branches  which  may  happen  to  be  one-valued  at  a.     Hence 

M. 
,  being  the  sum  of  sums  of  the  form  2  wrk  each  of  which  is  a  uniform 

}•=! 

iction  of  z  in  the  vicinity  of  a,  is  itself  a  uniform  function  of  z  in  that 
dnity.  Also  a  is  an  essential  singularity  of  Sk,  if  the  order  of  the  infinity 
z  =  a  for  any  one  of  the  branches  of  w  be  infinite  ;  and  it  is  an  accidental 
igularity  of  Sk,  if  the  order  of  the  infinity  at  z  =  a  for  all  the  branches  of  w 
finite.  Lastly,  it  is  an  ordinary  point  of  Sk,  if  there  be  no  branch  of  w  for 
deli  it  is  an  infinity.  Similarly  for  each  of  the  branch-points. 

Again,  let  c  be  a  regular  singularity  of  any  one  (or  more)  of  the  branches 
w  ;  then  c  is  a  regular  singularity  of  every  power  of  each  of  those  branches, 
3  singularities  being  simultaneously  accidental  or  simultaneously  essential. 
3iice  c  is  a  singularity  of  Sk:  and  therefore  in  the  vicinity  of  c,  Sk  is  a 
iform  function,  having  c  for  an  accidental  singularity  if  it  be  so  for  each  of 
3  branches  w  affected  by  it,  and  having  c  for  an  essential  singularity  if  it 

so  for  anv  one  of  the  branches  w. 


aii  unau  poiiib  ue  mumm,  uuo  JLU  is  acumen  LEU,  11  &ne  oruer  01  Lne  innnroy  lor 
all  the  branches  w  there  be  finite.  And  the  number  of  these  singularities 
is  finite,  being  not  greater  than  the  combined  number  of  the  infinities  of  the 
function  w,  whether  regular  singularities  or  branch-points. 

Since  the  sums  of  the  /cth  powers  for  all  positive  values  of  the  integer  k 
are  uniform  functions,  and  since  any  integral  symmetric  function  of  the 
n  values  is  a  rational  integral  function  of  the  sums  of  the  powers,  it  follows 
that  any  integral  symmetric  function  of  the  n  values  is  a  uniform  function 
of  z  in  the  part  of  the  plane  under  consideration;  and  every  infinity  of  a 
branch  w  leads  to  a  singularity  of  the  symmetric  function,  which  is  essential 
or  accidental  according  as  the  orders  of  infinity  of  the  various  branches  are 
not  all  finite  or  are  all  finite. 

Since  w  has  n  (and  only  n)  values  wir  ,..,wnfor  each  value  of  z,  the  equation 
which  determines  w  is 

(W  —  Wj}  (W  —  W2)  ...  (W  —  Wn)  —  0. 

The  coefficients  of  the  various  powers  of  w  are  symmetric  functions  of  the 
branches  wlt  ...,wn;  and  therefore  they  are  uniform  functions  of  z  in  the  part 
of  the  plane  under  consideration.  They  possess  a  finite  number  of  singularities, 
which  are  accidental  or  essential  according  to  the  character  of  the  infinities  of 
the  branches  at  the  same  points. 

COROLLARY.  If  all  the  infinities  of  the  branches  in  the  finite  part  of  the 
whole  plane  be  of  finite  order,  then  the  finite  singularities  of  all  the  coefficients 
of  the  powers  of  w  in  the  equation  satisfied  by  w  are  all  accidental ;  and  the 
coefficients  themselves  then  take  the  form  of  a  quotient  of  an  integral  uniform 
function  (which  may  be  either  transcendental  or  merely  polynomial,  in  the  sense 
°/§  4^)  %  another  function  of  a  similar  character. 

If  z  —  oo  be  an  essential  singularity  for  at  least  one  of  the  coefficients, 
through  being  an  infinity  of  unlimited  order  for  a  branch  of  w,  then  one 
or  both  of  the  functions  in  the  quotient-form  of  one  at  least  of  the  coefficients 
must  be  'transcendental. 

If  z  =  oo  be  an  accidental  singularity  or  an  ordinary  point  for  all  the 
coefficients,  through  being  either  an  infinity  of  finite  order  or  an  ordinary 
point  for  the  branches  of  w,  then  all  the  functions  which  occur  in  all  the 
coefficients  are  rational  expressions.  When  the  equation  is  multiplied 
throughout  by  the  least  common  multiple  of  the  denominators  of  the 
coefficients,  it  takes  the  form 

wnh0  (z]  +  w11-1^  (z)  +  . . .  +  whn^  (z)  +  hn  (z)  =  0, 


in  z  m  one  iasi/  lorm.      xnus,  IBU  c^   uo   a, 
gularity  of  the  function;  and  let  at,  &;  %,  ...-be  the  orders  of  the  infinities 
the  branches  at  a$  ;  then     ' 


.ere  \  denotes  «f  +  &  +  ^  +  .  .  .  ,  is  finite  (but  not  zero)  for  2  =  04. 

Let  GI  be  a  branch-point,  which  is  an  infinity;  and  let  /*  branches  w  form  a 

!i 
item  for  c^,  such  that  w(z  —  Ci)iJ-  is  finite  (but  not  zero)  at  the  point;-  then 

n 

wlWv...wli(z-ci}  i 
finite  (but  not  zero)  at  the  point,  and  therefore  also 


finite,  where  Qi}  fa,  ^i,  ...  are  numbers  belonging  to  the  various  systems; 
,  if  e;  denote  0t  +  fa  +  ^  +  .  .  .  ,  then 

wl...wn(z-  Ci)6i 
finite  for  z  —  Gi.     Similarly  for  other  symmetric  functions  of  w. 

Hence,  if  al}  as,  ...  be  the  regular  singularities  with  numbers  X1}  X2,  ... 
fined  as  above,  and  if  cls  c2,  ...  be  the  branch-points,  that  are  also  infinities, 
.th  numbers  e1}  e2,  ...  defined  as  above,  then  the  product 

(w-O  ......  (w-Wn)  H  (z-atf*  H  (z-ctf*       ' 

i-\  i=l 

finite  at  all  the  points  at  and  at  all  the  points  G;.  The  points  a  and  the 
>ints  c  are  the  only  points  in  the  finite  part  of  the  plane  that  can  make  the 
•oduct  infinite  :  hence  it  is  finite  everywhere  in  the  finite  part  of  the  plane, 
id  it  is  therefore  polynomial  in  z. 

Lastly,  let  p  be  the  number  for  z—<x>  corresponding  to  X;  for  0,1  or  to  e$ 
r  Ci,  so  that  for  the  coefficient  of  any  power  of  w  in  (w  —  wx)  .  .  .  (w  -  wn)  the 
•eatest  difference  in  degree  between  the  numerator  and  the  denominator  is 
in  favour  of  the  excess  of  the  former. 

Then  the  preceding  product  is  of  order 

p  +  5X-  +  2ef  , 

hich  is  therefore  the  degree  of  the  equation  in  z  when  it  is  expressed  in  a 
Dlomorphic  form. 


OHAPTEE  IX. 

PERIODS  OF  DEFINITE  INTEGRALS,  AND  PERIODIC  FUNCTIONS  IN  GENERAL. 

100.  INSTANCES  have  already  occurred  in  which  the  value  of  a  function 
of  z  is  not  dependent  solely  upon  the  value  of  z  but  depends  also  on  the 
course  of  variation  by  which  z  obtains  that  value ;  for  example,  integrals  of 
uniform  functions,  and  multiform  functions.  And  it  may  be  expected  that, 
a  fortiori,  the  value  of  an  integral  connected  with  a  multiform  function  will 
depend  upon  the  course  of  variation  of  the  variable  z.  Now  as  integrals 
which  arise  in  this  way  through  multiform  functions  and,  generally,  integrals 
connected  with  differential  equations  are  a  fruitful  source  of  new  functions, 
it  is  desirable  that  the  effects  on  the  value  of  an  integral  caused  by  variations 
of  a  z-path  be  assigned  so  that,  within  the  limits  of  algebraic  possibility,  the 
expression  of  the  integral  may  be  made  completely  determinate. 

There  are  two  methods  which,  more  easily  than  others,  secure  this  result ; 
one  of  them  is  substantially  due  to  Cauchy,  the  other  to  Riemann. 

The  consideration  of  Riemann's  method,  both  for  multiform  functions  and 
for  integrals  of  such  functions,  will  be  undertaken  later,  in  Chapters  XV., 
XVI.  Cauchy 's  method  has  already  been  used  in  preceding  sections  relating 
to  uniform  functions,  and  it  can  be  extended  to  multiform  functions.  Its 
characteristic  feature  is  the  isolation  of  critical  points,  whether  regular 
singularities  or  branch-points,  by  means  of  small  curves  each  containing  one 
and  only  one  critical  point. 

Over  the  rest  of  the  plane  the  variable  z  ranges  freely  and,  under  certain 
conditions,  any  path  of  variation  of  z  from  one  point  to  another  can,  as  will 
be  proved  immediately,  be  deformed  without  causing  any  change  in  the 
value  of  the  integral,  provided  that  the  path  does  not  meet  any  of  the  small 
curves  in  the  course  of  the  deformation.  Further,  from  a  knowledge  of  the 
relation  of  anv  point  thus  isolated  to  the  function,  it  is  possible  to  calculate 


juiucgicuo  uj.  uuuj.ui.uji  iu.i.u;u.u.u!b ,  JLU  is  now  iitiuwssary  uu  «sija,uusii  uiie 
positions  which  give  the  effects  of  deformation  of  path  on  the  integrals 
.nultiform  functions.  The  most  important  of  these  propositions  is  the 
wing : — 


If  w  be  a  multiform  function,  the  value  of  I    wdz,  taken   between  two 

J  a 

'nary  points,  is  unaltered  for  a  deformation  of  the  path,  provided  that  the 
',al  branch  of  w  be  the  same  and  that  no  branch-point  or  infinity  be  crossed 
he  deformation. 

Consider  two  paths  acb,  adb,  (fig.  16,  p.  181),  satisfying  the  conditions 
sified  in  the  proposition.  Then  in  the  area  between  them  the  branch  w 
no  infinity  and  no  point  of  discontinuity ;  and  there  is  no  branch-point 
;hat  area.  Hence,  by  §  90,  Corollary  VI.,  the  branch  w  is  a  uniform 
togenic  function  for  that  area ;  it  is  continuous  and  finite  everywhere 
lin  it  and,  by  the  same  Corollary,  we  may  treat  w  as  a  uniform,  mono- 
ic,  finite  and  continuous  function.  Hence,  by  §  17,  we  have 

rb  ra 

(c)  /    wdz  4-  (d)       ludz  =  0, 

J  a  b 

first  integral  being  taken  along  acb  and  the  second  along  bda',   and 
.•efore 

b  ra  rb 


rb  ra  rb 

(c)  I    wdz  =  —  (d)  I    wdz  —  (d)  I    wdz, 

J  a  J  b  J  a 


ving  that  the  values  of  the  integral  along  the  two  paths  are  the  same 
er  the  specified  conditions. 

It  is  evident  that,  if  some  critical  point  be  crossed  in  the  deformation, 
branch  w  cannot  be  declared  uniform  and  finite  in  the  area,  and  the 
)rein  of  §  17  cannot  then  be  applied. 

a 

COROLLARY  I.  The  integral  round  a  closed  curve  containing  no  critical 
it  is  zero. 

COROLLAIIY  II.  A  curve  round  a  branch-point,  containing  no  other 
leal  point  of  the  function,  can  be  deformed  into  a  loop 
lout  altering  the  value  of  Jwdz ;  for  the  deformation 
sfies  the  condition  of  the  proposition.  Hence,  when 
value  of  the  integral  for  the  loop  is  known,  the 
te  of  the  integral  is  known  for  the  curve. 

COROLLARY  III.     From  the  proposition  it  is  possible 
lifer  conditions,  under  which  the  integral  fivdz  round 
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jwdz  along  (7D(7'  is  by  the  proposition  the  same  as  its 
value  along  CABA'C'.  The  latter  is  made  up  of  the 
value  along  CA,  the  value  along  ABA',  and  the  value 
along  AC',  say 

rA  r  rC'  "•<- -- 

wdz  +  I    wdz  +       w'dz,  Fig.  28. 

J  c  J  £  J  A' 

where  w'  is  the  changed  value  of  w  consequent  on  the  description  of  a  simple 
curve  reducible  to  B  (§  90,  Cor.  II.). 

Now  since  w  is  finite  everywhere,  the  difference  between  the  values  of  w 
at  A  and  at  A'  consequent  on  the  description  of  ABA'  is  finite :  hence  as 
A' A  is  infinitesimal  the  value  of  \wdz  necessary  to  complete  the  value  for 
the  whole  curve  B  is  infinitesimal  and  therefore  the  complete  value  can  he 

taken  as  the  foregoing  integral       wdz.     Similarly  for  the   complete  value 

along  the  curve  D :  and  therefore  the  difference  of  the  integrals  round  B  and 
round  D  is 

rA  rC' 


rA  rC' 

wdz  +      w'dz, 

JO  J  A1 


say  (w-w')dz. 

J  c 

In  general  this  integral  is  not  zero,  so  that  the  values  of  the  integral 
round  B  and  round  D  are  not  equal  to  one  another:  and  therefore  the  curve 
D  cannot  be  deformed  into  the  curve  B  without  affecting  the  value  of  fwdz 
round  the  whole  curve,  even  when  the  deformation  does  not  cause  the  curve 
to  pass  over  a-  critical  point  of  the  function. 

But  in.  special  cases  it  may  vanish.  The  most  important  and,  as  a 
matter  of  fact,  the  one  of  most  frequent  occurrence  is  that  in  which  the 
description  of  the  curve  B  restores  at  A'  the  initial  value  of  w  at  A.  It 
easily  follows,  by  the  use  of  §  90,  Cor.  II.,  that  the  description  of  D  (as- 
suming that  the  area  between  B  and  D  includes  no  critical  point)  restores 
at  C'  the  initial  value  of  w  at  G.  In  such  a  case,  w  =  w'  for  corresponding 
points  on  AG  and  A'C',  and  the  integral,  which  expresses  the  difference, 
is  zero :  the  value  of  the  integral  for  the  curve  B  is  then  the  same  as  that 
for  D.  Hence  we  have  the  proposition : — 

If  a  curve  be  such  that  the  description  of  it  by  the  independent  variable 
restores  the  initial  value  of  a  multiform  function  w,  then  the  value  of  jwdz 
taken  round  the  curve  is  unaltered  when  the  curve  is  deformed  into  any  other 
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This  is  the  generalisation  of  the  proposition  of  §  19  which  has  thus  far 
been  used  only  for  uniform  functions. 

Note.  Two  particular  cases,  which  are  very  simple,  may  be  mentioned 
here  :  special  examples  will  be  given  immediately. 

The  first  is  that  in  which  the  curve  B,  and  therefore  also  D,  encloses 
no  branch-point  or  infinity;  the  initial  value  of  w  is  restored  after  a 
description  of  either  curve,  and  it  is  easy  to  see  (by  reducing  B  to  a 
point,  as  may  be  done)  that  the  value  of  the  integral  is  zero. 

The  second  is  that  in  which  the  curve  encloses  more  than  one  branch- 
point, the  enclosed  branch-points  being  such  that  a  circuit  of  all  the  loops, 
into  which  (by  Corollary  V.,  §  90)  the  curve  can  be  deformed,  restores  the 
initial  branch  of  w.  This  case  is  of  especial  importance  when  w  is  two-valued  : 
the  curves  then  enclose  an  even  number  of  branch-points. 

101.  It  is  important  to  know  the  value  of  the  integral  of  a  multiform 
function  round  a  small  curve  enclosing  a  branch-point. 

Let  c  be  a  point  at  which  in  branches  of  an  algebraic  function  are  equal 
and  interchange  in  a  single  cycle  ;  and  let  c,  if  an  infinity,  be  of  only  finite 
order,  say  k/ni.  Then  in  the  vicinity  of  c,  any  of  the  branches  w  can  be 
expressed  in  the  form 

w=    2         z-c 


where  Is  is  a-finite  integer. 

The  value  of  fwdz  taken  round  a  small  curve  enclosing  c  is  the  sum  of 
the  integrals 

$r./(*-c)»d*, 
the  value  of  which,  taken  once  round  the  curve  and  beginning  at  a  point  zlt  is 


where  a  is  a  primitive  with  root  of  unity,  provided  m  +  s  is  not  zero. 
If  then  m  +  s  be  positive,  the  value  is  zero  in  the  limit  when  the  curve 
is  infinitesimal  :  if  m  +  s  be  negative,  the  value  is  oo  in  the  limit. 

But,  if  m  +  s  be  zero,  the  value  is 


Hence  we  have  the  proposition  :  If,  in  the  vicinity  of  a  branch-point  c, 

nn^n    fiti    7i/v»//«/»7)/»o   a/t    /•//>•/»    ati-ii/il    +r\    fitia   /t.nnt.JiW  nvtf}.    v.ntafpJl./y.nflfi    Mir.ll.f.n.lhlJ.  tn.fi 


curve  enclosing  c,  tnen.  tne  value  01  tne  integral  is  Lmingm  wiien  ic  is  grc 
than  m,  so  that  the  integral  vanishes  unless  there  be  a  term  involving  (z  - 
in  the  expansion  of  a  branch  w  in  the  vicinity  of  the  point.  The  reason 

the  integral,  which  can  furnish  an  infinite  value  for  a  single  circuit,  ceas< 

_  A. 

do  so  for  m  circuits,  is  that  the  quantity  (zl  —  c)  m,  which  becomes  in 
nitely  great  in  the  limit,  is  multiplied  for  a  single  circuit  by  ax— 1,  : 
second  circuit  by  a2X  —  a\  and  so  on,  and  for  the  with  circuit  by  amX  —  a(r 
the  sum  of  all  of  which  coefficients  is  zero. 

Ex.     The  integral  J{(z  —  a)(z—b)...(s  —f)}~%dz  taken  round  an  indefinitely  small 
enclosing  a  is  zero,  provided  no  one  of  the  quantities  6, ...,/  is  eqiial  to  a. 

102.  Some  illustrations  have  already  been  given  in  Chapter  II., 
they  relate  solely  to  definite,  not  to  indefinite,  integrals  of  uni 
functions.  The  whole  theory  will  not  be  considered  at  this  stage ;  we 
merely  give  some  additional  illustrations,  which  will  shew  how  the  me 
can  be  applied  to  indefinite  integrals  of  -uniform  functions  and  to  inte 
of  multiform  functions,  and  which  will  also  form  a  simple  and  conve] 
introduction  to  the  theory  of  periodic  functions  of  a  single  variable. 

We  shall  first  consider  indefinite  integrals  of  uniform  functions. 


Ex.  1.     Consider  the  integral  /  — ,  and  denote*  it  by  f(z). 


The  function  to  he  integrated  is  uniform,  and  it  has  an  accidental  singularity  of  th 
order  at  the  origin,  which  is  its  only  singularity.  The  value  of  \z~ldz  taken  posi 
along  a  small  curve  round  the  origin,  say  round  a  circle  with  the  origin  as  centre,  i 
but  the  value  of  the  integral  is  zero  when  taken  along  any  closed  curve  which  doi 
include  the  origin. 

Talcing  2=1  as  the  lower  limit  of  the  integral,  and  any  point  z  as  the  upper  liir 
consider  the  possible  paths  from  1  to  z.  Any  path  from  1  to  z  can  be  deformed,  w: 
crossing  the  origin,  into  a  path  which  circumscribes  the  origin  positively  some  nuin 
times,  say  m1,  and  negatively  some  number  of  times,  say  ?n2,  all  in  any  order,  and 
leads  in  a  straight  line  from  1  to  z.  For  this  path  the  value  of  the  integral  is  equal 


that  is,  to  2mjri+  I    —  , 

J  i  z 

where  m  is  an  integer,  and  in  the  last  integral  the  variation  of  z  is  along  a  st 
line  from  1  to  z.     Let  the  last  integral  be  denoted  by  u;  then 


and  therefore,  inverting  the  function  and  denoting  f~l  by  c/>,  we  have 

z=<j)  (u  +  %miri). 
Hence  the  general  integral  is  a  function  of  z  with  an  infinite  number  of  values  ;  and 


The  one-valued  function  to  be  integrated  has  two  accidental  singularities  ±i,  each  of 
the  first  order.  The  value  of  the  integral  taken  positively  along  a  small  curve  round  i  is 
TT,  and  along  a  small  curve  round  -  i  is  -  77. 

We  take  the  origin  0  as  the  lower  limit  and  any  point  z  as  the  upper  limit.  Any  path 
from  0  to  3  can  be  deformed,  without  crossing  either  of  the  singularities  and  therefore 
without  changing  the  value  of  the  integral,  into 

(i)    any  numbers  of  positive  (m1}  «i2)  and  of  negative  (m/,  «i2')  circuits  round  i  and 
round  —  ?',  in  any  order,  and 

(ii)   a  straight  line  from  0  to  z. 
Then  we  have 

[z    dz 
/(s)  =  m17T  +  mi  (-7r)  +  TO2(-7r)  +  ?)i9'{-(-7r)}  + 

•J  J° 

dz 


where  n  is  an  integer  and  the  integral  on  the  right-hand  side  is  taken  along  a  straight  line 
from  0  to  z. 

Inverting  the  function  and  denoting  /~1  by  0,  we  have 

2=0  (H  +  MTT). 

The  integral,  as  before,  is  a  function  of  z  with  an  infinite  number  of  values  ;  and  z  is  a 
periodic  function  of  the  integral,  the  period  being  IT. 

Ex.  3.    Denoting  by  /  the  value  of  the  integral 

/(') 


taken  along  a  straight  line  from  «0  to  z  on  which  no  one  of  the  points  a,  b,  c  lies,  find  the 
general  value  of  the  integral  for  a  path  from  z0  that  goes  I  times  round  a,  m  times  round  6, 
n  times  round  c. 

What  is  the  form  of  tho  result,  when  a  and  b  coincide  ? 

103.  Before  passing  to  the  integrals  of  multiform  functions,  it  is  con- 
venient to  consider  the  method  in  which  Hermite*  discusses  the  multiplicity 
in  value  of  a  definite  integral  of  a  uniform  function. 

rz     fig 

Taking  a  simple  case,  let         $(z}=      -^—.-y 

}  o  i+Zi 

and  introduce  a  new  variable  t  such  that  Z  =  zt  ;  then 


•--  ------  -  . 

o  1  +  Zt 

When  the  path  of  t  is  assigned,  the  integral  is  definite,  finite  and  unique  in 
value  for  all  points  of  the  plane  except  for  those  for  which  1+^  =  0;  and, 
according  to  the  path  of  variation  of  t  from  0  to  1,  there  will  be  a  s-curve 


is  the  axis  01  x  between  —  1  ana  —  oo .     in  tins  curve  let  any  point  — 
taken  where  £  >  1 ;  and  consider  a  point  zl  =  —  f  +  ie  and  a  point  22  =  —  £ 
respectively  on  the  positive  and  the  negative  sides  of  the  axis  of  as, 
being  ultimately  taken  as  infinitesimal ly  near  the  point  —  £.     Then 


A  C- 

"1  —  ^ 


tan 
Let  e  become  infinitesimal  ;  then,  when  t  is  infinite,  we  have 

tan"1  -  -=\TT, 
for  e  is  positive  ;  and,  when  t  is  unity,  we  have 

tan?1  -  -  =  —  -i-TT, 
e 

for  £  is  >  1.     Hence  0  (gj  -  <f>  (z2)  =  Ziri. 

The  part  of  the  axis  of  x  from  —  1  to  —  oo  is  therefore  a  line  of  di 
tinuity  in  value  of  $  (s),  such  that  there  is  a  sudden  change  in  passing 
one  edge  of  it  to  the  other.  If  the  plane  be  cut  along  this  line  so 
it  cannot  be  crossed  by  the  variable  which  may  not  pass  out  of  the  j 
then  the  integral  is  everywhere  finite  and  uniform  in  the  modified  su: 
If  the  plane  be  not  cut  along  the  line,  it  is  evident  that  a  single  pa 
across  the  line  from  one  edge  to  the  other  makes  a  difference  of  ITTI  i: 
value,  and  consequently  any  'number  of  passages  across  will  give  rise  t 
multiplicity  in  value  of  the  integral. 

Such  a  line  is  called  a  section*'  by  Hermite,  after  Riemann  who, 
different  manner,  introduces  these  lines  of  singularity  into  his  meth 
representing  the  variable  on  surfaces^. 

When  we  take  the  general  integral  of  a  uniform  function  of  Z  and 
the  substitution.  Z  =  ztt  the  integral  that  arises  for  consideration  is  of  the 


We  shall  suppose  that  the  path  of  variation  of  t  is  the  axis  of  real  quant 
and  the  subiect  of  intearation  will  be  taken  to  be  a  general  function  of 


the   range  of  integration,    there   will   be   discontinuity  in    the   subject  of 
integration  and  also,  as  will  now  be  proved,  in  the  value  of  the  integral. 

Let  Z  be  the  point  £,  and  draw  the  curve  through  Z  corresponding  to 
t  =  real  constant ;  let  JVj  be  a  point  on  the  positive  side  and  Nz 
a  point  on  the  negative  side  of  this  curve  positively  described, 
both  points  being  on  the  normal  at  Z;  and  let  ZNl  =  ZN»  =  e, 
supposed  small.     Then  for  Nl  we  have 

osi  =  £  —  e'  sin  ty,         yl  —  77  +  e'  cos  i/r, 

Fig.  24. 
so  that  #1  =  £  +  ie  (cos  ty  +  i  sin  -\^)3 

where  ty  is  the  inclination  of  the  tangent  fco  the  axis  of  real  quantities.     But, 
if  da-  be  an  arc  of  the  curve  at  Z, 

dcr 
for  variations  along  the  tangent  at  Z,  that  is, 

(cos  ty  +  i  sin  •\j>)  =  — 


,  xG(0,  0 

da- 


Thus,  since  -^  may  be  taken  as  finite  on  the  supposition  that  Z  is  an 
tilt 

ordinary  point  of  the  curve,  we  have 

•     '  P 


where  e=s*fc>        Pss$0G(e>Q> 

P 

Similarly  ^  =  ?  +  'i<6  /j 


Hence 


The  subject  of  integration  is  infinitesimal,  except  in  the  immediate  vie 
of  t  =  6  ;  and  there 


powers  of  small  quantities  other  than  those  retained  being  negligible. 
the  limiting  values  of  t,  that  need  be  retained,  be  denoted  by  6  +  v 
6  —  p,  ;   then,  after  reduction,  we  have 


in  the  limit  when  e  is  made  infinitesimal. 

Hence  a  line  of  discontinuity  of  the  subject  of  integration  is  a  se 
for  the  integral ;  and  the  preceding  expression  is  the  magnitude 
numerical  multiples  of  which  the  values  of  the  integral  differ*. 

Ex.  1.     Consider  the  integral 

"    dZ 


We  have 


zdt 

1+z-t2' 

r      i     i 


so  that  IT  is  the  period  for  the  above  integral. 
Ex.  2.     Show  that  the  sections  for  the  integral 

ta  sin  z 


, 

' 

where  a  is  positive  and  less  than  1,  are  the  straight  lines  x  —  (^k  +  l}ir,  where  k  assuix 
integral  values  ;  and  that  the  period  of  the  integral  at  any  section  at  a  distance  77  fro 
axis  of  real  quantities  is  STT  cosh  (arj).  (Horrai 

*  The  memoir  and  the  Cours  d'  Analyse  of  Hermite  should  be  consulted  for  further  de 
ments  ;  and,  in  reference  to  the  integral  treated  above,  Jordan,  Cours  d'  Analyse,  t.  ii,  pp. 
296.  mav  be  consulted  with  advantage.  See  also,  cenerallv.  fm-  fnnnt.innR  d^fi-norl  1-iv  A, 


has  a  logarithmic  singularity  at  x=l  and  no  other  finite  singularity.  If  the  plane  be 
divided  by  a  cut  extending  along  the  positive  part  of  the  real  axis  extending  from  1  to  oo , 
shew  that  hi  the  divided  plane  the  function  defined  by  the  above  series  and  its  con- 
tinuations is  one-valued,  and  that,  at  corresponding  points  on  opposite  sides  of  the  cut,  its 
values  differ  by  2™  log  x.  (Math.  Trip.,  Part  II.,  1899.) 

Ex.  4.     Show  that  the  integral 


o 

where  the  real  parts  of  ft  and  y-fi  are  positive,  has  the  part  of  the  axis  of  real  quantities 
between  1  and  +  QO  for  a  section. 
Shew  also  that  tho  integral 


o 

where  tho  real  parts  of  /3  and  1-a  are  positive,  has  the  part  of  the  axis  of  real  quantities 
between  0  and  1  for  a  section :  but  that,  in  order  to  render  <£  (z)  a  uniform  function  of  2, 
it  is  necessary  to  prevent  the  variable  from  crossing,  not  merely  the  section,  but  also  the 
part  of  the  axis  of  real  quantities  between  1  and  +QO.  (Goursat.) 

(The  latter  lino  is  called  a  section  of  the  second  kind.) 

Ex.  5.      Discuss  generally  the  effect  of  changing  the  path  of  i!  on  a  section  of  the 

integral ;  and,  in  particular,  obtain  the  section  for  I    - — =,  when,  after  the  substitution 

J  o  1  +  /5 
Z=zt,  the  path  of  t  is  made  a  semi-circle  on  the  line  joining  0  and  1  as  diameter. 

Ex.  6.     Show  that,  for  the  function  /(z)  defined  by  the  definite  integral 

^imtzl  ,  e  -'Imrzi  ^n+l  ^n  e~^t 
>S+e-2^    e-M_^zi  dt> 

where  n  is  a  positive  integer  and  the  integration  is  for  real  values  of  t,  while  z=x  +  iy,  the 
sections  are  the  lines 

#=0,   ±1,   ±2,..., 

and  that  the  increment  of  f(z]  in  crossing  the  section  #=0  in  the  positive  direction  is  zn. 

(Appell.) 

Note.  It  is  manifestly  impossible  to  discuss  all  the  important  bearings  of  theorems 
and  principles,  which  arise  from  time  to  time  in  our  subject;  we  can  do  no  more  than 
mention  tho  subject  of  those  definite  integrals  involving  complex  variables,  which  first 
occur  as  solutions  of  tho  better-known  linear  differential  equations  of  the  second  order. 

Thus  for  the  definite  integral  connected  with  the  hypcrgcornetric  series,  memoirs  by 
Jacobi*  and  Goursat  t  should  be  consulted;  for  the  definite  integral  connected  with 
Bcswel's  functions,  memoirs  by  HankelJ  and  Weber  §  should  be  consulted;  and  Heine's 
Handbuah  dor  Kugelfunctionen  for  the  definite  integrals  connected  with  Legenclre's 
functions. 

*  Crellf.,  t.  Ivi,  (1859),  pp.  1-19 — 105  ;  the  memoir  was  not  published  until  after  his  death. 

•I-    .Qt/i-    Pilmifiiimt    il-Hfa-faiitiaUi'    Hnifi/iiva    fru-i    frilmff    nnui-    •int.pni'nl.f.    In.   sM'i f>    l>iitit>rn/'nmpt.riniip 


number  of  loops. 

_!_ 

Let  the  function  be          w  —  {(z  —  «j)  (z  —  a2}...(z  —  «n)}m, 

where  m  may  be  a  negative  or  a  positive  integer,  and  the  quantities  a  are  unequal  to  one 
another;  and  let  the  loop  be  from  the  origin  round  the  point  ar  Then,  if  /  be  the  value 
of  the  integral  with  an  assigned  initial  branch  w,  we  have 


/= 


r  ro 

I    wdz+  I 

J  c  J  a} 


awdz, 


where  a  is  e  m  and  the  middle  integral  is  taken  round  the  circle  at  %  of  infinitesimal  radius. 
But,  since  the  limit  of  (z- a{)  w  when  2=ax  is  zero,  the  middle  integral  vanishes  by  §  101 ; 

and  therefore 

s  /•«,     , 
lai  =  (1  —  a)  I      wdz, 


where  the  integral  may,  if  convenient,  be  considered  as  taken  along  the  straight  line  from 
0  to  «j . 


(1)  (2)  (3) 

Kg.  25. 

Next,  consider  a  circuit  for  an  integral  of  w  which  (fig.  25)  encloses  two  branch-points, 
say  «x  and  a2,  but  no  others ;  the  circuit  in  (1)  can  be  deformed  into  that  in  (2)  or  into 
that  in  (3)  as  well  as  into  other  forms.  Hence  the  integral  round  all  the  three  circuits 
must  be  the  same.  Beginning  with  the  same  branch  as  in  the  first  case,  we  have 


/•«! 
(1  —a)  I      wdz, 


as  the  integral  after  the  first  loop  in  (2).     And  the  branch  with  which  the  second  loop 
begins  is  aw,  so  that  the  integral  described  as  in  the  second  loop  is 


(1— a)  I      awdz; 
Jo 

and  therefore,  for  the  circuit  as  in  (2),  the  integral  is 

/=  (1  —  a)  I    '  wdz  +  a  (1  —  a)  /    *  wdz. 
Jo  Jo 

Proceeding  similarly  with  the  integral  for  the  circuit  in  (3),  we  find  that  its  expression  is 

f«2  [a,_ 

I—  (1-a)   I       wdz  +  a (1  -a)   I      wdz. 

Jo  Jo 

and  these  two  values  must  be  equal. 

But  the  integrals  denoted  by  the  same  symbols  are  not  the  same  in  the  two  cases;  the 

function  I    l  wdz  is  different  in  the  second  value  of  I  from  that  in  the  first,  for  the  deforma- 

Jo  . 


patn.  usually  me  pam  is  changed  into  a  group  of  Loops  round  ike  branch-points  as  they 
occur,  taken  in  order  in  a  trigonometrically  positive  direction. 

The  value  of  the  integral  round  a  circuit,  equivalent  to  any  number  of  loops,  is  obvious. 

Ex.  2.  To  find  the  value  of  \iodz,  taken  round  a  simple  curve  which  includes  all  the 
branch-points  of  w  and  all  the  infinities. 

If  £  =  oo  be  a  branch-point  or  an  infinity,  then  all  the  branch-points  and  all  the 
infinities  of  w  lie  on  what  is  umially  regarded  as  the  exterior  of  the  curve,  or  the  'curve 
may  in  one  sense  be  said  to  exclude  all  these  points.  The  integral  round  the  curve  is  then 
the  integral  of  a  function  round  a  curve,  such  that  over  the  area  included  by  it  the 
function  is  uniform,  finite  and  continuous  ;  hence  the  integral  is  zero. 

If  2=  co  be  neither  a  branch-point  nor  an  infinity,  the  curve  can  be  deformed  until  it  is 
a  circle,  centre  the  origin  and  of  very  great  radius.  If  then  the  limit  of  zw,  when  j  z  is 
infinitely  great,  be  xero,  the  value  of  the  integral  again  is  zero,  by  II.,  §  24. 

Another  method  of  considering  the  integral,  is  to  use  Neumann's  sphere  for  the 
representation  of  the  variable.  Any  simple  closed  curve  divides  the  area  of  the  sphere 
into  two  parts  ;  when  the  curve  is  defined  as  above,  one  of  those  parts  is  such  that  the 
function  is  uniform,  finite  and  continuous  throughout,  and  therefore  its  integral  round  the 
curve,  regarded  as  the  boundary  of  that  part,  is  xero.  (See  Corollary  III.,  §  90.) 

Ex.  3.  To  find  the  general  value  of  J(l  -2-)~ids.  The  function  to  be  integrated  is 
two-valued:  the  two  values  interchange  round  each  of  the  branch-points  +  1,  which  are 
the  only  branch-points  of  the  function. 

Let  /  bo  the  value  of  the  integral  for  a  loop  from  the  origin  round  +1,  beginning  with 
the  branch  which  has  the  value  +1  at  the  origin  ;  arid  let  /'  be  the  corresponding  value 
for  the  loop  from  the  origin  round  —  '!.,  beginning  with  the  same  branch.  Then,  by  Ex.  ], 


=  -./, 

the  last  equality  being  easily  obtained  by  changing  variables. 

Now  consider  the  integral  when  taken  round  a  circle,  centre  the  origin  and  of  indefinitely 
great  radius  It  ;  then  by  §  24,  II.,  if  the  limit  of  zw  for  2=00  be  &,  the  value  of  [wdz  round 

this  circle  is  2irik.     In  the  present  case  ?/;  =  (!  —  2-)~i  so  that  the  limit  of  zw  is  +-.-;  hence 

J(l-2a)-i&-27r, 

the  integral  being  taken  round  the  circle.  But  since  a  description  of  the  circle  restores  the 
initial  value,  it  can  be  deformed  into  the  two  loops  from  0 
to  A  and  from  0  to  A'.  The  value  round  the.  (irst  is  /;  ami 
the  branch  with  which  the  second  begins  to  be  described  has 
the  value  -  1  at  the  origin,  so  that  the  consequent  value 
round  the  second  is  —I';  hence 

/~/' 

and  therefore  /=—  7'  = 

verifying  the  ordinary  result  that 


when  the  integral  is  taken  alontjr  a  straight  line. 


and     (iii)    a  set  of  circuits  round  +1  and  —  1  ; 

and  these  may  come  in  any  order  and  each  may  be  described  in  cither  direction.  Now  f 
a  double  circuit  positively  described,  the  value  of  the  integral  for  the  first  description  is 
and  for  the  second  description,  which  begins  with  the  branch  —(1  —  *2)~'a,  it  is  — /;  hen 
for  the  double  circuit  it  is  zero  when  positively  described,  and  therefore  it  is  zero  al 
when  negatively  described.  Hence  each  of  the  -in'  double  circuits  yields  zero  as  i 
nett  contribution  to  the  integral. 

Similarly,  each  of  the  m"  double  circuits  round  —  1  yields  zero  as  its  nett  contribute 
to  the  integral. 

For  a  circuit  round  +-1  and  —  1  described  positively,  the  value  of  the  integral  has  ju 
been  proved  to  be  /-/',  and  therefore  when  described  negatively  it  is  /'  — /.  Hence, 
there  be  HI  positive  descriptions  and  ?!2  negative  descriptions,  the  nett  contribution  of  i 
these  circuits  to  the  value  of  the  integral  is  (n-i  —  nv)  (/-/'),  that  i.s,  -2)iir  where  11  is  i 
integer. 

Hence  the  complete  value  for  the  circuit  12  is  2nir. 

Now  any  path  from  0  to  z  can  be  resolved  into  a  circuit  O,  which  restores  the  initi 
branch  of  (1  —  32)~i,  chosen  to  have  the  value 
-(-1  at  the  origin,  and  cither  (i)  a  straight 
line  Oz ; 

or  (ii)  the  path  OA  Cz,  viz.,  a  loop  round. 
+  1  and  the  line  Oz  ; 

or  (iii)  the  path  OA'Cz,  viz.,  a  loop  round 
—  1  and  the  line  Oz. 
Let  u  denote  the  value  for  the  line  Oz,  so  that 


Hence,  for  case  (i),  the  general  value  of  the  integral  is 

2?i7T  +  U. 

For  the  path  OAGz,  the  value  is  /  for  the  loop  OAC,  and  is  (-«)  for  the  line  C'z,  tl 
negative  sign  occurring  because,  after  the  loop,  the  branch  of  the  function  for  integrate 
along  the  line  is  —  (l-s2)~i;  this  value  is  I—u,  that  is,  it  is  TT-U.  Hence,  for  case  (i 
the  value  of  the  integral  is 

2n  TT  +  TT  —  u. 

For  the  path  OA'Cz,  the  value  is  similarly  found  to  be  -ir-u\  and  therefore,  f 
case  (iii),  the  value  of  the  integral  is 

2?17T  —  7T  -  U. 

If  f(z)  denote  the  general  value  of  the  integral,  we  have  either 

/(3)  =  2?17T  +14, 


where  n  and  m  are  any  integers,  so  that  f(z)  is  a  function  with  two  infinite  series  of  value 


can  be  represented  in  the  form 

and  $  (u)  =  z  =  <j)  (2mir  +  jr -11)$' 

both  equations  being  necessary  for  the  full  representation.  Evidently  z  is  a  simply-periodic 
function  of  21,  the  period  being  2?r ;  and  from  the  definition  it  is  easily  seen  to  be  an  odd 
function. 


Let  y  —  (\  —  22)^  =  x  (u\  so  that  y  is  an  even  function  of  u;  from  the  consideration  of  the 
various  paths  from  0  to  z,  it  is  easy  to  prove  that 


^.r.  4.  To  find  the  general  value  of  {{(1  -z"}  (1  —  £222)}  ~-  cfe.  It  will  be  convenient  to 
regard  this  integral  as  a  special  case  of 

Z=l((z-a)  (z-b)  (z-c)  (z-cWr±dz=\wdz. 

The  two-valued  function  to  be  integrated  has  a,  b,  c,  d  (but  not  =o  )  as  the  complete 
system  of  branch-points  ;  and  the  two  values  interchange  at  each  of  them.  Wo  proceed  as 
in  the  last  example,  omitting  mere  re-statements  of  reasons  there  given  that  are  applicable 
also  to  the  present  example. 

Any  circuit  fl,  which  restores  an  initial  branch  of  w,  can  be  made  up  of 

(i)    sets  of  double  circuits  round  each  of  the  branch-points, 
and    (ii)    sets  of  circuits  round  any  two  of  the  branch-points. 
The  value  of  [wdz  for  a  loop  from  the  origin  to  a  branch-point  /:  (where  k  =  a,  b,  o,  or  d)  is 

wdz  ; 
0 

and  this  may  be  denoted  by  A",  where  K  =  /i,  JS,  C\  or  D. 

The  value  of  the  integral  for  a  double  circuit  round  a  branch-point  is  zero.  Hence  the 
amount  contributed  to  the  value  of  the  integral  by  all  the  sets  in  (i)  as  this  part  of  O 
is  zero. 

The  value  of  the  integral  for  a  circuit  round  it  and  b  taken  positively  is  A  —B;  for  one 
round  b  and  c  is  B  —  C;  for  one  round  c  and  d  is  C-D;  for  one  round  a  and  a  is  A—C, 
which  is  the  sum  of  A—  B  and  B  -C;  and  similarly  for  circuits  round  a  and  d,  and  round 
b  and  d.  There  are  therefore  three  distinct  values,  say  A  —  It,  B—C,  C-D,  the  values 
for  circuits  round  a  and  b,  b  and  c,  c  and  d  respectively  ;  the  values  for  circuits  round  any 
other  pair  can  be  expressed  linearly  in  terms  of  these  values.  Suppose  then  that  the  part 
of  Q  represented  by  (ii),  when  thus  resolved,  is  the  nett  equivalent  of  the  description  of 
in'  circuits  round  a  and  b,  of  n'  circuits  round  b  and  «,  and  of  I'  circuits  round  c  and  d. 
Then  the  value  of  the  integral  contributed  by  this  part  of  ii  is 


which  is  therefore  the  whole  value  of  the  integral  for  i2. 

But  the  values  of  A,  B,  G,  D  are  not  independent*.    Let  a  circle  with  centre  the  origin 
and  very  great  radius  be  drawn  ;  then  since  the  limit  of  zio  for  \z  —  oo  is  zero  and  since 


Hence  the  value  of  the  integral  for  the  circuit  SI  is 


where  TO  and  n  denote  m'  —  I'  and  «'  respectively. 

Now  any  path  from  the  origin  to  z  can  be  resolved  into  SI,  together  with  either 

(i)    a  straight  line  from  0  to  z, 
or        (ii)    a  loop  round  a  and  then  a  straight  line  to  z. 

It  might  appear  that  another  resolution  would  be  given  by  a  combination  of  Q  with,  say, 
a  loop  round  b  and  then  a  straight  line  to  z;  but  it  is  resoluble  into  the  second  of  the  above 
combinations.  For  at  G,  after  the  description  of  the  loop  B,  introduce  a  double  description 
of  the  loop  A,  which  adds  nothing  to  the  value  of  the  integral  and  does  not  in  the  end 
affect  the  branch  of  w  at  C;  then  the  new  path  can  be  regarded  as  made  up  of  (a)  the 
circuit  constituted  by  the  loop  round  I  and  the  first  loop  round  a,  (j8)  the  second  loop 
round  a,  which  begins  with  the  initial  branch  of  w,  followed  by  a  straight  path  to  2.  Of 
these  (n)  can  be  absorbed  into  SI,  and  (#)  is  the  same  as  (ii)  ;  hence  the  path  is  not 
essentially  new.  Similarly  for  the  other  points. 

Let  u  denote  the  value  of  the  integral  with  a  straight  path  from  0  to  z;  then  the 
whole  value  of  the  integral  for  the  combination  of  Q  with  (i)  is  of  the  form 


For  the  combination  of  Si  with  (ii),  the  value  of  the  integral  for  the  part  (ii)  of 
the  path  is  A,  for  the  loop  round  a,  +(-u\  for  the  straight  path  which,  owing  to  the 
description  of  the  loop  round  a,  begins  with  -  w  ;  hence  the  whole  value  of  the  integral 
is  of  the  form 

m  (A  -B)+n(B-C}  +  A  -  it*. 

Hence,  if  f(z)  denote  the  general  value  of  the  integral,  it  has  two  systems  of  values,  each 
containing  a  doubly-infinite  number  of  terms;  and,  if  z—(j)(u}  denote  the  inverse  of 
u=f(s),  we  have 

(B- 


=  0  {m  (A  -  B)+n  (B-G)  +  A-  n}, 

where  m  and  n  are  any  integers.     Evidently  z  is  a  doubly-periodic  function  of  u,  with 
periods  A-B  and  B-C. 

Ex.  5.     The  case  of  the  foregoing  integral  which  most  frequently  occurs  is  the  elliptic 
integral  in  the  form  used  by  Legendre  and  Jacobi,  viz.  : 

u  =  J{(  1  -  **)  (  I  -  £2  38)}  -  i  dz  =  Jwfo, 
where  k  is  real.     The  branch-points  of  the  function  to  be  integrated  are  1,   —  1,  j, 

fl 

*  The  value  for  a  loop  round  b  and  then  a  straight  line  to  z,  just  considered,  is  B-  «, 


wdz, 


2  |  .    wdz  =  -2 

o 


wdz, 


and 


Now  the  values  for  the  loops  are  connected  by  the  equation 

A-B  +  G-Z>=0, 

and  so  it  will  bo  convenient  that,  as  all  the  points  lie  on  the  axis  of  real  variables,  we 
arrange  the  order  of  the  loops  so  that  this  relation  is  identically  satisfied.  Otherwise, 
the  relation  will,  after  Ex.  1,  bo  a  definition  of  the  paths  of  integration  chosen  for  the 
loops. 

Among  the  methods  of  arrangement,  which  secure  the  identical  satisfaction  of  the 


Fig.  ,28. 


relation,  the  two  in  the  figure  are  the  simplest,  the  curved  lines  being  taken  straight  in 
the  limit;  for,  by  the  first  arrangement  when  /:<  1,  we  have 


1_ 

k 
2  /     -2 


k      r-i 

+  2  /      -2 


1     J  ii         J  (i         Jo 
and,  by  the  second  when  k  >  1,  we  have 

i 

ri         rk         r-i 
21-21     +21      -2  /      j-vwte: 

J  (I  ./  (I  J  0  ./  I)      J 

both  of  which  arc  identically  satisfied.     We  may  therefore  take  either  of  them ;  let  the 
former  bo  adopted. 

The  periods  are  A-B,  J3-G,  (and  G-D,  which  is  equal  to  B  -  A),  and  any  linear 
combination  of  these  is  a  period :  we  shall  take  A  -  B,  and  B-D.     The  latter,  B  -  D, 

is  equal  to 

ri  r-i 

2  I    wdz -2  I      wdz, 

which,  being  denoted  by  4 A",  gives 

4^=4|^r7*-l2-^ 

as  one  period.     The  former,  A  -  B,  is  equal  to 


wdz, 


where  £'2  +  &2=],  and  the  relation  between  the  variables  of  the  integrals'  is  & 


fk 
Hence  the  periods  of  the  integral  arc  4.K  and  %iK'.     Moreover,  A  is  2  I    wdz,  which  is 

J  » 
_i_ 

ri  rk 

•>  2        wdz  +  2        wdz^ZKl-ZiK'. 

Jo  J  i 

Hence  the  general  value  of  I    {(1  —  z-)  (1  -k~z2)}~idz  is  either 
J  (i 

•M  +  4m  K  +  2,uiK', 

or  2/1  +  2  i'A"  -  «  +  4wi  A"  +  ZniK', 

that  is,  2/f—  «  +  4mA'"+2?w'A'', 

where  u  is  the  integral  taken  from  0  to  z  along  an  assigned  path,  often  taken  to  be 
a  straight  line  ;  so  that  there  are  two  systems  of  -values  for  the  integral,  each  containing 
a  doubly  -infinite,  immbcv  of  terms. 

If  z  be  denoted  by  $  (u)  —  evidently,  from  the  integral  definition,  an  odd  function 
of  u  —  ,  then 

0  00  =  0  (M  +  4mK+  ZniK') 

=  0  (2K  -u  +  4?n,A"+  2niK'\ 
so  that  z  is  a  doubly-periodic  function  of  u,  the  periods  being  4/t  and  2i'A'  '. 

Now  consider  the  function  Zi  =  (l  —  z2)^.     A  s-path  round  j  does  not  affect  zv  by  way  of 

/j 

change,  provided  the  curve  does  not  include  the  point  1  :  hence,  if  z\  =  x  ('")»  we 


But  a  z-path  round  the  point  1  does  change  zl  into  —zl  ;  so  that 


Hence  x  («)j  which  is  an  even  function,  has  two  periods,  viz.,  4/iT  and  2A'+2i'Ar/,  whence 

X  C?0  =  X  (u  +  4mIi  +  2nE+2niE'). 
Similarly,  taking  z2=(l  -  WzPfi^-^r  (u\  it  is  easy  to  see  that 


so  that  -v/f  (?«),  which  is  an  even  function,  has  two  periods,  viz.,  2AT  and  4-iK'  ;  whence 


The  functions  of>  (?*),  ^  (?;),  -^  (?<•)  are  of  course  sn«,  cn?«,  dnw  respectively. 
Ex.  6.     If  in  a  single  infinite  sheet,  representing  the  values  of  2,  three  cuts  be  made 
along  the  real  axis  joining  respectively  (  -co,   -T\  (-1,  1),  (  i,  oo  V  shew  that  the 

\  KJ  \K  / 

integral  (in  the  notation  of  elliptic  functions,  0<&<1,  *]z^\—+ifjl—zi') 


the  values  ot  u  which  arise. 

If  the  cut  joining  (  —  1,  1)  do  not  lie  along  the  real  axis,  describe  the  values  of  z  as  a 
function  of  u.  (Math.  Trip.,  Part  II.,  1894.) 

Ex.  7.     To  find  the  general  value  of  the  integral* 


The  function  to  be  integrated  has  e1}  e2,  ea,  and  co  for  its  branch  -points  ;  and  for 
paths  round  each  of  them  the  two  branches  interchange. 

A  circuit  Q,  which  restores  the  initial  branch  of  the  function  to  be  integrated,  can 
be  resolved  into:  — 

(i)    Sets  of  double  circuits  round  each  of  the  branch-points  alone  :  as  before,  the 
value  of  the  integral  for  each  of  these  double  circuits  is  zero. 

(ii)    Sets  of  circuits,  each  enclosing  two  of  the  branch-points  :  it  is  convenient  to 
retain   circuits  including   oo  and  el5   oo  and  ea,    =c  and  c3,  the  other  three 
combinations  being  reducible  to  these. 
The  values  of  the  integral  for  these  three  retained  are  respectively 


r  {4  (z-ej  (z- 

./  tfa 


and  therefore  the  value  of  the  integral  for  the  circuit  Q.  is  of  the  form 


But  Ei,  E.>,  E;\  are  not  linearly  independent.     The  integral  of  the  function  round  any 

curve  in  the  Unite  part  of  the  plane,  which  docs  not 

incmcle  el,  e»  or  c3  within  its  boundary,  is  xero,  by  Ex.  2  ; 

and  this  curve  can  be  deformed  to  the  shape  in  the  figure, 

until  it  becomes  infinitely  large,  without  changing  the 

value  of  the  integral. 

Since  the  limit  of  sw  for  |z|  =  oo  is  zero,  the  value  of 
the  integral  from  oo'  to  co  is  zero,  by  §  24,  II.;  and  if  the 
description  begin  with  a  branch  w,  the  branch  at  cc  is  -  ih. 
The  rest  of  the  integral  consists  of  the  sum  of  the  values  <J&'  ' 

round  the  loops,  which  is 

-JSI+EZ-EZ, 

because  a  path  round  a  loop  changes  the  branch  of  w  and  the  last  branch  after  describing 
the  loop  round  e3  is  +w  at  oo  ',  the  proper  value  (§  90,  III.).  Hence,  as  the  whole  integral 
is  zero,  we  have 


can  be  expressed  in  any  or  the  equivalent  lorms 
wliere  the  m's  and  n'»  are  integers. 

Now  any  path  from  oo  to  z  -can  be  resolved  into  a  circuit  Q,  which  restores  at  <x>  the 
initial  branch  of  w,  combined  with  either 

(i)    a  straight  path  from  oo  to  z, 
or      (ii)    a  loop  between  60  and  el5  together  with  a  straight  path  from  co  to  z. 

(The  apparently  distinct  alternatives,  of  a  loop  between  oo  and  e?a,  together  with  a  straight 
path  from  co  to  z,  and  of  a  similar  path  round  ca,  are  inclusible  in  the  second  alternative 
above;  the  reasons  are  similar  to  those  in  Ex.  5.) 

If  u  denote   I     {4  (a-fli)  (z-  ea)  (z~e-^}~^dz  when  the  integral  is  taken  in  a  straight 

line,  then  the  value  of  the  integral  for  part  (i)  of  a  path  is  it-  ;  and  the  value  of  the 
integral  for  part  (ii)  of  a  path  is  E]_  —  ut  the  initial  branch  in  each  case  for  these  parts 
being  the  initial  branch  of  w  for  the  whole  path.  Hence  the  most  general  value  of  the 
integral  for  any  path  is  either 


or  2mw]  +  25iw3  +  2o3!  -  u, 

the  two  being  evidently  included  in  the  form 

27>/«1  +  2n&>3  ±  u. 
If,  then,  we  denote  by  z—$(u}  the  relation  which  is  inverse  to 


u  =  J"  {4  (z  -  a,)  (z  -  sa)  (z  -  e,}}  ~  *  dz, 


wo  have  •         £0  (u}  —  $  C2mu>i  +  2»o>3  ±  u). 

In  the  same  way  as  in  the  preceding  example,  it  follows  that 

where  $'  (u}  is  —  {4  (z  —  c-i)  (z  —  ca)  (z  —  e3)}2. 

fife.  H.     Prove  that,  when  m  i»  a  positive  integer  ^2,  and  when  $•  is  a  positive  quantity 
such  that  0  <  q  <  m, 

~~  yq~l  ,j  —— 


drawing  the  deformed  figure  of  the  loops. 
From  this  relation,  deduce  the  results 


where  A  and  5  are  constants. 

Shew  alao  how  to  deduce  the  value  of 


o.,^  ««o5«ing  o^ujjit;  exampj.es  are  sufficient  illustrations  of  the  multi- 
plicity of  value  of  an  integral  of  a  uniform  function  or  of  a  multiform 
function,  when  branch-points  or  discontinuities  occur  in  the  part  of  the  plane 
in  which  the  path  of  integration  lies.  They  also  shew  one  of  the  modes  in 
which  singly-periodic  and  doubly-periodic  functions  arise,  the  periodicity 
consisting  in  the  addition  of  arithmetical  multiples  of  constant  quantities 
to  the  argument. 

To  the  properties  of  such  periodic  functions,  especially  of  uniform  periodic 
functions,  we  shall  return  in  Chapter  X.  It  will  there  appear  that  each  of 
the  special  functions,  which  have  been  considered  in  the  preceding  examples 
3,  4,  5,  7,  expresses  z  as  a  uniform  function  of  its  argument. 

Meanwhile,  it  is  not  difficult  to  prove  directly  that  the  functions  of  u  in 
Ex.  5  and  of  w  in  Ex.  7  are  uniform  functions  of  their  arguments. 

Consider  the  quantity  z  and  the  integral  u  connected  by  the  relation 


or  by  the  differential  equation 


with  the  condition  that  u  =  0  when  z  =  0  and  the  further  property  as  to  the 
periods  of  u.  Evidently  the  vicinities  of  the  respective  critical  points 
1,  —  1,  1/k,  —  l/k  must  be  taken  into  account;  likewise  the  vicinity  of  any 
other  finite  value  of  z\  likewise  very  large  values  of  z.  We  take  them 
in  turn. 

In  the  vicinity  of  z  =  I,  let  z  =  I  +  £     At  z  - 1,  we  can  take  u  =  K  (subject 
to  periods) ;  so 

«> 


where  P  (t}  is  a  regular  function  of  t  in  the  vicinity  of  t  =  0  such  that 
P(0)  =  l.     Thus 

u-K  =  ±(-  2)* £*£(£), 

/Lr 

where  R  (£)  is  a  regular  function  of  £  such  that  R  (0)  =  1.     Consequently, 


Again,  for  the  vicinity  of  z=  l/k,  we  take  z  -  l/k  =  %  ;  we  find 

z-.\  =  l>>J^-(u-K-iKyS(u-K-iK'r~, 
h  4/c 

where  S  is  a  regular  function  of  its  argument  such  that  S  (0)=  1. 
For  the  vicinity  of  z  =  -  l/k,  we  find 


g  +    =      („  +  K  +  iKJ  S  (u  +  K  +  iKJ, 

K        4/C 

where  again  S  is  a  regular  function  of  its  argument  such  that  S  (0)  =  1. 
Next,  for  a  value  of  j  z  \  <  I,  we  have 


where  P  (z)  is  a  regular  even  function  of  z  such  that  P  (0)  =  1.    Consequently 
z  is  a  regular  function  and  an  uneven  function  of  u  for  values  of  z   <  1. 

For  any  ordinary  place  for  z,   given  by  2=  a,  let  a  value  of  u  be  a. 
Taking  z^a  +  Z,  we  have 


ra+Z  _  L 

u-ct=  I-t2)(l-kH-)     ~dt 


where  R  (Z}  is  a  regular  function  of  Z  such  that  11  (0)  =  1.  As  before,  Z  is 
a  regular  function  of  u  —  a  in  the  vicinity;  that  is,  z  is  a  regular  function  of 
u  in  the  vicinity  of  any  ordinary  place. 

Finally,  for  large  values  of  z,  say  z',  we  have 


dt. 


In  the  integral,  write  Tct  =  -, ; 

c 
i 

rft        ri 
then  tt=       + 

Jo         J    ! 


j. 

rice' 

=  iK'+\     {(1- *")(!- #* 

J  o 


to  the  first  order  at  that  place.     Therefore  £  is  a  uniform  function  of  u  in 
the  vicinity  of  u  =  iK'  ;  and  it  has  a  simple  pole  at  that  value. 

Hence,  in  every  case,  z  is  a  uniform  function  of  u  ;  and  this  uniform 
function  has  simple  poles  at  u  =  iK'  and  at  all  places  reducible  to  this  place 
by  multiples  of  2  K  and  liK'. 

As  already  stated,  we  shall  give  full  references  at  a  later  stage  to  the 
cases  when  a  differential  equation 


defines  z  as  a  uniform  function  of  u,. 

Ex.  9.     Shew  that,   for    the    relation   just    discussed,   the    functions    (1  —  22)a   and 
(l-^222)i  are  uniform  functions  of  u. 

Ex.  10.     Shew  that,  when  u  and  z  are  connected  by  the  relation 


of  Ex.  7,  when  we  denote  z  as  a  function  of  u  by  $>  (?/),  each  of  the  functions 

P(M),      IPM-fil}*,      {$>(«)-*.}*,      {§>(?*)-  <%»}*• 

is  a  uniform  function  of  u. 

105.  We  proceed  to  the  theory  of  uniform  periodic  functions,  some 
special  examples  of  which  have  just  been  considered  ;  and  limitation  will 
be  made  here  to  periodicity  of  the  linear  additive  type,  which  is  only  a  very 
special  form  of  periodicity. 

A  function  f(z)  is  said  to  be  periodic  when  there  is  a  quantity  a>  such 
that  the  equation 

/(*  +  »)=/(*) 

is  an  identity  for  all  values  of  z.  Then  f(z  +  nco}=f(z),  where  n  is  any 
integer  positive  or  negative;  and  it  is  assumed  that  w  is  the  smallest 
quantity  for  which  the  equation  holds,  that  is,  that  no  snbmultiple  of  co  will 
satisfy  the  equation.  The  quantity  w  is  called  a  period  of  the  function. 

A  function  is  said  to  be  simply  -periodic  when  there  is  only  a  single 
period:  to  be  doubly  -periodic  when  there  are  two  periods;  and  so  on,  the 
periodicity  being  for  the  present  limited  to  additive  modification  of  the 
argument.  Moreover,  we  exclude  the  possibility  of  periods  that  can  be 
made  less  than  any  finite  quantity,  however  small.  If  such  infinitesimal 
periods  were  admissible  for  a  uniform  function,  then  within  a  finite  region 


everywhere :  or  it  would  possess  an  unlimited  number  of  constant  values 
within  that  region  :  or  an  unlimited  number  of  infinities  within  the  region. 
In  the  second  case,  its  derivative  would  possess  an  unlimited  number  of  zeros 
in  the  region,  which  is  any  small  region  round  any  point :  as  at  the  end  of 
§  37,  the  point  would  be  an  essential  singularity.  Similarly,  in  the  third  case, 
the  point  would  be  an  essential  singularity.  Each  of  the  alternatives,  conse- 
quent upon  the  possession  of  an  infinitesimal  period,  is  to  be  excluded  :  hence 
we  also  exclude  the  possibility  of  infinitesimal  periods. 

It  is  convenient  to  have  a  graphical  representation  of  the  periodicity  of  a 
function. 

(i)  For  simply-periodic  functions,  we 
take  a  series  of  points  0,  Al}  Az,  ..., 
.4_i,  .<4_2,...  representing  0,  w,  2co,..., 
—  &>,  —2ft),...;  and  through  these  points 
we  draw  a  series  of  parallel  lines,  dividing 
the  plane  into  bands.  Let  P  be  any 
point  z  in  the  band  between  the  lines 
through  0  and  through  AT ;  through  P 
draw  a  line  parallel  to  OA  x  and  measure 

Off  p  p  ._  p    7J>    _          —   P  P       _  P        P       — 
UUL-i    J.   i  —  JL   iJ.    o  —   •••  —  -*-    •*•    — 1  —  -*•    — \  J-    — 2  —  •  •  •> 

each  equal  to  OAt ;  then  all  the  points 
PI,  Po,...,  P_i,  P- <>,...  are  represented 
by  z  +  nca  for  positive  and  negative  integral  values  of  n.  But  f(z  -f-  nw)  =f(z)] 
and  therefore  the  value  of  the  function  at  a  point  Pn  in  any  of  the  bands  is 
the  same  as  the  value  at  P.  Moreover,  to  a  point  in  any  of  the  bands  there 
corresponds  a  point  in  any  other  of  the  bands ;  and  therefore,  owing  to  the 
periodic  resumption  of  the  value  at  the  points  corresponding  to  each  point  P, 
it  is  sufficient  to  consider  the  variation  of  the  function  for  points  within  one 
band,  say  the  band  between  the  lines  through  0  and  through  A^.  A  point  P 
within  the  band  is  sometimes  called  irreducible,  the  corresponding  points  P 
in  the  other  bands  reducible. 

If  it  were  convenient,  the  boundary  lines  of  the  bands  could  be  taken 
through  points  other  than  Al,  A^, ... ;  for  example,  through  points  (m  -f  |)  co 
for  positive  and  negative  integral  values  of  m.  Moreover,  they  need  not  be 
straight  lines.  The  essential  feature  of  the  graphic  representation  is  the 
division  of  the  plane  into  bands. 

(ii)     For  doubly-periodic  functions  a  similar  method  is  adopted.     Let  &> 


Fig.  30. 


Fig.  31. 


Q- 


such  that 


0,  <u,  2o>, . . . ,  —  co,  —  2<w, . . .  ;  and  we  take 
another  series  0,Bl,B^,... ,  B_^ ,  $_„, . . . 
representing  0,  CD',  2 co',..  ,—  to',  —  2tu', . . . ; 
through  the  points  A  we  draw  lines 
parallel  to  the  line  of  points  B,  and 
through  the  points  B  we  draw  lines 
parallel  to  <  the  line  of  points  -A.  The 
intersection  of  the  lines  through  An 
and  Bn'  is  evidently  the  point  nco  +  n'co', 
that  is,  the  angular  points  of  the 
parallelograms  into  which  the  plane  is 
divided  represent  the  points  nco  +  n'co' 
for  the  values  of  n  and  ??/. 

Let  P  be  any  point  z  in  the  paral- 
lelogram OA1C1B1 ;  on  lines  through  P, 

parallel  to  the  sides  of  the  parallelogram,  take  points  Ql}  Q«, ... 
such  that  PQi  =  QiQ2=  ...  =  co,  and  points  .72,,  R.,, ... ,  R-^,  72_«, 
PjR,.  =  72iJ?2  =  ...=&/;  and  through  these  new  points  draw  lines  parallel  to 
the  sides  of  the  parallelogram.  Then  the  variables  of  the  points  in  which 
these  lines  intersect  are  all  represented  by  z  +  'inco  +  in'co'  for  positive  and  nega- 
tive integral  values  of  in  and  m' ;  and  the  point  represented  by  z  -I-  ma>  +  m'w 
is  situated  in  the  parallelogram,  the  angular  points  of  which  are  m o>  +  mV, 
(m  +  1)  co  +  m'co',  ma>  +  (in'  +  1)  w ',  and  (TO  +  1)  co  +  (mf  +  1)  a>',  exactly  as  P  is 
situated  in  OA^B^.  But 

f(z  +  ma)  +  m'd)')  —f(z), 

and  therefore  the  value  of  the  function  at  such  a  point  is  the  same  as  the 
value  at  P.  Since  the  parallelograms  are  all  equal  and  similarly  situated, 
to  any  point  in  any  of  them  there  corresponds  a  point  in  OAiCiBi ;  and  the 
value  of  the  function  at  the  two  points  is  the  same.  Hence  it  is.  sufficient  to 
consider  the  variation  of  the  function  for  points  within  one  paraHeloyrain,  say, 
that  which  has  0,  co,  co  +  co',  co'  for  its  angular  points.  A  point  P  within 
this  parallelogram  is  sometimes  called  irreducible,  the  corresponding  points 
within  the  other  parallelograms  reducible  to  P  ;  the  whole  aggregate  of  the 
points  thus  reducible  to  any  one  are  called  homologous  points.  And  the 
parallelogram  to  which  the  reduction  is  made  is  called  the  parallelogram  of 
periods. 

As  in  the  case  of  simply-periodic  functions,  it  may  prove  convenient  to 
choose  the  position  of  the  fundamental  parallelogram,  so  that  the  origin  is 
not  on  its  boundary:  thus  it  mi  edit  be  the  narallelopTam  tho  middle  uoints  of 


oi  points  A.  is  different  in  direction  irom  the  line  01  points  B.  if  <u  =  u  +  iv 
and  a)'  =  u'  +  iv',  this  assumption  implies  thab  v'/u'  is  unequal  to  v/u,  and 
therefore  that  the  real  part  of  ai'/ico  does  nob  vanish.  The  justification  of 
this  assumption  is  established  by  the  proposition,  due  to  Jacob! *  : — 

The  ratio  of  the  periods  of  a  uniform  doubly-periodic  function  cannot  be 
real. 

Leb/'(2)  be  a  function,  having  &>  and  a/  as  its  periods.  If  the  ratio  ca'/co 
be  real,  it  must  be  either  commensurable  or  incommensurable. 

If  it  be  commensurable,  let  it  be  equal  to  n'/n,  where  n  and  u'  are 
integers,  neither  of  which  is  unity  owing  to  the  definition  of  the  periods  « 
and  a/. 

Let  n'/n  be  developed  as  a  continued  fraction,  and  let  m'/m  be  the  last 
convergent  before  rijn,  where  m  and  m  are  integers.  Then 

nf_     ™'     _1_ 

n      m      inn ' 

that  is,  inn'  ~  m'n  =  1, 

1  /  /  W    /        /  A  "• 

so  that  m  a>  - 11100  —  —  (mn~  mn  )  =  — . 

n  '      n 

Therefore  f(z)  =f(z  +  m'w  ~  mco'), 

since  m  and  m1  are  integers ;  so  that 


contravening  the  definition  of  co  as  a  period,  viz.,  that  no  submultiple  of  o>  is  a 
period.     Hence  the  ratio  of  the  periods  is  not  a  commensurable  real  quantity. 

If  it  be  incommensurable,  we  express  &//&)  as  a  continued  fraction.  Let 
•pjq  and  p'/q'  be  two  consecutive  convergents  :  their  values  are  separated  by 
the  value  of  CD'/".  so  tnat  we  ma7  write 


to      g          q      q 

where  1  >  h  >  0. 

Now  pq'  ~p'q=I,  so  that 

^L  =  P  +  _1 
w       (1     m" 

where  e  is  real  and  |ej  <  1  ;  hence 


since  p  ana  q  are  integers  ;  so  tnat 


Now  since  w'/eo  is  incommensurable,  the  continued  fraction  is  unending.  We 
therefore  can  take  an  advanced  convergent,  so  that  q'  is  very  large  ;  and  we 

choose  it  so  that  !   /co     is  less  than  any  assigned  positive  quantity,  however 

small.     But  -co  is  equal  to  qa)'  —  pco,  where  q  and  p  are  integers,  and  it 

therefore  is  a  period  of  the  function  f(z).  Hence,  on  the  assumption  that 
&//«  is  real  and  incommensurable,  it  follows  that  the  function  possesses  an 
infinitesimal  period:  the  possibility  of  which  was  initially  excluded  (§  105). 

The  ratio  of  the  periods  is  thus  not  an  incommensurable  real  quantity. 

We  therefore  infer  Jacobi's  theorem  that  the  ratio  of  the  periods  cannot 
be  real.  In  general,  the  ratio  is  a  complex  quantity;  it  may,  however,  be  a 
pure  imaginary*. 

COROLLARY.  If  a  uniform  function  have  two  periods  Wj  and  &>o,  such  that 
a  relation 

mlwl  -f  Wo«o  =  0 

exists  for  integral  values  of  wa  and  in.,,  the  function  is  only  simply-periodic. 
And  such  a  relation  cannot  exist  between  two  periods  of  a  simply-periodic 
function,  if  m-i  and  ?/•/..,  be  real  and  incommensurable;  for  then  the  function 
would  have  an  infinitesimal  period. 

Similarly,  if  a  uniform  function  have  three  periods  con  <ua,  co;!,  connected 
by  two  relations 

;)   =    0, 

;j   =  0, 

where  the  coefficients  in  and  n  are  integers,  then  the  function  is  only  simply- 
periodic. 

107.  The  two  following  propositions,  also  due  to  Jacobif,  are  important 
in  the  theory  of  uniform  periodic  functions  of  a  single  variable  :  — 

If  a  uniform  function  have  three  periods  a>l}  a>2,  WD,  such  that  a  relation 
WjCOj  +  mnWo  +  m3«3  =  0 

is  satisfied  for  integral  values  of  mlt  ?«,2,  ?%,  then  the  function  is  only  a  doubly- 
periodic  function. 

*  Ifc  was  proved,  in  Ex.  5  and  Ex.  7  of  §  104,  that  certain  uniform  functions  are  doubly-periodic. 
A  direct  proof,  that  the  ratio  of  the  distinct  periods  of  the  functions  there  ohtained  is  not  a  real 


What  has  to  be  proved,  in  order  to  establish  this  proposition,  is  that  two 
periods  exist  of  which  £ul3  a>2)  cas  are  integral  multiple  combinations. 

Evidently  we  may  assume  that  m1}  mz,  TO;,  have  no  common  factor:  let  f 
be  the  common  factor  (if  any)  of  m2  and  ma,  which  is  prime  to  m^  Then 
since 


in.-, 


and  the  right-hand  side  is  an  integral  combination  of  periods,  it  follows  that 

rn-i       .  .    , 

->-  &>!  is  a  period. 

*??7 

Now  ~  is  a  fraction  in  its  lowest  terms.     Change  -it  into  a  continued 

m 

fraction  and  let  —  be  the  last  convergent  before  the  proper  value;  then 

nh  _  P  —  4.  i 

"/    q    -/? 

so  that  a  —  /  —  w  =  +  -7.  . 

/  / 

But  &>!  is  a  period  and  -—  a\  is  a  period;  therefore  q  --,,,-  tui  —  pcoi  is  a  period, 
or  &)i//is  a  period,  =  &>/.  say. 

Let    •)>i-1/f=m.1')    msjf=mx/,   so    that   w^co/  +  7>i2/&>o  +  m/cw,,  =  0.      Change 

")* 

•m.>'Jni:'  into  a  continued  fraction,  taking  -  to  be  the  last  convergent  before  the 

s 

proper  value,  so  that 

1 


Then  rco.>  +  sco3  ,  being  an  integral  combination  of  periods,  is  a  period.     But 
+  0)%  =  <Ma  {sinz'  —  rm3') 

=  —  rw.ym/  —  s  (^ijto/  +  in^'co3) 

—  —  mjSw/  —  ?n3'  (^'Wo  +  i'w;))  ; 
also  ±  (w;!  =  «w3  (sm»  —  rma') 


sco3)  ; 


where  the  coefficients  m  and  n  are  integers,  the  function  is  only  doubly- 
periodic. 

108.  //  a  uniform  function  of  one  variable  have  three  periods  &>,,  <w.2)  <w3, 
then  u,  relation  of  the  form 

?»<!&>!  4-  WofWo  +  w:,<U;s  =  0 
mast  be  satwjied  for  some  integral  values  of  ml}  w»,  m:l, 

Let  wr  =  ar  +  i@r,  for  r  -  1,  2,  3  ;  in  consequence  of  §  106,  we  shall  assume 
that  no  one  of  the  ratios  of  o^,  &)„,  <y;,  in  pairs  is  real,  for,  otherwise,  either 
the  three  periods  reduce  to  two  immediately,  or  the  function  has  an  infini- 
tesimal period.  Then,  determining  two  quantities  A,  and  ^  by  the  equations 

«a  =  ^«i  +  /icfo,     /3S  =  X/3j  -+  j"./3o, 
so  that  X  and  //.  are  real  quantities  and  neither  zero  nor  infinity,  we  have 

G);j    =  XtW!    +   fJ>0)n, 

for  real  values  of  X  and  /a. 

Then,  first,  if  either  X  or  /j,  be  commensurable,  the  other  is  also  commen- 
surable. Let  X  =  ajb,  where  a  and  b  are  integers;  then 

6//-fo,,  =  ba>3  —  b\wl 

=    bet);,  —   ttWj, 


HO  that  6/x.Wo  is  a  period.  Now,  if  i//.  be  not  commensurable,  change  it  into  a 
continued  fraction,  and  let  pjq,  p'/q  be  two  consecutive  convergents,  so  that, 
as  in  §  1.06, 

'7        P  ,    *' 

bfjL  =  *-  H  --  >  , 

2     <M 

wheiv  1  >  x  >  —  1.     Then  -  w.,  -I  --  ,-  is  a  period,  and  so  is  co2;  hence 

<1     "      94 

/«  it!ft).,\ 

(/     -  G>B  H  --  ;"    -  P®t 
1  \q  qq  I     L 

is  a  period,  that  is,  -,  Wo  is  a  period.     We  may  take  q  indefinitely  large,  and 

then  the  function  has  an  infinitesimal  quantity  for  a  period,  which  has  been 
excluded  by  our  initial  argument.  Hence  bp  (and  therefore  /*)  cannot  be 
incommensurable,  if  X  be  commensurable;  and  thus  X  and  p  are  simul- 
taneously commensurable  or  simultaneously  incommensurable. 


a  relation  or  tne  KIIIU  ueqiureu. 

If  X  and  /j,  be  simultaneously  incommensurable,  express  A,  as  a  continued 
fraction;  then  by  taking'  any  convergent  rjs,  we  have 


fv* 

where  1  >  x  >  —  1,  so  that  sX  —  ?•  =  '-; 

s 

by  taking  the  convergent  sufficiently  advanced  the  right-hand  side  can  be 
made  infinitesimal. 

Let  i\  be  the  nearest  integer  to  the  value  of  sp,  so  that,  if 

Sfi-ri  =  A, 
we  have  A  numerically  not  greater  than  \.     Then 

0)  . 

SO).,  —  r<y,  —  7'iCOo  =  —  OJi  +  Ari'., 

s 

/|t 

and  the  quantity  -  wl  can  be   made  so  small  as  to  be  negligible.     Hence 

integers  r,  r1}  s  can  be  chosen  so  as  to  give  a  new  period  «„'  (=  Acw2),  such 
that  |  wo'  |  ^  ^  |  a).,  . 

We  now  take  co3  ,  w./,  w;,  :  the}7  will  be  connected  by  a  relation  of  the  form 


and  X'  and  /^'  must  be  incommensurable  :  for  otherwise  the  substitution  for 
o>./  of  its  value  just  obtained  would  lead  to  a  relation  among  w^  w^,  a)3  that 
would  imply  commensurability  of  X  and  of  p.. 

Proceeding  just  as  before,  we  may  similarly  obtain  a  new  period  a>a"  such 
that  ft)2//|^H6)2/  '•>  and  so  on  in  succession.  Hence  we  shall  obtain,  after??. 
such  processes,  a  period  <ya"J)  such  that  eu.,(M)  ^  ^  co,,|,so  that  by  making  n 

£J 

sufficiently  large  we  shall  ultimately  obtain  a  period  less  than  any  assigned 
quantity.  Such  a  period  is  infinitesimal  ;  and  infinitesimal  periods  were 
initially  excluded  (§105)  for  reasons  there  given.  Thus  X  and  ^  cannot 
"be  simultaneously  incommensurable. 

Hence  the  only  constructive  result  is  that  X  and  fj,  are  simultaneously 
commensurable;  and  then  there  is  a  period-equation  of  the  form 

niiwl  4-  r)i»a>2  -f  7fts&>3  =  0, 
where  7wl5  m2,  w3  are  integers. 


The  foregoing  proof  is  substantially  due  to  Jacobi  (I.e.).  The  result  can 
be  obtained  from  geometrical  considerations  by  shewing  that  the  infinite 
number  of  points,  at  which  the  function  resumes  its  value,  along  a  line 
through  z  parallel  to  the  <a;!-line  will,  unless  the  condition  be  satisfied,  reduce 
to  un  infinite  number  of  points  in  the  (olt  w2  parallelogram  which  will  form 
cither  a  continuous  line  or  a  continuous  area,  in  either  of  which  cases  the 
function  would  be  a  constant;  or  there  will  be  an  unlimited  number 
condensed  in  any  region  round  z,  however  small,  thus  making  thee  point 
an  essential  singularity,  which  is  impossible  for  every  point  z.  But,  if  the 
condition  be  satisfied,  then  the  points  along  the  line  through  z  reduce  to  only 
a  finite  number  of  points*. 

COROLLARY  I.  Uniform  functions  of  a  single  variable  cannot  have  three 
independent  periods  ;  in  other  words,  triply  -periodic  uniform  functions  of  a, 
tiinyle  variable  do  not  exist  f  ;  and,  a  fortiori,  •uniform  functions  of  a  single 
variable  with  a  'number  of  independent  periods  greater  than,  two  do  not  exist. 

But  functions  involving  more  than  one  variable  can  have  more  than  two 
periods,  e.g.,  Abelian  transcendents;  and  a  function  of  one  variable,  having 
more  than  two  periods,  is  not  uniform. 

COROLLARY  II.  All  the,  periods  of  a  uniform  periodic  function  of  a 
sinyle  variable  reduce  either  to  integral  multiples  of  one  period  or  to  linear 
canibinatioiifi  of  integral  iiudtiples  of  two  periods  whose  ratio  is  not  a  real 
quantity. 

109.  It  is  desirable  to  have  the  parallelogram,  in  which  a  doubly- 
periodic  function  is  considered,  as  small  as  possible.  If  in  the  parallelogram 
(supposed,  for  convenience,  to  have  the  origin  for  an  angular  point)  there  be 
a  point  to",  such  that 

/(*  +  ?'')=/(*) 
for  all  values  of  z,  then  the  parallelogram  can  be  replaced  by  another. 

It  is  evident  that  o>"  is  a  period  of  the  function;  hence  (|  108)  we  must 
have 


and  both  A,  and  p.,  which  are  commensurable  quantities,  are  less  than  unity 
since  the  point  is  within  the  parallelogram.  Moreover,  &>  4-  &/  —  w",  which 
is  equal  to  (1  —  \)  &>  +  (1  —  p)  w  ,  is  another  point  within  the  parallelogram  ; 

and 

f(z  +  a)  +  o)'~  to")  =f(z), 


nm -LI.  . 


If  there  were  an  infinite  number,  they  would  form  a  continuous  line  or  a 
continuous  area  where  the  -uniform  function  had  an  unvarying  value,  and 
the  function  would  have  a  constant  value  everywhere ;  or  they  would 
condense  within  any  region  (however  small)  round  any  point,  and  so  would 
make  the  point  an  essential  singularity,  a  result  to  be  excluded  as  in  §  37. 

To  construct  a  new  parallelogram  when  all  the  points  are  known,  we  first 
choose  the  series  of  points  parallel  to  the  w-line  through  the  origin  0,  and  of 
•that  series  we  choose  the  point  nearest  0,  say  A^.  We  similarly  choose  the 
point,  nearest  the  origin,  of  the  series  of  points  parallel  to  the  co-line  and 
nearest  to  it  after  the  series  that  includes  Alt  say  2^:  we  take  OAl}  OB^  as 
adjacent  sides  of  the  parallelogram,  and  these  lines  as  the  vectorial  repre- 
sentations of  the  periods.  No  point  lies  within  this  parallelogram  where  the 
function  has  the  same  value  as  at  0;  hence  the  angular  points  of  the  original 
parallelograms  coincide  with  angular  points  of  the  new  parallelograms. 

When  a  parallelogram  has  thus  been  obtained,  containing  no  internal 
point  ft  such  that  the  function  can  satisfy  the  equation 

/(*+fl)=/(*) 

for  all  values  of  z,  it  is  called  a  fundamental,  or  a.  primitive,  parallelogram,. 
The  parallelogram  of  reference  in  subsequent  investigations  will  be  assumed 
to  be  of  a  fundamental  character. 

But  a  fundamental  parallelogram  is  not  unique. 

Let  to  and  ia'  be  the  periods  for  a  given  fundamental  parallelogram,  so 
that  every  other  period  w"  is  of  the  form  Xco  +  /*&/,  where  A.  and  /j,  are 
integers.  Take  any  four  integers  a,  b,  c,  d  such  that  ad  — be—  +  1,  as  may 
be  done  in  an  infinite  variety  of  ways ;  and  adopt  two  new  periods  coj  and  &>._,, 
such  that 

tj)1  =  aco  +  bo)',         (i)3  =  ceo  +  du>'. 

Then  the  parallelogram  with  wl  and  MO  for  adjacent  sides  is  fundamental. 
For  we  have 

+  a>  =  dw-L  —  bean,          +&>'  =  —  coy-,,  -\-  atoo, 

and  therefore  any  period  u>" 


=  (\d  —  JJLO)  <«!  +  (—  \b  +  pa)  ojo ,  save  as  to  signs  of  X  and  ja. 
The  coefficients  of  coa  and  o>,>  are  integers,  that  is,  the  point  «o"  lies  outside 


plane  into  fundamental  parallelograms  coincides  with  their  aggregate  in 
tiny  other  division  into  fundamental  parallelograms  ;  and  all  fundamental 
parallelograms  for  a  given  function  are  of  the  same  area. 

The  method  suggested  above  for  the  construction  of  a  fundamental  parallelogram  is 
geometrical,  and  it  assumes  a  knowledge  of  all  the  points  &>"  within  a  given  parallelogram 
for  which  the  equation  f(z  +  c>i")=f(z)  is  satisfied. 

Such  a  point  «:i  within  the  o^,  o>2  parallelogram  is  given  l>y 


where  ml,  m2,  wig  are  integors.      We  may  assume  that  no  two  of  these  three  integers 
have  a  common  factor;   were  it   otherwise,  say  for  ml  and  w2,  then,  as  in   §  107,  a 
submultiple  of  <a;i  would  be  a  period  —  a  result   which  may  be  considered  as  excluded. 
Evidently  all  the  points  in  the  parallelogram  are  the  reduced  points  homologous  with 
w;i,  2w3,  ......  ,   (?jtg  —  1)  co3  ;   when   these   are   obtained,  the   geometrical   construction   is 

possible. 

The  following  is  a  simple  and  practicable  analytical  method  for  the  construction. 

Change  mi/ms  and  ?n2/w;!  into  continued  fractions;  and  let  p/q  and  r/s  be  the  last 
convergcnts  before  the  respective  proper  values,  so  that 

mi      p  _    e  m»     r  _   e' 

9H;j         q         lj/nis  '  »l;j         S         S'j)ls  ' 

where  e  and  <•'  are  each  of  them  ±  1.     Let 

mo  u.  TO!      ,  ,   X 

q-~,=  0+rL.  g—  1  =  0  +  ._ 

«l;j  Wl;j  ?W;;  7?l;j 

where  X  and  /A  are  taken  to  bo  less  than  m3,  but  they  do  not  vanish  because  q  and  s  are 
less  than  ms.     Then 

1 

StU;j 


the  left-hand  sides  are  periods,  say  i2j  and  fly  respectively,  and  since  ^  +  <?  is  not  >  in-_\  and 
X  +  f'  is  not>m3,  the  points  ijx  and  i}2  determine  a  parallelogram  smaller  than  the  initial 
parallelogram. 


Thus 
are  equations  denning  new  periods  S11}  Q2-     Moreover 

j  .  ^  m\  P 
dH  --  =s-J=si- 
r  mn>  ms  q 

so  that,  multiplying  the  right-hand  sides  together  and  likewise  the  left-hand  sides,  we 
at  once  see  that  X/i-ee'  is  divisible  by  m3  if  it  be  not  zero:  let 


where  X'  and  ft'  are  <A.     Then  X'//-e<-'  is  divisible  by  A  if  it  be  not  zero,  say 

\'p'-ee'=  A  A'  ; 
then  X'  and  //  are  >  A'  and  are  prime  to  it.     And  now 

A  («!  -  fJLi&.,}  =  //flu  —  e'fii  ,          A  (eo2  -  X^)  =  X'Gj  —  eQ2  ! 
thus,  if  w1-/u.1n2  =  Q:i)  co2-X1Q1  =  Oi,  which  are  periods,  we  have 
Ai2:i  =  //fl2~e/iii)          Ai24  =  X'i2]-  eflo. 

With   ii.t  and  G4  we  can  construct  a  parallelogram  .smaller  than  that  constructed 
with  £2j  and  ii2.     We  now  have 


that  is,  equations  of  the  same  form  as  before.  We  proceed  thus  in  .successive  stages: 
each  quantity  A  thus  obtained  is  distinctly  less  than  the  preceding  A,  and  so  finally  we 
shall  reach  a  stage  when  the  succeeding  A  would  be  unity,  that  is,  the  solution  of  the  pair 
of  equations  then  leads  to  periods  that  determine  a  fundamental  parallelogram.  It  is 
not  difficult  to  prove  that  coj,  w2,  0)3  are  combinations  of  integral  multiples  of  these 
jieriods. 

If  one  of  the  quantities,  such  as  X'/i'-ee',  be  zero,  then  X'  =  /  =  l,  e  =  e'=±l;  and 
then  i23  and  &4  are  identical.  If  e  =  e'=+l,  then  AQ;!=i2.,-O1,  and  the  fundamental 
parallelogram  is  determined  }iy 

Q:,'  =  Q1+-(Q2-Ql),          O4'  =  Q2--(Q2-Q,). 

If  e  =  e'=  —  1,  then  AJ2;j  =  Q2  4-  &i  5  so  that,  as  A  is  not  unity  in  this  case,  the  fundamental 
parallelogram  is  determined  by  i22  and  &;)• 

Ex.     If  a  function  be  periodic  in  coj,  «».>,  and  also  in  <B;J  where 

29o);J  =  17a)1  +  ll<B2, 
periods  for  a  fundamental  parallelogram  are 

£ll'  =  f>CO]  +3(U2—  8<»3,  i2;/  =  3cOj  +2<Mo—  f)a);j, 

aud  the  values  of  <oi5  w^,  co.-j  in  terms  of  Q/  and  &o'  !lre 


Further  discussion  relating  to  the  transformation  of  periods  and  of  fundamental 
parallelograms  will  he  found  in  Briot  and  Bouquet's  TMorie  des  fonctions  dliptiques, 
pp.  234,  235,  268—272. 

110.  It  has  been  proved  that  uniform  periodic  functions  of  a  single 
variable  cannot  have  more  than  two  periods,  independent  in  the  sense  that 
their  ratio  is  not  a  real  quantity.  If  then  a  function  exist,  which  has  two 
periods  with  a  real  incommensurable  ratio  or  has  more  than  two  independent 


in  the  case  when  three  periods  a>,  ,  o)2,  u>3  (each  or  the  torm  «  +  ip)  were 
assigned,  it  was  proved  that  the  necessary  condition  for  the  existence  of  a 
uniform  function  of  a  single  variable  is  that  finite  integers  mlt  ?n2,  ms  can 
be  found  such  that 

in\  a-i  +  m*a.2  +  m..^  =  0, 


2-Hn:i/3;j  =  0  ; 

and  that,  if  these  conditions  be  not  satisfied,  then  finite  integers  m},  in.,,  w3 
can  be  found  such  that  both  ^ma  and  Sm/3  become  infinitesimally  small. 

This  theorem  is  purely  algebraical,  and  is  only  a  special  case  of  a  more® 
general  theorem  as  follows  :  — 

Let  uu,  «]a,  ...  ,  ff]ir+1  ;  «„,.  «22,  ...  ,  a2ir+1;  ...  ;  an,  ar.,,  ...  ,  a)V.+1  be  r  sets  of 
reed  quantities  suck  that  a  relation  of  the  form 

KI  a«  +  flaffis  +  .  .  .  -r  n,.+a  «»,,.+!  =  0 

is  not  satisfied  among  any  one  set.  Then  finite  integers  Wj,  ...,  mr+l  can  be 
determined  sucli  that  each  of  the  sums 

vn-i  ««  +  vn2««2  +  .  .  .  4-  7Jzr+JaBi,.+i 

(for  s=\,  2,  ...,  ?•)  ctm  6s  7»-ade  less  than  any  assigned  quantity,  however 
small.  And,  a  fortiori,  if  fewer  than  r  sets,  each  containing  r  +  1  quantities 
be  given,  the  r  +  1  integers  can  be  determined  so  as  to  lead  to  the  result 
enunciated  ;  all  that  is  necessary  for  the  purpose  being  an  arbitrary  assign- 
ment of  sets  of  real  quantities  necessary  to  make  the  number  of  sets  equal  to 
r.  But  the  result  is  not  true  if  more  than  r  sets  be  given. 

We  shall  not  give  a  proof  of  this  general  theorem*;  it  would  follow  the 
lines  of  the  proof  in  the  limited  case,  as  given  in  §  108.  But  the  theorem 
can  be  used  to  indicate  how  the  value  of  an  integral  with  more  than  two 
periods  is  affected  by  the  periodicity. 

Let  /  be  the  value  of  the  integral  taken  along  some  assigned  path  from 
an  initial  point  #„  to  a  final  point  z\  and  let  the  periods  be  MI}  «2>  ••-,  &>.,., 
(where  r  >  2),  so  that  the  general  value  is 

I  +  ??•*!  <wa  +  m»u>.,  4-  .  .  .  +  w.  ,.(»,., 

where  mlt  in.,,  ...  ,  int.  arc  integers.  Now  if  ct)g  =  as  +  ips,  for  s  =  l,  2,  ...,r, 
when  it  is  divided  into  its  real  and  its  imaginary  parts,  then  finite  integers 
?zn,  97..,,  ...,nr  can  be  determined  such  that 

!+  ...  +-nrar 


small;  and  then 


??scos 


is  infinitesimal.     But  the  addition  of  ^nsws  still 


,s=l  !  «  =  1 

gives  a  value  of  the  integral  ;  hence  the  value  can  be  modified  by  infinitesimal 
quantities,  and  the  modification  can  be  repeated  indefinitely.  The  modifica- 
tions of  the  value  correspond  to  modifications  of  the  path  from  z{]  to  z  ;  and 
hence  the  integral,  regarded  as  depending  on  a  single  variable,  can  be  made, 
by  modifications  of  the  path  of  the  variable,  to  assume  any  value.  The 
integral,  in  fact,  has  not  a  definite  value  dependent  solely  upon  the  final 
value  of  the  variable  ;  to  make  the  value  definite,  the  path  by  which  the 
variable  passes  from  the  lower  to  the  upper  limit  must  be  specified. 

It  will  subsequently  (§  239)  be  shewn  how  this  limitation  is  avoided  by 
making  the  integral,  regarded  as  a  function,  depend  upon  a  proper  number 
of  independent  variables  —  the  number  being  greater  than  unity. 

r«     ^z 
Ex.  1.     If  V(}  be  the  value  of  I     •—  -  .....  -,  ,  (n  integral),  taken  alon<>'  an  assigned  path, 

./  «   (1  -  3")* 

and  if 

/J  =  2  ^  —  ^—  .  (a-  real), 

J  o  (1  -  xn)% 

then  the  general  value  of  the  integral  is 


where  q  is  any  integer  and  m,,  any  positive  ov  negative  integer  such  that  2  ?»?)=0. 

11=1 

(Math.  Trip.,  Part  II.,  1889.) 

Ex.  2.  If,  in  an  integration  in  regard  to  the  complex  variable  z,  («,./;„...)  denote  a 
contour  enclosing  the  "ci'itical"  points  a,.,  iw,  ...  ;  and,  for  two  points,  (a,,;  &„)  denote  the 
triple  contour  (ar  &,)  (a,.)  ~  l  (i«)~l,  prove  that  in  the  integrals 


2i'-i  (z  -  I  )"-'  (s  -  .-i-)1-1  cfe,         ya  =  a"-1  (z  -  1)'^1  (s  -  .r)'-  1  cfo, 

(a:;  <i)  J  (-«;!) 

where  _jo,  y,  r  are  not  rational  integei's,  if  x  describe  a  closed  curve  round  2  =  0,  the  2-loops 
being  deformed  .so  as  not  to  be  intersected  by  this  &'-clo.sed  curve,  the  new  values  of 


and  determine  the  .similar  changes  in  y1,  y^  when  x  moves  round  z  —  l. 

Deduce  without  direct  calculation,  that  if  p  +  r  be  a  rational  integer,  y^  is  uniform  in 
the  neighbourhood  of  A'=0,  and,  also  in  this  neighbourhood, 

^"'(e2^-!) 
a  =      *'  +  -        -  '  /  lo   a; 


is  an  algebraic  function  satisfying  the  equation 

Z(o  +  ®3-l%(e  +  ®*-ltoP(v+$)  + 
and  obtain  the  conditions  necessary  and  sufficient  to  ensure  that 

v  =  \udz 
should  be  an  algebraic  function,  when  u  is  an  algebraic;  function  satisfying  an  equation 

/(*,  '0=0. 

(Liouville,  Briot  and  Bouquet.) 


CHAPTER  X. 


UNIFORM  SIMPLY-PERIODIC  AND  DOUBLY-PERIODIC  FUNCTIONS. 


111.  ONLY  a  few  of  the  properties  of  simply-periodic  functions  will  be 
given*,  partly  because  some  of  them  are  connected  with  Fourier's  series  the 
detailed  discussion  of  which  lies  beyond  our  limits,  and  partly  because,  as 
will  shortly  be  explained,  many  of  them  can  at  once  be  changed  into 
properties  of  uniform  non-periodic  functions  which  have  already  been 
considered. 

When  we  use  the  graphical  method  of  |  105,  it  is  evident  that  we  need 
consider  the  variation  of  the  function  within  only  a  single  band.  Within 
that  band  any  function  must  have  at  least  one  infinity,  for,  if  it  had  not,  it 
would  not  have  an  infinity  anywhere  in  the  plane  and  so  would  be  a  constant; 
and  it  must  have  at  least  one  zero,  for,  if  it  had  not,  its  reciprocal,  also  a 
simply-periodic  function,  would  not  have  an  infinity  in  the  band.  The 
infinities  may,  of  course,  be  accidental  or  essential :  their  character  is  repro- 
duced at  the  homologous  points  in  all  the  bands. 

For  purposes  of  analytical  representation,  it  is  convenient  to  use  a 
relation 


so  that,  if  the  point  Z  in  its  plane  have  R  and  © 
for  polar  coordinates, 


&     i          r> 

z  =  ^~.  log  R 

"        ° 


~ 

2-Tr 


If  we  take  any  point  A  in  the  ^-plane  and  a 
corresponding  point  a  in  the  .z-plane,  then,  as  Z 
describes  a  complete  circle  through  A  with  the 
origin  as  centre,  z  moves  along  a  line  na1}  where 
<i}  is  a  +  co.  A  second  description  of  the  circle 
makes  z  move  from  a2  to  a»,  where  a*.  =  »!  +  &>;  and  so  on  in  succession. 


Fig.  32. 
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For  various  descriptions,  positive  and  negative,  the  point  a  describes  a  line, 
the  inclination  of  which  to  the  axis  of  real  quantities  is  the  argument  of  a. 

Instead  of  making  Z  describe  a  circle  through  A,  let  us  make  it 
describe  a  part  of  the  straight  line  from  the  origin  through  A,  say  from  A, 
where  OA=  R,  to  C,  where  OC—R'.  Then  z  describes  a  line  through  a 
perpendicular  to  aa1;  and  it  moves  to  c  where 


Similarly,  if  any  point  A'  on  the  former  circumference  move  radially  to  a 
point  C  at  a  distance  R'  from  the  ^-origin,  the  corresponding  2-point  a' 
moves  through  a  distance  o/c',  parallel  and  equal  to  ac  :  and  all  the  points  c 
lie  on  a  line  parallel  to  aa^  Repeated  description  of  a  ^-circumference  with 
the  origin  as  centre  makes  z  describe  the  whole  line  ccaCo. 

If  then  a  function  be  simply-periodic  in  co,  we  may  conveniently  take 
any  point  a,  and  another  point  Ui  —  a  +  a>,  through  a  and  ^  draw  straight 
lines  perpendicular  to  aa1}  and  then  consider  the  function  within  this  band. 
The  aggregate  of  points  within  this  band  is  obtained  by  taking 

(i)     all  points  along  a  straight  line,  perpendicular  to  a  boundary  of 

the  band,  as  aa^  ; 
(ii)     the  points  along  all  straight  lines,  which  are  drawn  through  the 

points  of  (i)  parallel  to  a  boundary  of  the  band. 

In  (i),  the  value  of  z  varies  from  0  to  ca  in  an  expression  a  +z,  'that  is,  in 
the  ^-planc  for  a  given  value  of  R,  the  angle  ©  varies  from  0  to  2?r. 

In  (ii),  the  value  of  log  R  varies  from  —  GO  to   -f  co  in  an  expression 

CL>  © 

«  —  .  log  R  +  ~—  -  w,  that  is.  the  radius  R  must  vary  from  0  to  GO  . 
2,-jn    °         2?r  J 

Hence  the  band  in  the  0-plane  and  the  whole  of  the  ^f-plane  are  made 
equivalent  to  one  another  by  the  transformation 


Now  let  ^o  be  any  special  point  in  the  finite  part  of  the  band  for  a  given 
simply-periodic  function,  and  let  Z0  be  the  corresponding  point  in  the  ^-plane. 
Then  for  points  z  in  the  immediate  vicinity  of  z0  and  for  points  Z  which 
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point  J2"0  is  an  accidental  singularity  of  W. 

When  a  point  z0  is  an  essential  singularity  of  w,  the  correspondir 
point  j?o  is  an  essential  singularity  of  W. 

When  a  point  z0  is  a  branch-point  of  any  order  for  a  function  w,  tl 
corresponding  point  Z0  is  a  branch-point  of  the  same  order  for  W. 

And  the  converses  of'these  relations  also  hold. 

Since  the  character  of  any  finite  critical  point  for  w  is  thus  unchanged  by  tl 
transformation,  it  is  often  convenient  to  change  the  variable  to  Z  so  as  to  L 
the  variable  range  over  the  whole  plane,  in  which  case  the  theorems  alreac 
proved  in  the  preceding  chapters  are  applicable.  But  special  account  mil 
be  taken  of  the  point  .2  =  oo . 

112.  We  can  now  apply  Laurent's  theorem  to  deduce  what  is  practical 
Fourier's  series,  as  follows. 

Lei  f(z)  be  a  simply-periodic  function  having  w  as  its  period,  and  suppo 
that  in  a  portion  of  the  z-plane  bounded  by  any  two  parallel  lines,  the  inclin 
tion  of  which  to  the  axis  of  real  quantities  is  equal  to  the  argument  of  a),'t 
function  is  uniform  and  has  no  singularities;  then,  at  points  within  th 
portion  of  the  plane,  the  function  can  be  expressed  in  the  form  of  a  converge 

.  Unsi 

series  of  positive  and  of  negative  integral  powers  of  e  u  . 

In  figure  32,  let  aa^L,...  and  cciC»...  be  the  two  lines  which  bound  t1 
portion  of  the  plane  :  the  variations  of  the  function  will  all  take  place  with 
that  part  of  the  portion  of  the  plane  which  lies  within  one  of  the  repi 
sentative  bands,  say  within  the  band  bounded  by  . .  .o,c. . .  and  . .  .a^. . . :  that 
we  may  consider  the  function  within  the  rectangle  acc^a,  where  it  has  : 
singularities  and  is  uniform. 

Now  the  rectangle  acc^a  in  the  ^-planc  corresponds  to  a  portion  of  t 
^-plane  which,  after  the  preceding  explanation,  is  bounded  by  two  circ! 

"2iri  Viri, 

with  the  origin  for  common  centre  and  of  radii  \e(a  ~n\  and  e  w  ~"  j ;  and  t 
variations  of  the  function  within  the  rectangle  are  given  by  the  variations 
a  transformed  function  within  the  circular  ring.  The  characteristics  of  t 
one  function  at  points  in  the  rectangle  are  the  same  as  the  characteristics 
the  other  at  points  in  the  circular  ring :  and  therefore,  from  the  charad 
of  the  assigned  function,  the  transformed  function  has  no  singularities  and 


the  transformed  function  is  expressible  in  the  form 


«=  +  co 

= 


a  series  which  converges  within  the  ring:    and  the  value  of  the  coefficient  a-n 
is  given  by 

I     'F(Z)  7 

- — .       „         CLZ/, 

taken  along  any  circle  in  the  ring  concentric  with  the  boundaries. 

Retransforming  to  the  variable  z,  the  expression  for  the  original  function 

is 

/(*)=W2+\/"\ 

11-  -  -*e 

The  series  converges  for  points  within  the  rectangle  and  therefore,  as  it 
is  periodic,  it  converges  within  the  portion  of  the  plane  assigned.  And  the 
value  of  an  is 

1  f 


taken  along  a  path  which  is  the  equivalent  of  any  circle  in  the  ring  concentric 
with  the  boundaries,  that  is,  along  any  line  perpendicular  to  ac  and  a^,  and 
therefore  parallel  to  the  lines  which  bound  the  assigned  portion  of  the  plane. 

The  expression  of  the  function  can  evidently  be  changed  into  the  form 

»=«>      2/tjri 


where  the  integral  is  taken  along  the  piece  of  a  line,  perpendicular  to  the 
boundaries  and  intercepted  between  them. 

If  one  of  the  boundaries  of  the  portion  of  the  plane  be  at  infinity,  (so  that 
the  periodic  function  has  no  singularities  within  one  part  of  the  plane),  then 
the  corresponding  portion  of  the  /iT-plane  is  either  the  part  within  or  the  part 
without  a  circle,  centre  the  origin,  according  as  the  one  or  the  other  of  the 
boundaries  is  at  co  .  In  the  former  case,  the  terms  with  negative  indices 
vi  are  absent  ;  in  the  latter,  the  terms  with  positive  indices  are  absent. 

113.  On  account  of  the  consequences  of  the  relation  subsisting  between 
the  variables  z  and  Z,  many  of  the  propositions  relating  to  general  uniform 
functions,  as  well  as  of  those  relating  to  multiform  functions,  can  be  changed, 
merely  by  the  transformation  of  the  variables,  into  propositions  relating  to 
simply-periodic  functions.  One  such  proposition  occurs  in  the  •  preceding 
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We  know  that,  if  a  uniform  function  of  Z  have  no  essential  singularity, 
then  it  is  a  rational  function,  which  is  integral  if  Z  —  vz  be  the  only 
accidental  singularity  and  is  meromorphic  if  there  be  accidental  singularities 
in  the  finite  part  of  the  plane  ;  and  every  such  function  has  as  many  zeros 
as  it  has  accidental  singularities. 

Hence  a  uniform  simply-periodic  function  witli  #  =  oo  as  its  sole  essential 
singularity  has  as  many  zeros  an  it  lias  infinities  in  each  band  of  the  plane  ; 
the  number  of  points  at  'which  it  assumes  a  given  value  is  equal  to  the  number 
of  its  zeros;  if  this  common  member  be  finite,  and  if  the  -period  be  co,  the 

27T££ 

function  is  a  rational  function  of  e  ™  ,  which,  is  integral  if  all  the  singularities 
be  at  an  infinite  distance  and  is  meromorphic  if  some  (or  all)  of  them  be  in 
a  finite  part  of  the  plane.  (But  any  number  of  zeros  and  any  number  of 
infinities  may  be  absorbed  in  the  essential  singularity  at  z  =  <x>  .} 

The  simplest  function  of  Z,  thus  restricted  to  have  the  same  number 
of  zeros  as  of  infinities,  is  one  which  has  a  single  zero  and  a  single  infinity 
in  the  finite  part  of  the  plane  ;  the  possession  of  a  single  zero  and  a 
single  infinity  will  therefore  characterise  the  most  elementary  simply-periodic 
function.  Now,  bearing  in  mind  the  relation 


the  simplest  ^-point  to  choose  for  a  zero  is  the  origin,  so  that  Z  =1;  and 
then  the  simplest  2-point  to  choose  for  an  infinity  at  a  finite  distance  is  i  a>, 
(being  half  the  period),  so  that  Z=  —  l.  The  expression  of  the  function  in 
the  .Z-plane  with  L  for  a  zero  and  —  1  for  an  accidental  singularity  is 


and  therefore  assuming  as  the  most  elementary  simply-periodic  function  that 
which  in  the  plane  has  a  series  of  zeros  and  a  series  of  accidental  singularities 
all  of  the  first  order,  the  points  of  the  one  being  midway  between  those  of  the 
other,  its  expression  is 


-l 


frry  _  _  ~ 

which  is  a  constant  multiple  of  tan  —  .     Since  e  M    is  a  rational  fractional 

<y 

rrrft 

function  of  tan  —  ,  part  of  the  foregoing  theorem  can  be  re-stated  as  follows  :  — 


convenient  to  nave  a  simple  element  lor  the  construction  or  products,  there 
(§  53)  called  a  primary  factor  :   it  was  of  the  type 

Z-a  G±-\ 


where  the  function   G\-r,  --  )  could  be  a  constant:    and  it  had  only  one 
\Z  -  cj,     .  J 

infinity  and  one  zero. 

*  f7T  ^ 

Hence  for  simply-periodic  functions  we  may  regard  tan  —  -  as  a  typical 

primary  factor  when  the  number  of  irreducible  zeros  and  the  (equal)  number 
of  irreducible  accidental  singularities  are  finite.  If  these  numbers  should 
tend  to  an  infinite  limit,  then  an  exponential  factor  might  have  to  be 

associated  with  tan  —  •  ;  and  the  function  in  that  case  might  have  essential 

6)  ° 

singularities  elsewhere  than  at  z  =  oo  . 

Ex.     Prove  that  a  rational  function  of  z  cannot  be  simply  -periodic. 

114.  We  can  now  prove  that  every  uniform  function,  which  lias  no 
essential,  singularities  in  the  finite  part  of  the  plane  and  is  such  that  all 
its  accidental  singularities  and  its  zeros  are  arranged  in  groups  equal  and 
finite  in  number  at  equal  distances  along  directions  parallel  to  a  given 
direction,  is  a  simply-periodic  function,  save  as  to  a  possible  factor  of  the 
form  e°(zr,  where  <j  (z)  is  a  uniform  function  of  z  regular  everywhere  in 
the  finite  part  of  the  plane. 

Let  (a  be  the  common  period  of  the  groups  of  zeros  and  of  singularities  : 
and  let  the  plane  be  divided  into  bands  by  parallel  lines,  perpendicular  to 
any  line  representing  &>.  Let  a,  b,  ...  be  the  zeros,  a,  @,  ...  the  singularities 
in  any  one  band. 

Take  a  uniform  function  <j>(z),  simply-periodic  in  w,  and  having  a  single 

•  t  TT2 

zero  and  a  single  singularity  in  the  band  :  we  might  take  tan  —  as  a  value 

co 

of  (/>  (».     Then 

<f>  0)  -_<£  (a) 


is  a  simply-periodic  function  having  only  a  single  zero,  viz.,  z  =  a  arid  a  single 
singularity,  viz.,  z  —  a.\  for  as  $(z)  has  only  a  single  zero,  there  is  only  a 
single  point  for  which  <j6(^)  =  <£•(")>  an^  a  single  point  for  which  </>  (z)  =  </>  (a). 


256  SIMPLY-PERIODIC  [114. 

is  a  simply-periodic  function  with  all  the  zeros  and  with  all  the  infinities  of 
the  given  function  within  the  band.  But  on  account  of  its  periodicity  it  has 
all  the  zeros  and  all  the  infinities  of  the  given  function  over  the  whole  plane ; 
hence  its  quotient  by  the  given  function  has  no  zero  arid  no  singularity  over 
the  whole  plane.  Plence,  by  Corollary  I.  in  §  52,  this  quotient  is  of  the  form 
erJ(z],  where  g(z)  is  a  uniform  function  of  z,  finite  everywhere  in  the  finite 
part  of  the  plane :  and  it  may  be  a  constant.  Consequently,  the  expression 
for  the  given  function  is  known.  It  is  thus  a  simply-periodic  function,  save 
as  to  the  factor  specified ;  and  this  factor  may  be  a  constant,  in  which  case 
the  function  is  actually  simply-periodic. 

This  method  can  evidently  be  used  to  construct  simply-periodic  functions,  having 
assigned  zeros  and  assigned  singularities.  Thus  if  a  function  have  tt  +  m<o  as  its  zeros  and 
c  +  in'ca  as  its  singularities,  where  m  and  m!  have  all  integral  values  from  -oo  to  +00, 
the  simplest  form  is  obtained  by  taking  a  constant  multiple  of 
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tan tan  — 


Ex.    Construct  a  function,  simply-periodic  in  w,  having  zeros  given  by  (m  +  -J)<B  and 
+  f)w  and  singularities  by  (m  +  ?j)co  and 


The  irreducible  zeros  are  £a>  and  f  o>  ;  the  irreducible  singularities  arc  ?jw  and  jjco.    Now 

/  "•  \       /  "  \ 

(  tan  —  —  tan  -irr  )  (  tan  —  -  —  tan  4-n- 
\          u>  "    J  \          a>  / 


/,       Ti-2                  \   /         irz  ,, 

tan tan  V.-TT       tan tau  -STT 

\  O)  '*      /     \  <B 

is  evidently  a  function,  initially  satisfying  the  required  conditions.  But,  as  tau  in-  is 
infinite,  we  divide  ovit  by  it  and  absorb  it  into  A'  as  a  factor;  the  function  then  takes 
the  form 

1  -f-  tan  — 


,,TT2 


We  shall  not  consider  simply-periodic  functions,  which  have  essential 
singularities  elsewhere  than  at  z  =•  oo ;  adequate  investigation  will  be  found 
in  the  second  part  of  Guichard's  memoir,  (I.e.,  p.  176).  But  before  leaving 
the  consideration  of  the  present  class  of  functions,  one  remark  may  bo  made. 
It  was  proved,  in  our  earlier  investigations,  that  uniform  functions  can  be 
expressed  as  infinite  series  of  functions  of  the  variable  and  also  as  infinite 


0(2)  = 
7 

being  an  infinite  converging  series  of  powers  of  the  simply-periodic  function  e  w  ,  is. 
finite  everywhere  in  the  plane.     Evidently  0  (2)  is  periodic  in  a>,  so  that 

0  (2  +  co)  =  0  (2). 


Again,  5  (s  + «')  =    2    ( - 1  )n  </"2  e 


7l=<» 

7, 
71= -c 


q 

the  change  in  the  summation  so  as  to  give  0  (2)  being  permissible,  because  the  con- 
vergence of  0  (2)  is  absolute  on  account  of  the  assumption  with  regard  to  q.  There  is 
thus  a  pseudo-periodicity  for  0  (2)  in  a  period  o>'. 

Similarly,  if  '  0;!(2)  =     2     qn"e     M    , 

we  can  prove  that  0:j  (2  +  &>)  =  0  (2), 

2MTS 

</ 

Then  03(2)^0(2)  is  doubly-]  eriodic  in  <u  and  2<a',  though  constructed  only  from 
functions  simply-periodic  in  &> :  it  is  a  function  with  an  infinite  number  of  irreducible 
accidental  singularities  in  a  band. 

115.  We  now  pass  to  doubly-periodic  functions  of  a  single  variable,  the 
periodicity  being  additive.  The  properties,  characteristic  of  this  important 
class  of  functions,  will  be  given  in  the  form  either  of  new  theorems  or 
appropriate  modifications  of  theorems,  already  established ;  and  the  develop- 
ment adopted  will  follow,  in  a  general  manner,  the  theory  given  by  Liouville*. 
It  will  be  assumed  that  the  functions  are  uniform,,  unless  multiformity  be 
explicitly  stated,  and  that  all  the  singularities  in  the  finite  part  of  the  plane 
are  accidental  j-. 

*  In  his  lectures  of  1847,  edited  by  Borchardt  and  published  in  Crelle,  t.  Ixxxviii,  (1880), 
pp.  277 — 310.  They  are  the  basis  of  the  researches  of  Briot  and  Bouquet,  the  most  com- 
plete exposition  of  which  will  be  found  in  their  TMoric.  des  functions  elliptiques,  (2nd  ed.), 
pp.  239—280. 

f  For  doubly-periodic  functions,  which  have  essential  singularities,  reference   should  be 


will  be  used  concurrently  with  the  analysis ;  and  the  parallelogram  of 
periods,  to  which  the  variable  argument  of  the  function  is  referred,  is  a 
fundamental  parallelogram.  (§  109)  with  periods*  2«  and  2&/.  An  angular 
point  ZQ  for  the  parallelogram  of  reference  can  be  chosen  so  that  neither  a 
zero  nor  a  pole  of  the  function  lies  on  the  perimeter;  for  the  number 
•of  zeros  and  the  number  of  poles  in  any  finite  area  must  be  finite,  as 
•otherwise  they  would  form  a  continuous  line  or  a  continuous  area,  or  they 
would  be  in  the  vicinity  of  an  essential  singularity.  This  choice  will,  in 
general,  be  made  ;  but,  in  particular  cases,  it  is  convenient  to  have  the  origin 
as  an  angular  point  of  the  parallelogram  and  then  it  not  infrequently  occurs 
that  a  zero  or  a  pole  lies  on  a  side  or  at  a  corner.  If  such  a  point  lie  on  a  side, 
the  homologous  point  on  the  opposite  side  is  assigned  to  the  parallelogram 
which  has  that  opposite  side  as  homologous;  and  if  it  be  at  an  angular  point, 
the  remaining  angular  points  are  assigned  to  the  parallelograms  which  have 
them  as  homologous  corners. 

The  parallelogram  of  reference  will  therefore,  in  general,  have  z0,  ^0+2w, 
#„  +  2ft)',  £0  +  2&>  +  2&/  for  its  angular  points ;  but  occasionally  it  is  desirable 
to  take  an  equivalent  parallelogram  having  z0  ±  w  ±  a/  as  its  angular  points. 

When  the  function  is  denoted  by  <j)(z),  the  equations  indicating  the 
periodicity  are 

(/>  0  +  2co)  =  c/>  (/)  =  <£  0  +  2W'). 

116.  We  now  proceed  to  the  fundamental  propositions  relating  to 
doubly-periodic  functions. 

I.  Every  doubly-periodic  function  must  have  zeros  and  infinities  within 
the  fundamental  parallelogram. 

For  the  function,  not  being  a  constant,  has  zeros  somewhere  in  the  plane 
and  it  has  infinities  somewhere  in  the  plane ;  and,  being  doubly-periodic,  it 
experiences  within  the  parallelogram  all  the  variations  that  it  can  have  over 
the  plane. 

COROLLARY.     The  function  cannot  be  a  rational  function  of  z. 

A.  rational  function  of  s  possesses  only  a  limited  number  of  zeros  in  the 
plane.  Within  the  fundamental  parallelogram,  a  doubly-periodic  function 
possesses  zeros:  and  therefore  the  number  of  zeros  which  it  possesses  in  the 
plane  is  unlimited.  The  two  functions  therefore  cannot  be  equivalent. 

An  analytical  form  for  </>  (#)  can  be  obtained  which  will  put  its  singu- 
larities in  evidence.  Let  a  be  such  a  pole,  of  multiplicity  n;  then  we  know 
that,  as  the  function  is  uniform,  coefficients  A  can  be  determined  so  that  the 
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of  this  modified  function.  Proceeding  similarly  with  the  other  singularities 
b,  c, ...,  which  are  finite  in  number  and  each  of  which  is  finite  in  degree,  we 
have  coefficients  A,  B,  C, ...  determined  so  that 


is  finite  in  the  vicinity  of  every  pole  of  <£(.z)  within  the  parallelogram  and 
therefore  is  finite  everywhere  within  the  parallelogram.  Let  its  value  be 
^(2);  then  for  points  lying  within  the  parallelogram,  the  function  <£  (z)  is 
expressed  'in  the  form 

A,  A,,  A 

„./   (  y\       I L.       J "  _]_  _[_ 

XW  +  ,_a  +  /,_ay  +  -  +  ( 


'  z-b 
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H,       H,  .HI 
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But  though  cj6  (z)  is  periodic,  ^  (^)  is  not  periodic.  It  has  the  property  of 
being  finite  everywhere  within  the  parallelogram;  if  it  were  periodic,  it 
would  be  finite  everywhere,  and  therefore  could  have  only  a  constant  value ; 
and  then  <£  (z)  would  be  a  rational  meromorphic  function,  which  is  not 
periodic.  The  sum  of  the  fractions  in  </>(#)  may  be  called  the  fractional 
part  of  the  function :  owing  to  the  meromorphic  character  of  the  function, 
it  cannot  be  evanescent. 

The  analytical  expression  can  be  put  in  the  form 

(s  _  a)~n  (z  -  b)~m  ...(z-  h)~l  F  (z), 

where  F  (z)  is  finite  everywhere  within  the  parallelogram.  If  a,  /3, ...,»?  be' 
all  the  zeros,  of  degrees  v,  /a,  ...,  X,  within  the  parallelogram,  then 

F  (z)  =  (z-  a)"  (z  -  /3)"  ...(z-  7;)^  G  (z}, 

where  G  (z)  has  no  zero  within  the  parallelogram ;  and  so  the  function  can 
be  expressed  in  the  form 

o  -  ^"J2  -py  •  -  (*  -L^T  r  t,\ 

(z  -a)n(z-  b)™..:(z  -  I}1     V;> 

where  G(z)  has  no  zero  and  no  infinity  within  the  parallelogram  or  on  its 
boundary ;  and  G  (z)  is  not  periodic. 


to  speaK  or  any  particular  singularity  as  simple,  aouoie,  ...  according  to 
its  multiplicity. 

If  two  doubly-periodic  functions  u  and  v  be  such  that  an  equation 

Au+  Bv  +  G=0 

is  satisfied  for  constant  values  of  A,  B,  G,  the  functions  are  said  to  be 
equivalent  to  one  another.  Equivalent  functions  evidently  have  the  same 
accidental  singularities  in  the  same  multiplicity. 

II.     The  integral  of  a  doubly  -periodic  function  round  the  botmdary  of  a 
fundamental  parallelogram  is  zero. 

Let  ABGD  be  a  fundamental  parallelogram,  the  boundary  of  it  being 
taken  so  as  to  pass  through  no   pole  of  the 
function.     Let  A  be  sa,  B  be  z0  +  2<y,  and* 
_D  be  ZG  4-  2w'  ;   then  any  point  in  AB  is  / 


D 


2,  + 


where  t  is  a  real    quantity  lying  between  0 

and  1  ;  and  therefore  the  integral  along  AB  is     ^  -  : 


i  Fig.  33. 

Zcadt. 


0 

Any  point  in  BG  is  z0  +  2cu  +  2eo'i5,  where  t  is  a  real  quantity  lying  between  0 
arid  1 ;  therefore  the  integral  along  BG  is 

•i 

<p  (z0  +  2ft) 
o 


=  I    <f>  (z,  +  2o>'«)  2a'dt, 

J  o 


since  </>  is  periodic  in  2<u. 

Any  point  in  DO  is  z0  +  2o>'  +  2a>t,  where  t  is  a  real   quantity  lying 
between  0  and  1 ;   therefore  the  integral  along  CD  is 

•o 


2o>' 

i 

o 


0 
The   ficrure   imnlies   that   the   areument   of    w'  is   ereater   than   the   argument   of   w.   a 


Jtience  tne  complete  value  or  tne  integral,  talcen  round  tne  parallelogram,  is 

ri  •  /-I  /  \      /  • 

<t>  (z0  +  2&)£)  %a)dt  -M    d>  (z0  +  2eo  t)  2co  dt 

I     A  !    A     ' 


.'  0  .!  0 


o 

which  is  manifestly  zero,  since  each  of  the  integrals  is  the  integral  of  a 
continuous  function. 

COROLLARY.  Let  -fy  (z)  be  any  uniform  function  of  z,  not  necessarily 
doubly-periodic,  but  without  singularities  on  the  boundary.  Then  the 
integral  J\^  (z)  dz  taken  round  the  parallelogram  of  periods  is  easily  seen 
to  be 

l  rl 

+\    - 
.  » 


.'  0 

or,  if  wre  write  ^  (£"+  2tw)  — 


-I 


r  r1  r1 

then  iW.gr)  ds  =      i^,  (^0  +  2a»'i)  2<u'dt  -      ^2  (^0  + 

'  '  .' 


1  r1 

i^,  (^0  +  2a»'i)  2<u'dt  - 

o  .'  o 

where  on  the  left-hand  side  the  integral  is  taken  positively  round  the 
boundary  of  the  parallelogram  and  on  the  right-hand  side  the  variable  t 
in  the  integrals  is  real. 

The  result  may  also  be  written  in  the  form 

r  rD  rB 

\ty(z)dz=       ik  (z\  dz—\    fa  (z)  dz, 

J  J  A  J  A 

the  integrals  on  the  right-hand  side  being  taken  along  the  straight  lines  AD 
and  AB  respectively.  •• 

Evidently  the  foregoing  main  proposition  is  established,  when  fa  (£)  and 
"^2  (0  vanish  for  all  values  of  £. 

III.  If  a  doubly-periodic  function  <f>(z}  have  infinities  a^  a2,  ...  within 
the  parallelogram,  and  if  Al}  A«,  ...  be  the  coefficients  of  (z  —  tti)"1,  (z  —  a^r1,  .  .  . 
respectively  in  the  fractional  part  of  <£  (z}  when  it  is  expanded  in  the  paral- 
lelogram, then 


sum  or  the  integrals  round  a  number  or  curves  each  including1  one  and  only 
one  of  the  infinities  within  that  parallelogram. 

Taking  the  expression  for  <£  (z)  on  p.  259,  the  integral  Am  $(z  —  a)~m  dz 
round  the  curve  enclosing  a  is  0,  if  m  be  not  unity,  and  is  <2,7riAl,  if  in  be 
unity;  the  integral  Km  /(#  —  «)~m  dz  round  that  curve  is  0  for  all  values  of  in 
and  for  all  points  «  other  than  a  ;  and  the  integral  /^  (z)  dz  round  the  curve 
is  zero,  since  %  (z)  is  uniform  and  finite  everywhere  in  the  vicinity  of  a. 
Hence  the  integral  of  c£  (z)  round  a  curve  enclosing  al  alone  of  all  the 
infinities  is  ^TriA-^, 

Similarly  the  integral  round  a  curve  enclosing  a2  alone  is  27riA2  ;  and  so 
on,  for  each  of  the  curves  in  succession. 

Hence  the  value  of  the  integral  round  the  parallelogram  is 


But  by  the  preceding  proposition,  the  value  of  /<£  (z)  dz  round  the  parallelo- 
gram is  zero  ;  and  therefore 

Al  +  Aa+  ...  =  0. 

This  result  can  be  expressed  in  the  form  that  the  sum  of  the  residues*  of  a 
doubly-periodic  function  relative  to  a  fundamental  parallelogram  of  periods 
is  zero. 

COROLLARY  1.  A  doubly  -periodic  function  of  the  first  order  does  not 
exist. 

Let  such  a  function  have  a  for  its  single  simple  infinity.  Then  an 
expression  for  the  function  within  the  parallelogram  is 

A  ,  -. 

—  +%(*)> 

where  %  (z)  is  everywhere  finite  in  the  parallelogram.  By  the  above  propo- 
sition, A  vanishes  ;  and  so  the  function  has  no  infinity  in  the  parallelogram. 
It  therefore  has  no  infinity  anywhere  in  the  plane,  and  so  is  merely  a 
constant:  that  is,  qua  function  of  a  variable,  it  does  not  exist. 

COROLLARY  2.  Doubly-periodic  functions  of  the  second  order  Lire  of  two 
classes. 

As  the  function  is  of  the  second  order,  the  sum  of  the  degrees  of  the 
infinities  is  two.  There  may  thus  be  either  a  single  infinity  of  the  second 
degree  or  two  simple  infinities. 

In  the  former  case,  the  analytical  expression  of  the  function  is 

A.  /L 


the  parallelogram,  .but,  by  the  preceding  proposition,  Al  =  0  ;  hence  the 
analytical  expression  for  a  doubly-periodic  function  with  a  single  irreducible 
infinity  a  of  the  second  degree  is 

(Trky  +  x^ 

within  the  parallelogram.  Such  functions  of  the  second  order,  which  have 
only  a  single  irreducible  infinity,  may  be  called  the  first  class. 

In  the  latter  case,  the  analytical  expression  of  the  function  is 


Z  —  d        Z  —  Co          • 

where  d  and  c2  are  the  two  simple  infinities  and  %  (#)  is  finite  within  the 
parallelogram.  Then 

6\  +  a2  =  0; 

so  that,  if  GI-—  C»  —  G,  the  analytical  expression  for  a  doubly-periodic 
function,  with  two  simple  irreducible  infinities  aa  and  a2  is 

nf  i        i   ^      /  N 

(7     -----    +  v  0) 
•     \2  -  a,     z-  aj      A 

within  the  parallelogram.  Such  functions  of  the  second  order,  which  have 
two  irreducible  infinities,  may  be  called  the  second  class. 

COROLLARY  3.  If  within  any  parallelogram  of  periods  a  function  is 
only  of  the  second  order,  the  parallelogram  is  fundamental. 

COROLLARY  4.  A  similar  division  of  doubly  -periodic  functions  of  any 
order  into  classes  can  be  effected  according  to  tJie  variety  in,  the  constitution  of 
the  order,  the  number  of  classes  being  tlie  number  of  partitions  of  the  order. 

The  simplest  class  of  functions  of  the  nib.  order  is  that  in  which  the  func- 
tions have  only  a  single  irreducible  infinity  of  the  nth  degree.  Evidently 
the  analytical  expression  of  the  function  within  the  parallelogram  is 

?2      4.      ®*-  4.       4.__-G'»      +v(V> 
(z  -  of     (z-  a)3  (z  -  aj"     %  W> 

where  ^  (z)  is  holomorphic  within  the  parallelogram.  Some  of  the  coefficients 
6r  may  vanish  ;  but  all  may  not  vanish,  for  the  function  would  then  be  finite 
everywhere  in  the  parallelogram. 

It  will  however  be  seen,  from  the  next  succeeding  propositions,  that  the 
division  into  classes  is  of  most  importance  for  functions  of  the  second  order. 

IV.     Two  functions,  which  are  doubly  -periodic  in  the  same  periods*,  and 


Let  <jb  and  ^r  be  the  functions,  having  the  same  periods  ;  let  a  of  degree  v, 
/9  of  degree  p,  ...  be  all  the  irreducible  zeros  of  $  and  -^;  and  let  'a  of 
degree  •/?,  b  of  degree  m,  ...  be  all  the  irreducible  infinities  of  <£  and  of  i/r. 
Then  a  function  £(2),  without  zeros  or  infinities  within  the  parallelogram, 
exists  such  that 

(  y  _   fi\>   (  ?  _  /3V 

A.(V\  —  ^        '  ^      p    "~n-(y\- 

*  (z}  ~  (z--*riz~~br7..  **  (}  ' 

and  another  function  H  (z\  without  zeros  or  infinities  within  the  parallelo- 
gram, exists  such  that 


Hence  =  - 

HGlce  ^(^)     ^(^)- 

Now  the  function  on  the  right-hand  side  has  no  zeros  in  the  parallelogram, 
for  G  has  no  zeros  and  H  has  no  infinities  ;  and  it  has  no  infinities  in  the 
parallelogram,  for  G  has  no  infinities  and  H  has  no  zeros  :  hence  it  has 
neither  zeros  nor  infinities  in  the  parallelogram.  Since  it  is  equal  to  the 
function  on  the  left-hand  side,  which  is  a  doubly-periodic  function,  it  lias  no 
zeros  and  no  infinities  in  the  whole  plane;  it  is  therefore  a  constant,  say 
A.  Thus* 


V.     Two  functions  of  the  second  order,  doubly  -periodic  in  tlie  same  periods 
and  having  the  same  infinities,  are  equivalent  to  one  another. 

If  one  of  the  functions  be  of  the  first  class  in  the  second  order,  it  has  one 
irreducible  double  infinity,  say  at  a  ;  so  that  we  have 

*W-(Ti-ay  +  *M' 

where  %(^)  is  finite  everywhere  within  the  parallelogram.  Then  the  other 
function  also  has  z  =  a  for  its  sole  irreducible  infinity  and  that  infinity  is  of 
the  second  degree  ;  therefore  we  have 

^)  =  (,-r(l)8  +  X'«. 

where  ^  (z)  is  finite  everywhere  within  the  parallelogram.     Hence 

H<j>  (z)  -  G+  (z}  =  HX  (*)  -  GXI  (*). 
Now  %  and  ^i  are  finite  everywhere  within  the  parallelogram,  and  therefore 


parallelogram,  it  consequently  can  have  none  over  the  plane  and  therefore  it 
is  a  constant,  say  /.     Thus 


proving  that  the  functions  $  and  ty  are  equivalent. 

If  on  the  other  hand  one  of  the  functions  be  of  the  second  class  in  the 
second  order,  it  has  two  irreducible  simple  infinities,  say  at  b  and  c,  so  that 
we  have 


z  —        z  -  c 


where  B  (z)  is  finite  everywhere  within  the  parallelogram.  Then  the  other 
function  also  has  z  —  b  and  Z  =  G  for  its  irreducible  infinities,  each  of  them 
being  simple;  therefore  we  have 


where  9l  (z)  is  finite  everywhere  within  the  parallelogram.     Hence 

(z)  -  G^r  (z}  =  DO  (z)  -  C6i.(z). 


The  right-hand  side,  being  finite  everywhere  in  the  parallelogram,  and  equal 
to  the  left-hand  side  which  is  a  doubly-periodic  function,  is  finite  everywhere 
in  the  plane  ;  it  is  therefore  a  constant,  say  B,  so  that 


proving  that  <j>  and  ty  are  equivalent  to  one  another. 

It  thus  appears  that  in  considering  doubly-periodic  functions  of  the  second 
order,  homoperiodic  functions  of  the  same  class  are  equivalent  to  one  another 
if  they  have  the  same  infinities  ;  so  that,  practically,  it  is  by  their  infinities 
that  homoperiodic  functions  of  the  second  order  and  the  same  class  are 
discriminated. 

COROLLARY  1.  If  two  equivalent  functions  of  the  second  order  have  one 
zero  the  same,  all  their  zeros  are  the  same. 

For  in  the  one  class  the  constant  /,  and  in  the  other  class  the  constant  B, 
is  seen  to  vanish  on  substituting  for  z  the  common  zero  ;  and  then  the  two 
functions  always  vanish  together. 

COROLLARY  2.    If  two  functions,  doubly-periodic  in  the  same  periods  but 


me  same  periods,  nave  their  zeros  trie  same,  ana  one  infinity  common,  mey  are 
in  a  constant  ratio. 

VI.  Every  doubly-periodic  function  has  as  many  irreducible  zeros  as  it 
lias  irreducible  infinities. 

Let  <j)  (z)  be  such  a  function.     Then 

£1*_+  *)-*(*) 

z  +  h  —  z   • 

is  a  doubly-periodic  function  for  any  value  of  h,  for  the  numerator  is  doubly- 
periodic  and  the  denominator  does  not  involve  z  ;  so  that,  in  the  limit  when 
/j.  =  0,  the  function  is  doubly-periodic,  that  is,  $  (z)  is  doubly-periodic. 

Now  suppose  $(z)  has  irreducible  zeros  of  degree  ml  at  al5  in*  at  aa,  ..., 
and  has  irreducible  infinities  of  degree  ^  at  a1;  /z2  at  aa,  ...;  so  that  the 
number  of  irreducible  zeros  is  ?na  +  m»+  ...,  and  the  number  of  irreducible 
infinities  is  ^  -f-  /UL.,  +  .  .  .  ,  both  of  these  numbers  being  finite.  It  has  been 
shewn  that  <£  (z)  can  be  expressed  in  the  form 

(s-a1)m-(*-aa)m«...  „,  v 
^  ;' 


where  F  (z}  has  neither  a  zero  nor  an  infinity  within,  or  on  the  boundary  of, 
the  parallelogram  of  reference. 

Since  F(z)  has  a  value,  which  is  finite,  continuous  and  different  from  zero 

V  (  ?\ 
everywhere  within  the  parallelogram  or  on  its  boundary,  the  function   WT^. 

is  not  infinite  within  the  same  limits.     Hence  we  have 


<£  (#)  z  —  a3     z  —  a* 

+  _Z£L  +  -*L  +  . 

z  —  a1     z  —  ofo 

where  (/  (.0)  has  no  infinities  within,  or  on  the  boundary  of,  the  parallelogram 
of  reference.  But,  because  $'(z)  and  </>  (2)  are  doubly-periodic,  their  quotient 
is  also  doubly-periodic;  and  therefore,  applying  Prop.  II.,  we  have 

ml  +  m2  +  . . .  -  /AJ  -  yu,2  -  . . .  =  0, 
that  is,  ma  +  m»  +  •  • .  =  ft  +  p*  +  •  •  • , 

or  the  number  of  irreducible  zeros  is  equal  to  the  number  of  irreducible 
infinities. 


periodic  function  $  (z)  —  A  ;  hence  the  number  of  the  irreducible  zeros  of  the 
latter  is  equal  to  the  number  of  its  irreducible  infinities,  which  is  the  same 
as  the  number  for  (j>  (z}  and  therefore  the  same  as  the  number  of  irreducible 
zeros  of  <f>(z).  And  every  irreducible  zero  of  (f>(z}  —  A  is  an  irreducible 
point,  for  which  (jb  (z}  assumes  the  value  A. 

COEOLLABY  2.  A  doubly -periodic  function  with  only  a  single  zero  does 
not  exist;  a  doubly-periodic  function  of  the  second  order  has  ttuo  zeros  ;  and, 
generally,  the  order  of  a  function  can  be  measured  by  its  number  of  irreducible 
zeros. 

Note.  It  may  here  be  remarked  that  the  doubly-periodic  functions 
(§  115),  that  have  only  accidental  singularities  in  the  finite  part  of  the 
plane,  have  z  =  co  for  an  essential  singularity.  It  is  evident  that  for  infinite 
values  of  z,  the  finite  magnitude  of  the  parallelogram  of  periods  is  not 
recognisable ;  and  thus  for  £  =  oo  the  function  can  have  any  value,  shewing 
that  z  —  co  is  an  essential  singularity. 

VII.  Let  «!,  a.2,  ...  be  the  irreducible  zeros  of  a  function  of  degrees 
m-i,  m,,,  ...  respectively ;  a1}  a,,  ...  its  irreducible  infinities  of  degrees  //q,  //.,,  ... 
respectively;  and  zl,  z,,,  ...  the  irreducible  points  -where  it  assumes  a  value  c, 
which  is  neither  zero  nor  infinity,  their  degrees  being  M1}  M»,  ...  respectively. 
Then,  except  possibly  as  to  additive  multiples  of  the  periods,  the  quantities 
2  mrar>  2  fjbfOLr  and  2  Mrzr  are  equal  to  one  another,  so  that 

i-=l  r=l  r  =  l 

S  mrar  =  2  Mrzr  =  2  /^.a,.  (mod.  2a>,  2«'). 


Let  </)  (z)  be  the  function.  Then  the  quantities  which  occur  are  the  sums 
of  the  zeros,  the  assigned  values,  and  the  infinities,  the  degree  of  each  being 
taken  account  of  when  there  is  multiple  occurrence;  and  by  the  last 
proposition  these  degrees  satisfy  the  relations 


The  function  <j>  (z)  —  c  is  doubly-periodic  in  2«  and  2<w';  its  zeros  are 
zl}  22,  ...  of  degrees  Ml}  Mz,  ...  respectively;  and  its  infinities  are  a,,  ota,  ...  of 
degrees  fjL1}  /Lio,  ...,  being  the  same  as  those  of  $  (z}.  Hence  there  exists  a 
function  G  (z),  without  either  a  zero  or  an  infinity  lying  in  the  parallelogram 
or  on  its  boundary,  such  that  <j>(z)  —  c  can  be  expressed  in  the  form 


(z  -  a^  (z  -  a,,)^  ... 
for  all  Doints  not  outside  the  Daralleloeram  ;  and  therefore,  for  points  in  that 
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Hence 


| 


**»•"'• 


<f)(z)  —  c     r=lz  —  zr      ~"z—a.r       6r(Y) 

V     M      _i_    V     M-rzr  ^  •*?      t~r-r      , 

=    2i    J\I  r  +    2y    ~    —    2t   u,.  —  2< h 

r  =  1  r  =  1^  — 2T,.       r=l  Z  —  ttr          Ur  ^; 

^  Afrgr     v  /*,.«,._    ^'(^) 

,.f  i  z  —  Zf      "  z  —  ar       G  (z) 
because  '2  Mr  =2  /ur. 

?•-!  ?•=! 

Integrate  both  sides  round  the  boundary  of  the  fundamental  parallelogram. 
Because  G(z)  has  no  zero  and  no  infinity  in  the  included  region  and  does  not 
vanish-along  the  curve,  the  integral 


vanishes.     But  the  points  zt  and  «;  are  enclosed  in  the  area;   and  therefore 
the  value  of  the  right-hand  side  is 


so  that  2?rt  (%Mrzr  -  2/^a,.)  =  [     ,   .        dz, 

J  <p  \z)  —  c 

the  integral  being  extended  round  the  parallelogram. 

zd>'  (z} 
Denoting  the  subject  of  integration  -vyr  -  ty  f(z),  we  have 

/(,  +  2.)  -/(')-«•--• 


and   therefore,  by  the    Corollary  to   Prop.  II.,  the   value  of  the  foregoing 
integral  is 

' 


>-  .  A  <>    Z    - 

the  integrals  being  taken  along  the  straight  lines  AD  and  AB  respectively 
(fig.  33,  p.  260). 


taken  in  some  direction  round  the  corresponding  closed  path  for  w.  This 
integral  vanishes,  if  no  IU-ZQYQ  or  w-infmity  be  included  within  the  area 
bounded  by  the  path ;  it  is  ±  Zm'-n-i,  if  m  be  the  excess  of  the  number  of 
included  zeros  over  the  number  of  included  infinities,  the  -f  or  —  sign  being 
taken  with  a  positive  or  a  negative  description ;  hence  we  have 


fr^c&z  = 
where  m  is  some  positive  or  negative  integer  and  may  be  zero.     Similarly 

~B      ft/  f  z\ 

where  n  is  some  positive  or  negative  integer  and  may  be  zero. 
Thus  27n'  ($,Mrzr  —  2/^.a,.)  =  2w  .  2nnri  —  2&/  .  2mri, 

and  therefore  *S*Mvzr  —  S/z,.ffr  =  2mo>  —  2n&>' 

~  0  (mod.  2&>,  2ft)'). 

Finally,  since  ^,Mrzr  =  S^,.ar  whatever  be  the  value  of  c,  for  the  right-hand 
side  is  independent  of  c,  we  may  assign  to  c  any  value  we  please.  Let  the 
value  zero  be  assigned;  then  ^Mrzr  becomes  2m,.«r,  so  that 

The  combination  of  these  results  leads  to  the  required  theorem*,  expressed 
by  the  congruences 

S  mrar=  S  Mrzr=  S  fj>rar  (mod.  2&>,  20)'). 

r=l  r=l  •>•  =  ! 

JV'oie.  Any  point  within  the  parallelogram  can  be  represented  in  the 
form  £„  +  &2&>  -f  62<y',  where  a  and  i  are  real  positive  quantities  less  than 
unity.  Hence 


where  A  and'  B  are  real  positive  quantities  each  less  than  Sifrj  that  is,  less 
than  the  order  of  the  function. 

In  particular,  for  functions  of  the  second  order,  we  have 


*  The  foregoing  proof  is  suggested  by  Konigsberger,  Tlieorie  tier  dliptischen  Functioned,  f.  i, 
p.  342  ;  other  proofs  are  given  by  Briot  and  Bouquet  and  by  Liouville,  to  whom  the  adopted 
form  of  the  theorem  is  due.  The  theorem  is  substantially  contained  in  one  of  Abel's  general 
theorems  in  the  comparison  of  transcendents. 


a  +  b  =  Aa2a)  +  Ba2(a'  +  2^0) 
where  Aa  and  Ba  are  each 'less  than  2;  hence,  if 

then  in  may  have  any  one  of  the  three  values  —  1,  0,  1,  and  so  may  m',  the 
simultaneous  values  not  being  necessarily  the  same. 

Let  a  and  ft  be  the  infinities  of  a  function  of  the  second  class ;  then 


where  n  and  ri  may  each  have  any  one  of  the  three  values  —1,0,  1.  By 
changing  the  origin  of  the  fundamental  parallelogram,  so  as  to  obtain  a 
different  set  of  irreducible  points,  we  can  secure  that  n  and  u'  are  zero, 

and  then 

a  +  ft  =  a  +  b. 

Thus,  if  n  be  1  with  an  initial  parallelogram,  so  that 

a  +  /3  =  a  +  &  +  2&>, 

we  should  take  either  ft  —  2co  =  /8',  or  a-  2<w  =  a',  according  to  the  position  of 
a  and  /3,  and  then  have  a  new  parallelogram  such  that 

a  +  ft'  =  a  +  b,    or    of  +  ft  =  a  +  b. 

The  case  of  exception  is  when  the  function  is  of  the  first  class  and  lias  .a 
repeated  zero. 

VIII.  Let  (f)(z)  be  a  doubly  -periodic  function  of  the  second  order.  If  7 
be  the  one  double  infinity  when  the  function  is  of  the  first  class,  and  if  a  and  ft 
be  tlte  two  simple  infinities  when  the  function  is  of  the  second  class,  then  in  the 
former  case 


and  in  the  latter  case  <f>  (z)  =  $  (a  +  /3  —  z). 

Since  the  function  is  of  the  second  order,  so  that  it  has  two  irreducible 
infinities,  there  are  two  (and  only  two)  irreducible  points  in  a  fundamental 
parallelogram  at  which  the  function  can  assume  any  the  same  value:  let 
them  be  z  and  z. 

Then,  for  the  first  class  of  functions,  we  have 
z  '+  z'  =  £7 

=  27  +  2mw  +  2nd)', 
where  m  and  n  are  integers  ;  and  then,  since  <^>(2}  =  ^>  (z'}  by  definition  of  z 


ao  that,  as  before, 

(f)  (z)  =  <f>  (a.  +  /3  -  z  +  2mw  +  2n<a') 

=  <£  (a  +  /3  -  4 

117.  Among  the  functions  which  have  the  same  periodicity  as  a  given 
function  $(z},  the  one  which  is  most  closely  related  to  it  is  its  derivative 
</>'(4  We  proceed  to  find  the  zeros  and  the  infinities  of  the  derivative  of  a 
function,  in  particular,  of  a  function  of  the  second  order. 

Since  <£  (z)  is  uniform,  an  irreducible  infinity  of  degree  n  for  <£  (z)  is  an 
irreducible  infinity  of  degree  n  +  1  for  0'  (z).  Moreover  <£'  (*),  being  uniform, 
has  no  infinity  which  is  not  an  infinity  of  <£(»;  thus  the  order  of  </>'  (z)  is 
S(n  +  l),  or  its  order  is  greater  than  that  of  </>(»  by  an  integer  which 
represents  the  number  of  distinct  irreducible  infinities  of  <p  (z),  no  account 
being  taken  of  their  degree.  If,  then,  a  function  be  of  order  m,  the  order  of 
its  derivative  is  not  less  than  m  +  1  and  is  not  greater  than  .2m. 

Functions  of  the  second  order  either  possess  one  double  infinity,  so  that 
within  the  parallelogram  they  take  the  form 


— 
and  then  </>'  (z}  =  —  ••-  --  +  x'  (z), 

\z  ~  ry) 

that  is,  the  infinity  of  $(z)  is  the  single  infinity  of  $'  (z)  and  it  is  of  the 
third  degree,  so  that  <f>'  (z)  is  of  the  third  order;  or  they  possess  two  simple 
infinities,  so  that  within  the  parallelogram  they  take  the  form 

1 


(.)  -  -  0  (  -^  -  (<  i-}  +  ^  W. 


and  then 

that  is,  each  of  the  simple  infinities  of  0  (z)  is  an  infinity  for  <£'  (z}  of  the 
second  degree,  so  that  $'  (z}  is  of  the  fourth  order. 

It  is  of  importance  (as  will  be  seen  presently)  to  know  the   zeros   of 
the  derivative  of  a  function  of  the  second  order. 

For  a  function  of  the  first  class,  let  7  be  the  irreducible  infinity  of  the 
second  degree;  then  we  have 
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Now  <£'  (^)  is  of  the  third  order,  having  7  for  its  irreducible  infinity  in  tt 
third  degree  :  hence  it  has  three  irreducible  zeros. 

In  the  foregoing  equation,  take  z  =  y:  then 

f  (7)  =  _d/(7), 

shewing  that  7  is  either  a  zero  or  an  infinity.     It  is  known  to  be  the  on! 
infinity  of  <£'  (#). 

Next,  take  z  —  7  +  &>  ;  then 

<£'  (7  +  &>)  =  —  <£'  (7  —  &)) 

=  —  <£'  (7  —  to  +  2<w) 

=  -</>'  (7  +  *>), 

shewing  that  7  +  o>  is  either  a  zero  or  an  infinity.     It  is  known  nob  to  be  & 
infinity  ;  hence  it  is  a  zero. 

Similarly  7  +  a>  and  7  +  co  +  ft/  are  zeros.  Thus  three  zeros  are  obtaine 
distinct  from  one  another  ;  and  only  three  zeros  are  required  ;  if  they  be  n< 
within  the  parallelogram,  we  take  the  irreducible  points  homologous  wit 
them.  .  Hence  :  — 

IX.  The  three  zeros  of  the  derivative  of  a  function,  doubly-periodic  \ 
2co  and  2a/  and  having  7  for  its  double  (and  only}  irreducible  infinity,  a\ 

7  +  eo,     7  +  ft)',     y  +  co  +  &)'. 

For  a  function  of  the  second  class,  let  a  and  /3  be  the  two  simp 
irreducible  infinities;  then  we  have 


and  therefore  <£'  (z)  =  —  <£'  (a  +  $  -  z). 

Now  <£'  (z)  is  of  the  fourth  order,  having  a  and  /3  as  its  irreducib 
infinities  each  in  the  second  degree;  hence  it  must  have  four  irreducib 
zeros. 

In  the  foregoing  equation,  take  z  =  £  (a  +  /S);  then 
f  (i(a  +  ,9)}  =  -$'{*  («  +  £)}, 

shewing  that  •£  (a+  /3)  is  either  a  zero  or  an  infinity.     It  is  .known  not  to  1 
an  infinity;  hence  it  is  a  zero. 

Next,"  take  z  =  \  (a  +  /3)  +  a>  ;  then 
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Similarly  ^  (a  +  @)  +  o>'  and  £  (a  +  $)  4-  w  +  a/  are  zeros.  Four  zeros  are 
&hus  obtained,  distinct  from  one  another;  and  only  four  zeros  are  required. 
Hence  :  — 

X.  The  four  zeros  of  the  derivative  of  a  function,  doubly  -periodic  in  2co 
ruid  2&/  and  having  a  and  @  for  its  simple  (and  only]  irreducible  infinities,  are 

£(a  +  /3),     £(a  +  /3)  +  ft>,     £  (a  +  £)  +  <»',     £  (a  +  0)  +  a  +  to. 

The  verification  in  each  of  these  two  cases  of  Prop.  VII.,  that  the  sum  of 
the  zeros  of  the  doubly-periodic  function  <jb'  (z)  is  congruent  with  the  sum  of 
its  infinities,  is  immediate. 

Lastly,  it  may  be  noted  that,  if  zl  and  z2  be  the  two  irreducible  points  for 
which  a  doubly-periodic  function  of  the  second  order  assumes  a  given  value, 
then  the  values  of  its  derivative  for  z1  and  for  z»  are  equal  and  opposite.  For 

<£  0)  =  0  (a  +  £  -z)  =  <£  (zl  +  z*  -  z), 
since  zl  +  z»  =  a.  +  (3;  and  therefore 

<£'0)  =  -4/Ol  +  ^-4 

that  is,  f  (z,)  =  -  <£'  (z.}, 

which  proves  the  statement. 

118.     We  now  come  to  a  different  class  of  theorems. 

XI.  Any  doubly-periodic  function  of  the  second  order  can  be  expressed 
rationally  in  terms  of  an  assigned  doubly-periodic  function  of  the  second  order, 
•if  the  periods  be  the  same. 

The  theorem  will  be  sufficiently  illustrated  and  the  line  of  proof 
sufficiently  indicated,  if  we  express  a  function  (/>  (z}  of  the  second  class,  with 
irreducible  infinities  a,  /3  and  irreducible  zeros  a,  b  such  that  a  +  /3  =  a  4-  6,  in 
terms  of  a.  function  4>  of  the  first  class  with  j  as  its  irreducible  double 
infinity. 

n      -i         t      4- 
Consider  a  function 


h)  - 

A  zero  of  <t>  (z  +  h)  is  neither  a  zero  nor  an  infinity  of  this  function  ;  nor 
is  an  infinity  of  4>  (z  +  li)  a  zero  or  an  infinity  of  the  function.  It  will  have 
a  and  6  for  its  irreducible  zeros,  if 

a  +  h  =  h', 

7,     !     I     ,     7,'       O_.  . 


equations  are  satisfied  by 

A"  = 

/,/  =  1  (27  -  b  +  a), 

h  =  H2T  -  «  ~  £)  =  i  (27  ~  «  -  6). 

Hence  the  assigned  function,  with  these  values  of  h,  has  the  same  zeros 
and  the  same  infinities  as  0  (2);  and  it  is  doubly-periodic  in  the  same  periods. 
The  ratio  of  the  two  functions  is  therefore  a  constant,  by  Prop.  IV.,  so  that  • 


If  the  expression  be  required  in  terms  of  <l>  (z)  alone  and  constants,  then 
<t  (z  +  A)  must  be  expressed  in  terms  of  <X>  (z}  and  constants  which  are  values 
of  4>  (z)  for  special  values  of  z.  This  will  be  effected  later. 

The  preceding  proposition  is  a  special  case  of  a  more  general  theorem 
which  will  be  considered  later ;  the  following  is  another  special  case  of  that 
theorem  :  viz. : — 

XII.  A  doubly-periodic  function  with  any  number  of  simple  infinities  can 
be  expressed  eittier  as  a  sum  or  as  a  product,  of  functions  of  the  second  order 
and  the  second  class  which  are  doubly -periodic  in  the  same  periods. 

Let  or1;  a2,  ...,  a,j  be  the  irreducible  infinities  of  the  function  <L>,  and 
suppose  that  the  fractional  part  of  <&  (z)  is 

A!        _A±_  -+  +    An 

z  —  0}      z  —  tta        z  —  an  ' 

with  the  condition  A^  +  A»+ +  An  —  0.  Let  fa  (z}  be  a  function,  doubly- 
periodic  in  the  same  periods,  with  04,  a/  as  its  only  irreducible  infinities, 
supposed  simple;  where  i  has  the  values  1,  ...,«  —  1,  and  j  =  i  +  l.  Then 
the  fractional  parts  of  the  functions  (j)12  (z),  <p.x  (z},  •  •  •  are 

1  1 


Q 

1 


z  -  a 


(     l 
I          — 

\z  -  a2      z- 


z-  a 


respectively;  and  therefore  the  fractional  part  of 

4l,h      (~\    I     ^1+^2     ,        /     X  Ai 

/->    ¥12  \z)  ^       /"»        9^3  \z)  ~r  •••  T  - 


has  no  fractional  part.  It  thus  has  no  infinity  within  the  parallelogram  ;  it 
is  a  doubly-periodic  function  and  therefore  has  no  infinity  anywhere  in  the 
plane  ;  and  it  is  therefore  merely  a  constant,  say  B.  Hence,  changing  the 
constants,  we  have 


giving  an  expression  for  <t>  (z)  as  a  linear  combination  of  functions  of  the 
second  order  and  the  second  class.  But  as  the  assignment  of  the  infinities  is 
arbitrary,  the  expression  is  not  unique. 

For  the  expression  in  the  form  of  a  product,  we  may  denote  the  n 
irreducible  zeros,  supposed  simple,  by  a1}  ...,  an.  We  determine  n—  2  new 
irreducible  quantities  c,  such  that 


c;1  =  a.i  4-  Co 


CH—  -j  —  QU—  i  ~r  On—  3       tin—  21 
^?i  =  ^n       i~  &u—  2      f?i—  1> 

M  )l 

this  being  possible  because  Sorr  =  Sar;  and  we  denote  by  <$>(z\  a,  @;  e,f]  a 

r=l         r=l 

function  of  z,  which  is  doubly-periodic  in  the  periods  of  the  given  function, 
has  a  and  /3  for  simple  irreducible  infinities,  and  has  e  and  f  for  simple 
irreducible  zeros.  Then  the  function 


has  neither  a  zero  nor  an  infinity  at  cl}  at  ca,  ...,  and  at  cM_a;  it  has  simple 
infinities  at  alt  a2)  ...,  an,  and  simple  zeros  at  a1}  a2,  ...,  a^-u  a,t.  Hence  it 
has  the  same  irreducible  infinities  and  the  same  irreducible  zeros  in  the  same 
degree  as  the  given  function  cl>(^);  and  therefore,  by  Prop.  IV.,  cl>(z)  is 
u  mere  constant  multiple  of  the  foregoing  product. 

,        The  theorem  is  thus  completely  proved. 

Other  developments  for  functions,  the  infinities  of  which  are  not  simple, 
are  possible  ;  but  they  are  relatively  unimportant  in  view  of  a  theorem, 
Prop.  XV.,  about  to  be  proved,  which  expresses  any  periodic  function  in 
terms  of  a  single  function  of  the  second  order  and  its  derivative. 


uy  an  aigeoraic  equation. 

Let  u  be  one  of  the  functions,  having  n  irreducible  infinities,  and  v  be 
the  other,  having  m  irreducible  infinities. 

By  Prop.  VI.,  Corollary  I,  there  are  n  irreducible  values  of  z  for  a  value 
of  u  ;  and  to  each  irreducible  value  of  z  there  is  a  doubly-infinite  series  of 
values  of  z  over  the  plane.  The  function  v  has  the  same  value  for  all  the 
points  in  any  one  series,  so  that  a  single  value  of  v  can  be  associated  uniquely 
with  each  of  the  irreducible  values  of  z,  that  is,  there  are  n  values  of  v  for 
each  value  of  u.  Hence  (§  99)  v  is  a  root  of  an  algebraic  equation  of  the  nth 
degree,  the  coefficients  of  which  are  functions  of  u. 

Similarly  u  is  a  root  of  an  algebraic  equation  of  the  wth  degree,  the 
coefficients  of  which  are  functions  of  v. 

Hence,  combining  these  results,  we  have  an  algebraic  equation  between 
u  and  v  of  the  nth  degree  in  v  and  the  mth  in  u,  where  m  and  n  are  the 
respective  orders  of  v  and  u. 

COROLLARY  1.  If  both  the  functions  be  even  functions  of  z,  then  n  and  m 
are  even  integers ;  and  the  algebraic  relation  between  u  and  v  is  of  degree  ^n  in 
v  and  of  degree  \m  in  u. 

COROLLARY  2.  If  a  function  u  be  doubly-periodic  in  &>  and  co',  and  a 
function  v  be  doubly-periodic  in  H  and  O',  where 

O  =  mco  +  iio)',     £1'  =  m'o)  +  n'(o', 
'in.,  'n,  ni,',  n  being  integers,  then  there  is  an  algebraic  relation  between  u  and  v. 

119.  It  has  been  proved  that,  if  a  doubly-periodic  function  u  be  of  order 
m,  then  its  derivative  dujdz  is  doubly-periodic  in  the  same  periods  and  is  of 
an  order  n,  which  is  not  less  than  in  + 1  and  not  greater  than  2m.  Hence,  by 
Prop.  XIII.,  there  subsists  between  u  and  u'  an  algebraic  equation  of  order  m 
in  u'  and  of  order  n  in  u ;  let  it  be  arranged  in  powers  of  u',  so  that  it  takes 
the  form 

U0u'm  +  U,  it'™-1  +  . . .  +  Um_*u'\  +  Um^u'  +  Um  =  0, 

where  LF0,  Ui,  ...,  Um  are  rational  integral  functions  of  u  one  at  least  of  which 
must  be  of  degree  n. 

Because  the  only  distinct  infinities  of  u'  are  infinities  of  u,  it  is  impossible 
that  u'  should  become  infinite  for  finite  values  of  u :  hence  ?70=  0  can  have  no 
finite  roots  for  u,  that  is,  it  is  a  constant  and  so  it  may  be  taken  as  unity. 

And  because  the  on  values  of  z,  for  which  u  assumes  a  given  value,  have 
their  sum  constant  save  as  to  integral  multiples  of  the  periods,  we  have 

8zi  +  Bz2  +  . . .  +  8zm  =  0 


[  the  others  ;  hence 

A  «7  =  °' 

that  is,  by  the  foregoing  equation, 

Uin-i  _  f\ 
— — —  —  \jt 

and  therefore  ?7m_i  vanishes.     Hence : — 

XIV.  There  is  a  relation,  between  a  uniform  doubly -periodic  function  u  of 
order  m  and  its  derivative,  of  the  form 

u'm  -f  Ulu'm~l  4-  . . .  +  Um_.,u'-  +  Um  =  0, 

where  U1}  ...,  Um^,  Um  are  rational  integral  functions  of  u,  at  least  one  of 
which  must  be  of  degree  n,  the  order  of  the  derivative,  and  n  is  not  less  than 
ni  +  1  and  not  greater  than  2m. 

Further,  by  taking  v  —  —  ,  which  is  a  function  of  order  m  because  it  has  the 
•in  irreducible  zeros  of  u  for  its  infinities,  and  substituting,  we  have 

v'm  _  VJ2  ^  y'm-i  +  v-i  J72 y'wi-a  _...-(-  v"-™-*  Um-»v'-  +  V~m  Um  =  0 

The  coefficients  of  this  equation  must  be  integral  functions  of  v ;  hence  the 
degree  of  Ur  in  u  cannot  be  greater  than  2r*. 

COROLLARY.  The  foregoing  equation  becomes  very  simple  in  the  case  of 
doubly-periodic  functions  of  the  second  order. 

Then  m  =  2.   • 

If  the  function  have  one  infinity  of  the  second  degree,  its  derivative  has 
that  infinity  in  the  third  degree,  and  is  of  the  third  order,  so  that  n  =  3  ;  and 
the  equation  is 

fdu\~         .( 


where  \  p,  v,  p  are  constants.     If  Q  be  the  infinity,  so  that 


where  %(^)  is  everywhere  finite  in  the  parallelogram,  then  -  =  \A.\  and  the 

A. 

zeros  of  -r-  are  6  +  co,  6  -\-  &>'.  6  +  w  +  w  ;  so  that 
dz 

I A 


of  them  as  an  infinity  of  the  second  degree,  and  is  of  the  fourth  order,  so  that 
n  =  4  ;  and  the  equation  is 


--         0  ! 

dz] 

where  c0>  cl5  a,,  c3,  c4  are  constants.     Moreover 


where  ^  (z)  is  finite  everywhere  in  the  parallelogram.     Then  c0  =  G  •',  and 

fjfjf 

the  zeros  of  -y-  are  |-(a-f/S),  £(«+/?)  +  &>,  £(«  +/3)  -f  &>',  |  (a  +/3)  4-  &>  +  «', 
so  that  the  equation  is 


0)  -  </>  f  $ 
This  is  iAe  general  differential  equation  of  Jacobi's  elliptic  functions. 

The  canonical  forms  of  both  of  these  equations  will  be  obtained  in 
Chapter  XL,  where  some  properties  of  the  functions  are  investigated  as 
special  illustrations  of  the  general  theorems.  JL 

Note.  All  the  derivatives  of  a  doubly-periodic  function  are  doubly- 
periodic  in  the  same  periods,  and  have  the  same  infinities  as  the  function 
but  in  different  degrees.  In  the  case  of  a  function  of  the  second  order,  which 
must  satisfy  one  or  other  of  the  two  foregoing  equations,  it  is  easy  to  see  that 
a  derivative  of  even  rank  is  a  rational  integral  function  of  u,  and  that  a 
derivative  of  odd  rank  is  the  product  of  a  rational  integral  function  of  u  by 
the  first  derivative  of  u. 

It  may  be  remarked  that  the  form  of  these  equations  confirms  the  result 
at  the  end  of  §  117,  by  giving  two  values  of  u'  for  one  value  of  u,  the  two 
values  being  equal  and  opposite. 

Ex.  1.  If  u  lie  a  doubly-periodic  fimotion  having  a  single  irreducible  infinity  of  t,he 
third  degree  so  as  to  be  expressible  in  the  form 

2      9 
—  ->+—,+  integral  function  of  z 

C'O  ££>  *-' 

within  the  parallelogram  of  periods,  then  the  differential  equation  of  the  first  order  which 
determines  u  is 


where  U±  is  a  quartic  function  of  u  and  where  a  is  a  constant  which  does  not  vanish  with  6. 

(Math.  Trip.,  Part  II.,  1889.) 
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s=l,  2,  3.     Prove  that 

ire  ' 


V  is  a  sextic  polynomial  in  u  of  which  the  highest  terms  are 


(Math.  Trip.,  Part  IT.,  1895.) 

XV.  Evert/  doubly-periodic  function  can  be  expressed  rationally  in  terms 
a  function  of  the  second  order,  doubly  -periodic  in  the  same  periods,  and  its 
•ivative. 

Let  u  be  a  function  of  the  second  order  and  the  second  class,  having  the 
le  two  periods  as  v,  a  function  of  the  with  order  ;  then,  by  Prop.  XIII., 
;re  is  an  algebraic  relation  between  u  and  v  which,  being  of  the  second 
;ree  in  v  and  the  ???,th  degree  in  u,  may  be  taken  in  the  form 

Lvz  -  2Mv  +  P  =  0, 

ere  the  quantities  L,  M,  P  are  rational  integral  functions  of  u  and  at  least 
s  of  them  is  of  degree  m.  Taking 

Lv  —  M  =  w, 

have  w"  =  Mz~LP, 

itional  integral  function  of  u  of  degree  not  higher  than  2?n. 

Thus  w  cannot  be  infinite  for  any  finite  value  of  u  :  an  infinite  value  of  u 
kes  w  infinite,  of  finite  multiplicity.  To  each  value  of  u  there  correspond 
i  values  of  w  equal  to  one  another  but  opposite  in  sign. 

Moreover  w,  being  equal  to  Lv  —  M,  is  a  uniform  function  of  z,  say  F(z)t 
:le  it  is  a  two-  valued  function  of  u.  A  value  of  u  gives  two  distinct 
:ies  of  z,  say  #a  and  z»  ;  hence  the  values  of  w,  which  arise  from  an  assigned 
ne  of  u,  are  values  of  w  arising  as  uniform  functions  of  the  two  distinct 
.ies  of  z.  Hence  as  the  two  values  of  w  are  equal  in  magnitude  and 
>osite  in  sign,  we  have 


anu  opposite  lor  an  assigned  vaiue  01  u ;  so  aiso  nas  tne  denominator,  nence 
w/u'  is  a  uniform  function  of  u. 

This  uniform  function  of  u  may  become  infinite  for 
(i)     infinities  of  the  numerator, 
(ii)     zeros  of  the  denominator. 

But,  so  far  as  concerns  (ii),  we  know  that  the  four  irreducible  zeros  of  the 
denominator  are  all  simple  zeros  of  u  and  each  of  them  is  a  zero  of  w ;  hence 
wfu'  does  not  become  infinite  for  any  of  the  points  in  (ii).  And,  so  far  as 
concerns  (i),  we  know  that  all  of  them  are  infinities. of  u.  Hence  w/u,  a 
uniform  function  of  u,  can  become  infinite  only  for  an  infinite  value  of  u,  and 
its  multiplicity  for  such  a  value  is  finite;  hence  it  is  a  rational  integral 
function  of  u,  say  N,  so  that 

w  =  Nu. 

Moreover,  because  w~  is  of  degree  in  u  not  higher  than  2m,  and  -it'" 
is  of  the  fourth  degree  in  «,  it  follows  that  N  w  of  degree  not  higher 
than  ni  —  2. 

We  thus  have  Lv  -  M  =  Nu', 

M  +  Nu'     M     N   , 
v=    -r-=-+J.Ut 

where  L,  M,  N  are  rational  integral  functions  of  u;  the  degrees  of  L  and  M 
are  not  higher  than  m,  arid  that  of  N  is  not  higher  than  in—  2. 

Note  1.  The  function  u,  which  has  been  considered  in  the  preceding 
proof,  is  of  the  second  order  and  the  second  class.  If  a  function  u  of  the 
second  order  and  the  first  class,  having  a  double  irreducible  infinity,  be 
chosen,  the  course  of  proof  is  similar;  the  function  w  has  the  three  irreducible: 
zeros  of  u  among  its  zeros  and  the  result,  as  before,  is 

w  =  Nu. 

But,  now,  w-  is  of  degree  in  u  not  higher  than  2m  and  u'-  is  of  the  third 
degree  in  u ;  hence  N  is  of  degree  not  higher  than  m  —  '2,  and  the  degree  of 
w'2  in  u  cannot  be  higher  than  2m  —  1. 

Hence,  if  L,  M,  P  be  all  of  degree  m,  the  terms  of  degree  2m  in  LP  -  M- 
disappear.  If  all  of  them  be  not  of  degree  m,  the  degree  of  M  must  not  be 
higher  than  w  — 1 ;  the  degree  of  either  L  or  P  must  be  m,  but  the  degree 
of  the  other  must  not  be  greater  than  m  —  1,  for  otherwise  the  algebraic 
equation  between  u  and  v  would  not  be  of  degree  m-  in  u. 


less  tnan  m,  me  aegpe  ot  M  is  not  higher  than  m  -  I  and  the  degree  of  P  is 
m.  If  the  degree  of  L  be  m,  the  degree  of  M  may  also  be  771  provided  that 
the  degree  of  P  be  m  and  that  the  highest  terms  be  such  that  the  coefficient 
of  it2"1  in  LP  —  M-  vanishes. 

Note  2.  The  theorem  expresses  a  function  v  rationally  in  terms  of  u  and 
u  :  but  u'  is  an  irrational  function  of  u,  so  that  v  is  not  expressed  rationally 
in  terms  of  u  alone. 

But,  in  Propositions  XI.  and  XII.,  it  was  indicated  that  a  function  such 
as  v  could  be  rationally  expressed  in  terms  of  a  doubly-periodic  function,  such 
as  u.  The  apparent  contradiction  is  explained  by  the  fact  that,  in  the  earlier 
propositions,  the  arguments  of  the  function  u  in  the  rational  expression  and 
of  the  function  v  are  not  the  same  ;  whereas,  in  the  later  proposition  whereby 
v  is  expressed  in  general  irrationally  in  terms  of  u,  the  arguments  are  the 
same.  The  transition  from  the  first  (which  is  the  less  useful  form)  to  the 
second  is  made  by  expressing  the  functions  of  those  different  arguments  in 
terms  of  functions  of  the  same  argument  when  (as  will  appear  subsequently, 
in  §  121,  in  proving  the  so-called  addition-  theorem)  the  irrational  function  of 
u,  represented  by  the  derivative  u',  is  introduced. 

Note  o.  The  theorem  of  this  section,  usually  called  Liouville's  theorem, 
is  valirl  only  when  there  are  no  essential  singularities  in  the  finite  part  of  the 
'  plane.  The  limitation  arises  in  that  part  of  the  proof,  where  the  irreducible 
zeros  and  the  irreducible  poles  are  considered  :  it  is  there  assumed  that  their 
number  is  finite,  which  cannot  be  the  case  when  essential  singularities  exist 
in  the  finite  part  of  the  plane  and  when  therefore  there  are  irreducible 
essential  singularities.  Hence  Liouville's  theorem  is  true  only  for  those 
uniform  doubly-periodic  functions  which  have  their  essential  singularities  at 
infinity. 

In  illustration  of  this  remark,  it  may  be  noted  that  esmt,  though  a  uniform 
doubly-periodic  function  of  u,  is  not  expressible  rationally  in  terms  of  sn  u 
and  sn'it. 

Ex.  If  /(«)  bo  a  doubly  -periodic  function  of  the  third  order  with  poles  at  ct,  ca,  cs; 
and  if  0  (11)  be  a  doubly-periodic  function  of  the  second  order,  with  the  same  periods,  and 
with  poles  at  «,  j3,  its  value  in  the  neighbourhood  of  u=a  being 


?i  "•"*  Ct 

prove 

iA-  {/"  (a)  -/"  (0)}  -  X  {/'  (a)  -  /'  (/3)}  S  c/>  (Ol)  +  {/  (a)  -/(/3)}  {3XXj  +  20  (c8)  0  (cs)}=0. 


put  in  evidence.     Then 


-*)  =  f  (*), 


+u  *  ,  ,r»       N     -  ^-*)     M     N.,,. 

SO  that  x/r  (O  -  s)  =  -  ?j±  ---  -  =  -=-—-=-  (f)  (z). 

Li  JU  L 

M 
Hence  ^  (z)  +  ^  (fl  -  s)  =  2  y-  =  2R, 


-  s)  =  2      0'  (s)  =  2S<f>'  0). 

JL/ 

First,  if  ^  (^)  =  -v^r  (fl  —  ^),  then  S  =  0  and  •fy(z)=.R:  that  is,  ct  function 
which  satisfies  the  equation 


e  expressed  as  a  rational  meromorphic  function  of  </>  (2)  o/'  ^.e  secun 
order,  doubly-periodic  in  tlie  same  periods  and  having  the  sum  of  its  irreducibl 
infinities  congruent  with  fl. 

Second,  if  ty(z)  =  —  ty  (fl  -  z\  then  R  =  0  and  -^  (^)  =  /5?0'  («)  ;  that  is,  . 
function  ty  (z},  which,  satisfies  the  equation 


ca?i  be  expressed  as  a  rational  meromorphic  function  of  cjb  (z),  multiplied  6 
$>'(z),  'where,  <p  (2)  is  doubly-periodic  in  the  same  periods,  is  of  th.e  second  orde\ 
and  has  the  sum  of  its  irreducible  infinities  congruent  with  11. 

Third,  if  -ty(z)  have  no  infinities  except  those  of  u,  it  cannot  bccoin 
infinite  for  finite  values  of  u  ;  hence  L  =  Q  has  no  roots,  that  is,  L  is  a  constar 
which  may  be  taken  to  be  unity.  Then  ^  (z)  a  function  of  order  m  can  b 
expressed  in  the  form 

M  +  Ntj>'(z), 

where,  if  the  function  <jf>  (z)  be  of  the  second  class,  the  degree  of  M  is  nc 
higher  than  m  ;  but,  if  it  be  of  the  first  class,  the  degree  of  M  is  not  hight 
than  m  —  1  ;  and  in  each  case  the  degree  of  ./Y  is  not  higher  than  m  —  2. 

It  will  be  found  in  practice,  with  functions  of  the  first  class,  that  thes 
upper  limits  for  degrees  can  be  considerably  reduced  by  counting  the  degree 
of  the  infinities  in 


Thus,  if  the  degree  of  M  in  u  be  p,  and  of  N  be  X,  the  highest  degree  of  a 
infinity  is  either  2/i  or  2X  +  3  ;  so  that,  if  the  order  of  ty  (z)  be  m,  we  shoul 


which  has  two  infinities  a  and  /3  each  of  degree  n,  then  it  is  easy  to  see  that 
M  is  of  degree  n  and  N  of  degree  n  -  2  ;  and  so  for  other  cases. 

COEOLLARY  2.  Any  doubly-periodic  function  can  be  expressed  rationally 
m  terms  of  any  other  function  u,  of  any  order  n,  doubly-periodic  in  the  same 
periods,  and  of  its  derivative;  and  this  rational  expression  can  always  be  taken 
in  the  form 

U0  +  U,  u'  +  Unu'n-  +...  +  Un_,  u'n~\ 

where  UQ,  ...,  C77l_a  are  rational  meromorphic  functions  of  u. 

COROLLARY  3.  If  <p  be  a  doubly-periodic  function,  then  $(u  +  v)  can  be 
expressed  in  the  form 

A  +  ./ty'  (u)  +  C-jr'  (v)  +  D^'_(u)  ^(v) 

:          ........  """  E  ' 

where  ty  is  a  doubly-periodic  function  in  the  same  periods  and  of  -the  second 
order:  each  of  the  functions  A,  D,  E  is  a  symmetric  function  of-fy  (11)  and  •$•  (v)} 
and  B  is  tlie  same  function  of  ^r(v)  and  -V^(M)  as  G  is  of  ^r(u}  and  -^  (v). 


The  degrees  of  A  and  E  are  not  greater  than  m  in  -^  (z/.)  and  than  m 
in  -^  (u),  where  m  is  the  order  of  0  ;  the  degree  of  D  is  not  greater  than 
•m  —  2  in  ^(w)  and  than  TO  —  2  in  ty(v);  the  degree  of  B  is  not  greater 
than  m  —  2  in  TJ>  (u)  and  than  m  in  ^  («),  and  the  degree  of  •  C  is  not 
greater  than  m  —  2  in  ^  (v)  and  than  m  in  \{r  (u). 

NOTE  ON  DIFFERENTIAL  EQUATIONS  OF  THE  FIRST  ORDER 
HAVING  UNIFORM  INTEGRALS. 

The  relation   given   in    Proposition  XIV.,,   §  119,  immediately  .suggests  a  converse 
question  as  follows:  — 

Under  what  conditions  does  an  equation 

M'w  +M'«*-i/,  (w)  +  .  .  .  +/w  (M)  =  0 

IKWSOHS  integrals  expressing  u  as  a  uniform  function  of  z1-  Further,  we  should  expect, 
ifter  the  proposition  which  has  just  been  mentioned,  that  under  fitting  conditions  the 
.iniform  function  could  be  doubly-periodic  ;  and  we  have  already  seen  (in  §  104)  that  the 
integral  of  the  equation 


s  a  uniform  doubly-periodic  function  of  z.  But  it  might  happen  (and  it  does  happen) 
jlrnfc  other  classes  of  uniform  functions  are  integrals  of  differential  equations  of  the  same 
form. 

The  full  investigation  belongs  to  the  theory  of  differential  equations  ;  an  account 
..     •  ____   •  .   r\\  ____  A  —  v      ID^«J-  TT    /,,.,!    ;;  s  ~f  ,..,,*   mi,  -,.„..  „+•    nv/En^/,.,*.1^;    u~,,~*;nm»      TU^ 


polynomials  in  u  of  degrees  not  higher  than  2,  ...,  2?«  respectively;  and  the  condition  is 
then  satisfied  for  the  equation 

ff(vf,  •>>) = v"»  -  »'»» - 1  ./i  ( y)  +  ...  +  (- 1  )m  /TO  ( f )  =  0. 

II.  If  any  finite  value  of  •«  is  a  branch-point  of  u'  determined  as  a  function  of  u  by 
the  equation  F  (u',  u)  =  0,  all  the  affected  values  of  u'  must  be  zero  for  that  value  of  u ; 
and  likewise  for  the  value  y  =  0  in  connection  with  the  equation  G(v',  •i>)  =  0.     (The  latter 
condition  covers  an  infinite  value  of  u  as  a  branch-point  of  u'.} 

III.  If  there  is  a  multiple  root  «'  of  F(u',  w)  =  0,  which  is  zero  for  n  branches  for  the 
branch-place  u,  then  the  term  of  lowest  degree  in  the  expansion  of  each  of  those  n  branches 

in  the  vicinity  of  that  branch-place  u  is  of  degree  either  1  — ,  1,  or  1  +  •-;  and  likewise 

?i  V& 

for  the  value  v=Q  for  the  equation  G  (v\  v)=Q.     The  number  1  — :-,  1,  or  1  +  -,  is  called 
H  ^   -    /  ni    »  w> 

the  index-degree. 

IV.  The  genus  of  the'  equation  F(n',  w)  =  0,  regarded  as  an  equation  in  u',  is  either 
zero  or  unity-— as  is  therefore  also  the  genus  of  the  associated  liiemann  surface  (see 
Chapter  XV.,  post). 

V.  When  the  index-degree  of  u',  for  any  finite  value  or  for  an  infinite  value  of  u  as 
a  branch  value  for  u',  is  less  than  unity,  being  then  necessarily  of  the  form  1  —  for  each 

branch  value,  though  n  need  not  be  the  same  for  all  the  different  branch-places,  u  is 
a  uniform  doubly -periodic  function  of  z. 

VI.  If  for  some  one  value  of  u  there  is  a  single  set  of  multiple  zero  roots  u'  of  index- 
degree  equal  to  unity,  and  if  for  other  values  of  u  (finite  or  infinite)  all  the  multiple  zero 

roots  u'  are  of  index-degree  less  than  unity  and  therefore  necessarily  of  the  form  1  -  - , 
then  u  is  a  uniform  singly -periodic  function  of  s. 

VII.  If  for  some  one  value  of  u  there  is  a  single  set  of  multiple  zero  roots  u'  of  index- 
degree  greater  than  unity  and  therefore  necessarily  of  the  form  1  +  •--,  and  for  other  values 
of  u  (finite  or  infinite)  all  the  multiple  zero  roots  u'  are  of  index-degree  less  than  unity 

and  therefore  necessarily  of  the  form  1  — ,  then  u  is  a  rational  function  of  z. 
J  -n/ 

VIII.  When  these  conditions  are  applied  to  the  binomial  equation 


where  f(u)  is  a  polynomial  in  u  of  degree  not  greater  than  2s,  so  as  to  obtain  integrals  u 
which  are  uniform  functions  of  z,  the  results  are  as  follows : — 

(A)    Equations,  having  uniform  integrals  which  are  rational  functions  of  z, 


du 


whore  ^  is  a  constant  in  each  case  ; 

(0)    Equations,  having  uniform  integrals  which  are  doubly-periodic  functions  of 


=  /*  (M  -  a)  («  -  6)  (tx  -  c)  CM-  rf). 


CHAPTER.  XL 

DOUBLY-PERIODIC  FUNCTIONS  OF  THE  SECOND  ORDER. 

THE  present  chapter  will  be  devoted,  in  illustration  of  the  preceding 
theorems,  to  the  establishment  of  some  of  the  fundamental  formulae  relating 
to  doubly-periodic  functions  of  the  second  order  which,  as  has  already  (in 
§  119,  Cor.  to  Prop.  XIV.)  been  indicated,  are  substantially  elliptic  functions  : 
but  for  any  development  of  their  properties,  recourse  must  be  had  to  treatises 
on  elliptic  functions. 

It  may  be  remarked  that,  in  dealing  with  doubly-periodic  functions,  we 
may  restrict  ourselves  to  a  discussion  of  even  functions  and  of  odd  functions. 
For,  if  (f>  (z)  be  any  function,  then  \  {<j>(z)  +  <£  (—  #)}  is  an  even  function,  and 
^  [<J3  (z)  —  cJ3  (—z)}  is  an  odd  function,  both  of  them  being  doubly-periodic  in 
the  periods  of  <jb(z);  and  the  new  functions  would,  in  general,  be  of  order 
double  that  of  $(z).  We  shall  practically  limit  the  discussion  to  even 
functions  and  odd  functions  of  the  second  order. 

120.  Consider  a  function  <$>(z],  doubly-periodic  in  2ro  and  2<w';  and  let 
it  be  an  odd  function  of  the  second  class,  with  a  and  /3  as  its  irreducible 
infinities,  and  a  and  b  as  its  irreducible  zeros*. 

Then  we  have  <p  (z}  —  0  (a  +  (B  —  z}, 

which  always  holds  ;  and  cp  (—  z)  =  —  ^>  (2), 

which  holds  because  <p  (z}  is  an  odd  function.     Hence 

$  (a  +  0  +  z)  =  4>  (-  z) 

=  -*(*), 

so  that  a  +  /3  is  not  a  period  ;  and 


*    Tn  fiv   t.Vif>  iflpn.H    it  will   VIP  p.nnvoniont:  tn  nnmnnvn  if-  «rifli 


w  ,  ui   =  co  -j-  w  ,    wio  iu»i;   b\vu   aiuciiiawvc 

at  we  have  either 

a  +  /3=  co, 

a  +  /3  =  w  +  co'. 
we  know  that,  in  general, 

«,  +  b  =  a  +  /?. 
^irst,  for  the  zeros  :  we  have 


iat  e/>  (0)  is  either  zero  or  infinite.  The  choice  is  at  our  disposal  ;  for 
satisfies  all  the  equations  which  have  been  satisfied  by  c/>(z)  and  an 

ity  of  either  is  a  zero  of  the  other.     We  therefore  take 

<£  (0)  =  0, 
sat  we  have  a  =  0, 

b  =  co    or    ca  +  co'. 
Text,  for  the  infinities  :  we  have 

00)  =  -<£(-*) 
therefore       '  0  (—  a)  =  —  0  (a)  =  co  . 

only  infinities  of  tf>  are  a  and  J3,  so  that  either 

—  a=  a, 

-«  =  £. 
latter  cannot  hold,  because  it  would  give  a  +  fi  =  0  whereas  a  -t-  /3  =  <y 

w  +  a)'  ;  hence 

2«  =  0, 

•h  must  be  associated  with  a  +  /3  =  w  or  with  a  +  /S  =  co  +  co'. 

rlence  a,  being  a  point  inside  the  fundamental  parallelogram,  is  either  0, 

',  or  a)  +  <w'. 

!t  cannot  be  0  in  any  case,  for  that  is  a  zero. 

!f  a  +  /3  =  to,  then  a  cannot  be  co,  because  that  value  would  give  /3  =  0, 

ill  is  a  zero,  not  an  infinity.     Hence  either  a  =  co',  and  then  /3=  co'  +  &>; 

=  &>'  +  &),  and  then  /5  =  &)'.     These  are  effectively  one  solution;  so  that,  if 

3  =  CD,  we  have 

a,  /3  =  a)',  <o'  + 

a,  6  =  0,  co 

.f  a  +  j5  =  <»  +  <w',  then  a  cannot  be  CD  +  &>',  because  that  value  would  give 
0,  which  is  a  zero,  not  an  infinity.  Hence  either  ot=ro  and  then  ,d  =  co', 
=  co'  and  then  ft  =  co.  These  again  are  effectively  one  solution  ;  so  that, 


DOUBLY-PEKIODIC   FUNCTIONS  [120. 

This  combination  can,  by  a  change  of  fundamental  parallelogram,  be  made 
the  same  as  the  former  ;  for,  taking  as  new  periods 

2ft/  =  2ft)',         211  =  2w  +  2w', 
which  give  a  new  fundamental  parallelogram,  we  have  a.  +  /3  =  H,  and 

o,/3  =  u>',  O  -  &>',  that  is,  &)',  n  -  a/  +  2a>', 
so  that  cr,  £  =  «',  II  +  &>'] 

and  a,  6  =  0,  O  /  ' 

being  the  same  as  the  former  with  II  instead  of  «.  .  Hence  it  is  sufficient  to 
retain  the  first  solution  alone  :  and  therefore 

a  =  &/,          ft  =  <a'  +  a), 
a  =  0,  b  =  to. 

Hence,  by  §  llti,  I,  we  have 

j.  /  \  z(z  —  a>) 

*<•>-<.-«•)  <'-«-i?)m 

where  F  (z)  is  finite  everywhere  within  the  parallelogram. 

Again,  $(z  +  uj)  has  z=0  and  z—w  as  its  irreducible  infinities,  and 
it  has  2=0)'  and  2  =  a>  +  &/  as  its  irreducible  zeros,  within  the  parallelogram 
ofcjb(^);  hence 


where  .Fj  (^)  is  finite  everywhere  within  the  parallelogram.     Thus 

$(*)$(*  +  «')  =  *;  (*)*•,(*), 

a  function  which  is  finite  everywhere  within  the  parallelogram  ;  since  it  is 
doubly-periodic,  it  is  finite  everywhere  in  the  plane  and  it  is  therefore  a 
constant  and  equal  to  the  value  at  any  point.  Taking  —  %a>'  as  the  point 
(which  is  neither  a  zero  nor  an  infinity)  and  remembering  that  <j>  is  an  odr] 
function,  we  have 

<K*)<H*  +  <>  =  ^(K)}2  =  T, 

A/ 

k  being  a  constant  used  to  represent  the  value  of  - 
Also  <fj  (z  +  a))  =  $  (z  +  a  +  £  _  2o>') 

=  4>(*  +  a  +  £)  =  -4> 
and  therefore  also  $(w—z)  =  $>  (>). 


L       Wtt»)JJL 

:e  A  is  a  new  constant,  evidently  equal  to  {<£'  (O)}2.  Now,  as  we.  know 
periods,  the  irreducible  zeros  and  the  irreducible  infinities  of  the  function 
I,  it  is  completely  determinate  save  as  to  a  constant  factor.  To  determine 
factor  we  need  only  know  the  value  of  0(«)  for  any  particular  finite 
e  of  z.  Let  the  factor  be  determined  by  the  condition 


,  snce 

preceding  equation,  we  have 


then 


^e,  since  <£  (z)  is  an  odd  function,  we  have 

0  (*)  =  sn  (nz). 

Gently  2^,  *2/j,(o'  =  4<K,  ^iK',  where  K  and  7jf'  have  the  ordinary  signifi- 
es. The  simplest  case  arises  when  /u,  =  1. 

21.  Before  proceeding  to  the  deduction  of  the  properties  of  even 
iions  of  z  which  are  doubly-periodic,  it  is  desirable  to  obtain  the 
iion-theorem  for  (j>,  that  is,  the  expression  of  c£  (y  +  z}  in  terms  of 
nons  of  y  alone  and  z  alone. 

Vhen  <f>(y  +  z)  is  regarded  as  a  function  of  z,  which  is  necessarily  of  the 
id  order,  it  is  (§  119,  XV.)  of  the  form 

M  +  N(f>'  (z) 
_          } 

e  if  and  L  are  of  degree  in  <jb  (z)  not  higher  than  2  and  Nis  independent 
Moreover  y  +  z  —  a-  and  y  +  z  =  /3  are  the  irreducible  simple  infinities 
(y  i-  z);  so  that  L,  as  a  function  of  z,  may  be  expressed  in  the  form 


therefore 


-.  0  («  _  y)}  {0  (i)  -  </>  (/3  _  y)}  ' 
F.  19 


where  P,  Q,  E,  S  are  independent  of  z  but  they  may  be  functions  of  y. 
Now 


and  $  (/3  -  y}  =  </>  («' 


.so  that  the  denominator  of  the  expression  for  <j>(y  +  z)  is 


Since  $  (s)  is  an  odd  function,  <£'  (s)  is  even  ;  hence 


and  therefore          0  (y  +  z)  -  $  (y  -  z)  = 


Differentiating  with  regard  to  z  and  then  making  z  =  0,  we  have 


so  that,  substituting  for  Q  we  have 

x         1  20  0)  0' 

'PVA'P 


'     f  (0)  1-/J2 
Interchanging  ?/  and  £  and  noting  that  </>  (?/  —  z)  =  —  </>  (z  —  ?/),  we  have 


andtherefore          ,  (,  +  ,)  ,  (0) . 


which  is  the  addition -theorem  required. 

Ex.  If  f(u)  be  a  doubly-periodic  function  of  the  second  order  with  infinities  &i,  ia, 
and  <£  (u)  a  doubly- periodic  function  of  the  second  order  with  infinities  alt  a.2  such  that, 
in  the  vicinity  of  a{  (for  i=  I,  2),  we  have 

(-l)^X 

f  fn..\J--f'  (rt.~\  1 


s  ct  suuiuieiiu  luusuiauion  01  une 
method  of  procedure.  That,  which  now  follows,  relates  to  doubly-periodic 
functions  with  one  irreducible  infinity  of  the  second  degree  ;  and  it  will  be 
used  to  deduce  some  of  the  leading  properties  of  Weierstraas's  cr-  function 
(of  §  57)  and  of  functions  which  arise  from  it. 

The  definition  of  the  tr-function  is 


where  Ii  =  2m<»  +  2?n'co',  the  ratio  of  a/  :  co  not  being  purely  real ;  and  the 
infinite  product  is  extended  over  all  terms  that  are  given  by  assigning  to 
m  and  to  m'  all  positive  and  negative  integral  values  from  +  oo  to  —  oo , 
excepting  only  simultaneous  zero  values.  It  has  been  proved  (and  it  is 
easy  to  verify  quite  independently)  that,  when  cr  (z)  is  regarded  as  the 
product  of  the  primary  factors 

S          5- 
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the  doubly-infinite  product  converges  uniformly  and  unconditionally  for  all 
values  of  z  in  the  finite  part  of  the  plane ;  therefore  the  function  which  it 
represents  can,  in  the  vicinity  of  any  point  c  in  the  plane,  be  expanded  in  a 
converging  series  of  positive  powers  of  z  —  c,  but  the  series  will  only  express 
the  function  in  the  domain  of  c.  The  series,  however,  can  be  continued  over 
the  whole  plane. 

It  is  at  once  evident  that  <r(z)  is  not  a  doubly-periodic  function,  for  it  has 
no  infinity  in  any  finite  part  of  the  plane. 

It  is  also  evident  that  cr  (z}  is  an  odd  function.  For  a  change  of  sign  in  z 
in  a  primary  factor  only  interchanges  that  factor  with  the  one  which  has 
equal  and  opposite  values  of  m  and  of  TO',  so  that  the  product  of  the  two  factors 
is  unaltered.  Hence  the  product  of  all  the  primary  factors,  being  independent 
of  the  nature  of  the  infinite  limits,  is  an  even  function ;  when  z  is  associated 
as  a  factor,  the  function  becomes  uneven  and  it  is  a  (z}. 

The  first  derivative,  cr'  (z},  is  therefore  an  even  function;  and  it  is  not 
infinite  for  any  point  in  the  finite  part  of  the  plane. 

It  will  appear  that,  though  a  (z}  is  not  periodic,  it  is  connected  with 
functions  that  have  2&>  and  2<o'  for  periods ;  and  therefore  the  plane  will  be 
divided  up  into  parallelograms.  When  the  whole  plane  is  divided  up,  as  in 
§  105,  into  parallelograms,  the  adjacent  sides  of  which  are  vectorial  repre- 
~~^4.«+;™o  ~e  o,.  rtv^l  «>,.,'  +.1-.0  •Pnn^f.inn  n-  ( f\  Vm.s  nnft.  and  onlv  one.  zero  in 


01  i,ne  aiternauive,  we  snail  assume  unai  une  argument!  ui  w   is  greauer 
than  the  argument  of  w,  so  that  the  real  part*  of  w'/'-ico  is  positive. 

Before  proceeding  further,  it  is  convenient  to  establish  some  propositions  relating  to 
series  which  will  be  used  almost  immediately. 

We  have  seen  that  the  series  SG"^,,  where  Qwl)  TO'  denotes  2m«  +  2?n'co'  for  all  positive 
and  negative  integers  m  and  m'  ranging  independently  from  —  oo  to  +00  (only  the 
simultaneous  zero  values  being  excepted),  converges  absolutely.  Now  consider  the  series 


for  the  same  range  of  summation;  and  assume  that  2  can  have  any  value  except  a 
quantity  Qm<  m,,  when  there  is  obviously  an  infinite  term  of  order  three.  From  the  series, 
we  temporarily  exclude  all  the  terms  for  which 

I  z     ^  2  I  ®m,  m  \  ) 

as  |  z  |  is  finite,  these  terms  are  finite  in  number  and  their  sum  does  not  affect  the 
convergence  of  the  series. 

For  all  the  remaining  terms,  we  have 

\z\  <£l°l- 
Now 


so  that  —  p   >  i  _      . 

|  ft  |  O 


Hence  — < 

consequently  the  series 


converges  absolutely  for  all  finite  values  of  z  except  the  isolated  values  given  by  s=£l; 
and,  by  Weierstrass's  J/-testt,  the  same  inequality  shews  that  the  series  converges 
uuiformly. 

It  is  a  known  property  (p.  22)  of  uniformly  converging  series  that  they  can  be 
integrated  term  by  term  within  a  finite  range  and  the  resulting  series  will  also  converge 
uniformly.  Now 

(*      dz     =l{      I  11 
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choosing  the  path  of  integration  merely  to  avoid  a  possible  infinity  of  the  subject  of 
integration — a  choice  that  does  not  affect  the  result  in  this  case.  Hence  dropping  the 
factor  £,  we  see  that  the  series 


is  a  series  that  converges  uniformly  for  all  finite  values  of  z,  except  the  isolated  values 
given  by  z=Q. 


nte  range  and  the  resulting  series  will  also  converge  uniformly.     Now 


(0  -*)a      Q3 


series  which  converges  uniformly  -for  all  finite  values  of  z,  except  the  isolated  values 
n  by  s  =  Q. 

\.gain  integrating  within  the  finite  range  from  0  to  z,  we  have 


series  which  converges  uniformly  for  all  finite  values  of  z,  except  the  isolated  values 
n  by  z=Q. 

123.  We  now  proceed  to  obtain  other  expressions  for  a  (z),  and  particu- 
y,  in  the  knowledge  that  it  can  be  represented  by  a  converging  series  in 
vicinity  of  any  point,  to  obtain  a  useful  expression  in  the  form  of  a  series, 
verging  in  the  vicinity  of  the  origin. 

Since  cr  (z)  is  represented  by  an  infinite  product  that  converges  uniformly 
.  unconditionally  for  all  finite  values  of  z,  its  logarithm  is  equal  to  the  sum 
he  logarithms  of  its  factors,  so  that 


Dre  the  series  on  the  right-hand  side  extends  to  the  same  combinations  of 
md  in'  as  the  infinite  product  for  z.     When  it  is  regarded  as  a  sum  of 

z       1  z*  t         z\ 

ctiona  -=-  -f  ^  -^-  +  log  f  1  —  -^  j  ,  the  series  converges  uniformly  and  uncon- 


.onally,  except  for  points  z  =  O.     This  expression  is  valid  for  log  <s(z)  over 
whole  plane. 

Now  let  these  additive  functions  be  expanded,  as  in  §  82.     In  the  imme- 
fce  vicinity  of  the  origin,  we  have 

y         1     7- 
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ieries  which  by  itself  converges  uniformly  and  unconditionally  in  that 
inity.     When  this  expression  is  substituted  in  the  right-hand  side  of  the 


considered.  As  in  the  lemma  at  the  end  ot  §  rZ'Z,  we  omit  temporarily  all 
the  terms  for  which  j  z  \  ^-\  |  fi  |  ;  they  are  finite  in  number  for  finite  values 
of  z,  and  their  omission  does  not  affect  the  convergence  of  the  series.  Now 
the  modulus  of  the  remainder 
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But  for  each  of  these  terms  j  z  \  <  ^  I  il  I ;  and  therefore 

t         I  it    \  \   J 


so  that  the  modulus  is  less  than 


00        CO 

"2  2 

—  CO   —00 


a  finite  quantity.     Hence  the  whole  triple  series  converges  uniformly  and 
absolutely  for  the  values  of  z  considered  ;  and  so  we  may  take  it  in  the  form 


r=3 


In  §  56,  it  was  proved  that  each  of  the  coefficients 

CO        CO 

y    "s1    Q-r 

•w    ^^  ALI      , 

-co  -co 

for  r  =  3,  4,  .  .  .  ,  is  finite,  and  has  a  value  independent  of  the  nature  of  the 
infinite  limits  in  the  summation.  When  we  make  the  positive  infinite  limit 
for  m  numerically  equal  to  the  negative  infinite  limit  for  m,  and  likewise  for 
m,  then  each  of  these  coefficients  determined  by  an  odd  index  r  vanishes, 
and  therefore  it  vanishes  in  general.  We  then  have 


log  a-  (2)  =  log  z  - 

a  series  which  converges  uniformly  and  unconditionally  in  the  vicinity  of  the 
origin. 

The  coefficients,  which  occur,  involve  m  and  &/,  two  independent  constants. 


remaining  coefficients  are  functions*  of  g2  and  gs.     We  thus  have 
log  o-  (*)  =  log  z  -  ~   g,Z*  -   i- 


and  therefore  cr(z)  =  ze  ^ffa"    sio  !h~ 

where  the  series  in  the  index,  containing  only  even  powers  of  z,  converges 
uniformly  and  unconditionally  in  the  vicinity  of  the  origin. 

It  is  sufficiently  evident  that  this  expression  for  cr  (z)  is  an  effective 
representation  only  in  the  vicinity  of  the  origin ;  for  points  in  the  vicinity  of 
any  other  zero  of  cr  (z),  say  c,  a  similar  expression  in  powers  of  z  —  c  instead 
of  in  powers  of  z  would  be  obtained. 

124.     From  the  first  form  of  the  expression  for  log  cr  (z),  we  have 
f^  =  i+  $  2  (-  +  --        l 


z  — 

where  the  quantity  in  the  bracket  on  the  right-hand  side  is  to  be  regarded 
as  an  element  of  summation,  being  derived  from  the  primary  factor  in  the 
product-expression  for  cr  (z).  We  have  seen  (p.  293)  that  this  double  series 
converges  uniformly  for  the  values  of  z  concerned,  except  of  course  the 
isolated  values  £1. 

We  write  =  ^ 


so  that  £(#)  is,  by  §  122,  an  odd  function,  a  result  also  easily  derived  from  the 
foregoing  equation  ;  and  so 


This  expression  for  £  (z)  is  valid  over  the  whole  plane 

Evidently  £"(2)  has  simple  infinities  given  by 

z  =  O,, 

for  all  values  of  m  and  of  m'  between  +  GO  and  —  oo  ,  including  simultaneous 
zeros.  There  is  only  one  infinity  in  each  parallelogram,  and  it  is  simple  ;  for 
the  function  is  the  logarithmic  derivative  of  a  (z},  which  has  no  infinity  and 
only  one  zero  (a  simple  zero)  in  the  parallelogram.  Hence  ^{z}  is  not  a 
doubly-periodic  function. 

For  points,  which  are  in  the  immediate  vicinity  of  the  origin,  we  have 

^(z}  =  ~  [log  z  -  -^  a,*4  -  ~  ff8*B  -  ...  -  ~ 

bv  '      dz  |_  240  J~        840  J  2w 


points  in  the  vicinity  of  any  other  pole. 

We  again  introduce  a  new  function  $  (z)  defined  by  the  equation 

*A~*%>--£to.(.». 

Because  £  is  an  odd  function,  g>  (2)  is  an  even  function  ;  and 

'  i 


where  the  quantity  in  the  bracket  is  to  be  regarded  as  an  element  of 
summation.  We  have  seen  (p.  293)  that  this  double  series  converges  uni- 
formly for  the  values  of  z  concerned,  except  of  course  the  isolated  values  11. 
Thus  the  expression  for  $  (2)  is  valid  over  the  whole  plane.  Evidently  p  (2) 
has  infinities,  each  of  the  second  degree,  given  by  z  =  fl,  for  all  values  of  m 
and  of  m'  between  +  oo  and  -  GO  ,  including  simultaneous  zeros  ;  and  there 
is  one,  and  only  one,  of  these  infinities  in  each  parallelogram.  One  of  these 
infinities  is  the  origin  ;  using  the  expression  which  represents  log  <r  (z)  in 
the  immediate  vicinity  of  the  origin,  we  have 


=  7~ +  20  9^~ +  28  g'^+ '"  +  @n~  1)22tt 

for  points  z  in  the  immediate  vicinity  of  the  origin. 

A  corresponding  expression  exists  for  $7  (z)  in  the  vicinity  of  any  other 
pole. 

125.  The  importance  of  this  function  $(z)  lies  in  its  periodic  character; 
and  the  importance  of  the  functions  <r(z)  and  %(z)  partly  lies  in  their 
pseudo-periodic  character.  To  establish  the  necessary  properties,  we  use  the 
derivative  of  p  (z) ;  we  differentiate  term  by  term  the  series  in  the  expression 

1       °°     °°    (      1  11 
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and  we  have 


-co     -co 


where  the  double  summation  no  longer  excludes  the  simultaneous  zero 
values  of  971  and  m  in  the  expression  of  H.  The  series  on  the  right-hand 
side  converges  uniformly  and  absolutely  CD.  292^)  for  all  vn,lnp.s  nf  *  pv™«t.  t.l->0 


Evidently  g/  (z)  nas  mnnities,  eacli  or  tne  tnird  degree,  given  Dy  z  =  \i 
for  all  values  of  m  and  m'  within  the  range  from  +00  to  —  oo  ,  including  the 
simultaneous  zero  values  ;  and  there  is  one,  and  only  one,  of  these  infinities 
within  each  parallelogram.  Using  the  expression  for  $(z)  in  the  vicinity 
of  2  =  0,  we  have 

91  1 

p'=sp'(z)  =  --.+  -.gaS  +  ,ga£»+.... 

Clearly  cp'  is  an  odd  function  of  z. 

J      0 

The  periodicity  of  £>'  (z)  can  be  deduced  at  once.     We  have 

v 


-     —  ^  _  a);j  -      —  ^  _  2mfl)  _ 
and  therefore 


2ft))  =  —  2^S 

' 


jr-7  -----  -  ,  -------  ~  —  7  —  77;  ' 

-  2  (w  —  1)  o>  —  2m  03  Y 

Now  the  series  25  (z  —  n)~!!  converges  absolutely;  and  so  (p.  21)  its  sum 
does  not  depend  upon  'the  order  in  which  the  terms  are  taken.  The  series 
in  $  (z  +  2w)  differs  from  the  series  in  g>'  (z)  merely  in  taking  the  terms  in 
the  order  of  values  of  m  —  1  from  -  oo  to  +  oo  instead  of  the  terms  in  the 
order  of  values  of  m  from  —  oo  to  +00;  this  negative  unit  derangement  in 
the  summation  for  m  is  permissible  under  the  convergence;  and  so  we  have 

p/(5  +  2fi,)-p/(^). 

Similarly  we  have 

p'  (z  +  2o>')  =  g?  (*), 

equations  which  shew  the  double  periodicity  of  $)'  (2).     Further,  we  have 

p'  (*  +  2  co  +  2&/)  =  g>'  («  +  2ft)')  =  g>'  (2)  ;  . 
or  writing 

&)"  =  cu  +  &)', 
we  have 

£/  (^  +  2ft)")  =  p'  (0). 
Integrating  these  equations  respectively,  we  have 

g?  (z  4-  2o>)  =  ^j  0)  +  4,         <p  (^  +  2ft)')  =  ^  (ar)  4-  5, 

where  J.  and  B  are  constants.  To  determine  these  constants,  take  z  =  —  u> 
in  the  former  equation  and  z  —  —  o>'  in  the  latter;  we  have 

p(w)  =  g>(-6>)+4,  g)(ft)')  =  jp(-0)')+-B. 

Neither  w  nor  &)'  is  a  pole  of  £)  (z\  for  the  isolated  poles  of  j?p  (2)  are  given  by 
z  =  2mw  +  2m/ft)',  for  integer  values  of  in  and  ??i'  ;  and  g)  (0)  is  an  even 
function.  Thus  A  =  0,  .5  =  0;  and  so  we  have 


any  parallelogram  whose  adjacent  sides  are  2<y  and  2&>  ,  there  is  one  (and 
there  is  only  one)  pole,  and  it  is  of  order  2.  Hence  by  §  116,  Prop.  III., 
Cor.  3,  2&)  and  2co'  determine  a  primitive  parallelogram  for  <@(z}.  Conse- 
quently our  function  (p  (z)  is  of  the  first  class  and  the  second  order. 

We  shall  assume  that  the  parallelogram  of  reference  is  so  chosen  as  to 
include  the  origin  in  its  interior. 

126.  In  the  preceding  chapter,  we  have  seen  (§119)  that  there  exists  an 
algebraical  relation  between  g>  (z)  and  g?'  (z).  Owing  to  the  order  of  <@  (z), 
this  must  have  the  form 

p'»  (z}  =  Ap  (*)  +  Bp  (z}  +  Op  (z)  +  A 
where  A,  B,  C,  D  are  constants. 

Tho  only  irreducible  infinity  of  p'  (z)  is  of  the  third  order,  being  the 
origin  ;  and  the  function  g)'  (z)  is  odd.  As 

g>'  (z  +  2«)  =  $'  (z)  =  %>'(z  +  2a)')  =  p'  (*  +  2fU/'X 
we  have 

p'  (w)  =  -  p'  (o),          g)'  (a)7)  =  -  &'  (a)'),         g>'  («")  =  -  g>'  («")> 
so  that  the  irreducible  zeros  of  g>'  (2)  are  co,  co',  &>".     We  write 

(p(w)  =  e1)          g)(w")  =  ea,         0>(o>')  =  ea>         g>(^)  =  P,         g>'  («)  =  g>'j 
and  then  the  foregoing  relation  becomes 


where  yi  is  some  constant.     To  determine  the  equation  more  exactly,  we 
substitute  the  expression  of  g>  in  the  vicinity  of  the  origin.     Then 


21  1       , 

so  that  g>  =  -  J3  +  Jo  ^^  +  7  ^3     +  "  " 

When  substitution  is  made,  it  is  necessary  to  retain  in  the  expansion  all 
terms  up  to  z"  inclusive.     We  then  have,  for  p's,  the  expression 

4      2a,      4       , 

_  __  iir  __  n   4- 

z"      5^     7^+.-3 
and  for  A  (§>  -  e,)  (p  -  ea)  (g)  -  e3),  the  expression 


(e,  +  G,  +  ea) 


Evidently 


and  so  on  ;  it  is  easy  to  verify  that  the  2nth  derivative  of  g>  is  a  rational 
integral  function  of  f  of  degree  n  +  1,  and  that  the  (2n  +  l)th  derivative 
of  fjf>  is  the  product  of  g>'  by  a  rational  integral  function  of  <p  of  degree  n. 

The  differential  equation  can  be  otherwise  obtained,  by  dependence  on 
Cor.  2,  Prop.  V.  of  §  116.     We  have,  by  differentiation  of  £>', 

„      6       1  3 

f   -?  +  Toft+7**+... 

for  points  in  the  vicinity  of  the  origin;  and  also 


Hence  jp"  and  |p2  have  the  same  irreducible  infinities  in  the  same  degree  and 
their  fractional  parts  are  essentially  the  same  :  they  are  homoperiodic  and 
therefore  they  are  equivalent  to  one  another.  It  is  easy  to  see  that  fjp"  —  6(p2 
is  equal  to  a  function  which,  being  finite  in  the  vicinity  of  the  origin,  is  finite 
in  the  parallelogram  of  reference  and  therefore,  as  it  is  doubly-periodic,  is 
finite  over  the  whole  plane.  It  therefore  has  a  constant  value,  which  can  be 
obtained  by  taking  the  value  at  any  point;  the  value  of  the  function  for 
s  =  0  is  —  »  and  therefore 


HO  that  #>"  =  6#>'J  -  £02J 

the  integration  of  which,  with  determination  of  the  constant  of  integration, 

leads  to  the  former  equation. 

This  form,  involving  the  second  derivative,  is  a  convenient  one  by  which 
to  determine  a  few  more  terms  of  the  expansion  in  the  vicinity  of  the  origin: 
and  it  is  easy  to  shew  that 

f>  =  p  +  4  ^  +  m  ^  +  ^oo  ^"  +  61^0  CJ^  +-' 
from  which  some  theorems  relating  to  the  sums  2Sn~2'1  can  be  deduced*. 

Ex.     If  ctt  be  the  coefficient  of  z'2"-2  in  the  expansion  of  #>  (2)  in  the  vicinity  of  the 
origin,  thon 

O  '  «x 
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We  have  $>'*  =  4g>3  -  g2  g?  -  ga  ; 

the  function  jjp'  is  odd,  and  in  the  vicinity  of  the  origin  we  have 


9 


hence,  representing  by  —  (4jp3  —  gz$  —  ffafi  that  branch  of  the  function  which 
is  negative  for  large  real  values,  we  have 


and  therefore 


dz 

dp 


The  upper  limit  is  determined  by  the  fact  that  when  z  =  0,  tp  =  oo  ;  so  that 


. P  {4  (P-OCP-^CP -*)} 

This  is,  as  it  should  be,  an  integral  with  a  doubly-infinite  series  of  values. 
We  have,  by  Ex.  7  of  §  104, 


(Do  =  CO      = 


G).,  =  Ot)      = 


with  the  relation  &)y/  =  <u  4-  tu'. 

127.     We  have  seen  (§  125)  that  g?  (0)  is  doubly-periodic,  so  that 

g>  (a  +  2o>)  =  g>  (e\ 

141  *  ^(^+26))        C?^(^) 

and  therefore  - --^— j =      ,      ; 

cJ^  dz 

hence  integrating  ^ (^  -I-  2a>)  =  ^ (^)  +  A. 

Now  £  is  an  odd  function  ;  hence,  taking  z  =  -a>  which  is  not  an  infinity  of 

we  have 


where  17"  =  £  (o>")  and  is  constant.     Moreover, 

£>  +  2a>")=£0+2aj  +  2a/) 
=  £  (z  +  2o>)  +  29?' 

,,,        ,  =C(«)  +  2i?  +  2V, 

ana  thereiore 

17"  =  ??  +  17', 

a  relation  which  merely  expresses  £(w  +  &/)  as  the  sum  of  £(<»)  and  £(o>'). 
Combining  the  results,  we  have 

£  (z  +  2mco  +  2mV)  -£(*)  =  2m7?  +  2my, 
wliere  w  and  m'  are  any  integers. 

It;  is  evident  that  ?;  and  17'  cannot  be  absorbed  into  £;  so  that  £is  not  a 
periodic  function,  a  result  confirmatory  of  the  statement  in  §  124 

There  is,  however,  a  pseudo-periodicity  of  the  function  f  :  its  characteristic 
is  the  reproduction  of  the  function  with  an  added  constant  for  an  added 
period.  This  form  is  only  one  of  several  simple  forms  of  pseudo-periodicity 
which  will  be  considered  in  the  next  chapter. 

128.  But,  though  £(z)  is  not  periodic,  functions  which  are  periodic  can 
be  constructed  by  its  means. 

Thus,  if 
then 


and  <f>(z+  20)')  -  <£  (a)  =  lif  (A  +  3  +  C  +  .  .  .), 

HO  that,  Hiibject  to  the  condition 


(j)  (z)  I'H  a  doubly-periodic  function. 

Again,  we  know  that,  Avithin  the  fundamental  parallelogram,  £"  has  a 
single  irreducible  infinity  and  that  the  infinity  is  simple;  hence  the  irre- 
ducible infinities  of  the  function  <£  (z)  are  z  =  a,  b,  c,  ...,  and  each  is  a  simple 
iuiinity.  The  condition  A+J3+G+...  =  Q  is  merely  the  condition  of 
Prop.  III.,  §  11C,  that  the  'integral  residue'  of  the  function  is  zero. 

Conversely,  a  doubly-periodic  function  with  771  assigned  infinities  can  be 
expressed  in  terms  of  £  and  its  derivatives.  Let  a3  be  an  irreducible  infinity 
of  <I>  of  degree  n,  and  suppose  that  the  fractional  part  of  <3>  for  expansion  in 
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Then 


^-^(^bis^f  <•-••>] 

is  not  infinite  for  z  =  an. 

Proceeding  similarly   for   each   of  the  irreducible   infinities,  we  have  a 
function 

4>  (5)  -  I  \A  ,£  (z  -  a,)  -  Br?  (z  -  or)  +  ^  r  (z  -  a,.)  -...], 
r=i  L  Zl  j 

which  is  not  infinite  for  any  of  the  points  z  =  a1,  a*,,  .  ...     But  because  <E>  (z) 
is  doubly-periodic,  we  have 


and  therefore  the  function 

m 

S  A  £  (z  —  ar) 

r  =  l 

iy  doubly-periodic.  Moreover,  all  the  derivatives  of  any  order  of  each  of  the 
functions  £  are  doubly-periodic  ;  hence  the  foregoing  function  is  doubly- 
periodic. 

The  function  has  been  shewn  to  be  not  infinite  at  the  points  a,,  a..,,  ..., 
and  therefore  it  has  no  infinities  in  the  fundamental  parallelogram  ;  con- 
sequently, being  doubly-periodic,  it  has  no  infinities  in  the  plane  and  it  is 
a  constant,  say  6'.  Hence  we  have 


with  the  condition   S   Ar  —  0,  which  is  satisfied  because  <E>  (z)  is  doubly- 

r--i 
periodic. 

This  is  the  required  expression*  for  <3>  (z}  in  terms  of  the  function  £and 
its  derivatives;  it  is  evidently  of  especial  importance  when  the  indefinite 
integral  of  a  doubly-periodic  function  is  required. 

129.  Constants  ti  and  ?/,  connected  with  w  and  «',  have  been  introduced 
by  the  pseudo-periodicity  of  %(z}',  the  relation,  contained  in  the  following 
proposition,  is  necessary  and  useful:  — 


Lie  form  (i)  in  fig.  34,  in  which  case  91  i  — .  i  is 

\<mj 

ositive ;  or  of  the  form  (ii),  in  which  case  91  (—. . 


navmg  an  angular  point  at  za  is  either  ot 


5  negative.  Evidently  a  description  of  the  paral- 
3logram  AJBGD  in  (i)  will  give  for  an  integral  the 
ame  result  (but  with  an  opposite  sign)  as  a  de- 
cription  of  the  parallelogram  in  (ii)  for  the  same 
ntegral  in  the  direction  A  BOD  in  that  figure. 

We  choose  the  fundamental  parallelogram,  so 
hat  it  may  contain  the  origin  in  the  included 
,rea.  The  origin  is  the  only  infinity  of  f  which 
an  He  within  the  area :  along  the  boundary  £  is 
Iways  finite. 

Now  since 


34. 


,he  integral  of  £(z)  round  ABGD  in  (i),  fig.  34,  is  (§116,  Prop.  II,  Cor.) 

l)  CB 

2<ndz  -      fy'dz, 

A  J  A 

.he  integrals  being  along  the  lines  AD  and  AB  respectively,  that  is,  the 
ntegral  i.s 

4  (r/ct)'  —  ?/&)). 


But  as  the  origin  is  the  only  infinity  within  the  parallelogram,  the  path  of 
ntcgration  ABCDA  can  be  deformed  so  as  to  be  merely  a  small  curve  round 
;ho  origin.  In  the  vicinity  of  the  origin,  we  have 


md  therefore,  as  the  integrals  of  all  terms  except  the  first  vanish  when  taken 
.'Oimd  this  curve,  we  have 

'dz 
z 

=  27TI. 

Hence  4  (?;&/  -  ?/&>)  =  2iri, 

md  therefore  -no/  —  ??/&)  —  i7™' 


paraneiogram.     -±ne  value   01   the  integral  along  the  path  AJJUDA   is  the 
same  as  before,  viz.,  4  (rjw  —  v/w)  ;  when  the  path  is  deformed  into  a  small 

rdz 

curve  round  the  origin,  the  value  of  the  integral  is  I  —  taken  negatively,  and 

J  z 
therefore  it  is  —  2?n  :  hence 

??&/  —  f]'(£>  =  —  ^Tri. 

Combining  the  results,  we  have 

r)(a  —  vj'as  =  ±  \-jri, 

according  as  D?  [-••-.)  is  positive  or  negative. 

a  \Mj      i  b 

COROLLARY.     If  there  be  a  change  to  any  other  fundamental  parallelo- 
gram, determined  by  2fl  and  2Q',  where 

fl  =  p(£>  4-  q(£>',          &'  =p'ri>+  q'tt>', 

p,  <y,  p',  <{  being  integers  such  that  pq/  —p'q  =  ±1,  and  if  H,  H'  denote  £  (ft), 

£  (IT),  then 

H  =  prj  +  qrf  ,         H'  =p'i]  +  qri'  \ 

therefore  HO,'  -  H'Q,  =  ±  ^tri, 


according  as  the  real  part  of  -.-^  is  positive  or  negative. 

130.     It  has  been  seen   that  £(#)  is  pseudo-periodic;    there  is  also  a 
pseudo-periodicity  for  a  (2),  but  of  a  different  kind.     We  have 


.  J  (z  +  2o>)  _  a'  («) 

lilmt  1B«  "  ~~+     /J 


and  therefore  a  (z  +  2r*>)  =  Ae**  cr  (z\ 

whore  A  is  a  constant.     To  determine  ^4,  we  make  z  =  —  &>,  which  is  not  a 

nero  or  an  infinity  of  cr  (#)  ;  then,  since  cr  (2}  is  an  odd  function,  we  have 

—  Ae~-^  =  l, 

so  that  tr(s  +  2<u)  =  -  ^  (2+OJ)  cr  (4 

Hence  o-  («  +  4o>)  =  -  ea"  (z+3to)  cr  (s  +  2o>) 

=  e~^  vz+'l<a]  o-  (z)  i 

and  similarly  <r  (z  +  2??zw)  =  (-  l)m  ^  <"*+"*"'  <r  (0). 

Proceeding  in  the  same  way  from 

£(z+2v')  =  i;(z)  +  2r,', 

we  find          •      <r(z  +  2m/eo/)  =  (-  l)m'  e 


rl  therefore 

o-  (2  +  2mw  +  2/H'w')  =  (-  l)mm'+wi+m'  g2(mr,+MiY)  (2+ma>+m'a>')  Q-  (^ 

lich  is  the  law  of  change  of  a-  (z)  for  increase  of  z  by  integral  multiples  of 
2  periods. 

Evidently  cr  (z)  is  not  a  periodic  function,  a  result  confirmatory  of  the 
itement  in  §  1  22.  But  there  is  a  pseudo-periodicity  the  characteristic  of 
lich  is  the  reproduction,  for  an  added  period,  of  the  function  with  an 
ponential  factor,  the  index  being  linear  in  the  variable.  This  is  another 

the  forms  of  pseudo-periodicity  which  will  be  considered  in  the  next 
apter. 

131.  But  though  cr  (z]  is  not  periodic,  we  can  by  its  means  construct 
actions  which  are  periodic  in  the  pseudo-periods  of  cr  (z). 

By  the  result  in  the  last  section,  we  have 


cr(z  —  J3  +  2meo  +  2?nV)      a-  (z  —  /3) 
.d  therefore,  if  </>  (z}  denote 

cr  (z  —  «i)  cr  (z  —  «2)  ......  CT  (s  —  «n) 

' 


en  <£  (3  +  2/uco  +  2m  V)  =  ea(™i+"lV)  (2pr-s«r)  ^  (^), 

that  0  (2)  is  doubly-periodic  in  2w  and  2tu'  provided 

V/P     J_  V/y      —  A 

•^f-Jr       *wM}-  —  w. 

ow  the  zeros  of  ^  (s),  regarded  as  a  product  of  cr-functions,  are  a:,  as,  ...,  an 
id  the.  points  homologous  with  them;  and  the  infinities  are  /31,  y8a,  ...,  /3n 
id  the  points  homologous  with  them.  It  may  happen  that  not  all  the  points 
arid  @  are  in  the  parallelogram  of  reference  ;  if  the  irreducible  points 
uuologous  with  them  be  alt  ...,  an  and  bl3  ...,  bn,  then 

Sa,.  =  S6r  (mod.  2&>,  20)'), 

id  the  iuiw  points  are  the  irreducible  zeros  and  the  irreducible  infinities  of 
(s}.  This  result,  we  know  from  Prop.  III.,  §  116,  must  be  satisfied. 

Ib  is  natural  ly  assumed  that  no  one  of  the  points  a  is  the  same  as,  or  is 
miologous  with,  any  one  of  the  points  (3  :  the  order  of  the  doubly-periodic 
notion  would  otherwise  be  diminished  by  1. 

If  any  a  be  repeated,  then  that  point  is  a  repeated  zero  of  0  (z);  similarly 
any  (3  be  repeated,  then  that  point  is  a  repeated  infinity  of  $(z).     In 


zeros  a  ana  m  assigned  irreaucioie  innnrcies  o,  wnicn  are  SUDJ 
to  the  congruence 

Sa  =  26  (mod.  2co,  2«'), 

we  first  find  points  a  and  /3  homologous  with  a  and  with  b  respectively  s 
that 

2a  =  2/3. 

„,„          .      „        ,  .  cr  (z  —  oti)  ......  cr  (z  —  am) 

Than  the  function  —7—    -  - 


has  the  same  zeros  and  the  same  infinities  as  0  (z},  and  is  homoperiodic  v 
it  ;  and  therefore,  hy  §  116,  IV., 


*(r\-  4         _Zi    ......          -,n 

*W  -*(*-&)  ......  <T(z-(3my 

where.  A  is  a  quantity  independent  of  z. 

Ex.  1.  Consider  $'  (3).  It  has  the  origin  for  an  infinity  of  the  third  degree  and  a! 
remaining  infinities  are  reducible  to  the  origin  ;  and  its  three  irreducible  zeros  arc  w,  w 
Moreover,  since  «o"  =  co'  +  «,  we  have  o>  +  w'  +  w"  congruent  with  but  not  equal  to  : 
Wo  therefore  choose  other  points  so  that  the  sum  of  the  zeros  may  be  actually  the  s 
as  the  .sum  of  the  infinities,  which  is  zero  ;  the  simplest  choice  is  to  take  «,  co',  - 
Honoc 


whore  A  is  a  constant.     To  determine  A,  consider  the  expansions  in  the 
vicinity  of  the  origin  ;   then 

2  0-  (  -  w)  Cr  (  -  0)')  OT  (w") 

~^  +  ......  =  A  -'-  z*     .....  +  ......  ' 

,  ,  ^          ~  tr  (z  —  «)  o-  (z  —  co')  cr  (z  4-  w") 

so  that  p  (z)  =  -  2  A-  ?-r;-rV-rWS  ?,N  -  • 

0     ^  o-(o))  o-(d)  )  o-(o)  )crj(^) 

Another  method  of  arranging  zeros,  so  that  their  sum  is  equal  to  that  of  the  infin 
is  to  take  —  G>,  —  w',  <u"  ;  and  then  we  should  find 

W  t,\  -  9  cr(^  +  ")o-(g  +  M')°-(2-<"") 
*    {'~         o-  (<a)  o-  (a')  o-  (a")  a:i  (2)      ' 

This  resvilt  can,  however,  be  deduced  from  the  preceding  form  merely  by  changinj 
.sign  of  z. 

Ex.  2.     Consider  the  function 


Ji.  o~"/""\  ) 

<r2  (u) 

whore  v  is  any  quantity  and  A  is  independent  of  u.     It  is,  qu;\  function  of  u,  do 
periodic  ;   and  it  has  u—Q  as  au  infinity  of  the  second  degree,  all  the  infinities 
homologous  with,  the  origin.     Hence  the  function  is  homoperiodic  with  ip  (u)  and  i 


«2  u- ' 

HO  that  -A'as(v}  =  I, 

and  therefore  - ---    -  °"/ '  =  (Q  M  ~  <Q  ru\ 

a  formula  of  very  great  importance. 

K.t:.  X.     Taking  logarithmic  derivatives  with  regard  to  u  of  the  two  sides  of  the  last 
equation,  wo  have 


and,  similarly,  taking  them  with  regard  to  v,  we  have 


giving  tho  special  value  ot\tho  left-hand  side  as  (§  128)  a  doubly-periodic  function.     It  is 
also  the  addition-theorem,  HO  far  as  there  is  an  addition-theorem,  for  the  ^-function. 

tt.i:  4.     We  can,  by  differentiation,  at  once  deduce  the  addition-  theorem  for  jjp(?<  +  v). 
lOvidontly 


which  is  only  one  of  many  forms:  one  of  the  most  useful  is 


which  oan  be  deduced  from  the  preceding  form. 

Tho  result  can  be  used  to  modify  the  expression  for  a  general  doubly-periodic  function 
'!>(*)  obtained  in  §  128.     We  have 


Each  derivative  of  f  can  be  expressed  either  as  a  polynomial  function  of  $(z-ar)  or  as 
the  product  of  #>'(z-ar)  by  such  a  function;  and  by  the  use  of  the  addition-theorem, 
fchene  can  be  expressed  in  the  form 


20—2 


and  then 

m 

{  (z- 


r=l 


with  the  condition  2  A,.  =  Q. 

r=l 

Ex.  5.  The  function  ®(z)-e\  is  an  even  function,  doubly  -periodic  in  2o>  and  2co'  and 
having  ^=0  for  an  infinity  of  the  second  degree  ;  it  has  only  a  single  infinity  of  the  second 
degree  in  a  fundamental  parallelogram. 

Again,  z  —  co  is  a  zero  of  the  function;  and,  since  $>'(«)  =0  but  jp"  (w)  is  not  zero, 
2=  w  is  a  double  xero  of  •  g>  («)  -  Cj.  All  the  zeros  are  therefore  reducible  to  z  =  a>  ;  and  the 
function  has  only  a  single  zero  of  the  second  degree  in  a  fundamental  parallelogram. 

Taking  then  the  parallelogram  of  reference  so  as  to  include  the  points  2=0  and  z=co, 
AVG  have 


where  Q  (z)  has  no  xero  and  no  infinity  for  points  within  the  parallelogram. 

Again,  for  $p(z  +  w)  —  tfj,  the  irreducible  zero  of  the  second  degree  within  the  parallelo- 
gram is  given  by  £+w  =  «,  that  is,  it  is  *  =  0;  arid  the  irreducible  infinity  of  the  second 
degree  within  the  parallelogram  is  given  by  z+w  =  0,  that  is,  it  is  ,s  =  co.  Hence  we  have 


where  $1  (z~)  has  n°  XC1'°  tllld  no  infinity  for  points  within  the  parallelogram. 
Hence  {g>  (a)  -  Cl}  {g>  (a+ «)  -  e,}  =  <2  (2)  ^  (z)  • 

that  is,  the  function  on  the  left-hand  side  has  no  xero  and  no  infinity  for  points  within  the 
parallelogram  of  reference.  Being  doubiy-poriodic,  it  therefore  has  no  xero  and  no  infinity 
anywhere  in  the  plane ;  it  consequently  is  a  constant,  which  is  the  value  for  any  point. 
Taking  the  special  value  z  =  a\  we  have  ^(co')  =  e:j,  and  jp(a>'  +  w)  =  tf2  >  anc^  therefore 

{&  CO  -  «i)  {$>  (s  +  »  )  -^^(es-e:)  (flu-  «i). 

Similarly  {§)  (g)  -  «,}  {g>  (g  +  «")  -  63}  -  (cj  -  e2)  (ey  -  t<s), 

and  {g>  (3)  -  e3}  {^  (2  +  00' )  -  ca}  =  («a-  e,)  (6l  -  e3). 

It  is  possible  to  derive  at  once  from  these  equations  the  values  of  the  ^-function  for 
the  quarter-periods. 

Note.  In  the  preceding  chapter  some  theorems  were  given  which  indicated  that 
functions,  which  are  doubly-periodic  in  the  same  periods,  can  be  expressed  in  terms  of 
one  another :  in  particular  cases,  care  has  occasionally  to  be  exercised  to  be  certain  that 
the  periods  of  the  functions  are  the  same,  especially  when  transformations  of  the  variables 
are  effected.  For  instance,  since  &  (z)  has  the  origin  for  an  infinity  and  sn-w  has  it  for  a 


whore  u=>(ei  —  e3)^z  and  kz  =  (ez  — 

Again,  with  the  ordinary  notation  of  Jacobian  elliptic  functions,  the  periods  of  snz 
are  4.K  and  2i/iT',  those  of  dn  z  are  2/f  and  4i'/f,  and  those  of  en  z  are  4K  and  2K+  2i/T. 
The  squares  of  these  three  functions  are  homoperiodic  in  2/T  and  ZiK' ;  they  are  each 
of  the  second  order,  and  they  have  the  same  infinities.  Hence  sn22,  en2  z,  dn22  are 
equivalent  to  one  another  (§  116,  V.). 

But  such  cases  belong  to  the  detailed  development  of  the  theory  of  particular  classes 
of  functions,  rat/her  than  to  what  are  merely  illustrations  of  the  general  propositions. 

Ex.  6.     Prove  that 

(    \  =s 

9  W 
is  a  doubly-periodic  function  of  u,  such  that,  with  the  ordinary  notation, 


2 
Prove  further  that,  if  S  denote  the  substitution 

H-i      iii), 
1    -1      1      1   I 
11-11 

1         1         1     -1    i 

and  (f7j,   U^,   U3,    U,i}  =  S(ui,  '«2>  us,  ?«4)  and  G'(u)  denote  what  g  (u)  becomes  when, 
therein,   6^,   Z72,   £/!{,   Ui  are  written  for  Uiy  uz,  u3,  u±  respectively,  then  also 


-S(ff(u), 

(Math.  Trip.,  Part  II.,  1893.) 

Ex.  7.  All  the  zeros  of  a  function,  doubly-periodic  in  the  periods  of  #>(s),  are  simple 
and  are  given  by  pa>  +  qu>',  where  p  and  q  are  integers  such  that  p  +  q  is  odd;  all  its 
infinities  are  simple  and  are  given  by  pa  +  qca',  where  p  and  q  are  integers  such  that 
p  +  q  is  even.  Shew  that  the  function  is  a  constant  multiple  of 

_J?..M-  .  (Trinity  Fellowship,  1896.) 

&  (z)  ~  ez 

Ex.  8.     Construct  the  differential  equation  of  the  first  order,  satisfied  by 

(Trinity  Fellowship,  1899.) 

132.  As  a  last  illustration  giving  properties  of  the  functions  just  con- 
sidered, the  derivatives  of  an  elliptic  function  with  regard  to  the  periods 
will  be  obtained. 

Let  $(z)  be  any  function,  doubly-periodic  in  2co  and  2&/  so  that 


me  coemcients  in   9   implicitly  involve   &>    ana    eo.     juet   <p1}  <pa,  ana  <p 
respectively  denote  9<jb/3a>,  9$/9«',  9</>/9#;  then 

0!  (s  +  2ma>  4  2m  V)  +  2'M</>'  («  4  2ma>  4  2mV)  =  ^  (z), 
<j>2  (z  +  2wa>  +  2wV)  4-  2w'<jE>'  («  4-  2ma>  +  2wV)  =  <£2  (X), 

</>'  0  +  2wM»  +  2m  V)  =  </>'  (^). 
Multiplying  by  w,  &>',  z  respectively  and  adding,  we  have 

w  +  2m'  a}') 
(z  +  2mo>  +  2m/a>/)  </>'  (^  +  2?Hto  +  2mV) 


Hence,  if  f  (z)  =  03^  (z}  4-  w'^  (z}  +  £<£'  (^), 

then  f(z)  is  a  function  doubly  -periodic  in  tlie  periods  of  0. 

Again,  multiplying  by  77,  77',  £(#),  adding,  and  remembering  that 

£0  +  2'//io>  4-  2wV) 
we  have 

^70!  (0  +  2wiw  4  2?/i'&)')  +  ^'^o  (^  4 

4  £0  4  2meo  +  2  ///&)')  0'  (^r  4  2mw  4  2wV) 
=  77<5f)1  (^)  +  7i'<f>2  (z}  4  (T(«)  0'  (4 

Hence,  z/  r/  (5)  =  77^  (^)  4  y'fa  (z}  4  ^  (^  #  (z), 

then  g(z}  is  a  function  doubly  -periodic  in  the  periods  of  <£. 

In  what  precedes,  the  function  $  (z}  is  any  function,  doubly-periodic  in 
2o>,  2&/  ;  one  simple  and  useful  case  occurs  when  0  (z)  is  taken  to  be  the 
function  g>  (0).  Now 


a 


"  4  .  .  .  , 


8400^-  -  ; 


hence,  in  the  vicinity  of  the  origin,  we  have 


3p        ,  d®        d(P          2 

w  ^  4  CD  ^-,4^  —  =  --  ;4  even  integral  powers  of  z" 
da)  dm          dz  z-  &       i 


since  both  functions  are  doubly-periodic  and  the  terms  independent  of  z 
vanish  for  both  functions.  It  is  easy  to  see  that  this  equation  merely 
expresses  the  fact  that  &,  which  is  equal  to 


.t,  in  the  vicinity  of  the  origin, 

92ip      6       1  . 

x^-  =  —  +  TQ  ffz  +  even  integral  powers  of  z, 

that 

dp       ,9p  3p      192g?      1 

77  fo  +  ^  9V +  ^  ^  i  +  3  a*  =  6 g* +  even  mtegral  powers  of  *- 

The  function  on  the  left-hand  side  is  doubly-periodic :  it  has  no  infinity 
the  origin  and  therefore  none  in  the  fundamental  parallelogram ;  it  there- 
•e  has  no  infinities  in  the  plane.  It  is  thus  constant  and  equal  to  its  value 
y  where,  say  at  the  origin.  This  value  is  \gz,  and  therefore 

9fP  ,     /^  ,  y/  x9f?         13aP  ,  1 

rj  ^  +  T;  ^-,  +  £(z)  •£-  =  -  -    4  +  -  gs 

do)         9co         x     30         3  dz2      6 

=  -2p-  +  to. 
*'s  equation,  when  combined  with 


*es  the  value  of  ~- 

The  equations  are  identically  satisfied.     Equating  the  coefficients  of 
the  expansions,  which  are  valid  in  the  vicinity  of  the  origin,  we  have 


d  equating  the  coefficients  of  24  in  the  same  expansions,  we  have 


3^  .     /  d,?s        1    o 

?;  -^-  +   97     ^-,  =  —  -  (702 

9w       '   3d)'         S-^" 

mce  for  any  function  u,  which  involves  «  and  CD'  and  therefore  implicitly 
rolves    o  and  (/a,  we  have 


du       ,  du         1  /      '  du  ,  2    „  du\ 

77  z \-    77     = .  =  —  - •       1  2(7., k    -  fl2  — -   1 


oince  fj?  is  sucn  a  mnction,  we  nave 


being  the  equations  which  determine  the  derivatives  of  g>  with  regard  to  the 
invariants  #2  and  ffa- 

The  latter  equation,  integrated  twice,  leads  to 

av         9(7    2.  2a<r    i     „  _n 
s^  ~  i^s  fy~  "  3  ^  a^a  +  12  flr'*"'7  ~  U) 

a  differential  equation*  satisfied  by  tr(z}. 

133.  The  foregoing  investigations  give  some  of  the  properties  of  doubly- 
periodic  functions  of  the  second  order,  whether  they  be  uneven  and  have  two 
simple  irreducible  infinities,  or  even  and  have  one  double  irreducible  infinity, 

If  a  function  U  of  the  second  order  have  a  repeated  infinity  at  z  =  y,  then 
it  is  determined  by  an  equation  of  the  form 

C7/B  =  4tta  [(Z7-  A)  (U-p.)  (U-v)], 
or,  taking  U—  ^  (X  +  /it  +  v)  =  Q,  the  equation  is 


where  e^  +  e»  +  ey  =  0.     Taking  account  of  the  infinities,  we  have 

Q  =  $  (az  -  07)  ; 
and  therefore      U  —  ^  (\  +  ^  -t-  v}  —  g>  (az  —  a^y) 

/     x         /     \ 
=  -  v  (a,)  -  «>  (07)  + 


by  Ex.  4,  p.  308.  The  right-hand  side  cannot  be  an  odd  function;  hence 
an  odd  function  of  the  second  order  cannot  have  a  reflated  infinity.  Similarly, 
by  taking  reciprocals  of  the  functions,  it  follows  that  an  odd  function  of  the 
second  order  cannot  have  a  repeated  zero. 

It  thus  appears  that  the  investigations  in  §§  120,  ]21  are  sufficient  for  the 
included  range  of  properties  of  odd  functions.  We  now  proceed  to  obtain 
the  general  equations  of  even  functions.  Every  such  function  can  (by  §  118, 
XIIL,  Cor.  1)  be  expressed  in  the  form  \a<@  (z)  +  b]  -f-  \c$  (z)  +  d},  and  its 
equations  could  thence  be  deduced  from  those  of  jjp  (z} ;  but,  partly  for 
uniformity,  we  shall  adopt  the  same  method  as  in  §  120  for  odd  functions. 
And,  as  already  stated  (p.  286),  the  separate  class  of  functions  of  the  second 


,  2o>'  be  its  periods  ;  and  denote  2co  +  2«'  by  2&>".     Then 

£  (*)-*(-*). 

ce  the  function  is  even  ;  and  since 

<£  (to  +  Z)  =  (J3  (—  ft)  —  Z) 

=  <£  (2<u  —  o>  —  2) 
=  0  (o>  -  z), 

follows  that'  $  (u>  +  z)  is  an  even  function.  Similarly,  <£  (&/  +  z)  and 
co"  +  #)  are  even  functions. 

Now  (/>(&>+  z),  an  even  function,  has  two  irreducible  infinities,  and  is 
dodic  in  2a>,  2o/;  also  </>  (0),  an  even  function,  has  two  irreducible  infinities 
:1  is  periodic  in  2co,  2<w'.  There  is  therefore  a  relation  between  <£  (z)  and 
co  +  2),  which,  by  §  118,  Prop.  XIII.,  Cor.  1,  is  of  the  first  degree  in  <£  (z) 
rl  of  the  first  degree  in  0  (&>  +  z)  ;  thus  it  must  be  included  in 

#</>  0)  $(u  +  z}-C<$>  (z}  ~C'(j>(a)+z)  +  A=>  0. 

it  <£  (z)  is  periodic  in  2w  ;  hence,  on  writing  z  +  a>  for  £  in  the  equation,  it 
somes 

J5<jf>  («  +  s)  0  (0)  -  Cty  (co  +  z)  -  C'$  (z)  +  A  =  0  ; 

is  G  =  C". 

If  B  be  zero,  then  G  may  not  be  zero,  for  the  relation  cannot  become 
inescent  :  it  is  of  the  form 

<jf)  (z}  +  (/>  (to  +  z}  =  A'  ...........................  (1). 

If  B  be  not  zero,  then  the  relation  is 


Treating  <p  (w  +  z}  in  the  same  way,  we  find  that  the  relation  between  it 
rl  $  (z)  is 

F<j>  (z)  <f)  (a)'  +  z)  -  1>0  (z)  ~  Dfi  (a'  +  z)  +  E  =  0, 

that,  if  F  be  zero,  the  relation  is  of  the  form 


d,  if  F  be  not  zero,  the  relation  is  of  the  form 


(p  \a)  -T  z)  T  y 

so  that  (£<»  +  (/>(<»  -M)  +  <£(«' 

Similarly,  from  (1)', 

<£  (0)  +  <£  (a,'  +  £)  +  $  (a, 

so  that  J.'  =  E',  and  then 


whence  w  -  w'  is  a  period,  contrary  to  the  initial  hypothesis  that  2<u  and  2&> 
determine  a  fundamental  parallelogram.  Hence  equations  (1)  and  (1)'  cannot 
coexist. 

II.  :  the  coexistence  of  (1)  with  (2)'.     From  (1)  we  have 


on  substitution  from  (2)'.     From  (2)'  Ave  have 


on  substitution  from  (1).     The  two  values  of  c/>  (&>"  +  z)  must  be  the  same, 

whence 

A'F-D  =  D, 

which  relation  establishes  the  periodicity  of  </>  (z}  in  2co",  when  it  is  considered 
as  given  by  either  of  the  two  expressions  which  have  been  obtained.     We 

thus  have 

A'F=W; 
and  then,  by  (1),  we  have 

<K*)-p  +  0(«  +  *)-;p  =  o; 

and,  by  (2)',  we  have 


If  a  new  even  function  be  introduced,  doubly-periodic  in  the  same  periods 
having  the  same  infinities  and  defined  by  the  equation 

0i  0)  =  0  0)  ~  j  , 
the  equations  satisfied  by  (^  (z]  are 


llttiy    UV>  iXWUlUCU.    UULdiU     U11COO    CU  UO/UIUIJLO    cUiC,   ill    lUiUJj    UIIC    OctlUC    Oti<3    UHUQC    aclUlOllCV.! 

an  odd  function  of  the  second  order. 

III.  :  the  coexistence  of  (2)  with  (1)'.     This  case  is  similar  to  II.,  with  the 
ult  that,  if  an  even  function  be  introduced,  doubly-periodic  in  the  same 
:-iods  having  the  same  infinities  and  defined  by  the  equation 

C 

02  0)  =  <£  (*)  -  £  , 

;  equations  satisfied  by  (f>.2  (z)  are 

02(«'  +  *0  +  4>2(*)  =  0  1 

02  («  4  z)  02  (^)  =  constant)  ' 

is,  in  fact,  merely  the  previous  case  with  the  periods  interchanged. 

IV.  :  the  coexistence  of  (2)  with  (2)'.     From  (2)  Ave  have 


_  (CD  -  AF)  6  Q)  -  (CE  -  AD} 
~  (BD  -  GF)  0  (z)  -  (BE  -  CD)  ' 
substitution  from  (2)'.     Similarly  from  (2)',  after  substitution  from  (2),  we 


rv-   -r";-(CF-B~D)<j>(z)~~+(CD-AF)- 
e  two  values  must  be  the  same ;  hence 

CD  -AF  =  -(CD-BE), 

ich  indeed  is  the  condition  that  each   of  the  expressions  for  0  (ca"  4-  z) 
•uld  give  a  function  periodic  in  2&>".     Thus 


One  sub-case  may  be  at  once  considered  and  removed,  viz.  if  C  and  D 
lish  together.  Then  since,  by  the  hypothesis  of  the  existence  of  (2)  and 
(2)',  neither  B  nor  F  vanishes,  we  have 

A         E 


bhat 


I  then  the  relations  are     0  (<u  -f  z)  +  0  (a/  +  z)  =  0, 

what  is  the  same  thing,          0  (z)  +  0  (eo"  +  z)  =  0) 
I  <f>  (z)  <j)  (w  +  z)  =  constant] 


JC.J.J.'      ~T  JLJJLJ    iJ\JJLS    j 

G  and  D  do  not  both  vanish,  and  neither  B  nor  F  vanishes. 
IV.  (1).     Let  neither  C  nor  D  vanish  ;  and  for  brevity  write 

Then  the  equations  in  IV.  are 


fa)+  E=0. 

Now  a  doubly-periodic  function,  with  given  zeros  and  given  infinities,  is 
determinate  save  as  to  an  arbitrary  constant  factor.     We  therefore  introduce 

an  arbitrary  factor  A,,  so  that 

<fi  =  \\lr, 

G  D 

and  then  taking  R\=CI>       W\~GS> 

A 

we  have  (^  -  d)  (fa  -  d)  =  d8  -        , 


E 


The  arbitrary  quantity  A,  is  at  our  disposal:  we  introduce  a  new  quantity 

defined  by  the  equation 

A          , 


and  therefore  at  our  disposal.     But  since 


A        E       0   G    D 
we  have  +       2  =  2  =  2clC;i, 


and  therefore  ,^  0  =  c3  (d  +  c.2)  —  d  c2. 

j'  A." 

Hence  the  foregoing  equations  are 

(•^  -  d)  (^i  -  d)  =  (Ci  -  CB)  (Ci  - 
(^  -  C3)  (i/r3  ~  C3)  =  (Gs  -  d)  (C3  ~ 

The  equation  for  fa,  which  is  <p(<a"  +  z),  is 


JO         JP  J3J} 

n  we  find  <£  +  §2  =  fa  +  <£3  =  2«; 

;aking  a  function  ^  —  4>  —  a> 

equation  becomes         %  C^)  +  %  (<«"  +  ^)  =  0. 

5  other  equations  then  become 

j 
«2  ~£ 

E 


therefore  they  are  similar  to  those  in  Cases  II.  and  III. 
If  JV  be  not  zero,  then  it  is  easy  to  shew  that 


n          f  \  (  r>         -J_  f 

1  then  the  equation  connecting  (f>  and  02  changes  to 

(^  —  Co)  (T/T,,  —  Co)  =  (GO  —  d)  (C2  —  C; 

ich,  with  (i/r  — 


relations  between 


i  -  d)  =  (d  -  c2)  (d  ~  c:i) 
\ /          \  ,  \ 

»  ~  C3j  —  (,C;j  —  CqJ  ^C;!  —  Coj    7 

•a,  T/r3>  where  the  quantity  Co  is  at  our  disposal. 


IV.  (2).  These  equations  have  been  obtained  on  the  supposition  that 
ther  C  nor  D  is  zero.  If  either  vanish,  let  it  be  G:  then  D  does  not 
lish;  and  the  equations  can  be  expressed  in  the  form 

=  E 


_  E(D°--EF} 
FD- 

2  therefore  obtain  the  following  theorem  : — 

If  0  be  an  even  function  doubly -periodic  in  2co  and  2o/  and  of  the  second 
Her,  and  if  all  functions  equivalent  to  ^>  in  the  form  R<f>  +  S  (where  R  and 
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S  are  constants)  be  regarded  as  the  same  as  $,  than  either  the  fimction  satisfies 

the  system  of  equations 

</>  0)  +  <£  (w  +  z)  =  0      j 

00)     </>O'  +  £)  =  #      - (I)*, 

0  (z)     0  (o>"  +  z)  =  -H 

where  H  is  a  constant;  or  it  satisfies  the  system  of  equations 
{0  (z)  -  d}  (0  (o>  +  z]  -  d}  =  (d  -  Ca)  (d  -  o.,)  | 

{0  (z}  -  cy}  {0  (at  +2)-  c.}  =  (cs  -  Ca)  (c3  -  ca)  I  (II), 

10  (z)  -  C2}  {(/>  (&)"  +  2-)  -  Co}  =  (C2  -  d)  (ca  -  C3)  ) 

where  of  the  three  constants  d,  c2)  c3  oree  can  be  arbitrarily  assigned. 
We  shall  now  very  briefly  consider  these  in  turn. 

135.  So  far  as  concerns  the  former  class  of  equations  satisfied  by  an  even 
doubly-periodic  function,  viz., 

<j>  (a)  +  <f)  (o)  +  z)  =  0 

0  (z)     <l>((o'  +  z)  =  H 
we  proceed  initially  as  in  (§  120)  the  case  of  an  odd  function.     We  have  the 
further  equations 

0(5)  =  £(-*), 

<f>(o>  -\-  z)=  (f>(w  —  z),        <p  (ca'  +  z)  —  0  (a)'  —  z). 
Taking  z  =  —  %&,  the  first  gives 

0(»  +  c/)(i(y)  =  0) 

so  that  |-w  is  either  a  zero  or  an  infinity. 
If  £  o>  be  a  zero,  then 

0  (f- &>)  =  0  (QJ  +  i-eo)  =  —  <jb  (£&>)  by  the  first  equation 

=  0, 
so  that  ^o)  and  f  <w  are  zeros.     And  then,  by  the  second  equation, 

CD'  +  -^  CD,       co'  +  -|  w 

are  infinities. 

If  ^w  be  an  infinity,  then  in  the  same  way  §&>  is  also  an  infinity;  and 
then  co'  +  %w,  co'  +  f  co  are  zeros.  Since  these  amount  merely  to  interchanging 
zeros  and  infinities,  which  is  the  same  functionally  as  taking  the  reciprocal  of 
the  function,  we  may  choose  either  arrangement.  We  shall  take  that  which 


"  +  ft),  ft>"  +  &)',  a/'  +  ft)",  that  is,  the  irreducible  zeros  of  0'  (z)  are  0,  &>,  &>',  &)". 
loreover 

0  (0)  +  0  (&))  =  0, 

0(ft/)  +  0(a/')  =  03 

y  the  first  of  the  equations  of  the  system  ;  hence  the  relation  between  0  (z) 
nd  0'  (z)  is 

0'  •(*)  =  A  {0  co  -  0  (0)}  {0  (5)  -  0  («)}  (0  0)  -  0  («')}  {0  (*)  -  ^  (a,")} 


iince  the  origin  is  neither  a  zero  nor  an  infinity  of  <£  (z),  let 


D  that  0i  (0)  is  unity  and  0/(0)  is  zero;  then 

0/2  (z)  =  X2  {1  -  0f  (^)}  [^  -  0r  (2)] 
lie  differential  equation  determining  0a  (^). 

The   character   of  the  function  depends  upon  the  value   of  /uu  and  the 
onstant  of  integration.    The  function  may  be  compared  with  en  u,  by  taking 

a),  2&)'  =  47f,  2K+2iK';    and  with  ,  by   taking   2a),    2<y'  =  27f,  4^', 


^hich  (§  131,  note)  are  the  periods  of  these  (even)  Jacob  ian  elliptic  functions. 

We  may  deal  even  more  briefly  with  the  even  function  characterised  by 
he  second  class  of  equations  in  §  134.  One  of  the  quantities  d,  c«,  c3  being 
t  our  disposal,  we  choose  it  so  that 

c,  +  c2  +  c3  =  0  ; 

,ud   then   the   analogy  with   the  equations    of  Weierstrass's  g?-function  is 
oraplete  (see  §  133). 


CHAPTEE  XII. 

PSEUDO-PERIODIC  FUNCTIONS. 

136.  MOST  of  the  functions  in  the  last  two  chapters  are  of  the  type 
called  doubly-periodic,  that  is,  they  are  reproduced  when  their  arguments  are 
increased  by  integral  multiples  of  two  distinct  periods.  But,  in  §§  127,  130, 
functions  of  only  a  pseudo-periodic  type  have  arisen:  thus  the  ^-function 
satisfies  the  equation 

£  (z  +  m2w  +  m'2w')  =  £(#) 
and  the  o--f  unction  the  equation 

m"2a)')  -  (—  1)'"™'+'"+™' 


These  are  instances  of  the  most  important  classes  :  anil  the  distinction 
between  the  two  can  be  made  even  less  by  considering  the  function 
^(z),  when  we  have 


f  0  +  mZu  +  m'2«')  =  e2'""  eam'"'  £  (e). 

In  the  case  of  the  ^-function,  an  increase  of  the  argument  by  a  period  leads 
to  the  reproduction  of  the  function  multiplied  by  an  exponential  factor 
that  is  constant.  In  the  case  of  the  cr-function,  a  similar  change  of  the 
argument  leads  to  the  reproduction  of  the  function  multiplied  by  an 
exponential  factor  having  its  index  of  the  form  az  +  b. 

Hence,  when  an  argument  is  subject  to  periodic  increase,  there  are  three 
simple  classes  of  functions  of  that  argument. 

First,  if  a  function  f(z)  satisfy  the  equations 

/(*  +  2«)  =/(*),        /(*  +  2o,')  =/», 

it  is  strictly  periodic:  it  is  sometimes  called  a  doubly  -periodic  function  of  the 
first  kind.  The  general  properties  of  such  functions  have  already  been 
considered. 


such  a  function  is  a  doubly-periodic  function  of  the  first  kind. 
Thirdly,  if  a  function  (f>  (z)  satisfy  the  equations 

0  (z  +  2o>)  =  eaz+b  $  (z),         (f>(z+2co')  =  en'z+l>'  0  (z), 

ere  a,  b,  af,  b'  are  constants,  it  is  pseudo-periodic  :  it  is  called  a  doiibly- 
"iodic  function  of  the  third  kind..  The  second  derivative  of  the  logarithm 
such  a  function  is  a  doubly-periodic  function  of  the  first  kind. 

The  equations  of  definition  for  functions  of  the  third  kind  can  be 
dined.  We  have 

<£  (z  +  2o>  +  2<a')  =  eaiz+2^+b+a'z+b>  <f>  (z) 


ence  aw  —  aw  —  — 

ere  in  is  an  integer.     Let  a  new  function  E  (z)  be  introduced,  defined  by 

3  equation 

E(z)  =  eKz"-+*z<l>(z}; 

3n  A,  and  p  can  be  chosen  so  that  E(z)  satisfies  the  equations 
E(z  +  2co)  =  E  (z),         E(z  +  2o>')  =  eAz+B  E  (z}. 
om  the  last  equations,  we  have 

E  (z  +  2o>  +  2o>')  = 


that  2^iw  is  an  integral  multiple  of  2,7ri. 
Also  we  have        E  (z  +  2o>)  =  e  ^+^r-+^+^}  0  (^  +  2cw) 


that  4A,w  4-  ct  =  0, 

d  4Xo>2  +  2/Aw  +  6  =  0  (mod. 

:nilarly,  ^(^  +  2cw/)  =  eA(2+2w'j;:+'A(2+2lo')  0  («  +  2a>') 


that  4X&)'  +  a'  =  .4, 

d  4W2  +  2/A&)'  +  6'  ='£  (mod.  Zrri). 

om  the  two  equations,  which  involve  \  and  not  ^  we  have 

^.co  =  a'  oj  —  a&/ 

=  —  imri, 

reeing  with  the  result  that  2J.w  is  an  integral  multiple  of  2?™'. 
And  from  the  t^vo  equations,  which  involve  u,,  we  have,  on  the  elimination 
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when  eB  is  not  unity.  Hence  A,  and  therefore  ?TI,  may  be  assumed  to  be 

different  from  zero  for  functions  of  the  third  kind.     Take  a  new  function 
<D>0),  such  that 


then  <E>  (z)  satisfies  the  equations 

_miri  n 

<E>  (z  +  2&>)  =  <E>  (*),         4>  (z  -I-  2o>')  =  e  "«"  s  4>  (2), 

which  will  be  taken  as  the  canonical   equations   defining  a  doubly  -periodic 
function  of  the  third  kind. 

Ex.     Obtain  the  values  of  A,  /n,  A,  B  for  the  Weierstraasian  function  or  (2). 

We  proceed  to  obtain  some  properties  of  these  two  classes  of  functions 
which,  for  brevity,  will  be  called  secondary  -periodic  functions  and  tertiary- 
periodic  functions  respectively. 

Doubly-Periodic  Functions  of  the  Second  Kind. 

For  the  secondary-periodic  functions  the  chief  sources  of  information  are  :  — 

Hermite,  Comptes  Rendus,  t.  liii,  (1861),  pp.  214—228,  ib.,  t.  Iv,  (1862),  pp.  11—18, 
85  —  91;  Sur  quelques  applications  des  f  auctions  elliptiqiies,  §§  i  —  in,  separate 
reprint  (1885)  from  Comptes  Rendus;  "Note  sur  la  theorie  des  functions  ellip- 
tiques"  in  Lacroix,  vol.  ii,  (6th  edition,  1885),  pp.  484  —  491;  Cours  d'  Analyse, 
(4n'°  cd.),  pp.  227  —  234. 

Mittag-Leffler,  Comptes  Rendus,  t.  xc,  (1880),  pp.  177—  -1.80. 

Probenius,  Orelle,  t.  xciii,  (1882),  pp.  53—68. 

Brioschi,  Comptes  Rendus,  t.  xcii,  (1881),  pp.  325  —  328. 

Halphen,  Traite  des  fonctions  elliptiques,  t.  i,  pp.  225—238,  411—426,  438—442,  463. 

137.  In  the  case  of  the  periodic  functions  of  the  first  kind  it  was  proved 
that  they  can  be  expressed  by  means  of  functions  of  the  second  order  in  the 
same  period  —  these  being  the  simplest  of  such  functions.  It  will  now  be 
proved  that  a  similar  result  holds  for  secondary-periodic  functions,  defined  by 
the  equations 


Take  a  function  G>(z)=  —  ^  —  ^A  eKz\ 

^         a-(z)o-(a,) 

then  we  have  Q  (z  +  2»)  =  */*  +  a  + 

v  '        - 


*  G  0), 

and  G  (z  +  2o/)  =  e*»'«+sw  (?  (*). 

The  quantities  a  and  A,  being1  unrestricted,  we  choose  them  so  that 


/  (Z)  —  JF  (Z)  Or  (U  —  Z). 

2co)  =  F(z+2co)G(u-z-  2o>) 


=/(*); 

y          /(*+2o>')  =/(*), 

)  is  a  doubly-periodic  function  of  the  first  kind  with  2co  and  2o>' 

ds. 

i  of  the  residues  of  f(z)  is  therefore  zero.     To  express  this  sum, 

)tain  the  fractional  part  of  the  function  for   expansion  in  the 

jach  of  the  (accidental)  singularities  of  f(z),  that  lie  within  the 

in  of  periods.     The  singularities  of  f(z)  are  those  of  Gr  (u  —  z]  and 

*)•. 

g  the  parallelogram  of  reference  so  that  it  may  contain  u,  we  have 
only  singularity  of  Gr  (u  —  z)  and  it  is  of  the  first  order,  so  that, 

G  (£)  =  -p  +  positive  integral  powers  of  £ 
ity  of  £=0,  we  have,  in  the  vicinity  of  u, 
'  (u)  +  positive  integral  powers  of  u—z]  j  --  (-  positive  powers  }• 

'  _     +  positive  integral  powers  of  z  —  u  ; 

esidue  of  f(z)  for  u  is  —  F  (u). 

c  be  a  pole  of  F(z)  in  the  parallelogram  of  order  n+  1;  and,  in 
•  of  c,  let 

„    d  (    1   \  ~       d 

I  +  °*  dz  (z~-  c)  +'~  +  Cn+id 
it  vicinity 


ire  the  coefficient  of  -  in  the  expansion  of  f(z)  for  points  in  the 
z  —  c 

3  is 

"  c)  +  C'2  ~6~iL  G  (u  ~  c)  +  °3  dtf  G(u~  c)  +  ••'  +  °n+1  H^  G(U~^> 
erefore  the  residue  off(z)  for  c. 

dng  the  form  of  the  residue  of  f(z)  for  each  of  the  poles  of  F(z), 
thp.  snm  nf  thfi  rp.sidnfis  is  zero,  we  have 


L  il  -1 

where  the  summation  extends  over  all  the  poles  of  F(z)  within  that  parallelo- 
gram of  periods  in  which  z  lies!1     This  result  is  clue  to  Hermite. 

138.  It  has  been  assumed  that  a  and  X,  parameters  in  G,  are  determinate, 
an  assumption  that  requires  p  and  /jf  to  be  general  constants :  their  values 

are  given  by 

rja  -f  «X  =  -|  log  (i,     tj'a  -j-  &/X  =  \  log  fi, 

and,  therefore,  since  *?&/  —  TJ'CO  =  ±  \VJT,  we  have 

«'  log  IJL  —  a)  log  /jb'  ^| 
=  -  j]  log  p  +  77  log  jjf  I  ' 
Now  X  may  vanish  without  rendering  G  (z}  a  null  function.     If  a  vanish  (or, 
what  is  the  same  thing,  be  an  integral  combination  of  the  periods),  then  G  (z) 
is  an  exponential  function  multiplied  by  an  infinite  constant  when  X  does  not 
vanish,  and  it  ceases  to  be  a  function  when  X  does  vanish.     These  cases  must 
be  taken  separately. 

First,  let  a  and  X  vanish*;  then  both  fi  and  /*'  are  unity,  the  function  F 
is  doubly -periodic  of  the  first  kind;  but  the  expression  for  F  is  not  determinate, 
owing  to  the  form  of  G.  To  render  it  determinate,  consider  X  as  zero  and  a, 
as  infinitesimal,  to  be  made  zero  ultimately.  Then 

G  (z)  = j— —  (1  +  powers  of  a  higher  than  the  first) 

Cfccr  \z j 

=  -  +  £(z)  +  positive  powers  of  a. 

Cb 

Since  a  is  infinitesimal,  JJL  and  p!  are  very  nearly  unity.  When  the 
function  F  is  given,  the  coefficients  Glt  0,, ...  may  be  affected  by  «.,  so  that 
for  any  one  we  have 

Qfc  =  &A  +  <Wk  +  higher  powers  of  a, 

where  7^  is  finite ;  and  bk  is  the  actual  value  for  the  function  which  is  strictly 
of  the  first  kind,  so  that 

26,  =  0, 

the  summation  being  extended  over  the  poles  of  the  function.    Then  retaining 
only  a~l  and  ct°,  we  have  ' 


j.-  w  —  ^o  -r  ^      1/1  i,  \*  —  u,  -r  i/2  ^  i,  ^  —  o;  -r  .  .  .  T  vn+i  ^  <a  \*  ~  ^)     > 

h  the  condition  261  =  0,  a  result  agreeing  with  the  one  formerly  (§  128) 
•allied. 

When  F  is  not  given,  but  only  its  infinities  are  assigned  arbitrarily,  then 
=  0  because  F  is  to  be  a  doubly-periodic  function  of  the  first  kind;  the 

m  -  S(7  vanishes,  and  we  have  the  same  expression  for  F(z)  as  before. 
ct 

Secondly,  let  a  vanish*  but  not  \,  so  that  p  and  p!  have  the  forms 

p  =  e-^,    ft'  =  eaw. 

:  take  a  function  g  (z)  =  e*z  £(z)  ; 

m  g(z-2a))  =  /j,-le^  £(z-2a>) 

=  ?-***  {£(«)  -277} 
=  f*-l{g(z')-2rie*z}, 

I  g(z-2o>')  =  ^{g(z)-2^}. 

reducing  a  new  function  H  (z)  defined  by  the  equation 

H(z)  =  F(z}g(u-z), 
have  H(z  +  2w)  =  H(z)-  ^e^u~z)  F(z], 


isider  a  parallelogram  of  periods  which  contains  the  point  u\  then,  if  ®  be 
sum  of  the  residues  of  H(z]  for  poles  in  this  parallelogram,  we  have 


integral  being  taken  positively  round  the  parallelogram.     But,  by  §  116, 
»p.  II.  Cor.,  this  integral  is 

-^+ZMt)  F(p  +  Scot)  dt  -  a}'ij  r  e-A(z»+8»'o  f  (p  +  g^)  dt  }  , 

o  .'o  ) 

3re  p  is  the  corner  of  the  parallelogram  and  each  integral  is  taken  for 
[  values  of  t  from  0  to  1.  Each  of  the  integrals  is  a  constant,  so  far  as 
cerns  u  ;  and  therefore  we  may  take 


quantity  inside  the  above  bracket  being  denoted  by  —  ^iirA. 

The  residue  of  H  (z}  for  z  =  u,  arising  from  the  simple  pole  of  g  (u  —  z),  is 

\u)  as  in  §  137. 

If  z  =  c  be  an  accidental  singularity  of  F(z)  of  order  n  +  1,  so  that,  in  the 

nity  of  z  =  c, 

F(z)  =  C,  ^—  +  C2^(~]  +  ...  +  CW£=(— 
^  '         z  —  c          dz  \z-cj  dzn  \z-c 

*  This  is  discussed  by  Mittag-Leffler,  (I.e.,  p.  322). 


and  similarly  for  all  the  other  accidental  singularities  of  F(z).     Hence 


i  +  0,  ~  +  ...  +  Cn+l" 


or 


where  the  summation  extends  over  all  the  accidental  singularities  of  F  (z)  i 
parallelogram  of  periods  which  contains  z,  and  g  (z)  is  the  function  exz  £ 
This  result  is  due  to  Mittag-Leffler. 
Since  //,  =  e-K<a  and 

g  (z  -  c  +  2ft>)  =  pg  (z  -  c)  + 
we  have 


and  therefore  S  (G,  +  CU,  +  .  .  .  +  0n+1Xn)  e~Ac  =  0, 

the  summation  extending  over  all  the  accidental  singularities  of  F  (z).     r. 

same  equation  can  be  derived  through  p!F(z)  =  F(z  +  2o/). 

'Again  SCd  is  the  sum  of  the  residues  in  a  parallelogram  of  periods,  ; 
therefore 


the  integral  being  taken  positively  round  it.    If  p  be  one  corner,  the  integn 
2o>  (1  -  ijf)  (*F(p  +  2cot)  ci«  -2u'(I-  ^r  F(p+  2o>'t)  d«, 


each  integral  being  for  real  variables  of  t. 

Hermite's  special  form  can  be  derived  from  Mittag-Leffler's  by  mal< 
X  vanish. 

Note.  Both  Hermite  and  Mittag-Leffler,  in  their  investigations,  h 
used  the  notation  of  the  Jacobian  theory  of  elliptic  functions,  insteac 
dealing  with  general  periodic  functions.  The  forms  of  their  results  ar< 
follows,  using  as  far  as  possible  the  notation  of  the  preceding  articles. 

I.     When  the  function  is  defined  by  the  equations 

F  (z  4-  2K)  =  fj.F  0),      F  (z  +  2iK'}  =  p!F  (z\ 


then  JF(*)  =  t  {(C\  +  a      +  ...  +  (7?l+1          G  (z-  c), 

i.  nt\ 

where  Cr  (z)  = 
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(the  symbol  H  denoting  the  Jacobian  ^-function),  and  the  constants  «  and  X 
are  determined  by  the  equations 


II.  If  both  \  and  a  be  zero,  so  that  F(z)  is  a  doubly-periodic  function 
of  the  first  kind,  then 

rr/N     n  .  *  [7    .  7    d  dn]  H'(z-c) 

*  (*)  ==  C/o  +  2  i&i  +  &2-5-  +  ...  +  bn+l  -=-4  -——-'  , 
(  dz  dzn)   H(z-^-G) 

with  the  condition  5$i  =  0. 

III.  If  a  be  zero,  but  not  X,  then 


where 


the  constants  being  subject  to  the  condition 

2  (0,  +  Cz\  +  . . .  +  (7?l+1X?l)  e~*°  =  0, 

and  the  summations  extending  to  all  the  accidental  singularities  of  F  (z)  in  a 
parallelogram  of  periods  containing  the  variable  z. 

139.     Reverting  now  to  the  function  F  (z),  we  have  G  (z\  defined  as 

(T  \Z*  ~"i""  Co  j         ,. 
p<\£ 

a-  (z)  a  (a)       ' 

when  a  and  X  are  properly  determined,  satisfying  the  equations 
G  (z  +  2«)  =  fiG  (z\     G(z  +  2o/)  =  fju'G  (z). 

Hence  £1  (z)  =  F(z)/G  (z)  is  a  doubly-periodic  function  of  the  first  kind;  and 
therefore  the  number  of  its  irreducible  zeros  is  equal  to  the  number  of  its 
irreducible  infinities,  and  their  sums  (proper  account  being  taken  of  multi- 
plicity) are  congruent  to  one  another  with  moduli  2co  and  2<a'. 

Let  G1,  cs,  ...,  cm  be  the  set  of  infinities  of  F  (z)  in  the  parallelogram  of 
periods  containing  the  point  z\  and  let  7l5  ...,  7^  be  the  set  of  zeros  of  F(z) 
in  the  same  parallelogram,  an  infinity  of  order  n  or  a  zero  of  order  n  occurring 
n  times  in  the  respective  sets.  The  only  zero  of-G(z)  in  the  parallelogram  is 
congruent  with  —  a,  and  its  only  infinity  is  congruent  with  0,  each  being 


function  of  the  second  kind  in  a  parallelogram  of  periods  is  equal  to  the 
number  of  its  zeros,  and  that  the  excess  of  the  sum  of  the  former  over  the  sum 
of  the  latter  is  congruent  with 


the  sign  being  the  same  as  that  of  ))t  (  — 

The  result  just  obtained  renders  it  possible  to  derive  another  expression 
for  F(z),  substantially  due  to  Hermite.     Consider  a  function 

~CI     f  y\    ___>  /!/  \  '^' _!.""__  -     -     /'"''     /3p~ 

a  (#  —  GI)  <r  (0  —  Co)  ...  cr  (z  —  C?)l)        ' 

where  p  is  a  constant.  Evidently  F-L  (z)  has  the  same  zeros  and  the  same 
infinities,  each  in  the  same  degree,  as  F  (z).  Moreover 

F^z+Zu'^F^z} 
If,  then,  we  choose  points  c  and  7,  such  that 

2c  —  2/y  =  a, 
and  we  take  p  =  \  where  a  and  X  are  the  constants  of  G  (z),  then 

F!  (z  +  2e»)  =  fjiF-L  (z),     Fl  (z  +  2o/)  =  p'F-i  (z). 

The  function  FI(z)/F(z)  is  a  doubly-periodic  function  of  the  first  kind,  and 
by  the  construction  of  F:(z)  it  has  no  zeros  and  no  infinities  in  the  finite 
part  of  the  plane :  it  is  therefore  a  constant.  Hence 


cr  0  -  Cj)  cr  (2  -  Co)  ...  <r(z  —  cm)       ' 
where  Sc  -  ^7  =  a,  and  a  and  A.  are  determined  as  for  the  function  Gr  (z). 

140.  One  of  the  most  important  applications  of  secondary  doubly-periodic 
functions  is  that  which  leads  to  the  solution  of  Lam6's  equation  in  the  cases 
when  it  can  be  integrated  by  means  of  uniform  functions.  This  equation 
is  subsidiary  to  the  solution  of  the  general  equation,  which  is  characteristic 
of  the  potential  of  an  attracting  mass  at  a  point  in  free  space ;  and  it  can  be 
expressed f  either  in  the  form 

d"w 
-j^ 

or  in  the  form  ™ 

*  Frobenius,  Crelle,  xciii,  pp.  55— G8,  a  memoir  which  contains  developments  of  the  properties 
of  the  function  G  (z\.    The  result  annp.n.vs  tr>  lin.vp  IIPPTI  nnt.ir»nrl  five*  h-,r  T!,.;,->C-^I,;   m^ *„„  T>...J..  . 


integer;  this  value  of  A,  moreover,  is  the  value  that  occurs  most  naturally  in 
the  derivation  of  the  equation.     The  constant  B  can  be  taken  arbitrarily. 

The  foregoing  equation  is  one  of  a  class,  the  properties  of  which  have 
been  established*  by  Picard,  Floquet,  and  others.  Without  entering  into 
their  discussion,  the  following  will  suffice  to  connect  them  with  the  secondary 
periodic  function. 

Let  two  independent  special  solutions  be  </(>)  and  h(z),  uniform  functions 
of  z\  every  solution  is  of  the  form  ag(z}  +  /3h  (z),  where  a  and  /B  are  constants.. 
The  equation  is  unaltered  when  z  +  2o>  is  substituted  for  z\  hence  g(z  4-  2&>) 
and  h  (z  +  2&>)  are  solutions,  so  that  we  must  have 

g(z  +  2w)  =  Ag  (z)  +  Bh  (z),     h  (z  +  2a>)  =  Gg  (z}  +  Dh  (z}, 

where,  as  the  functions  are  determinate,  ^L,  B,  C,D  are  determinate  constants, 
such  that  AD  —  BG  is  different  from  zero. 

Similarly,  we  obtain  equations  of  the  form 

g(z  +  2ft)')  =  A'g  (z)  +  B'h  (z),     h  (z  +  2o>')  =  G'g  (z)  +  D'h  (z). 
Using  both  equations  to  obtain  g  (z  +  2o>  +  2o>')  in  the  same  form,  we  have 

BG'  =  B'G,    AS'  +  BD'  =  A'B  +  B'D; 
and  similarly,  for  h  (z  +  2<a  +  2«'),  we  have 

CfA+D'C,    BC'^B'C; 


*i      f  C-°'-*     A-D_A-D'_ 

tneretore  -^  —  -757  —  o,          75      —       TV      —  e. 

Let  a  solution  F(z)  —  ag  (z)  +  Wi  (z) 

be  chosen,  so  as  to  give 


if  possible.     The  conditions  for  the  first  are 

aA  +  bC  =  aB  +  bD  = 
a        ~        b        ~~  IM' 

so  that  a/b  (=  f)  must  satisfy  the  equation 

^-D=P-|; 

and  the  conditions  for  the  second  are 

aA'  +  b(r_aB'+bD'_    , 
'"~^T~  b         ~P" 

*  Pin.n.r^.   nnmntes  Rendus.   t.  xc.  Q880).   ur>.   128—131.  293—295:    Crelle.    t.  xc,   (1880), 


let  /*],  fa  and  yU2,  p»  be  the  corresponding  values  of  p,,  //.  Then  two  functions, 
say  FT.  (z)  and  F,2  (z}}  are  determined  :  they  are  independent  of  one  another,  so 
therefore  are  g  (z)  and  h  (z}  ;  and  therefore  every  solution  can  be  expressed  in 
terms  of  them.  Hence  a  linear  differential  equation  of  the  second  order,  having 
coefficients  that  are  doubly-periodic  functions  of  the  first  kind,  can  generally  be 
integrated  by  means  of  doubly  -periodic  functions  of  the  second  kind. 

It  therefore  follows  that  Lamp's  equation,  which  will  be  taken  in  the  form 


/   \         -n 

—  -—  =  (z)  +  B, 

•w  dz-         x          /  !>  \  /         ' 

can  be  integrated  by  means  of  secondary  doubly-periodic  functions. 

141.     Let  Z—G  be  an  accidental  singularity  of  w  of  order  m;  then,  for 
points  z  in  the  immediate  vicinity  of  c,  we  have 

A 

c)a 


and  therefore 

1  d"w     m  +  m?     2mp 


w    *          -  c  °f  *  ~ 

Since  this  is  equal  to  n  (n  +  1)  p  (z}  +  B 

it  follows  that  c  must  be  congruent  to  zero  and  that  m,  a  positive  integer, 
must  be  ??,  Moreover,  p  =  0.  Hence  the  accidental  singularities  of  w  are 
congruent  to  zero,  and  each  is  of  order  n. 

The  secondary  periodic  function,  which  has  no  accidental  singularities 
except  those  of  order  n  congruent  to  *=  0,  has  n  irreducible  zeros.  Let  them 
be  -ttj,  -a,,  ...,  -an;  then  the  form  of  the  function  is 

an) 


TT  1  dw  ,  ,         » 

Hence  7,,7,~*  =  P-nS(z}+  2  S(z  + 


dz  r=1 


or,  taking  p  =  -  2£(ar),  we  have 
1  dw      l 


and  therefore 


u,w  \  j   V    &    V^r/  —  (r  \*/( 

71        f(S)'  (ft  .)  &)'  (a 

•— ?  Jf.     ^      J  . — y    —I—  i     J*. 

*     •"       )    //,  ( „    \          tn  t  a\    \        '2 


Ex.  4,  §  131.     Thus 


)W 


-  g,  +  p7  (a.0  g>7  («,)  -  {^  («,-)  '+  %>'  (a,)} 


lere 


p  (a,.)  -  $  (ag) 
Let  the  constants  a.  be  such  that 


?*!  +  P_^ii±iLVM  +      =  o 
p  (ttj)  -  g>  (OB)       p  (aj)  -  ^  (a.,) 

/  (Oa)  +  g>"  (aQ       g>7  (Oa)  +  ^  Os)    ,          =  A 


equations  of  which  only  %  —  1  are  independent,  because  the  sum  of  the  n 
ft-hand  sides  vanishes.     Then  in  the  double  summation  the  coefficient  of 

,ch  of  the  fractions  &y^  ~  ^/    ?  is  z^°  ',  and  so 


=  2?i  (n  - 1)  p  (^)  +  4  (n  - 1)  2 
tcl  therefore         -  j^  =  n  (n  +  1)  %>  (z)  +  (2n  -  1)  2  p  (ar). 

W    Ct^2  »•  =  ! 

ence  it  follows  that 


=       -=  -• 

fame's  equation,  provided  the  n  constants  a  ~be  determined   ly  the 
w.edina  ecniations  and  by  the  relation 


is  another  solution.     Every  solution  is  of  the  form 


where  M  and  N  are  arbitrary  constants. 

COROLLARY.     The  simplest  cases  are  when  n  =  1  and  n  =  2. 
When  n  —  13  the  equation  is 

1     d"W         n      /    \     ,      7D 

-  -r;  =  20  (z)  +  B  ; 
w  dz-        *  v 

there  is  only  a  single  constant  a  determined  by  the  single  equation    • 


and  the  general  solution  is 


r  •«»  +  N 


-- 

o-  0)  <r  (z) 

When  n  =  2,  the  equation  is 

1  dhu 


The  general  solution  is 


r, 

-  -r-r  J3. 

w  dz* 


where  a-  and  6  are  determined  by  the  conditions 


Rejecting  the  solution  a  +  6  =  0,  we  have  a  and  b  determined  by  the  equations 
&  (a)  +  p  (6)  =  J5,        p  (a)  p  (6)  =  ^S"  -  i^r,. 

For  a  full  discussion  of  Lame's  equation  and  for  references  to  the  original  sources  of 
information,  see  Halpheu,  Traits  des  fonctions  dliptiques,  t.  ii,  chap,  xu.,  in  particular, 
pp.  495  ct  aeq. 

Ex.     When  Lame's  equation  has  the  form 

1  d?w        .  ,„     „       , 

--  r»=n  (n+l)  K*  &n.£  z  -  k, 
w  dzl        ^        '  ' 

obtain  the  solution  for  n  =  l,  in  terms  of  the  Jacobian  Theta-Functions, 


.  n- 

w  =  A  —  v  .  .   '  e      ®  H  +  B  -•     .  v  -  e   ©  Cw>  , 

e  (s)  e  (a)  ' 

•where  co  is  determined  by  the  equation  dn2<a  =  7i-#2;   and  discuss  in  particular  the 
solution  when  k  has  the  values  1  +  F,  1,  A2. 
Obtain  the  solution  for  %  =  2  in  the  form 


dz 


"  3&  an*  a  -  2  (1  +  F)  sn2'  a-f  1 


3Fsn*tt-2(l+P)sn2a  +  l' 
and  a  is  derived  from  h  by  the  relation 

7i  =  4(l+£2)-67<;2sn2a. 

Deduce  the  three  solutions  that  occur  when  X  is  zero,  and  the  two  solutions  that  occur 
when  X  is  infinite.  (Hcrmite.) 

Doubly-Periodic  Functions  of  the  Third  Kind, 

142.  The  equations  characteristic  of  a  doubly-periodic  function  <5E>  (#)  of 
the  third  kind  are 

<3>  (z  +  2co)  =  <3?  (z),     <£  (z  +  2o>')  =  e~~  *  3?  (z), 
where  m  is  an  integer  different  from  zero. 

Obviously  the  number  of  zeros  in  each  parallelogram  is  invariable,  as  well 
as  the  number  of  infinities.  Let  a  parallelogram,  chosen  so  that  its  sides 
contain  no  zero  and  no  infinity  of  <fr  (z),  have  p,  p  +  2«;  p  +  2&>'  for  three 
of  its  angular  points;  and  let  al3  aa,  . ..,  ai  be  the  zeros  and  c1}  ...,  cm  be  the 
infinities,  multiplicity  of  order  being  represented  by  repetitions.  Then  using 

VF  (z)  to  denote  -y-  {log  <J>  (z)},  we  have,  as  the  equations  characteristic  of 


^  (z  +  2w)  =  ^  (^),     ¥  («  +  20,7)  = 

and  for  points  in  the  parallelogram 

1       1  ?t       1 

^00=2—  ---  2   .— 

?•=!  Z  —  dp       ,9=1  ^        Cg 

where  H  (z}  has  no  infinity  within  the  parallelogram.     Hence 


the  integral  being  taken  round  the  parallelogram  :  by  using  the  Corollary  to 
Prop.  II.  in  §  116,  we  have 

•     ,   1  \ 

(  I  -  ii)  =  — 


p 

so  that  I  =  n  +  m  : 


0> 


or  the  algebraical  excess  of  the  number  of  irreducible  zeros  over  the  number  of 
irreducible  infinities  is  equal  to  m. 

z  u- 

Again,  since  ----  =  1  + 


z  —  u,  z  —  p, 

-VTf  /_\  _ZT  /_\ 


)dz-          \W9(z)  -  —  '(z  +  Zu")\  dz. 
p  J  P       (  a>  J 


The  former  integral  is 
2. 


77171-1 


for  the  side  of  the  parallelogram  contains*  no  zero  and  no  infinity  of  <t>  (z). 
The  latter  integral,  with  its  own  sign,  is 


-  2o/  —->-.  dz  +  0  +  2o/)  dz 

<E>  (»  o) 


=  0  +  {(p  +  2o>  +  2o/)2  -  0?  +  2o>')2} 

=  2wjri  (p  +  co  -(-  2cu'). 

Hence  So,  —  2c  =  ?w  (w  +  2w'), 

giving  ^/ie  excess  of  the  sum  of  the  zeros  over  the  sum  of  the  infinities  in  any 
parallelogram  chosen  so  as  to  contain  the  variable  z  and  to  have  no  one  of  its 
sides  passing  through  a  zero  or  an  infinity  of  the  function. 

These  will  be  taken  as  the  irreducible  zeros  and  the  irreducible  infinities  : 
all  others  are  congruent  with  them. 

All  these  results  are  obtained  through  the  theorem  II.  of  §  116,  which 
assumes  that  the  argument  of  w  is  greater  than  the  argument  of  w  or,  what 
is  the  equivalent  assumption  (§  129),  that 

t]w  —  v'(o  =  4-vn. 

143.  Taking  the  function,  naturally  suggested  for  the  present  class  by 
the  corresponding  function  for  the  former  class,  we  introduce  a  function 

(k  fz\  =  gtex+ns  <r(z-ai)<r(z-(h)...<T(z-  aj) 
,  o-  (z  —  d)  a-  (z  —  c,,)  .  .  .  tr  (z  —  cn)  ' 

where  the  as  and  the  c's  are  connected  by  the  relations 
Sa  —  2c  =  m  (w  -f  2&)'),     I  —  n  =  m. 

Then  </>  (z)  satisfies  the  equations  characteristic  of  doubly-periodic  functions 
of  the  third  kind,  if 

f          0  =  4A,tu  +  2mw, 

\k  .  Ziri  =  4X&)2  +  2m??a)  +  2yu.w  +  miri  —  Zmy  (co  +  2<w')  ; 

miri      .^    ,      ...      , 
=  4X<u  +  2m??  , 

2  +  Zrny'co'  +  2/jua'  +  m-rri  -  Zmy'  (w  +  2a/), 

*  Both  in  this  integral  and  in  the  next,  which  contain  parts  of  the  form  /  —  ,  there  is,  as 

/  w  '  ' 


_      i  my 

A  =        ^r  , 

A      O) 

•    1  mm 


with  7c  =  0,     A;'  =  in, 

Assuming  the  last  two,  the  values  of  X  and  yu,  are  thus  obtained  so  as  to  make 
<£  (z)  a  doubly-periodic  function  of  the  third  kind. 

Now  let  a1}  ...,  cfy  be  chosen  as  the  irreducible  zeros  of  <E> (z)  and  d,  ... ,  cn 
as  the  irreducible  infinities  of  <X>  (z),  which  is  possible  owing  to  the  conditions 
to  which  they  were  subjected.  Then  <D  (#)/<£  (z)  is  a  doubly-periodic  function 
of  the  first  kind;  it  has  no  zeros  and  no  infinities  in  the  parallelogram  of 
periods  and  therefore  none  in  the  whole  plane ;  it  is  therefore  a  constant,  so 
that 

ct  (z)  =  Ae~*  >g2+fi^+(li+3V)}Mg  <r(*-  cO  <r  (z  -  q2)  . . .  a-  (z  -  aj) 

<r(e  —  Ci)<r(z  —  cil)...(r(*!  —  Cn)' 
a  representation  of  CI>  (z}  in  terms  of  known  quantities. 

Ex.  Had  the  representation  been  effected  by  means  of  the  Jacobian  Theta-Functions 
which  would  replace  <r  (z)  by  //  (z),  then  the  term  in  z2  in  the  exponential  would  be  absent. 

144.  No  limitation  on  the  integral  value  of  m,  except  that  it  must  not 
vanish,  has  been  made:  and  the  form  just  obtained  holds  for  all  values. 
Equivalent  expressions  in  the  form  of  sums  of  functions  can  be  constructed : 
but  there  is  then  a  difference   between    the   cases   of  m  positive  and  m 
negative. 

If  m  be  positive,  being  the  excess  of  the  number  of  irreducible  zeros  over 
the  number  of  irreducible  infinities,  the  function  is  said  to  be  of  positive 
class  m;  it  is  evident  that  there  are  suitable  functions  without  any 
irreducible  infinities — they  are  integral  functions. 

When  m  is  negative  (=  —  ri),  the  function  is  said  to  be  of  negative  class  n ; 
but  there  are  no  corresponding  integral  functions. 

145.  First,  let  m  be  positive. 

i.  If  the  function  have  no  accidental  singularities,  it  can  be  expressed  in 
the  form 

A  e^2+^  or  (z  -  ttj)  a-  (z  -  OB)  •  •  •  a-  (z  -  am), 

with  appropriate  values  of  \  and  //,. 

ii.  If  the  function  have  n  irreducible  accidental  singularities,  then  it  has 
m.4-n  irreducible  zeros.  We  nroceed  to  shew  that  the  function  can  be 


me  same  ciass,  consider  a,  iuiiuuiuii,  ui  jjusiuive  UIW,Q»  m,  VYJ.IUU. 
singularity,  in  the  form 


_  .      ._  __ 

m     >      ~  a-  (u  -  &,)  cr  (u  -  68)  .  .  .  o-  (ti  -  6m+1)  a-  (0  -  it)  '        . 

where  61;  62,  ...,  &m  are  arbitrary  constants,  of  sum  s,  and 

??2,  (CD  +  2&)')  =  bm+i  +  &a  +  &2  +  .  .  .  +  67/i  -  u 

=  6m+1  +  s  -  it. 
The  function  ^rm  satisfies  the  equations 

nnrsi 

tym  (z  +  2co,  u)  =  ^rm  (z,  u),     ^m  (z  +  2a)',  u)=  e     "    ^m  (z,  u)  ; 

regarded  as  a  function  of  z,  it  has  u  for  its  sole  accidental   singularity, 
evidently  simple. 

The  function        -,—  -     can  be  expressed  in  the  form 
-^m  (.*,  «)  x 

s>  Q"  (M  -  -g)  Q"  («  -  61)  •  •  •  o-  (tt  -  &Mt)  ________  o-  {s  -  ill  (oa  +  2a/)j  _____ 

cr2  —  &a  ............  <rz  —  bm        cr  'tt  —  ^  —  <>• 


Regarded  as  a  function  of  u,  it  has  z,bi,  ...,  bm  for  zeros  and  z  +  s  —  m  (tw  +  2<w') 
for  its  sole  accidental  singularity,  evidently  simple  :  also 

z+bi+  ...  +bm—  [z  +  s  —  'tit,  (to  +  2d)')}  =  in  (a>  +  2ft)').  •» 

Hence  owing  to   the  values  of  A,  and  it,  it  follows   that  ,  ,   when 

^m  (^,  w) 

regarded  as  a  function  of  u,  satisfies  all  the  conditions  that  establish  a 
doubly-periodic  function  of  the  third  kind  of  positive  class  m,  so  that 

_    1_       _  _    _1_ 
^w  (z,  u  +  2co)  ~  '^m  (z,  -it)  ' 

]_  mirai  1 


i/r,rt  («,  ^6  -I-  2ft)) 

and  therefore 

w.jmi 
^rm  (Z,  U  +  2t»)  =  i/rm  («,  «),      T|rm  (Z,  u  +  2ft)')  =  e~"~  ^m  (^5  w)- 

Evidently  T/rm  («,  w)  regarded  as  a  function  of  a  is  of  negative  class  m  :  its 
infinities  and  its  sole  zero  can  at  once  be  seen  from  the  form 

+  7/i  (ft)  +  2&)')j 


o-  (w  -  z)  a  (u  -  6j)  .  .  .  a  (M  -  6mj  a  [s  -  ?n'(ft)  +  2V)}  ' 

Each  of  the  infinities  is  simple.     In  the  vicinity  of  u  =  z,  the  expansion  of 
the  function  is 

—  1 

~~y  +  positive  integral  powers  of  u  -  z  : 


U  —  2 


<r(br—  61)...  o-(lr-6r_,)o'(6r-&r4-i)  •'•  <r(br-bm}cr{s—  ??i(<B  +  2a/)}' 
d  is  therefore  an  integral  function  of  z  of  positive  class  m. 

Let  <E>(w)  be  a  doubly-periodic  function  of  the  third  kind,  of  positive 
iss  m;  and  let  its  irreducible  accidental  singularities,  that  is,  those  which 
cur  in  a  parallelogram  containing  the  point  u,  be  otj  of  order  1  4-/xlf  ««  of 
cler  1  +  /jb2,  and  so  on.  In  the  immediate  vicinity  of  a  point  a,.,  let 

Br  ~  +  Cr     -  -  .  .  .  +  Mr  ~    -1—  +  Pr  (u  -  a,.)- 

~  u  -a 


lien  proceeding  as  in  the  case  of.  the  secondary  doubly-periodic  functions 
137),  we  construct  a  function 

F(u)  =  3>(u)-^m(z,u). 

re  at  once  have          F(u  +  2<w)  =  F(u}  =  F  (u  +  2&/), 

i  that  F  (u)  is  a  doubly-periodic  function  of  the  first  kind  ;  hence  the  sum 
'  its  residues  for  all  the  poles  in  a  parallelogram  of  periods  is  zero. 

For  the  infinities  of  F  (u),  which  arise  through  the  factor  -\\rm  (z,  u},  we 
iv  e  as  the  residue  for  u  =  z 

-*(*), 
id  as  the  residue  for  u  —  br,  where  ?•=!,  2,  ...,in, 

$(&,)(?,.(*). 
i  the  vicinity  of  a,.,  we  have 

•f  „,,  (z,  U)  =  ^m  (Z,  a,)  +  (U-  Or)  tyn   (Z,  Or)  + 


here  dashes  imply  differentiation  of  i/rm  (z,  u}  with  regard  to  u,  after  which 
is  made  equal  to  «r;  so  that  in   0  (w)  T^m  (s,  M)  the  residue   for  u  =  oLf, 
'here  r  =  1,  2,  ...,  is 

#,.  («)  =  Ar^m  (z,  or.,)  +  Br^rm'  (z,  «r)  +  (7,.1/r,/  0,  a,.)  4-  .  .  .  +  Mr^rm^  (z,  a,.). 
[ence  we  have 

-<&(*)+  1  <&(&,)<?,.(*)+  S  ^(^)  =  05 

?•=!  s-1 

nd  therefore  4>  («)  =  2  #s  (^)  +  I  <E>  (6r)  a,  (^), 

.9  =  1  ?'=1 

iving  <Ae  expression  of  <&>  (^)  6^/  means  of  doubly-periodic  functions  of  the 
kird  hind,  which  are  of  positive  class  in  and  either  have  no  accidental 
inyularity  or  have  only  one  and  that  a  simple  singularity. 

•p  w  22 


s=l 

where  the  summation  extends  to  all  the  irreducible  accidental  singularities ; 
while,  if  there  be  the  further  simplification  that  all  the  accidental  singularities 
are  simple,  then 

<J>  0)  =  A-i  tym  (z,  Gfa)  +  A.^rm  (Z,  0,)  +  . . . , 

the  summation  extending  to  all  the  irreducible  simple  singularities. 
The  quantity  tym(z,  ar},  which  is  equal  to 

6,\(c-- *&+n(s - »,)  Q"  (•?  -  &i)  •  •  •  Q"  0  -  km)  <r  {z  +  26  -  m (Q>  +  2a/)  -  ar] 
cr(ar  —  b^) . . .  cr  (y.r  —  bm)  cr  [2,b  —  m  (a>  +  2<w')j  cr(z  —  ar) ' 

and  is  subsidiary  to.  the  construction  of  the  function  E  (z},  is  called  the 
simple  element  of  positive  class  m. 

In  the  general  case,  the  portion 

gives  an  integral  function  of  z,  and  the  portion  2  Eg  (z}  gives  a  fractional 
function  of  z. 

146.     Secondly,   let  m    be   negative   and   equal   to   —  n.      The   equations 
satisfied  by  <b(z)  are 

•tlTTZi. 

<E>  (z  +  2co)  =  <3P  (z),         <£  (z  +  2ft)7)  =  e~"'  <3?  (z), 

and  the  number  of  irreducible  singularities  is  greater  by  n  than  the  number 
of  irreducible  zeros. 

One  expression  for  <£>  (z)  is  at  once  obtained  by  forming  its  reciprocal, 
which  satisfies  the  equations 


and  is  therefore  of  the  class  just  considered:  the  value  of  -  ----  is  of  the 

3>  (^) 
torm 


For  purposes  of  expansion,  however,  this  is  not  a  convenient  form  as  it  gives 
only  the  reciprocal,  of  CI)(^). 

To  represent  the  function,  Appell  constructed  the  element 

iX}      +7r(^-y 
cot  « 


z  =  y  (mod.  2o>,  2&/). 

1  each  of  these  values  one  term  of  the  series,  and  therefore  the  series 
;lf,  becomes  infinite  of  the  first  order. 

Evidently  ^«  (*•  V  +  2w)  =  Xn  (2>  V\ 

refore  in  the  present  case 

;arded  as  a  function  of  y,  is  a  doubly-periodic  function  of  the  first  kind. 

Hence  the  sum  of  the  residues  of  its  irreducible  accidental  singularities 
zero. 

Within  the  parallelogram,  which  includes  z,  these  singularities  are : — 
(i)     y  =  z,  arising  through  Xn  (z>  y) ', 

(ii)     the  singularities  of  <C>  (77),  which  are  at  least  n  in  number,  and  are 
n  +  I  in  number  when  <t>  has  I  irreducible  zeros. 

e  expansion  of  Xn  (z,  y},  in  powers  of  y  —  z,  in  the  vicinity  of  the  point 
is 

(-  positive  'integral  powers  of  y  —  z ; 

y  —  z 

jreforc  the  residue  of  O  (y}  is 

t  ar  be  any  irreducible  singularity,  and  in  the  vicinity  of  a,,  let  <3>  (y}  denote 

T     d       ™   d?  p    dv\      1 

r         r  dy        r  dy2      '"  —     r  dyp)  y  —  ar 

+  positive  integral  powers  of  y  —  ar, 

lere   the  series  of  negative  powers  is  finite  because  the  singularity  is 
;idental ;   then  the  residue  of  11  (y)  is 


iere  %n(A)  (z,  ar}  is  the  value  of 

&Xn  (z,  y} 
djf 

icn  y  =  ar  after  differentiation.     Similarly  for  the  residues  of  other  singu- 
ities :  and  so,  as  their  sum  is  zero,  we  have 


The  quantity  %7l  (z,  a.},  which  is  equal  to 


is  called  the  simple  element  for  the  expression  of  a  doubly-periodic  function  of 
the  third  kind  of  negative  class  n. 

.Ex.     Deduce  the  result 

aA-cnt^--  r^u+toiSK 

TT  sn  M    w=_«  v     '       I      a  A       J 

147.     The  function  %7l  (2,  y)  can  be  used  also  as  follows.     Since  %TO  (0,  y), 
qua  function  of  i/,  satisfies  the  equations 

%m  0,  y  +  2a>)  =  %m  (0,  y), 

_«nrj/f 

%m  (*,  V  +  2o/)  =  e     <"    x,,,.  (*,  y); 

which  are  the  same  equations  as  are  satisfied  by  a  function  of  y  of  positive 
class  m,  therefore  %w  (a,  z),  which  is  equal  to 


_  r  ..... 

o  -^      e  O(-"J  o  .....  ; 

2w  s=-<n  2ft) 

being  a  function  of  z,  satisfies  the  characteristic  equations  of  §  142  ;  and,  in 
the  vicinity  of  z  —  a, 

%m  (a,  z}  =  --  1-  positive  integral  powers  of  z  —  a. 

2  —  (X. 

If  then  we  take  the  function  <E>  (z)  of  §  145,  in  the  case  when  it  has  simple 
singularities  at  al5  «»,  ...  and  is  of  positive  class  m,  then 


is  a  function  of  positive  class  m  without  any  singularities  :   it  is  therefore 
equal  to  an  integral  function  of  positive  class  m,  say  to  G(z),  where 

G(z)=A  eK~^s  cr(z-  ttl)  ...<r(z-  om), 
so  that  <£  (z)  =  G(z)-  Aftm  («!  ,  z)  -  A^m  (a»,z)-  .... 

Ex.     Aa  a  single  example,  consider  a  function  of  negative  class  2,  and  let  it  have 
no  zero  within  the  parallelogram  of  reference.     Then  for  the  function,  in  the 
-•product-form  of  §  143,  the  two  irreducible  infinities  are  subject  to  the  relation 


0     _  „  ''  cot  r—  (s  +  Cj  — 2co  —  4a>'-2s«') 

Z(t>  _oo  20) 

~-eu  2  e  "  '  cot^-  (2  +  6-,—  2no') 

2co  _«,  2co^       l 


,er  an  easy  reduction, 

The  residue  of  <I>  (2)  for  c\ ,  which  is  a  simple  singularity,  is 

Ai  =  fiew  '     ^ 
d  for  C2,  also  a  simple  singularity,  it  is 


*  —(  --  v, 

cr  (c2  -  c'i) 

(  TTi  .  .  ZTT?-  .          .,    ,. 

,r      ,  -t'll  —  (Cl-Ca)  -  (t'l-2(o) 

that  ---  =  —  e  w  =  -  e  » 

^2 

Hence  the  expression  for  <I>  (2)  as  a  sum,  which  is 


comes  ,4  j  {X2  (2,  Cl)  -d^^x*  (-,  -  "i  )}  5 

at  is,  it  is  a  constant  multiple  of 


Again,     <I>  (2)  =  KeM~     \w  '        ,         \     r  ,  -------  -«  ----  1~/\ 

13      '         v/  o-(s-0!)  cr^  +  C],-  2w-4co) 


T     tt  \' 

==  JjQ  ,     ' v" 

t  changing  the  constant  factor.     Hence  it  is  possible  to  determine  L  HO  that 

iri  7T? 
Ci         .          ,         — •  (.'i        ,  . 

xking  the  residues  of  the  two  sides  for  z  =  cl,  we  have 

Lnu 
id  therefore  finally  we  have 

T}    .    „          0          TtiZ  f£*     \  7T< 


cr  (z  —  G)  <r 


.  _ 


342  PSEUDO-PERIODIC 

Many  examples  of  such  developments  in  trigonometrical  series  arc  given  by  Hermite*, 
Biehlert,  HalphenJ,  Appell§,  and  Krause||. 

.  148.  We  shall  not  further  develop  the  theory  of  those  uniform  doubly- 
periodic  functions  of  the  third  kind.  It  will  be  found  in  the  memoirs  of 
Appell§  to  whom  it  is  largely  due;  and  in  the  treatises  of  Halphen**,  and 
of  Kausenbergerff. 

It  need  hardly  be  remarked  that  the  classes  of  uniform  functions  of  a 
single  variable  which  have  been  discussed  form  only  a  small  proportion  of 
functions  reproducing  themselves  save  as  to  a  factor  when  the  variable 
is  subjected  to  homographic  substitutions,  of  which  a  very  special  example 
is  furnished  by  linear  additive  periodicity.  Thus  there  are  the  various 
classes  of  pseudo-automorphic  functions,  (§  305)  called  Thetafuchsian  by 
Poincare,  their  characteristic  equation  being 


for  all  the  substitutions  of  the  group  determining  the  function  :  and  other 
classes  are  investigated  in  the  treatises  which  have  just  been  quoted. 

The   following  examples  relate  to  particular  classes  of  pseudo-periodic 
functions. 

Ex.  I.     Shew  that,  if  F(z)  be  a  uniform  function  satisfying  the  equations 


where  b  is  a  primitive  with  root  of  unity,  then  F(z)  can  be  expressed  in  the  form 

+*&  ......  +<<.£)/<—  o. 

where  f(z)  denotes  the  function 


and  prove  that  \F(z)dz  can  be  expressed    in  the  form  of  a  doubly-periodic  function 
together  with  a  sum  of  logarithms  of  doubly-periodic  functions  with  constant  coefficients. 

(Goursat.) 

*  Comptes  Rendus,  i.  Iv,  (1862),  pp.  11—18. 

t  Sur  les  developpements  en  sen'™  dan  f  auctions  douUement  v<t  nodi/men  dc  troisivme  esvlcc, 


d  if,  in  the  parallelogram  of  periods  containing  the  point  z,  it  have  infinities  c,  ...  such 
it  in  their  immediate  vicinity 


3ii  /(/)  can  be  expressed  in  the  form 


Q  summation  extending  over  all  the  infinities  of  f(z)  in  the  above  parallelogram  of 
riods,  and  the  constants  Ci,  ...  being  subject  to  the  condition 

Deduce  an  expression  for  a  doubly-periodic  function   <jfe  (z)  of  the  third  kind,   by 

(Halphen.) 

Ex.  3.     If  8(s)  be  a  given  doubly-periodic  function  of  the  first  kind,  then  a  pseudo- 
riodic  function  F(z),  which  satisfies  the  equations 


F  (z  +  2 «')  =  e~  S  (z)  F  (z), 
iere  n  is  an  integer,  can  be  expressed  in  the  form 


iere  A  is  a  constant  and  TT  (z)  denotes 

„  d      „   d* 


c  summation  extending  over  all  points  br  and  the  constants  B,.  being  subject  to  the 

lation 

r  "~     itr  ' 

Explain  how  the  constants  6,  G  and  B  can  be  determined.  (Picard.) 

Ex.  4.     Shew  that  the  function  F(z)  defined  by  the  equation 

T?(y\—      ?       ?2"+1  /I  _  ~2"\2 
J.'   \&J  —       2*      6          ^i  —  A-^, 

n=— » 
.•  values  of  | « | ,  which  are  <  1,  satisfies  the  equation 


d  that  the  function 


iere  c/>  (a?)  =  «3  —  1  ,  and  CJ!>M  (a;),  for  positive  and  negative  values  of  n,  denotes  0  [0  {(/>  .  .  .  <£  (#)}]> 
being  repeated  ?i  times,  and  a  is  the  positive  root  of  a'''  —  a  —  1=0  ;  satisfies  the  equation 


CHAPTER  XIII. 

FUNCTIONS  POSSESSING  AN  ALGEBRAICAL  ADDITION-THEOREM. 

149.  WE  may  consider  at  this  stage 'an  interesting  set*  of  important 
theorems,  due  to  Weierstrass,  which  are  a  justification,  if  any  be  necessary, 
for  the  attention  ordinarily  (and  naturally)  paid  to  functions  belonging  to 
the  three  simplest  classes  of  algebraic,  simply-periodic,  and  doubly-periodic, 
functions. 

A  function  0  (u)  is  said  to  possess  an  algebraical  addition-theorem,  when 
among  the  three  values  of  the  function  for  arguments  u,  v,  and  u  +  v,  where  u 
and  v  are  general  and  not  merely  special  arguments,  an  algebraical  equation 
exists f  having  its  coefficients  independent  of  u  and  v. 

150.  It  is  easy  to  see,  from  one  or  two  examples,  that  the  function  does 
not  need  to  be  a  uniform   function  of  the  argument.     The  possibility. of 
multiformity  is  established  in  the  following  proposition : — 

A  function  defined  by  an  algebraical  equation,  the  coefficients  of  which  are 
rational  functions  of  the  argument,  or  are  uniform  simple-periodic  functions 
of  the  argument,  or  are  uniform  doubly-periodic  functions  of  the  argument, 
possesses  an  algebraical  addition-theorem. 

*  They  are  placed  in  the  forefront  of  Schwarz's  account  of  Weierstrass's  theory  of  elliptic 
functions,  as  contained  in  the  Formeln  nnd  Lehrsiitze  znm  Gebrauclte  der  cliiptiscJicn  Functional; 
but  they  are  there  stated  (§§  1 — 8)  without  proof.  The  only  proof  that  has  appeared  is  in  a 
memoir  by  Phragmen,  Acta  Hath.,  t.  via,  (1885),  pp.  33 — 42  ;  and  there  are  some  statements 
(pp.  390 — 393)  in  Biermann's  TJicorie  der  analytischcii  Functional  relative  to  the  theorems. 
The  proof  adopted  in  the  text  does  not  coincide  with  that  given  by  Phragmen. 

f  There  are  functions  which  possess  a  kind  of  algebraical  addition-theorem  ;  thus,  for 
instance,  the  Jacobian  Theta-fnnctious  are  such  that  0^  (u  +  v)  0  (u-v)  can  be  rationally 
expressed  in  terms  of  the  Theta- functions  having  u  and  v  for  their  arguments.  Such  functions 
are,  however,  naturally  excluded  from  the  class  of  functions  indicated  in  the  definition. 

Such  functions,  however,  possess  what  may  be  called  a  multiplication-theorem  for  multipli- 
cation of  the  argument  by  an  integer,  that  is,  the  set  of  functions  6  (mu)  can  be  expressed 
algebraically  in  terms  of  the  set  of  functions  9(«).  This  is  an  extremely  special  case  of  a  set 
of  transcendental  functions  having  a  multiplication-theorem,  which  are  investigated  by  Poincare, 


£/™<70  (76)  +  U^ff!  (U)  +  ...+(/m  (U)  =  0, 

jre  #„(")>  ffi(u)>  •••»  ffm(u)  are  rational  integral  functions  of  it  of  degree, 
,  not  higher  than  n.     The  equation  can  be  transformed  into 


+  I*"-1/!  (  ff)  +  ..•+/»(  CO  =  0, 

?re  f0(U),  fi(U)>  ...,  fn(U)  are  rational  integral  functions  of  U  of  degree 
higher  than  m. 

Let  F  denote  the  function  when  the  argument  is  v,  and   W  denote  it 
m  the  argument  is  u  +  v;  then 


The  algebraical  elimination  of  the  two  quantities  u  and  v  between  these 
3e   equations   leads    to   an  algebraical  equation  between  the  quantities 
7),  /(  F)  and  f(W\  that  is,  to  an  algebraical  equation  between  U,  F,  W, 
of  the  form 

G(U,V,  TT)  =  0, 

3re  (r  denotes  a  polynomial  function,  with  coefficients  independent  of 
nd  v.  It  is  easy  to  prove  that  Gr  is  symmetrical  in  U  and  F,  and  that 
degree  in  each  of  the  three  quantities  U,  F,  W  is  mn\  The  equation 
=  0  implies  that  the  function  U  possesses  an  algebraical  addition-theorem. 

Secondly,  let  the  coefficients*  be  uniform  simply-periodic  functions  of 
argument  u.     Let  w  denote  the  period  :  then,  by  §  113,  each  of  these 

ctions   is  a   rational  function   of  tan  —  .     Let   a    denote  tan  —  -  ;  then 

0)  0) 

equation  is  of  the  form 


re  the  coefficients  g  are  rational  (and  can  be  taken  as  integral)  functions 
i.     If  p  be  the  highest  degree  of  u    in  any  of  them,  then  the  equation 
be  transformed  into 


ere  /„  (  U),  f:  (  U),  ...,  fp(U)  are  rational  integral  functions  of  U  of  degree 
i  higher  than  in. 

*  The  limitation  to  uniformity  for  the  coefficients  has  been  introduced  merely  to  make  the 
itration  simpler:    if  in  any  case  they  were  multiform,  the  equation  would  be  replaced  by 


Let  v  denote  tan  —  ,  and  w  denote  tan-—  -  ;  then  the  corresponclmg 

<M  W 

values  of  the  function  are  determined  by  the  equations 

iPftCn+^MV)  +-..+/,  (V)  =  o, 

and  w  Vo  (  F>  +  W'P~1^  (  WO  +  •  •  •  +/*  (  W)  =  0. 

The  relation  between  v',  v',  w'  is 

u'v'w'  +  u  +  v'  -  w'  =  0. 

The  elimination  of  the  three  quantities  n',  v',  w'  among  the  four  equations 
leads  as  before  to  an  algebraical  equation 

G(U,  V,  F)  =  0, 

where  G  denotes  a  polynomial  function  (now  of  degree  mp")  with  coefficients 
independent  of  u  and  v.  The  function  U  therefore  possesses  an  algebraical 
addition-theorem. 

Thirdly,  let  the  coefficients  be  uniform  doubly-periodic  functions  of  the 
argument  u.  Let  a>  and  &/  be  the  two  periods  ;  and  let  f  (u),  the  Weier- 
strassian  elliptic  function  in  those  periods,  be  denoted  by  f.  Then  every 
coefficient  can  be  expressed  in  the  form 


L          ' 

where  L,  M,  N  are  rational  integral  functions  of  £  of  finite  degree.  Unless 
each  of  the  quantities  N  is  zero,  the  form  of  the  equation  when  these  values 
are  substituted  for  the  coefficients  is 

A  +  B$)'  (u)  =  0, 

so  that  .rl2  =  Bz  (4p  -g»%-  #,)  ; 

and  this  is  of  the  form 

U°-mfr  (£)  +  U^gi  (£)+..-+  g«n  (f)  =  0, 

where  the  coefficients  g  are  rational  (and  can  be  taken  as  integral)  functions 
of  £.  If  q  be  the  highest  degree  of  £  in  any  of  them,  the  equation  can  be 
transformed  into 


where  the  coefficients  f  are  rational  integral  functions  of  U  of  degree  not 
higher  than  2m. 

Let  ?;  denote  jp  (v)  and  £  denote  |jp  (u  +  v)  ;  then  the  corresponding  values 
of  the  function  are  determined  by  the  equations 


and 


elimination  of  f,  rj,  %  from  the  three  equations  leads  as  before  to 
ilgebraical  equation 

G(U,  V,  W)=0, 

.nite  degree  and  with  coefficients  independent  of  u  and  v.     Therefore  in 
case  also  the  function  U  possesses  an  algebraical  addition-theorem. 

[f,  however,  all  the  quantities  N  be  zero,  the  equation  defining  U  is  of 
form 

U™h0  (£)  +  U^h,  (I)  +  . . .  +  hm  (f)  =  0  ; 

a  similar  argument  then  leads  to  the  inference  that   U  possesses  an 
braical  addition-theorem, 
rhe  proposition  is  thus  completely  established. 

LSI.  The  generalised  converse  of  the  preceding  proposition  now  suggests 
f:  what  are  the  classes  of  functions  of  one  variable  that  possess  an 
braical  addition-theorem  ?  The  solution  is  contained  in  Weierstrass's 
>rem  : — 

An  analytical  function  (]6  («),  which  possesses  an  algebraical  addition- 
rem,  is  either 

(i)     an  algebraic  function  of  it ;   or 

liru 

(ii)    an.    algebraic   function    of   e  ""  ,   where    w    is    a    suitably   chosen 
constant ;  or 

(\ii}   an  algebraic  function  of  the  elliptic  function  $  (u),  the  periods — or 

the  invariants  g»  and  g.A — being  suitably  chosen  constants. 
Let  U  denote  </>  (u). 

For  a  given  general  value  of  u,  the  function  U  may  have  m  values  where, 
Junctions  in  general,  there  is  nob  a  necessary  limit  to  the  value  of  m ;  it 
be  proved  that,  when  the  function  possesses  an  algebraical  addition- 
>rem,  the  integer  m  must  be  finite. 

For  a  given  general  value  of  U,  that  is,  a  value  of  U  when  its  argument 
)t  in  the  immediate  vicinity  of  a  branch-point  if  there  be  branch-points, 
variable  u  may  have  p  values,  where  p  may  be  finite  or  may  be  infinite. 
Similarly  for  given  general  values  of  v  and  of  V,  which  will  be  used  to 
ate  0  (v}. 

First,  let  p  be  finite.  Then  because  u  has  p  values  for  a  given  value 
7  and  v  has  p  values  for  a  given  value  of  V,  and  since  neither  set  is 
3ted  by  the  value  of  the  other  function,  the  sum  u  +  v  has  p"  values 


rience  T>ne  equation   ueiween   u,   v,   KK    is  01  uegree      'ntp-  111    K 
finite  when  the  equation  is  algebraical ;  and  therefore  m  is  finite. 

Because  m  is  finite,  U  has  a  finite  number  m  of  values  for  a  given  value 
of  u ;  and,  because  p  is  finite,  u  has  a  finite  number  p  of  values  for  a  given 
value  of  U.  Hence  17  is  determined  in  terms  of  u  by  an  algebraical  equation 
of  degree  m,  the  coefficients  of  which  are  rational  integral  functions  of 
degree  p ;  and  therefore  U  is  an  algebraic  function  of  u. 

152.  Next,  let  p  be  infinite ;  then  (see  Note,  p.  350)  the  system  of  values 
may  be  composed  of  (i)  a  single  simply-infinite  series  of  values  or  (ii)  a  finite 
number  of  simply-infinite  series  of  values  or  (in)  a  simply-infinite  number  of 
simply-infinite  series  of  values,  say,  a  single  doubly-infinite  series  of  values 
or  (iv)  a  finite  number  of  doubly-infinite  series  of  values  or  (v)  an  infinite 
number  of  doubly-infinite  series  of  values:  where,  in  (v),  the  infinite  number 
is  not  restricted  to  be  simply-infinite. 

Taking  these  alternatives  in  order,  we  first  consider  the  case  where  the 
p  values  of  u  for  a  given  general  value  of  U  constitute  a  single  simply -in finite 
series.  They  may  be  denoted  by  /(•//,,  n),  where  n  has  a  simply-infinite  series 
of  values  and  the  form  of/  is  such  that  f(ii,  0)  —  u. 

Similarly,  the  p  values  of  v  for  a  given  general  value  of  V  may  be  denoted 
by  f(v,  n'},  where  n  has  a  simply-infinite  series  of  values.  Then  the  different 
values  of  the  argument  for  the  function  W  are  the  set  of  values  given  by 

f(u,n)+f(v,  n'), 

for  the  simply-infinite  series  of  values  for  n  and  the  similar  series  of  values 
for  ??/. 

The  values  thus  obtained  as  arguments  of  W  must  all  be  contained  in 
the  series  f(u+  v,  n"),  where  n"  has  a  simply-infinite  series  of  values  ;  and, 
in  the  present  case,  f(u  +  v,  n")  cannot  contain  other  values.  Hence  for 
some  values  of  n  and  some  values  of  n,  the  total  aggregate  being  not  finite, 
the  equation 

f(u,  n}  +  f(v,  n)=f(u  -f-  v,  n") 

must  hold,  for  continuously  varying  values  of  u  and  v. 

In  the  first  place,  an  interchange  of  :u  and  v  is  equivalent  to  an  inter- 
change of  n  and  11  on  the  left-hand  side ;  hence  n"  is  symmetrical  in  n 
and  n'.  Again,  we  have 

df (u,  n)  __  9/(^_+_^j  «'0 
du  d  (u  +  v) 

_  df  (v,  n) 

~'dv     ' 

*    The  (ItttirGP.  for  sneain.]   functions  irui.v  hp  vm7rir>f>i}     nc  in  C.nr    "I      Prnn    VTTT      R  lift-    1-mt.  in  nn 


of  y 


lat  the  form  of  f(u,  n}  is  such  that  its  first  derivative  with  regard  to  u  is 
pendent  of  u.  Let  6  (n)  be  this  value,  where  6  (n),  independent  of  u,  may 
ependent  on  n ;  then,  since 

du 
iave  f(u,  n)  —  uO  (n)  +  -^  (n), 

.)  being  independent  of  u.  Substituting  this  expression  in  the  former 
ition,  \ve  have  the  equation 

u&  00  +  ^  00  +  v6  00  +  ^  00  =  (u  +  v)0  (n")  +  ^  (n"), 
jh  must  be  true  for  all  values  of  u  and  v ;  hence 

0  00  =  0  (?o  =  0  00. 

iat  0  (n)  is  a  constant  and  equal  to  its  value  when  n  =  0.  But  when  n  is 
,  f(u,  0)  is  u ;  so  that  6  (0)  =  1  and  •x/r  (0)  =  0,  and  therefore 

f(u,  n)  =  u  +  ty(n), 
re  ty  vanishes  with  n. 

equation  defining  ^  is 


values  of  n  from  a  singly-infinite  series  and  for  values  of  ??.'  from  the  same 
2s,  that  series  is  reproduced  for  ?/'.     Since  ty(n)  vanishes  with  n,  we  take 

^  (")  =  "%  00. 
therefore  «%  («)  +  ri-%  (n')  =•  n"%  (n"). 

an,  when  n  vanishes,  the  required  series  of  values  of  n"  is  given  by  taking 
=  n ;  and,  when  n  does  not  vanish,  n"  is  symmetrical  in  n  and  n,  so  that 

have 

•n"  =  ??  +  ??.'  +  vm'A-, 

sre  A.  is  not  infinite  for  zero  or  finite  values  of  n  or  n.     Thus 
??.%  (??)  +  •/?'%  (?i')  =  (n  +  n  -f  ?i?i'A,)  ^  (?i  +  ?i'  +  w/A,). 

Since  the  left-hand  side  is  the  sum  of  two  functions  of  distinct  and  inde- 
dent  magnitudes,  the  form  of  the  equation  shews  that  it  can  be  satisfied 

7  if 

A,  =•  0,  so  that  n"  =  n  +  n  ; 

x  00  =  x  0") 


given  v<rime  01  u  turn  H  givtui  vaiue  ui  K.  ITJ.UIUU v t;r,  u  mis  yyt  vcuutjs  iur  eiicu 
argument  and  likewise  V ',  hence,  as  the  equation  between  U,  V,  W  is  of 
a  degree  that  is  necessarily  finite  because  the  equation  is  algebraical,  the 
integer  m  is  finite. 

It  thus  appears  that  the  function  U  has  a  finite  number  in  of  values  for 
each  value  of  the  argument  u,  and  that  for  a  given  value  of  the  function  the 
values  of  the  argument  form  a  simply-periodic  series  represented  by  u  +  na>. 

But  the  function  tan  — -  is  such  that,  for  a  given  value,  the  values  of  the 
a) 

argument  are  represented   by  the  series  u  +  nu> ;   hence  for  each  value  of 

TT'if 

tan  — -  there  are  m  values  of  U,  and  for  each  value  of  U  there  is  one  value 

0} 

of  tan  — .     It  therefore  follows,  by  §§  113,  114,  that  between  U  and  tan 
there  is  an  algebraical  relation  which  is  of  the  first  degree  in  tan  —  and  the 
•mih  degree  in  U,  that  is,  U  is  an  algebraic  function  of  tan  ----.     Hence  U  is 

O  °  ft) 

iiru 

an  algebraic  function  also  of  e  w  . 

Note.  This  result  is  based  upon  the  supposition  that  the  series  of  argu- 
ments, for  which  a  branch  of  the  function  has  the  same  value,  can  be  arranged 
in  the  form/(w,  n),  where  n  has  a  simply-infinite  series  of  integral  values.  If, 
however,  there  were  no  possible  law  of  this  kind — the  foregoing  proof  shews 
that,  if  there  be  one  such  law,  there  is  only  one  such  law,  with  a  properly 
determined  constant  co — then  the  values  would  be  represented  by '»J;  uz, ...,  up 
with  p  infinite  in  the  limit.  In  that  case,  there  would  be  an.  infinite  number  of 
sets  of  values  for  u  -f-  v  of  the  type  u^  +  v^,  where  A.  and  //,  might  be  the  same 
or  might  be  different;  each  set  would  give  a  branch  of  the  function  W,  and 
then  there  would  be  an  infinite  number  of  values  of  W  corresponding  to  one 
branch  of  U  and  one  branch  of  V.  The  equation  between  U,  V  and  W  would 
be  of  infinite  degree  in  W,  that  is,  it  would  be  transcendental  and  not  alge- 
braical. The  case  is  excluded  by  the  hypothesis  that  the  addition-theorem  is 
algebraical,  and  therefore  the  equation  between  U,  V  and  W  is  algebraical. 

153.  Next,  let  there  be  a  number  of  simply-infinite  series  of  values  of 
the  argument  of  the  function,  say  q,  where  q  is  greater  than  unity  and 
may  be  either  finite  or  infinite.  Let  u-i,  u»,  ...,  uq  denote  typical  members 
of  each  series. 

Then  all  the  members  of  the  series  containing  ua  must  be  of  the  form 
fi  (ui>  n)>  f°r  an  infinite  series  of  values  of  the  integer  n.  Otherwise,  as  in  the 


inct  series  of  values  of  the  argument  u  +  v,  with  a  corresponding  infinite 
iber  of  values  W  ;  and  the  relation  between  U,  V,  W  would  cease  to  be 
ibraical. 

In  the  same  way,  the  members  of  the  corresponding  series  containing  Vj 
st  be  of  the  form  fityi,  n)  for  an  infinite  series  of  values  of  the  integer  ??'. 
ong  the  combinations 


simply-infinite  series  /^(i^  +  v^n")  must  occur  for  an  infinite  series 
/allies  of  n"  \  and  therefore,  as  in  the  preceding  case, 

_/!  («j  ,  n)  =  it!  +  nwl  , 

yi'Q  coj  is  an  appropriate  constant.  Further,  there  is  only  one  series  of 
,ies  for  the  combination  of  these  two  series  ;  it  is  represented  by 

Ui  +  v1  +  tt"«j  . 

In  the  same  way,  the  members  of  the  series  containing  u2  can  be  repre- 
ted  in  the  form  uz  +  nw.,,  where  w2  is  an  appropriate  constant,  which  may 
(but  is  not  necessarily)  the  same  as  wl  ;  and  the  series  containing  uz> 
an  combined  with  the  set  containing  u2,  leads  to  only  a  single  series 
resented  in  the  form  itz-\-  v>,  +  n"w.2.  And  so  on,  for  all  the  series  in  order. 

But  now,  since  -u2  +  m^wz  where  m2  is  an  integer,  is  a  value  of  u  for  a  given 
ue  of  U,  it  follows  that  U(u2  +  m2ci).2}  =  U  (u,.2)  identically,  each  being  equal 
U.  Hence 

U  (MJ  +  m^a-L  +  'Wa(y2)  =  U  (•«•!  4-  WjCOj)  =  U  («i)  =  U, 

1  therefore  ttj  +  m^w^  +  m<,(0»  is  also  a  value  of  u  for  the  given  value  of  U, 
ding  to  a  series  of  arguments  which  must  be  included  among  the  original 
ies  or  be  distributed  through  them.  Similarly  •u1  +  2??i,.&>r,  where  the 
ifBcients  m  are  integers  and  the  constants  co  are  properly  determined, 
•resents  a  series  of  values  of  the  variable  11,  included  among  the  original 
ies  or  distributed  through  them.  And  generally,  when  account  is  taken  of 
the  distinct  series  thus  obtained,  the  aggregate  of  values  of  the  variable  u 
i  be  represented  in  the  form  Ui  +  '2.inrwr,  for  A,  =  1,  2,  ...,K,  where  K  is 
ne  finite  or  infinite  integer. 

Three  cases  arise,  (a)  when  the  quantities  co  are  equal  to  one  another  or 
i  be  expressed  as  integral  multiples  of  only  one  quantity  co,  (b)  when  the 
entities  &>  are  equivalent  to  two  quantities  D.L  and  IL  (the  ratio  of  which  is 
b  real),  so  that  each  quantity  w  can  be  expressed  in  the  form 


in  tne  lorra  u^+pw,  lor  A,  =  JL,  a,  ...,  AC  am 

First,  let  /c  be  finite,  so  that  the  original  integer  q  is  finite.  Then  the 
values  of  the  argument  for  W  are  of  the  type 

u^  +  pca  +  vll  +  p'co, 
that  is,  w\  +  tV  +  p"a>, 

for  all  combinations  of  X  and  ^  and  for  integral  values  of  p".  There  are  thus 
K-  series  of  values,  each  series  containing  a  simply-infinite  number  of  terms 
of  this  type. 

For  each  of  the  arguments  in  any  one  of  these  infinite  series,  W  has  tn 
values ;  and  the  set  of  m  values  is  the  same  for  all  the  arguments  in  one  and 
the  same  infinite  series.  Hence  W  has  w/c2  values  for  all  the  arguments  in 
all  the  series  taken  together,  that  is,  for  a  given  value  of  U  and  a  given 
value  of  V.  The  relation  between  U,  V,  W  is  therefore  of  degree  tnic~, 
necessarily  finite  when  the  equation  is  algebraical ;  hence  tn  is  finite. 

It  thus  appears  that  the  function  U  has  a  finite  number  m  of  values  for 
each  value  of  the  argument  u,  and  that  for  a  given  value  of  the  function  there 
are  a  finite  number  K  of  distinct  series  of  values  of  the  argument  of  the  form 

u+pa),  w  being  the  same  for  all  the  series.     But  the  function  tan  — •  has 

<y 
one  value  for  each  value  of  u,  and  the  series  u  +  pw  represents  the  series  of 

.  '  7TU' 

values  of  u  for  a  given  value  of  tan     -  .     It  therefore  follows  that  there,  are 

w 

m  values  of  U  for  each  value  of  tan  --  and  that  there  are  K  values  of  tan  ~ 

CO  0) 

for  each  value  of  U ;  and  therefore  there  is  an  algebraical  relation  between 

TT'll 

U  and  tan  — ,  which  is  of  degree  /c  in  the  latter  and  of  degree  m  in  the 


former.    Hence  U  is  an  algebraic  function  of  tan      -  and  therefore  also  of  e  w  . 

Next,  let  K  be  infinite,  so  that  the  original  integer  q  is  infinite.  Then, 
as  in  the  Note  in  §  152,  the  equation  between  U,  V,  W  will  cease  to  be 
algebraical  unless  each  aggregate  of  values  ii^  +  pco,  for  each  particular 
value  of  p  and  for  the  infinite  sequence  X=  1,  2,  ...,  K,  can  be  arranged  in  a 
system  or  a  set  of  systems,  say  cr  in  number,  each  of  the  form  fp(u  +  pM,  pp) 
for  an  infinite  series  of  values  of  pp.  Each  of  these  implies  a  series  of  values 
/P0  +p'a>,  pp)  of  the  argument  of  V  for  the  same  series  of  values  of  pp'  as  of 
pp,  and  also  a  series  of  values  fp(u  +  v  +p"ta,  pp")  of  the  argument  of  W  for 
the  same  series  of  values  of  pp".  By  proceeding  as  in  §  152,  it  follows  that 
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two  quantities  Xlj  and  fl2,  so  that  the  terms  additive  to  u  can  be  expressed 
the  form  SiQ  +  s2n3,  then  the  aggregate  of  values  u  can  be  expressed 
the  form 


a  simply  -infinite  series  for  p1  and  for  j?2  ;  and  p  has  a  series  of  values 
I,  ...,<r.  This  case  is,  in  effect,  the  same  as  case  (6). 

When  w  and  all  the  constants  a/  are  not  linearly  equivalent  to  only 
3  quantities,  suoh  as  Oj  and  fl2,  we  have  a  case  which,  in  effect,  is  the 
ne  as  case  (c). 

These  two  cases  must  therefore  now  be  considered. 

For  case  (6),  either  as  originally  obtained  or  as  derived  through  part 
case  (a),  each  of  the  (doubly)  infinite  series  of  values  of  u  can  be  expressed 
the  form 


X  =  1,  2,  .  .  .  ,  or,  and  for  integral  values  of  pl  and  j32.    The  integer  a-  may  be 
ite  or  infinite  ;  the  original  integer  q  is  infinite. 

First,  let  a  be  finite.     Then  the  values  of  the  argument  for  W  are  of  the 


it  is,  Uf,  +  v,j.  +pi'fli  +  pa'fts, 

all  combinations  of  A.  and  p,  and  for  integral  values  of  p"  and  pz".  There 
5  thus  cr  series  of  values,  each  series  containing  a  doubly-infinite  number  of 
•ms  of  this  type. 

For  every  argument  there  are  m  values  of  W;  and  the  set  of  m  values  is 
3  same  for  all  the  arguments  in  one  and  the  same  infinite  series.  Thus  W 
s  wo-2  values  for  all  the  arguments  in  all  the  series,  that  is,  for  a  given  value 
U  and  a  given  value  of  V\  and  it  follows,  as  before,  from  the  consideration 
the  algebraical  relation,  that  m  is  finite. 

The  function  U  thus  has  m  values  for  each  value  of  the  argument  u;  and 
a  given  value  of  the  function  there  are  cr  series  of  values  of  the  argument, 
jh  series  being  of  the  form  UK  +plSl1  -\-  pSl^. 

Take  a  doubly  -periodic  function  0  having  Hx  and  £L  for  its  periods,  such* 
at  for  a  given  value  of  (H)  the  values  of  its  arguments  are  of  the  foregoing 
m.  Whatever  be  the  expression  of  the  function,  it  is  of  the  order  <r. 

*  All  that  is  necessary  for  this  purpose  is  to  construct,  by  the  use  of  Prop.  XII.,  §  118,  a 
iction  having,  as  its  irreducible  simple  infinities,  a  series  of  points  alt  «2,  ...,  do-  —  special 


value  of  U;  hence  there  is  an  algebraical  equation  between  U  and  ®,  of 
the  first  degree  in  the  latter  and  of  the  mth  degree  in  U:  that  is,  U  is  an 
algebraic  function  of  ©.  But,  by  Prop.  XV.  §  119,  ©  can  be  expressed  in 
the  form 

M  +  Np'  (u} 

T       ' 

'where  L,  M,  N  are  rational  integral  functions  of  gj  (it),  if  Hx  and  n2  be  the 
periods  of  $  (u)  ;  and  £>'  (u)  is  a  two-valued  algebraic  function  of  gj  («), 
so  that  ©  is  an  algebraic  function  of  jp(«)-  Hence  also  U  is  an  algebraic 
function  of  $>(u),  the  periods  of  $(u)  6ein#  properly  chosen. 

This  inference  requires  that  er,  the  order  of  @,  be  greater  than  1. 
Because  £7  has  ??i  values  for  an  argument  u,  the  symmetric  function  2,U 
has  one  value  for  an  argument  u  and  it  is  therefore  a  uniform  function. 
But  each  term  of  the  sum  has  the  same  value  for  w+^i  ^1+^2^2  as  for 
u;  and  therefore  this  uniform  function  is  doubly-periodic.  The  number  of 
independent  doubly-infinite  series  of  values  of  u  for  a  uniform  doubly- 
periodic  function  is  at  least  two  :  and  therefore  there  must  be  at  least  two 
doubly-infinite  series  of  values  of  u,  so  that  cr  >  1.  Hence  a  function,  that 
possesses  an  addition-theorem,  cannot  have  only  one  doubly-infinite  series  of 
values  for  its  argument. 

If  a  be  infinite,  there  is  an  infinite  series  of  values  of  u  of  the  form 
MX  +  pjflj  +  p>£l>2  ;  an  argument,  similar  to  that  in  case  (a),  shews  that  this  is, 
in  effect,  the  same  as  case  (c). 

It  is  obvious  that  cases  (ii),  (iii)  and  (iv)  of  §  152  are  now  completely 
covered;  case  (v)  of  §  152  is  covered  by  case  (c)  now  to  be  discussed. 

154.  For  case  (c),  we  have  the  series  of  values  •«  represented  by  a  number 
of  series  of  the  form 


where  the  quantities  o>  are  not  linearly  equivalent  to  two  quantities  Ox  and 
O2.     The  original  integer  q  is  infinite. 

Then,  by  §§  108,   110,  it  follows  that  integers  in  can  be  chosen  in  an 
unlimited  variety  of  ways  so  that  the  modulus  of 


mrwr 

r=\ 


is  infinitesimal,  and  therefore  in  the  immediate  vicinity  of  any  point  -«-A 
there  is  an  infinitude  of  points  at  which   the  function  '  resumes  its  value. 


gebraical  function  of  u,  or  of  e  w  (where  w  is  suitably  chosen),  or  of  jp  (u), 
•e  the  periods  of  £J(«)  are  suitably  chosen,  is  established;  and  it  has 
.entally  been  established  —  it  is,  indeed,  essential  to  the  derivation  of  the 
fern  —  that  a  function,  which  has  an  algebraical  addition  -theorem,  has  only 
ite  number  of  values  for  a  given  argument. 

t  is  easy  to  see  that  the  first  derivative  has  only  a  finite  number  of  values 
a,  given  argument;  for  the  elimination  of  U  between  the  algebraical 
,tions 


3  to  an  equation  in  U'  of  the  same  finite  degree  as  G  in  U. 

further,  it  is  now  easy  to  see  that  if  the  analytical  function  <p  (u),  which 

3sses  an   algebraical  addition-theorem,  be  uniform,  then  it  is  a  rational 

•itrn 

tion  either  of  u,  or  ofe",  or  of  jjp  (u}  and  $'  (u)  ;  and  that  any  uniform 
tioii,  which  is  transcendental  in  the  sense  of  §  46  and  which  possesses  an 
braical  addition-theorem,  is  either  a  simply-periodic  function  or  a  cloubly- 
xlic  function. 

'ho  following  examples  will  illustrate  some  of  the  inferences  in  regard  to  the  number 
ilues  of  (j)  (u  +  v)  arising  from  series  of  values  for  u  and  r. 

'.T.  1.     Let  U=u$  +  (2u  +  l'fi. 

Ividcntly  m,  the  number  of  values  of  U  for  a  value  of  u,  is  4  ;  and,  as  the  rationalised 
of  the  equation  is 


,T  arete  of  p,  being  the  immber  of  values  of  u  for  a  given  value  of  U,  is  2.     Thus  the 
tion  in  IF  should  be,  by  §  161,  of  degree  (4.22  =  )  16. 

'his  equation  is  n  {3  (  W*  -  U2-  V2)  +  1  -  2&,.}  =  0, 

r=i 

•e  kr  is  any  one  of  the  eight  values  of 


i  rationalised,  the  equation  is  of  the  16th  degree  in  W. 
fa.  2.     Let  U=co$u. 

Evidently  m  =  I  ;  the  values  of  u  for  a  given  value  of  U  are  contained  in  the  double 
.s  tt+27rw,  —  w+27T?2,  for  all  values  of  n  from  —  oo  to  +00.     The  values  of  u  +  v  are 

±Zirn+v+2irm,  that  is,  ii+v  +  Z-n-p  ;     -u  -\-2irn  +v  +  <2irm,  that  is,  -  w  +  w  +  STTJO  ; 
-t-2n-vz,-'y-t-27rm,,  that  is,  u  —  v  +  2irp;     —u+*27rn  —  v+2,Trm,  that  is,  —u 


The  theorem  has  been  used  by  Schwarz,  Ges.  Werke,  t.  ii,  pp.  260—268,  in  determining  all 
'amilies  of  plane  isothermic  curves  which  are  algebraic  curves,  an  '  isothermic  '  curve  being 


COS 

and  so  the  degree  of  the  equation  in  W  is  reduced  to  half  its  degree.     The  equation  i.s 

W  2-  2  WUV+  U*+  72-  1  =  0. 
Ex.  3.    Let  U=si\u. 

Evidently  m=l;  and  there  are  two  doubly-infinite  series  of  values  of  u  determined 
by  a  given  value  of  6r,  having  the  form  «  +  2mco  +  2mV,  &>  —  w  +  2mw  +  2mV.  Honce  the 
values  of  w-hv  are 

=       u+v  (mod.  2«,  2&>')  ;       ~a>  —  u+v  (mod.  2o>,  2«')  ; 
=  a  +  u  —  v  (mod.  2w,  '2w')  ;       =    —  u  —  v  (mod.  2cu,  2o/)  ; 

four  in  number.     The  equation  may  therefore  be  expected  to  be  of  the  fourth  degree 
in  W  ;  it  i.s 

4  (1  -  U*)  (I  -  F2)  (1  -  TP*)  =  (2  -  {/*-  JT*_  TH  +  FZ7*  H  If2)^ 

155.  But  it  must  not  be  supposed  that  any  algebraical  equation  between 
U,  V,  W,  which  is  symmetrical  in  U  and  V,  is  one  necessarily  implying  the 
representation  of  an  algebraical  addition-theorem.  Without  entering  into  a 
detailed  investigation  of  the  formal  characteristics  of  the  equations  that  are 
suitable,  a  latent  test  is  given  by  implication  in  the  following  theorem,  also 
clue  to  Weierstrass  :  — 

If  an  analytical  function  possess  an  algebraical  addition-theorem,  an 
algebraical  equation  involving  the  function  and  its  first  derivative  with  regard 
to  its  argument  exists;  and  the  coefficients  in  this  equation  do  not  involve  the 
argument  of  the  function. 

The  proposition  might  easily  be  derived  by  assuming  the  preceding- 
proposition,  and  applying  the  known  results  relating  to  the  algebraical 
dependence  between  those  functions,  the  types  of  which  are  suited  to  the 
representation  of  the  functions  in  question,  and  their  derivatives  ;  we  shall, 
however,  proceed  more  directly  from  the  equation  expressing  the  algebraical 
addition-theorem  in  the  form 

G(U,  V,  TH  =  0, 

which  may  be  regarded  as  a  rationally  irreducible  equation. 
Differentiating  with  regard  to  u,  we  have 

?^  JT'A--^  W'-O 
U  +W  ~U' 


and  similarly,  with  regard  to  v,  we  have 

' 


from  which  it  follows  that 

dG  „.    dG 


•rree  rrom  w  ,  we  eliminate  w  between 

n       n         i   ^  TTf      dGr  Tr/ 

0=0  and  ~TT  U  —  ^^  V  , 
ou  o  V 

the  elimination  being  possible  because  both  equations  are  of  finite  degree  ; 
and  thus  in  any  case  we  have  an  algebraical  equation  independent  of  W  and 
involving  U,  U',  V,  Vr. 

Not  more  than  one  equation  can  arise  by  assigning  various  values  to  v,  a 
quantity  that  is  independent  of  u  ;  for  we  should  have  either  inconsistent 
equations  or  simultaneous  equations  which,  being  consistent,  determine  a 
limited  number  of  values  of  U  and  V  for  all  values  of  u,  that  is,  only  a 
number  of  constants.  Hence  there  can  be  only  one  equation,  obtained  by 
assigning  varying  values  to  v  ;  and  this  single  equation  is  the  algebraical 
equation  between  the  function  and  its  first  derivative,  the  coefficients  being 
independent  of  the  argument  of  the  function, 

Note.  A  test  of  suitability  of  an  algebraical  equation  G  =  0  between 
three  variables  U,  V,  W  to  represent  an  addition-theorem  is  given  by  the 
condition  that  the  elimination  of  W  between 

n        r\  1    TT>d@        ^r/^G 

Or  =  0  and  U  xjf^V  ZTT 

OU  0  V 

leads  to  only  a  single  equation  between  U  and  U'  for  different  values  of 
V  and  V. 

Ex.     Consider  the  equation 

(2-  U-  V-  1*7-4  (1-  U)  (I-  F)  (1-  W)  =  0. 
The  deduced  equation  involving  U'  and  V  is 

(2  Fir-  F-  TF+  U)  U'  =  (2UW-  U-  W+  F)  F', 
,1  +  IF  (V-U)(V'+U') 

"°that  If  =(2  f-  1)^(2^1- 

The  elimination  of  W  is  simple.     We  have 


V-  TF-2 

I       n_^  ~    '  -  1  "V 


Neglecting  4  (  F+  U—  1)  =  0,   which   is   an   irrelevant   equation,  and   multiplying  by 
(-2  F-  1)  U'  -  (2  U-  1)  F',  we  have 

(  F+  U-  1)  {(1  -  F)  U'-(l-  U)  F'}2=(1  -U}(1-  F)  (  U'-  V)  {(2  F-  1)  U'-(2U-  1)  F'}, 
and  therefore  V(U-  F)  (1  -  F)  U'*+  U(  V-  U)  (1  -  U)  V'*  =  0. 

*    Tt.  ia  norm  -icci  hip  t.n  nrln-nf.  a.nv  anVicirlinw  irrnf.innnl    r\v  nnri-Q  Icrol^TniPQl   fni'm  a.c  t.lio  ormiTrnlonf 


side  is  evidently  a  constant,  say  4cr  ;  ana  tnen  we  nave 


Then  the  value  of  U  is  sin2(<m  +  j8),  the  arbitrary  additive  constant  of  integration 
being  j3  ;   by  substitution  in  the  original  equation,  /3  is  easily  proved  to  be  zero. 

156.     Again,  if  the  elimination  between 

r         n     n-nrl     ^    77'         ^    V 

<?-0  and  a[/f/  =aF^ 

be  supposed  to  be  performed  by  the  ordinary  algebraical  process  for  finding 

o/~r  ^tf^1 

the  greatest  common  measure  of  G  and  U'  ^jj  —  V  %Y>  regarded  as  functions 

of  W,  the  final  remainder  is  the  eliminant  which,  equated  to  zero,  is  the 
differential  equation  involving  U,  V,  V,V;  and  the  greatest  common  measure, 
equated  to  zero,  gives  the  simplest  equation  in  virtue  of  which  the  equations 

G  =  0  and  7rjj.  U'  =  ^,-v  V  subsist.     It  will  be  of  the  form 
9(7          ov 

f(W,  U,  V,  U',  F')  =  0. 

If  the  function  have  only  one  value  for  each  value  of  the  argument,  so  that  it 
is  a  uniform  function,  this  last  equation  can  give  only  one  value  for  W;  for  all 
the  other  magnitudes  that  occur  in  the  equation  are  uniform  functions  of 
their  respective  arguments.  Since  it  is  linear  in  W,  the  equation  can  be 
expressed  in  the  form 

W  =  R(U,  V,  U',  V'\ 

where  R  denotes  a  rational  function.     Hence*:  — 

A  uniform  analytical  function  §  (u),  which  possesses  an  algebraical 
addition-theorem,  is  such  that  <p  (u  +  v)  can  be  expressed  rationally  in  terms 
of  (/>  (u),  <j)'  (u),  $  (v)  and  $'  (v). 

It  need  hardly  be  pointed  out  that  this  result  is  not  inconsistent  with  the 
fact  that  the  algebraical  equation  between  $  (u  +  v},  <£  (u)  and  <£  (v)  does  not, 
in  general,  express  <£  (u  +  v}  as  a  rational  function  of  d>  (u)  and  <£  (v).  And  it 
should  be  noticed  that  the  rationality  of  the  expression  of  <j>  (u  +  v)  in  terms 
of  (j>  (u),  (/>  (v),  (£'  (u),  tjt)'  (v)  is  characteristic  of  functions  with  an  algebraical 
addition-theorem.  Instances  do  occur  of  functions  such  that  <p(u  +  v)  can  be 
expressed,  not  rationally,  in  terms  of  0  (u),  <j>  (?;),  <£'  (u),  <$>'  (v)  ;  they  do  not 
possess  an  algebraical  addition-theorem.  Such  an  instance  is  furnished  })y 
Z(iC)'.  the  expression  of  £(u  +  v),  given  in  Ex.  3  of  §  131,  can  be  modified  so 
as  to  have  the  form  indicated. 

*  The  theorem  is  due  to  Weierstrass;  see  Schwarz,  §  2,  (I.e.  in  note  to  p.  344). 


CHAPTER  XIV. 

CONNECTION  OF  SUBPACES. 

157.  IN  proceeding  to  the  discussion  of  multiform  functions,  it  was 
ed  (§  100)  that  there  are  two  methods  of  special  importance,  one  of 
sh  is  the  development  of  Cauchy's  general  theory  of  functions  of  complex 
ables  and  the  other  of  which  is  due  to  Riemann.  The  former  has  been 
iained  in  the  immediately  preceding  chapters ;  we  now  pass  to  the 
dderation  of  Riemann's  method.  But,  before  actually  entering  upon  it, 
•e  are  some  preliminary  propositions  on  the  connection  of  surfaces  which 
it  be  established ;  as  they  do  not  find  a  place  in  treatises  on  geometry, 
outline  will  be  given  here,  though  only  to  that  elementary  extent  which 
ecessary  for  our  present  purpose. 

En  the  integration  of  rneromorphic  functions,  it  proved  to  be  convenient 
xclude  the  poles  from  the  range  of  variation  of  the  variable  by  means  of 
ritesimal  closed  simple  curves,  each  of  which  was  thereby  constituted  a 
t  of  the  region  :  the  full  boundary  of  the  region  was  composed  of  the 
negate  of  these  non-intersecting  curves. 

Similarly,  in  dealing  with  some  special  cases  of  multiform  functions,  it 
red  convenient  to  exclude  the  branch-points  by  means  of  infinitesimal 
res  or  by  loops.  And,  in  the  case  of  the  fundamental  lemma  of  §  16, 
region  over  which  integration  extended  was  considered  as  one  which 
libly  had  several  distinct  curves  as  its  complete  boundary, 
rhese  are  special  examples  of  a  general  class  of  regions,  at  all  points 
dn  the  area  of  which  the  functions  considered  are  monogenic,  finite,  and 
inuous  and,  as  the  case  may  be,  uniform  or  multiform.  But,  important 
re  the  classes  of  functions  which  have  been  considered,  it  is  necessary  to 
iider  wider  classes  of  multiform  functions  and  to  obtain  the  regions  which 
appropriate  for  the  representation  of  the  variation  of  the  variable  in  each 
.  The  most  conspicuous  examples  of  such  new  functions  are  the  algebraic 
itions,  adverted  to  in  §§  94 — 99  ;  and  it  is  chiefly  in  view  of  their  value 
of  the  value  of  functions  dependent  upon  them,  as  well  as  of  the  kind  of 
ice  on  which  their  variable  can  be  simply  represented,  that  we  now 

^     :^P     4-1-,  ^ 


uua,u  ui   a, 


uuau   ui   a/ii  uij.iuuux- 


surfaces.  Two  non-intersecting  spheres,  not  joined  or  bound  together  in 
any  manner,  are  not  a  connected  surface  but  are  two  different  connected 
surfaces.  It  is  often  necessary  to  consider  surfaces,  which  are  constituted 
by  an  aggregate  of  several  sheets  ;  in  order  that  the  surface  may  be  regarded 
as  connected,  there  must  be  junctions  between  the  sheets. 

One  of  the  simplest  connected  surfaces  is  such  a  plane  area  as  is  enclosed 
arid  completely  bounded  by  the  circumference  of  a  circle.  All  lines  drawn 
in  it  from  one  internal  point  to  another  can  be  deformed  into  .one  another  ; 
any  simple  closed  line  lying  entirely  within  it  can  be  deformed  so  as  to  be 
evanescent,  without  in  either  case  passing  over  the  circumference;  and  any 
simple  line  from  one  point  of  the  circumference  to  another,  when  regarded 
as  an  impassable  barrier,  divides  the  surface  into  two  portions.  Such  a 
surface  is  called*  simply  connected. 

The  kind  of  connected  surface  next  in  point  of  simplicity  is  such  a  plane 
area  as  is  enclosed  between  and  is  completely  bounded  by  the  circumferences 
of  two  concentric  circles.  All  lines  in  the  surface 
from  one  point  to  another  cannot  necessarily  be 
deformed  into  one  another,  e.g.,  the  lines  z0nz  and 
z&z  ;  a  simple  closed  line  cannot  necessarily  be 
deformed  so  as  to  be  evanescent  without  crossing 
the  boundary,  e.g.,  the  line  azj)za  ;  and  a  simple 
lirie  from  a  point  in  one  part  of  the  boundary 
to  a  point  in  another  and  different  part  of  the 
boundary,  such  as  a  line  AB,  does  not  divide  the  Fig.  35. 

surface  into  two  portions  but,  set  as  an  impassable  barrier,  it  makes  the 
surface  simply  connected. 

Again,  on  the  surface  of  an  anchor-ring,  a  closed  line  can  be  drawn  in 
two  essentially  distinct  ways,  abc,  ab'c,  such  that 
neither  can  be  deformed  so  as  to  be  evanescent 
or  so  as  to  pass  continuously  into  the  other. 
If  abc  be  made  the  only  impassable  barrier,  a 
line  such  as  ctj3<y  cannot  be  deformed  so  as  to  be 
evanescent  ;  if  ab'c'  be  made  the  only  impassable 
barrier,  the  same  holds  of  a  line  such  as  afi'y'. 
In  order  to  make  the  sui'face  simply  connected, 
two  impassable  barriers,  such  as  abc  and'ft&'c', 
must  be  set. 

Surfaces,  like  the  flat  rintr  or  the  anchor-rin.o-  K- 


uue  wmun  is  simpiy  connecueu. 

159.  It  proves  to  be  convenient  to  arrange  surfaces  in  classes  according 
to  the  character  of  their  connection;  and  these  few  illustrations  suggest  bhat 
the  classification  may  be  made  to  depend,  either  upon  the  resolution  of  the 
surface,  by  the  establishment  of  barriers,  into  one  that  is  simply  connected, 
or  Upon  the  number  of  what  may  be  called  independent  irreducible  circuits. 
The  former  mode— that  of  dependence  upon  the  establishment  of  barriers- 
will  be  adopted,  thus  following  Eieinannf ;  but  whichever  of  the  two  modes 
be  adopted  (and  they  are  not  necessarily  the  only  modes),  subsequent  demands 
require  that  the  two  be  brought  into  relation  with  one  another. 

The  most  effective  way  of  securing  the  impassability  of  a  barrier  is  to 
suppose  the  surface  actually  cut  along  the  line  of  the  barrier.  Such  a  section 
of  a  surface  is  either  a  cross-cut  or  a  loop-cut. 

If  the  section  be  made  through  the  interior  of  the  surface  from  one  point 


Fig.  37. 

of  tlie  boundary  to  another  point  of  the  boundary,  without  intersecting  itself 
or  meeting  the  boundary  save  at  its  extremities,  it  is  called  a  cross-cut^. 
Every  part  of  it,  as  it  is  made,  is  to  be  regarded  as  boundary  during  the 
formation  of  the  remainder  ;  and  any  cross-cut,  once  made,  is  to  be  regarded 
as  boundary  during  the  formation  of  any  cross-cut  subsequently  made. 
Illustrations  are  given  in  fig.  3*7. 

The  definition  and  explanation  imply  that  the  surface  has  a  boundary. 
Some  surfaces,  such  as  a  complete  sphere  and  a  complete  anchor-ring,  do 
not  possess  a  boundary;  but,  as  will  be  seen  later  (§§163,  168)  from  the 
discussion  of  the  evanescence  of  circuits,  it  is  desirable  to  assign  some 
boundary  in  order  to  avoid  merely  artificial  difficulties  as  to  the  numerical 

*  Sometimes  the  term  polyailelpiiic  is  used.  The  German  equivalent  is  malirfacJi  zitsammen- 
hihic/end. 

t  "  Gmndlagen  fiir  eine  allgemeine  Theorie  der  Functionen  einer  reranderlichen  cornplexen 
Griisse,"  Riemann's  Gesammelte  Werke,  pp.  9  —  12;  "Theorie  der  Abel'schen  Functionen,"  ib., 


vofaronna    f. 


mYlr\ir«    ia    mn.r?Q     if.  wi'Tl    ITCJ    Vitr  a.  nif.nf.l'rm   nf 


the  boundary  of  a  surface,  which  otherwise  has  no  boundary,  an  infinitesimal 
closed  curve,  practically  a  point ;  thus  in  the  figure  of  the  anchor-ring  (fig.  36) 
the  point  a  is  taken  as  a  boundary,  and  each  of  the  two  cross-cuts  begins  and 
ends  in  a. 

If  the  section  be  made  through  the  interior  of  the  surface  from  a  point 
not  on  the  boundary  and,  without  meeting  the  boundary  or  crossing  itself, 
return  to  the  initial  point,  (so  that  it  has  the  form  of  a  simple  curve  lying 


iK.   38. 


entirely  in  the  surface),  it  is  called*  a  loop-cut.  Thus  a  piece  can  be  cut 
out  of  a  bounded  spherical  surface  by  a  loop-cut  (fig.  38);  but  it  does 
not  necessarily  give  a  separate  piece  when  made  in  the  surface  of  an 
anchor-ring. 

It  is  evident  that  both  a  cross-cut  and  a  loop-cut  furnish  a  double 
boundary-edge  to  the  Avhole  aggregate  of  surface,  whether  consisting  of 
two  pieces  or  of  only  one  piece  after  the  section. 

Moreover,  these  sections  represent  the  impassable  barriers  of  the  pre- 
liminary explanations ;  and  no  specified  form  was  assigned  to  those  barriers. 
It  is  thus  possible,  within  certain  limits,  to  deform  a  cross-cut  or  a  loop-cut 
continuously  into  a  closely  contiguous  and  ecuiivalent  position.  If,  for 
instance,  two  barriers  initially  coincide  over  any  finite  length,  one  or  other 
can  be  slightly  deformed  so  that  finally  they  intersect  only  in  a  point ;  the 
same  modification  can  therefore  be  made  in  the  sections. 

The  definitions  of  simple  connection  and  of  multiple  connection  will  nowf 
be  as  follows  : — 

A  surface  is  simply  connected,  if  it  be  resolved  into  two  distinct  pieces  bij 
every  cross-cut ;  but  if  there  be  any  cross-cut,  which  does  not  resolve  it  into 
distinct  pieces,  the  surface  is  multiply  connected. 

160.  Some  fundamental  propositions,  relating  to  the  connection  of 
surfaces,  may  now  be  derived. 


is  resoLvea  oy  a,  cross-cui,  is  iiseij  mmpiy  connected. 

If  either  of  the  pieces,  made  by  a  cross-cut  ab,  be  not  simply  connected, 
then  some  cross-cut  cd  must  be  possible  which  will  not  resolve  that  piece 
into  distinct  portions. 

If  neither  c  nor  d  lie  on  ab,  then  the  obliteration  of  the  cut  ab  will  restore 
the  original  surface  8,  which  now  is  not  resolved  by  the  cut  cd  into  distinct 
pieces. 

If  one  of  the  extremities  of  cd,  say  c,  lie  on  ab,  then  the  obliteration  of 
the  portion  cb  Avill  change  the  two  pieces  into  a  single  piece  which  is  the 
original  surface  S;  and  S  now  has  a  cross-cut  acd,  which  does  not  resolve 
it  into  distinct  pieces. 

If  both  the  extremities  lie  on  ab,  then  the  obliteration  of  that  part  of  ab 
which  lies  between  c  and  d  will  change  the  two  pieces  into  one;  this  is  the 
original  surface  /S',  now  with  a  cross-cut  acdb,  which  does  not  resolve  it  into 
distinct  pieces. 

These  are  all  the  possible  cases  should  either  of  the  distinct  pieces  of  $ 
not  be  simply  connected ;  each  of  them  leads  to  a  contradiction  of  the  simple 
connection  of  S ;  therefore  the  hypothesis  on  which  each  is  based  is  untenable, 
that  is,  the  distinct  pieces  of  S  in  all  the  cases  are  simply  connected. 

COROLLARY  1.  A  simply  connected  surface  is  resolved  by  n  cross-cuts  into 
n  + 1  distinct  pieces,  each  simply  connected ;  and  an  a<j(/regate  of  m  simply 
connected  surfaces  is  resolved  by  n  cross-cuts  into  n  +  m  distinct  pieces  each 
simply  connected. 

COROLLARY  2.  A  surface  that  is  resolved  into  two  distinct  simply  con- 
nected pieces  by  a  cross-cut  is  simply  connected  before  the  resolution. 

COROLLARY  3.  If  a  multiply  connected  surface  be  resolved  into  two 
different  pieces  by  a  cross-cut,  both  of  these  pieces  cannot  be  simply  connected. 

We  now  come  to  a  theorem*  of  great  importance: — 

II.  If  a  resolution  of  a  surface  by  in  cross-cuts  into  n  distinct  simply 
connected  pieces  be  possible,  and  also  a  different  resolution  of  the  same  surface 
by  fjb  cross-cuts  into  v  distinct  simply  connected  pieces,  then  m  —  n  =  fj,—  v. 

Let  the  aggregate  of  the  n  pieces  be  denoted  by  S  and  the  aggregate  of 
the  v  pieces  by  S :  and  consider  the  effect  on  the  original  surface  of  a  united 
system  of  m  +  ^  simultaneous  cross-cuts  made  up  of  the  two  systems  of  the 
m  and  of  the  ^  cross-cuts  respectively.  The  operation  of  this  system  can  be 
carried  out  in  two  ways :  (i)  by  effecting  the  system  of  ^  cross-cuts  on  S  and 


original  suriace. 

After  the  explanation  of  §  159,  we  may  justifiably  assume  that  the  lines 
of  the  two  systems  of  cross-cuts  meet  only  in  points,  if  at  all :  let  8  be  the 
number  of  points  of  intersection  of  these  lines.  Whenever  the  direction  of  a 
cross-cut  meets  a  boundary  line,  the  cross-cut  terminates  ;  and  if  the  direction 
continue  beyond  thab  boundary  line,  that  produced  part  must  be  regarded  as 
a  new  cross-cut. 

Hence  the  new  system  of  /u,  cross-cuts  applied  to  ti  is  effectively 
equivalent  to  p  +  S  new  cross-cuts.  Before  these  cuts  were  made,  S  was 
composed  of  n  simply  connected  pieces;  hence,  after  they  are  applied,  the 
new  arrangement  of  the  original  suriace  is  made  up  of  n  +  (fj,  •+•  S)  simply 
connected  pieces. 

Similarly,  the  new  system  of  m  cross-cuts  applied  to  2  will  give  nn 
arrangement  of  the  original  surface  made  up  of  v  +  (m  +  8)  simply  connected 
pieces.  These  two  arrangements  are  the  same :  and  therefore 

11  +  /*  4-  8  =  v  +  m  +  S, 
so  that  972,  —  n  =  /j,  —  v. 

It  thus  appears  that,  if  by  any  system  of  q  cross-cuts  a  multiply 
connected  surface  be  resolved  into  a  number  p  of  pieces  distinct  from,  one 
another  and  all  simply  connected,  the  integer  q  —  p  is  independent  of  the 
particular  system  of  the  cross-cuts  and  of  their  configuration.  The  integer 
q—p  is  therefore  essentially  associated  with  the  character  of  the  multiple 
connection  of  the  surface :  and  its  invariance  for  a  given  surface  enables  us 
to  arrange  surfaces  according  to  the  value  of  the  integer. 

No  classification  among  the  multiply  connected  surfaces  has  yet  been 
made:  they  have  merely  been  defined  as  surfaces  in  which  cross-cuts  can 
be  made  that  do  not  resolve  the  surface  into  distinct  pieces. 

It  is  natural  to  arrange  them  in  classes  according  to  the  number  of  cross- 
cuts which  are  necessary  to  resolve  the  surface  into  one  of  simple  connection 
or  a  number  of  pieces  each  of  simple  connection. 

For  a  simply  connected  surface,  no  such  cross-cut  is  necessary:  then 
2  =  °>  P  =  1.  and  in  general  q-p  =  -l.  We  shall  say  that  the  connectivity* 
is  unity.  Examples  are  furnished  by  the  area  of  a  plane  circle,  and  by  a 
spherical  surface,  with  one  holef. 

A  surface  is  called  doubly-connected  when,  by  one  appropriate  cross-cut, 
the  surface  is  changed  into  a  single  surface  of  simple  connection  :  then  q  =  lj 
p  =  l  for  this  particular  resolution,  and  therefore  in  general,  q—p  =  Q.  We 


A  surface  is  called  triply-connected  when,  by  two  appropriate  cross-cuts, 
the  surface  is  changed  into  a  single  surface  of  simple  connection :  then  q  =  2, 
/)  =  1  for  this  particular  resolution  and  therefore,  in  general,  q  —  p  =  1.  We 
shall  say  that  the  connectivity  is  3.  Examples  are  furnished  by  the  surface 
of  an  anchor-ring  with  one  hole  in  it*,  and  by  the  surfacesf  in  figure  39,  the 
surface  in  (2)  not  being  in  one  plane  but  one  part  beneath  another. 


Pig.  39. 

And,  in  general,  a  surface  will  be  said  to  be  -Ar-ply  connected  or  its 
connectivity  will  be  denoted  by  N,  if,  by  N  —  1  appropriate  cross-cuts,  it  can 
be  changed  into  a  single  surface  that  is  simply  connected  j.  For  this 
particular  resolution  q  =  N—l,  p  =  l:  and  therefore  in  general 

q-p  =  JV-2, 
or  N  =  q  —  p  +  2. 

Let  a  cross-cut  I  be  drawn  in  a  surface  of  connectivity  N.  There  are 
two  cases  to  be  considered,  according  as  it  does  not  or  does  divide  the  surface 
into  distinct  pieces. 

First,  let  the  surface  be  only  one  piece  after  I  is  drawn  :  and  let  its 
connectivity  then  be  N'.  If  in  the  original  surface  q  cross-cuts  (one  of 
which  can,  after  the  preceding  proposition,  be  taken  to  be  I)  be  drawn 
dividing  the  surface  into  p  simply  connected  pieces,  then 


To  obtain  these  p  simply  connected  pieces  from  the  surface  after  the  cross-cut 
I,  it  is  evidently  sufficient  to  make  the  q  —  I  original  cross-cuts  other  than  I ; 
that  is,  the  modified  surface  is  such  that. by  q  —  1  cross-cuts  it  is  resolved  into 
p  simply  connected  pieces.,  and  therefore 


Hence  N'  =  N—  1,  or  the  connectivity  of  the  surface  is  diminished  by  unity. 

*  The  hole  is  made  to  give  the  surface  a  boundary  (§  163). 
I  Riemann,  p.  89. 


ana  the  appropriate  _/Y2  -  1  in  the  latter,  be  drawn  so  as  to  make  eacn 
a  simply  connected  piece.  Then,  together,  there  are  two  simply  connected 
pieces. 

To  obtain  these  two  pieces  from  the  original  surface,  it  will  suffice  to 
make  in  it  the  cross-cut  I,  the  Nl  —  1  cross-cuts,  and  the  N%  —  1  cross-cuts, 
that  is,  1  +  CAr!  -  1)  4-  (Nz  -  1)  or  N^  +  Ns  -  1  cross-cuts  in  all.  Since  these, 
when  made  in  the  surface  of  connectivity  N,  give  two  pieces,  we  have 


and  therefore  JV",  +  N»  =  N  +  1. 

If  one  of  the  pieces  be  simply  connected,  the  connectivity  of  the  other  is  N ; 
so  that,  if  a  simply  connected  piece  of  surface  be  cut  off  a  multiply  connected 
surface,  the  connectivity  of  the  remainder  is  unchanged.  Hence  :— 

III.  If  a  cross-cut  be  made  in  a  surface  of  connectivity  N  and  if  it  do 
not  divide  it  into  separate  pieces,  the  connectivity  of  the  modified  surface  is 
N  —1  ;  but  if  it  divide  the  surface  into  two  separate  pieces  of  connectivities  N} 
and  N2,  then  Nj,  +  N*  =  N+1. 


Illustrations  are  shewn,  in  fig.  40,  of  the  effect  of  cross-cuts  on  the  two 
surfaces  in  fig.  39. 

IV.  In  the  same  way  it  may  be  proved  that,  if  s  cross-cuts  be  made  in  a 
surface  of  connectivity  N  and  divide, it  into  r  +  1  separate  pieces  (where  r^s) 
of  connectivities  iY1;  Nz,  ...,  N.r+1  respectively,  then 

N1  +  N,,+  ...+  Nr+l  =  N+2r-s, 
a  more  general  result  including  both  of  the  foregoing  cases. 

Thus  far  we  have  been  considering  only  cross-cuts :  it  is  now  necessary 


original  surface,  for  CAbdA  (fig.  41)  is  then 
iently  a  cross-cut  of  the  original  surface ;  and 

is  a  cross-cut  of  the  surface,  which  is  the  modi-- 
,tion  of  the  original  surface  after  the  loop-cut 

been  made.  Since,  by  definition,  a  loop-cut 
is  not  meet  the  boundary,  the  cross-cut  GA  does 
i  divide  the  modified  surface  into  distinct  pieces ; 
ice,  according  as  the  effect  of  the  loop-cut  is,  \  °' 

is  not,  that  of  making  distinct  pieces,  so  will 
i  effect  of  the  whole  cross-cut  be,  or  not  be,  that  of  making  distinct  pieces. 

161.  Let  a  loop-cut  be  drawn  in  a  surface  of  connectivity  N',  as  before 
a  cross-cut,  there  are  two  cases  for  consideration,  according  as  the  loop-cut 
js  or  does  not  divide  the  surface  into  distinct  pieces. 
First,  let  it  divide  the  surface  into  two  distinct  pieces,  say  of  connectivities 
and  iVo  respectively.  Change  the  loop-cut  into  a  cross-cut  of  the  original 
•face  by  drawing  a  cross-cut  in  either  of  the  pieces,  say  the  second,  from 
joint  in  the  course  of  the  loop-cut  to  some  point  of  the  original  boundary, 
is  cross-cut,  as  a  section  of  that  piece,  does  not  divide  it  into  distinct 
sees:  and  therefore  the  connectivity  is  now  Nz' (=  N,,  —  1).  The  effect  of 
3  whole  section,  which  is  a  single  cross-cut,  of  the  original  surface  is  to 
dde  it  into  two  pieces,  the  connectivities  of  which  are  Nl  and  N»  :  hence, 
§  160,  III, 

jv,  +  N:  =  N  + 1, 

d  therefore  N,  +  N2  =  N  +  2. 

If  the  piece  cut  out  be  simply  connected,  say  N^  =  1,  then  the  connectivity 
the  remainder  is  N  +  1.  But  such  a  removal  of  a  simply  connected  piece 

a  loop-cub  is  the  same  as  making  a  hole  in  a  continuous  part  of  the 
L'face :  and  therefore  the  effect  of  making  a,  simple  hole  in  a  continuous  part 
a  surface  is  to  increase  by  unity  the  connectivity  of  the  surface. 

If  the  piece  cut  out  be  doubly-connected,  say  N^  —  2,  then  the  connect- 
ty  of  the  remainder  is  N,  the  same  as  the  connectivity  of  the  original 
rface.  Such  a  portion  would  be  obtained  by  cutting  out  a  piece  with 
aole  in  it  which,  so  far  as  concerns  the  original  surface,  would  be  the  same 

merely  enlarging  the  hole — an  operation  that  naturally  would  "not  affect 
e  connectivity. 

Secondly,  let  the  loop-cut  not  divide  the  surface  into  two  distinct  pieces : 
d  let  N'  he  the  connectivity  of  the  modified  surface.  In  this  modified 
rface  make  a  cross-cut  k  from  any  point  of  the  loop-cut  to  a  point  of  the 


uy   uue    ^uuiuJtucbbiuii  ui   «/   wiuu    unu   iuujj-uuu^    ums  single  ui 

does  not  divide  the  surface  into  distinct  pieces,  and  therefore  the  connectivity 
after  the  modification  is  Ar  —  1.     Hence 


that  is,  N'  =  N,  or  the  connectivity  of  a  surface  is  not  affected  by  a  loop-cut 
which  does  not  divide  the  surface  into  distinct  pieces. 

Both  of  these  results  are  included  in  the  following  theorem  :  — 

V.     If  after  any  number  of  loop-cuts  made  in  a  surface  of  connectivity  N, 
there  be  r  +  1  distinct  pieces  of  surface,  of  connectivities  Nlt  Nz,  ,..,  Nr+1,  then 


Let  the  number  of  loop-cuts  be  s.  Each  of  them  can  be  changed  into  a 
cross-cut  of  the  original  surface,  by  drawing  in  some  one  of  the  pieces,  as 
may  be  convenient,  a  cross-cut  from  a  point  of  the  loop-cut  to  a  point  of 
a  boundary  :  this  new  cross-cut  does  not  divide  the  piece  in  which  it  is  drawn 
into  distinct  pieces.  If  k  such  cross-cuts  (where  k  may  be  zero)  be  drawn  in 
the  piece  of  connectivity  Nm,  the  connectivity  becomes  Nmf,  where 

-"  m  ==  •"  m       M  j 
H-l  r+1  r+1 

hence  ^  #„/=   2  Nm-2k=   2  Nm-s. 

in  =1  in  =  i  m  =  i 

We  now  have  s  cross-cuts  dividing  the  surface  of  connectivity  N  into  r  +  1 
distinct  pieces,  of  connectivities  NI,  N,2',  ...,  N.,',  Nr+l'  ',  and  therefore,  by 
§  160,  IV., 

N,'+...+  N,f  +  Nr+S  =  N  +  "2r  -  8, 

so  that  N!  +  N»  +  .  .  .  +  Nr+,  =  N  4-  2r. 

This  result  could  have  been  obtained  also  by  combination  and  repetition 
of  the  two  results  obtained  for  a  single  loop-cut. 

Thus  a  spherical  surface  with  one  hole  in  it  is  simply  connected  :  when 
n  —  1  other  different  holes*  are  made  in  it,  the  edges  of  the  holes  being 
outside  one  another,  the  connectivity  of  the  surface  is  increased  by  n  —  1, 
that  is,  it  becomes  n.  Hence  a  spherical  surface  with  n  holes  in  it  is  n-ply 
connected. 

Ex.  Two  equal  anchor-riuga,  which  are  horizontal  and  have  their  centres  in  the  same 
vertical  line,  are  connected  together  by  three  vertical  right  circular  cylinders.  Determine 
the  connectivity  of  the  solid  so  formed.  (Math.  Trip.,  Part  II.,  1893.) 

162.     Occasionally,  it  is  necessary  to  consider  the  effect  of  a  slit  made  in 

tli  A 


iiich  makes  a  hole  in  the  surface.    Such  a  slit  therefore  (§  161)  increases  the 
nnectivity  by  unity. 

If  the  slit  have  one  extremity  (but  no  other  point)  on  a  boundary,  it  can 
j  regarded  as  the  limiting  form  of  a  cross-cut,  which  returns 
i  itself  as  in  the  figure,  and  cuts  off  a  single  simply  con-       / 

icfced  piece.     Such  a  slit  therefore  (§  160,  III.)  leaves  the     [ 

umectivrty  unaltered.  \" ^—^ 

If  the  slit  have  both  extremities  on  boundaries,  it  ceases 

Fie    42 
)  be  merely  a  slit :  it  is  a  cross-cut  the  effect  of  which  on 

le  connectivity  has  been  obtained.     We  do  not  regard  such  sections  as  slits. 

163.  In  the  preceding  investigations  relative  to  cross-cuts  and  loop-cuts, 
jference  has  continually  been  made  to  the  boundary  of  the  surface  con- 
dered. 

The  boundary  of  a  surface  consists  of  a  line  returning  to  itself,  or  of  a 
Astern  of  lines  each  returning  to  itself.  Each  part  of  such  a  boundary-line 
3  it  is  drawn  is  considered  a  part  of  the  boundary,  and  thus  a  boundary-line 
^nnot  cut  itself  and  pass  beyond  its  earlier  position,  for  a  boundary  cannot 
e  crossed :  each  boundary-line  must  therefore  be  a  simple  curve*. 

Most  surfaces  have  boundaries :  an  exception  arises  in  the  case  of  closed 
-irfaces  whatever  be  their  connectivity.  It  was  stated  (§  159)  that  a 
oundary  is  assigned  to  such  a  surface  by  drawing  an  infinitesimal  simple 
Lirve  in  it  or,  what  is  the  same  thing,  by  making  a  small  hole.  The 
dvantage  of  this  can  be  seen  from  the  simple  example  of  a  spherical 
urface. 

When  a  small  hole  is  made  in  any  surface  the  connectivity  is  increased 
y  unity :  the  connectivity  of  the  spherical  surface  after  the  hole  is  made 
5  unity,  and  therefore  the  connectivity  of  the  complete  spherical  surface 
fvust  be  taken  to  be  zero. 

The  mere  fact  that  the  connectivity  is  less  than  unity,  being  that  of  the 
implest  connected  surfaces  with  which  we  have  to  deal, 
3  not  in  itself  of  importance.  But  let  us  return  for  a 
noment  to  the  suggested  method  of  determining  the 
onnectivity  by  means  of  the  evanescence  of  circuits 
without  crossing  the  boundary.  When  the  surface  is 
he  complete  spherical  surface  (fig.  43),  there  are  two 
sssentially  distinct  ways  of  making  a  circuit  G  evan- 
escent, first,  by  making  it  collapse  into  the  point  a, 


boundary,  as  above,  leads,  to  an  artificial  reduction  of  the  connectivity  by 
unity,  arising  not  from  the  greater  simplicity  of  the  surface  but  from  the 
possibility  of  carrying  out  in  two  ways  the  operation  of  reducing  any  circuit 
to  given  circuits,  which  is  most  effective  when  only  one  way  is  permissible. 
We  shall  therefore  assume  a  boundary  assigned  to  such  closed  surfaces  as  in 
the  first  instance  are  destitute  of  boundary. 

164.  The  relations  between  the  number  of  boundaries  and  the  connect- 
ivity of  a  surface  are  given  by  the  following  propositions. 

I.  The  boundary  of  a  simply  connected  surface  consists  of  a  single  line. 
When  a  boundary  consists  of  separate  lines,  then  a  cross-cut  can  be  made 

from  a  point  of  one  to  a  point  of  another.  By  proceeding  from 
P,  a  point  on  one  side  of  the  cross-cut,  along  the  boundary 
ao.'.c'a!  we  can  by  a  line  lying  wholly  in  the  surface  reach  a 
point  Q  on  the  other  side  of  the  cross-cut :  hence  the  parts  of 
the  surface  on  opposite  sides  of  the  cross-cut  are  connected. 
The  surface  is  therefore  not  resolved  into  distinct  pieces  by  the 
cross-cut. 

A  simply  connected  surface  is  resolved  into  distinct  pieces 
by  each  cross-cut  made  in  it :  such  a  cross-cut  as  the  foregoing 
is  therefore  not  possible,  that  is,  there  are  not  separate  lines  which  make  up 
its  boundary.  It  has  a  boundary:  the  boundary  therefore  consists  of  a  single 
line. 

II.  A  cross-cut  either  increases  by  unity  or  diminishes  by  unity  the  number 
of  distinct  boundary-lines  of  a  multiply  connected  surface. 

A  cross-cut  is  made  in  one  of  three  ways :  either  from  a  point  a  of  one 
boundary-line  A  to  a  point  b  of  another  boundary-line  B ;  or  from  a  point  a 
of  a  boundary-line  to  another  point  d  of  the  same  boundary-line ;  or  from  a 
point  of  a  boundary-line  to  a  point  in  the  cut  itself. 

If  made  in  the  first  way,  a  combination  of  one  edge  of  the  cut,  the 
remainder  of  the  original  boundary  A,  the  other  edge  of  the  cut  and  the 
remainder  of  the  original  boundary  B  taken  in  succession,  form  a  single 
piece  of  boundary ;  this  replaces  the  two  boundary-lines  A  and  B  which 
existed  distinct  from  one  another  before  the  cross-cut  was  made.  Hence  the 
number  of  lines  is  diminished  by  unity.  An  example  is  furnished  by  a  plane 
ring  (ii.,  tig.  37,  p.  361). 

If  made  in  the  second  way,  the  combination  of  one  edge  of  the  cut  with 
the  piece  of  the  boundary  on  one  side  of  it  makes  one  boundary-line,  and  the 


number  of  lines  is  increased  by  unity.     Examples  are  furnished  by  the  cut 
surfaces  in  fig.  40,  p.  366. 

If  made  in  the  third  way,  the  cross-cut  may  be  considered  as  constituted 
by  a  loop-cut  and  a  cut  joining  the  loop-cut  to  the  boundary.  The  boundary- 
lines  may  now  be  considered  as  constituted  (fig.  41,  p.  367)  by  the  closed 
curve  ABD  and  the  closed  boundary  abdac'e  ...eca;  that  is,  there  are  now 
two  boundary-lines  instead  of  the  single  boundary-line  ce...e'c'c  in  the  uncut 
surface.  Hence  the  number  of  distinct  boundary-lines  is  increased  by  unity. 

COROLLARY.  A  loop-cut  increases  tJie  number  of  distinct  boundary -lines 
by  two. 

This  result  follows  at  once  from  the  last  discussion. 

III.  Tli.e  number  of  distinct  boundary-lines  of  a  surface  of  connectivity  N 
/.s'  J\7  —  2/o,  where  k  is  a  positive  integer  that  may  be  zero. 

Let  v/i  be  the  number  of  distinct  boundary-lines ;  and  let  N  —  1  appro- 
priate cross-cuts  be  drawn,  changing  the  surface  into  a  simply  connected 
surface.  Each  of  these  cross-cubs  increases  by  unity  or  diminishes  by  unity 
the  number  of  boundary-lines ;  let  these  units  of  increase  or  of  decrease  be 
denoted  by  e1}  ea,  ...,  e^y-i-  Each  of  the  quantities  e  is  +  1 ;  let  k  of  them  be 
positive,  and  N  —  1  —  k  negative.  The  total  number  of  boundary-lines  is 
therefore 

m  +  k  -(N~l-  k). 

The  surface  now  is  a  single  simply  connected  surface,  and  there  is  therefore 
only  one  boundary-line;  hence 

m  +  k-(N-l-/c)=l,      ' 
so  that  m  =  N  -  2/c ; 

and  evidently  k  is  an  integer  that  may  be  zero. 

COROLLARY  1.  A  closed  surface  with  a  single  boundary-line*  is  of  odd 
connectivity. 

For  example,  the  surface  of  an  anchor-ring,  when  bounded,  is  of  con- 
nectivity 3 ;  the  surface,  obtained  by  boring  two  holes  through  the  volume 
of  a  solid  sphere,  is,  when  bounded,  of  connectivity  5. 

If  the  connectivity  of  a  closed  surface  with  a  single  boundary  be  2p  +  1, 
the  surface  is  often  saidf  to  be  of  genus  p  (§  178,  p.  395). 

"  See  §  159. 

t  Sometimes  class.     The  German  word  is  Gexchlecht ;  French  writers  use  the  word  genre,  and 


connectivity  N  be  N,  any  loop-cut  divides  the  surface  into  two  distinct  pieces. 

After  the  loop-cut  is  made,  the  number  of  distinct  boundary-lines  is 
N  +  2 ;  the  connectivity  of  the  whole  of  the  cut  surface  is  therefore  not  less 
than  N+  2.  It  has  been  proved  that  a  loop-cut,  which  does  not  divide  the 
surface  into  distinct  pieces,  does  not  affect  the  connectivity;  hence  as  the 
connectivity  has  been  increased,  the  loop-cut  must  divide  the  surface  into 
two  distinct  pieces.  It  is  easy,  by  the  result  of  §  161,  to  see  that,  after  the 
loop-cut  is  made,  the  sum  of  connectivities  of  the  two  pieces  is  -ZV+2,  so 
that  the  connectivity  of  the  whole  of  the  cut  surface  is  equal  to  N  +  2. 

Note.  Throughout  these  propositions,  a  tacit  assumption  has  been  made, 
which  is  important  for  this  particular  proposition  when  the  surface  is  the 
means  of  representing  the  variable.  The  assumption  is  that  the  surface  is 
bifacial  and  not  unifacial',  it  has  existed  implicitly  throughout  all  the 
geometrical  representations  of  variability :  it  found  explicit  expression  in 
§  4  when  the  plane  was  brought  into  relation  with  the  sphere :  and  a  cut 
in  a  surface  has  been  counted  a  single  cut,  occurring  on  one  side,  though  it 
would  have  to  be  counted  as  two  cuts,  one  on  each  side,  were  the  surface 
unifacial. 

The  propositions  are  not  necessarily  valid,  when  applied  to  unifacial 
surfaces.  Consider  a  surface  made  out  of  a  long  rectangular  slip  of  paper, 
which  is  twisted  once  (or  any  odd  number  of  times)  and  then  has  its  ends 
fastened  together.  This  surface  is  of  double  connectivity,  because  one 
section  can  be  made  across  it  which  does  not  divide  it  into  separate  pieces; 
it  has  only  a  single  boundary-line,  so  that  Prop.  Ill",  just  proved  does  not 
apply.  The  surface  is  unifacial;  and  it  is  possible,  without  meeting  the 
boundary,  to  pass  continuously  in  the  surface  from  a  point  P  to  another 
point  Q  which  could  be  reached  merely  by  passing  through  the  material 
at  P. 

We  therefore  do  not  retain  unifacial  surfaces  for  consideration. 

165.  The  following  proposition,  substantially  due  to  Lhuilier*,  may  be 
taken  in  illustration  of  the  general  theory. 

//  a  closed  surface  of  connectivity  %N  +  1  (or  of  genus  N)  be  divided  by 
circuits  into  any  number  of  simply  connected  portions,  each  in  the  form  of  a 
curvilinear  polygon,  and  if  F  be  the  number  of  polygons,  E  be  the  number  of 
edges  and  S  the  number  of  angular  points,  then 

2N=2+E-F-S. 
Let  the  edges  E  be  arranged  in  systems,  a  system  being  such  that  any 


moer  01  simpiy  connected  pieces  composed  01  tine  f  polygons,  tne  cross-cuts 
il  be  made  along  the  edges;  and  therefore,  unless  a  boundary  be  assigned 
the  surface  in  each  system  of  lines,  the  first  cut  for  any  system  will  be 
oop-cut.  We  therefore  take  k  points,  one  in  each  system  as  a  boundary: 
3  first  will  be  taken  as  the  natural  boundary  of  the  surface,  and  the 
naming  k—l,  being  the  limiting  forms  of  k  —  1  infinitesimal  loop-cuts, 
irease  the  connectivity  of  the  surface  by  k  —  1,  that  is,  the  connectivity  now 


The  result  of  the  cross-cuts  is  to  leave  .F  simply  connected  pieces  :  hence  Q, 
;  number  of  cross-cuts,  is  given  by 


At  every  angular  point  on  the  uncut  surface,  three  or  more  polygons  are 
itiguous.  Let  SM  be  the  number  of  angular  points,  where  m  polygons  are 
itiguous  ;  then 


Again,  the  number  of  edges  meeting  at  each  of  the  S3  points  is  three,  at 
;h  of  the  $4  points  is  four,  at  each  of  the  S5  points  is  five,  and  so  on  ;  hence, 
taking  the  sum  8S:i  +  4$4  +  5$5  +  .  .  .  ,  each  edge  has  been  counted  twice, 
se  for  each  extremity.  Therefore 

2.#=3S8  +  4,S'4+5S8  +  ... 

Consider  the  composition  of  fche  extremities  of  the  cross-cuts  ;  the  number 
bhe  extremities  is  2Q,  twice  the  number  of  cross-cuts. 

Each  of  the  k  points  furnishes  two  extremities;  for  each  such  point  is 
Boundary  on  which  the  initial  cross-cut  for  each  of  the  systems  must  begin 
1  must  end.  These  points  therefore  furnish  2k  extremities. 

The  remaining  extremities  occur  in  connection  with  the  angular  points. 

making  a  cut,  the  direction  passes  from  a  boundary  along  an  edge,  past 
!  point  along  another  edge  and  so  on,  until  a  boundary  is  reached  ;  so  that 
the  first  occasion  when  a  cross-cut  passes  through  a  point,  it  is  made  along 
)  of  the  edges  meeting  at  the  point.  Every  other  cross-cut  passing  through 
,t  point  must  begin  or  end  there,  so  that  each  of  the  $:j  points  will  furnish 
>.  extremity  (corresponding  to  the  remaining  one  cross-cut  through  the 
nt),  each  of  the  $4  points  will  furnish  two  extremities  (corresponding  to 
remaining  two  cross-cuts  through  the  point),  and  so  on.  The  total 
iiber  of  extremities  thus  provided  is 


nee 


which,  combined  with  Q  =  2JV  +  Je  +  F—  2, 

leads  to  the  relation  2N 


The  simplest  case  is  that  of  a  sphere,  when  Euler's  relation  F+8=E  +  2 
is  obtained.  The  case  next  in  simplicity  is  that  of  an  anchor-ring,  for  which 
the  relation  is  F+  S  =  E. 


COEOLLARY.  If  the  result  of  making  the  cross-cuts  along  the  various 
be  to  give  the  F  polygons,  not  simply  connected  areas  but  areas  of  connectivities 
N-i+1,  Nz  +  l,  ...,  Np+l  respectively,  then  the  connectivity  of  the  original 
surface  is  given  by 

Nr. 


166.  The  method  of  determining  the  connectivity  of  a  surface  by  means 
of  a  system  of  cross-cuts,  which  resolve  it  into  one  or  more  simply  connected 
pieces,  will  now  be  brought  into  relation  with  the  other  method,  suggested 
in  §  159,  of  determining  the  connectivity  by  means  of  irreducible  circuits. 

A  closed  line  drawn  on  the  surface  is  called  a  circuit. 

A  circuit,  which  can  be  reduced  to  a  point  by  continuous  deformation 
without  crossing  the  boundary,  is  called  reducible  ;  a  circuit,  which  cannot  be 
so  reduced,  is  called  irreducible. 

An  irreducible  circuit  is  either  (i)  simple,  when  it  cannot  without  crossing 
the  boundary  be  deformed  continuously  into  repetitions  of  one  or  more 
circuits;  or  (ii)  multiple,  when  it  can  without  crossing  the  boundary  be 
deformed  continuously  into  repetitions  of  a  single  circuit  ;  or  (iii)  compound, 
when  it  can  without  crossing  the  boundary  be  deformed  continuously  into 
combinations  of  different  circuits,  that  may  be  simple  or  multiple.  The 
distinction  between  simple  circuits  and  compound  circuits,  that  involve  no 
multiple  circuits  in  their  combination,  depends  upon  conventions  adopted  for 
each  particular  case. 

A  circuit  is  said  to  be  reconcileable  with  the  system  of  circuits  into  a 
combination  of  which  it  can  be  continuously  deformed. 

If  a  system  of  circuits  be  reconcileable  with  a  reducible  circuit,  the 
system  is  said  to  be  reducible. 

Let  a  simple  circuit  be  denoted  by  a  single  letter,  say,  A,  B,  C,....  A 
multiple  circuit,  composed  of  n  repetitions  of  a  simple  circuit  A,  can  then  be 
denoted  by  An.  A  compound  circuit,  composed  of  a  simple  circuit  A  followed 

1  ___      ___   _J_1  ____          •  _____  1  •  •  ,         7->  •,  -,  .  ,      ,  .      ... 


a  circuit  can  be  described.  Let  it  be  described  first  in  the  positive  direction 
and  afterwards  in  the  negative  direction:  the  circuit,  compounded  of  the 
two  descriptions,  is  easily  seen  to  be  continuously  deformable  to  a  point, 
and  it  therefore  is  reducible.  Similarly,  if  the  circuit  is  described  first  in 
the  negative  direction  and  afterwards  in  the  positive  direction,  the  compound 
circuit  thus  obtained  is  reducible.  Accordingly,  if  a  simple  circuit  described 
positively  be  represented  by  A,  the  same  circuit  described  negatively  can  be 
represented  by  A~l,  the  symbols  of  the  circuits  obeying  the  associative  law. 

A  compound  circuit,  reconcileable  with  a  system  of  simple  irreducible 
circuits  A,  B,  C, ...,  would  be  represented  by  AaB^Aa'B^' ...  C^Aa"  ...,  where 
a,  /3,  a',  /3', ... ,  7,  a"  are  integers  positive  or  negative. 

In  order  to  estimate  circuits  on  a  multiply  connected  surface,  it  is 
sufficient  to  know  a  system  of  irreducible  simple  circuits.  Such  a  system  is 
naturally  to  be  considered  complete  when  every  other  circuit  on  the  surface 
is  reconcileable  with  the  system.  It  also  may  be  supposed  to  contain  the 
smallest  possible  number  of  simple  circuits ;  for  any  one,  which  is  reconcile- 
able with  the  rest,  can  be  omitted  without  affecting  the  completeness  of  the 
system. 

167.     Such  a  system  is  indicated  by  the  following  theorems : — 

I.  No  irreducible  simple  circuit  can  be  dru-wn  on  a,  simply  connected 
surface  *. 

If  possible,  let  an  irreducible  circuit  C  be  drawn  in  a  simply  connected 
surface  with  a  boundary  B.  Make  a  loop-cut  along  C,  and  change  it  into 
a  cross-cut  by  making  a  cross-cut  A  from  some  point  of  C  to  a  point  of  B ; 
this  cross-cut  divides  the  surface  into  tAvo  simply  connected  pieces,  one  of 
which  is  bounded  by  B,  the  two  edges  of  A,  and  one  edge  of  the  cut  along  0, 
and  the  other  of  which  is  bounded  entirely  by  the  cut  along  0. 

The  latter  surface  is  smaller  than  the  original  surface ;  it  is  simply 
connected  and  has  a  single  boundary.  If  an  irreducible  simple  circuit  can 
be  drawn  on  it,  we  proceed  as  before,  and  again  obtain  a  still  smaller  simply 
connected  surface.  In  this  way,  we  ultimately  obtain  an  infinitesimal 
element;  for  every  cut  divides  the  surface,  in  which  it  is  made,  into 
distinct  pieces.  Irreducible  circuits  cannot  be  drawn  in  this  element;  and 
therefore  its  boundary  is  reducible.  This  boundary  is  a  circuit  in  a  larger 
portion  of  the  surface :  the  circuit  is  reducible  so  that,  in  that  larger  portion, 
no  irreducible  circuit  is  possible  and  therefore  its  boundary  is  reducible. 
This  boundary  is  a  circuit  in  a  still  larger  portion,  and  the  circuit  is 


and.  once  more  tlie  boundary  is  reducible. 

Proceeding  in  this  way,  we  find  that  no  irreducible  simple  circuit  is 
possible  in  the  original  surface. 

COEOLLARY.  No  irreducible  circuit  can  be  drawn  on  a  simply  connected 
surface. 

II.  A  complete  system  of  irreducible  simple  circuits  for  a  surface  of 
connectivity  N  contains  N  —  1  simple  circuits,  so  that  every  other  circuit  on 
the  surface  is  reconcileable  witJi  t)iat  system. 

Let  the  surface,  be  resolved  by  cross-cuts  into  a  single  simply  connected 
surface:   N—I  cross-cuts  will  be  necessary.     Let  CD  be 
any  one  of  them  :  and  let  a  and  b  be  two  points  on  the  ,(l 

opposite  edges  of  the  cross-cut.     Then  since  the  surface  is  / 

simply  connected,  a  line  can  be  drawn  in  the  surface  from  a 

a  to   b  without  passing   out   of  the   surface    or  without  l 


meeting  a  part  of  the  boundary,  that  is,  without  meeting  V 

any  other   cross-cut.     The   cross-cut   CD  ends  either   in  Fig.  45. 

another  cross-cut  or  in  a  boundary ;  the  line  ae ...  fb 
surrounds  that  other  cross-cut  or  that  boundary  as  the  case  may  be :  hence, 
if  the  cut  CD  be  obliterated,  the  line  ae . .  .fba  is  irreducible  on  the  surface  in 
Avhich  the  other  N  —  2  cross-cuts  are  made.  But  it  meets  none  of  those  cross- 
cuts ;  hence,  when  they  are  all  obliterated  so  as  to  restore  the  unresolved 
surface  of  connectivity  J\T,  it  is  an  irreducible  circuit.  It  is  evidently  not 
a  repeated  circuit ;  hence  it  is  an  irreducible  simple  circuit.  Hence  the 
line  of  an  irreducible  simple  circuit  on  an  unresolved  surface  is  given  by 
a  line  passing  from  a  point  on  one  edge  of  a  cross-cut  in  the  resolved  surface 
to  a  point  on  tlie  opposite  edge. 

Since  there  are  N  —  ]  cross-cuts,  it  follows  that  N  —  1  irreducible  simple 
circuits  can  thus  be  obtained :  one  being  derived  in  the  foregoing  manner 
from  each  of  the  cross-cuts,  which  are  necessary  to  render  the  surface  simply 
connected.  It  is  easy  to  see  that  each  of  the  irreducible  circuits  on  an 
unresolved  surface  is,  by  the  cross-cuts,  rendered  impossible  as  a  circuit  on 
the  resolved  surface. 

But  every  other  irreducible  circuit  G  is  reconcileable  with  the  N  —1 
circuits,  thus  obtained.  If  there  be  one  not  reconcileable  with  these  N  -  1 
circuits,  then,  when  all  the  cross-cuts  are  made,  the  circuit  0  is  not  rendered 
impossible,  if  it  be  not  reconcileable  with  those  which  are  rendered  impossible 
bv  the  cross-cuts :  that  is,  there  is  on  the  resolved  surface  an  irreducible 


i-nereiore  me  sysiem  is  complete". 

Phis  method  of  derivation  of  the  circuits  at  once  indicates  how  far  a 
mi  is  arbitrary.  Each  system  of  cross-cuts  leads  to  a  complete  system  of 
lucible  simple  circuits,  and  vice  versa  ;  as  the  one  system  is  not  unique, 
le  other  system  is  not  unique. 

.68.  It  follows  that  the  number  of  simple  irreducible  circuits  in  (.my 
)lete  system  must  be  the  same  for  the  same  surface  :  this  number  is  N  —  1, 
i-e  N  is  the  connectivity  of  the  surface.  Let  Al}  Az,  ...,  AN^  ;  Blt  B.,,  ..., 
,  ;  be  two  distinct  complete  systems  ;  then  we  have 

S,~U,(A1Aa...AN.1), 

re  ns  means  the  symbolic  product  representing  that  circuit  compounded 
le  system  A1}  ...,  AN-l  with  which  Bs  is  reconcileable  ;  and 

A,.  =  ii,!(B,Bz...BN_,} 

a  similar  significance  for  IT./. 

further  any  circuit,  tJiat  w  reconciieable  with  one  complete  system,  is 
'icileable  with  any  oilier  complete  system.  For  if  X  denote  a  circuit 
ncileable  with  A1}  A2>  ...,  AN-i,  we  have 

X  =  tt(A1A,...Ax_l): 

nee,  taking  account  of  the  reconcileability  of  each  circuit  A  with  the 
plete  system  B1}  B2,  ...,  BN^,  we  have 


;  proving  the  statement. 

'or  the  general  question,  Jordan's  memoir,  "  DCS  contours  traces  sur  les  surfaces," 
mile,  2mu  Sur.,  t.  xi,  (1866),  -pp.  110—130,  may  be  consulted. 

Ix.  1.     On  a  doubly  connected  surface,  one  irreducible  simple  circuit  can  be  drawn. 
easily  obtained  by  first  resolving  the  surface  into  one  that  is  simply  connected  — 


surface  from  one  edge  of  the  cross-cut  to  tho  other.     All  other  irreducible  circuits  on  the 
unresolved  surface  are  reconcileable  with  the  circuit  auba. 

Ex.  2.     On  a  triply  connected  surface,  two  independent  irreducible  circuits  can  be 
drawn.     Thus  in  the  figure  G\  and  C%  will  form  a  complete  system.     The  circuits  C3 


Fig.  46,  (ii). 

aiid  C|  are  also  irreducible  :  they  can  evidently  be  deformed  into  C\  and  6'2  and  reducible 
circuits  by  continuous  deformation  :  in  the  algebraical  notation  adopted,  AVC  have 


But  63  and  C.\  are  not  simple  circuits  :  hence  they  are  not  suited  for  the  construction 
of  a  complete  system. 

Ex.  3.     Another  example  of  a  triply  connected  surface  is  given   in   tig.  47.     Two 
irreducible  simple   circuits   are    Cl   and    Cz.      Another    irreducible    circuit  is   (7;! ;    this 


Fig.  47. 

can  bo  reconciled  with  Gl  and  C2  by  drawing  the  point  a  into  coincidence  with  the 
intersection  of  GI  and  (72,  and  the  point  c  into  coincidence  with  the  some  point. 

Ex.  4.     As  a  last  example,  consider  the  surface  of  a  solid  sphere  with  n  holes  bored 


ts  round  the  holes  no  longer  possible). 


Fig.  48. 
he  .simplest  case  is  that  for  which  n=l :  the  .surface  is  equivalent  to  the  anchor-ring. 

L69.  Surfaces  are  at  present  being  considered  in  view  of  their  use  as  a 
ns  of  representing  the  value  of  a  complex  variable.  The  foregoing  inves- 
bions  imply  that  surfaces  can  be  classed  according  to  their  connectivity ; 
thus,  having  regard  to  their  designed  use,  the  question  arises  as  to 
bher  all  surfaces  of  the  same  connectivity  are  equivalent  to  one  another, 
3  to  be  transformable  into  one  another. 

Moreover,  a  surface  can  be  physically  deformed  and  still  remain  suitable  for 
e.sentation  of  the  variable,  provided  certain  conditions  are  satisfied.  We 
i  consider  geometrical  transformation  as  well  as  physical  deformation ;  but 
ire  dealing  only  with  the  general  results  and  not  with  the  mathematical 
bions  of  deformed  inextensible  surfaces,  which  are  discussed  in  treatises 
differentia,!  Geometry*. 

tt  is  evident  that  continuity  is  necessary  for  both :  discontinuity  would 
ly  discontinuity  in  the  representation  of  the  variable.  Points  that  are 
iignous  (that  is,  separated  only  by  small  distances  measured  in  the  surface) 
t  remain  contiguous^ :  and  one  point  in  the  unchanged  surface  rmist 
espond  to  only  one  point  in  the  changed  surface.  Hence  in  the  continuous 
rmation  of  a  surface  there  may  be  stretching  and  there  may  be,  bending ; 
there-  must  be  no  tearing  and  there  must  be  no  joining. 

'or  instance,  a  single  untwisted  ribbon,  if  cut,  comes  to  be  simply  connected.  If  a 
j  through  180°  be  then  given  to  one  end  and  that  end  be  then  joined  to  the  other, 
hall  have  a  once-twisted  ribbon,  which  is  a  surface  with  only  one  face  and  only  one 
;  it  cannot  be  looked  upon  as  an  equivalent  of  the  former  surface. 

See  Darbonx's  Tlieorie  generalc  das  surfaces,  Books  vii  and  viii,  for  the  fullest  discussion. 
i  account  is  given  in  Chapter  x  of  my  Lectures  on  the  differential  geometry  of  curves  and 

CCS. 

Distances  between  points  must  be  measured  along  the  surface,  not  through  space;   the 
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flattened,  so  as  to  be  the  same  as  a  hounded  portion  of  a  plane :  the  two  .surfaces  arc 
equivalent  to  one  another.  Again,  in  the  spherical  surface,  lot  a.  large  indentation  be 
made  :  let  both  the  outer  and  the  inner  surfaces  be  made  spherical ;  and  let  the  mouth  of 
the  indentation  be  contracted  into  the  form  of  a  long,  narrow  holo  along  a  part  of  a  great 
circle.  When  each  point  of  the  inner  surface  is  geometrically  moved  so  that  it  occupies 
the  position  of  its  reflexion  in  the  diametral  plane  of  fcho  hole,  tho  fmal  form*  of  the 
whole  surface  is  that  of  a  two-sheeted  surface  with  a  junction  along  a  line  :  it  is  a 
spherical  winding-surface,  and  is  equivalent  to  the  simply  connected  spherical  surface. 

170.  It  is  sufficient,  for  the  purpose  of  representation,  that  the  two 
surfaces  should  have  a  point-to-point  transformation  :  it  is  not  necessary 
that  physical  deformation,  without  tears  or  joins,  should  be  actually  possible. 
Thus  a  ribbon  with  an  even  number  of  twists  would  be  as  effective  as  a 
limited  portion  of  a  cylinder,  or  (what  is  the  same  thing)  an  untwisted 
ribbon :  but  it  is  not  possible  to  deform  the  one  into  the  other  physically^. 

It  is  easy  to  see  that  either  deformation  or  transformation  of  the  kind 
considered  will  change  a.  bifacial  surface  into  a,  bifacial  surface ;  that  it  will 
not  alter  the  connectivity,  for  it  will  not  change  irreducible  circuits  into 
reducible  circuits,  and  the  number  of  independent  irreducible  circuits  deter- 
mines the  connectivity :  and  that  it  will  not  alter  the  number  of  boundary 
curves,  for  a  boundary  will  be  changed  into  a  boundary.  These  are  necessary 
relations  between  the  two  forms  of  the  surface:  it  is  not  difficult  to  see  that 
they  are  sufficient  for  correspondence.  For  if,  on  each  of  two  bifacial  surfaces 
with  the  same  number  of  boundaries  and  of  the  same  connectivity,  a  complete 
system  of  simple  irreducible  circuits  be  drawn,  then,  when  the  members  of  the 
systems  are  made  to  correspond  in  pairs,  the  full  transformation  can  be  effected 
by  continuous  deformation  of  those  corresponding  irreducible  circuits.  It 
therefore  follows  that : — 

The  necessary  and  sufficient  conditions,  that  two  bifacial  surfaces  may  be 
equivalent  to  one  another  for  the  representation  of  a  variable,  are  that  the  two 
surfaces  should  be  of  the  same  connectivity  and  should  hare  the  same  number 
of  boundaries. 

As  already  indicated,  this  equivalence  is  a  geometrical  equivalence : 
deformation  may  be  (but  is  not  of  necessity)  physically  possible. 

Similarly,  the  presence  of  one  or  of  several  knots  in  a  surface  makes  no 
essential  difference  in  the  use  of  the  surface  for  representing  a  variable. 
Thus  a  long  cylindrical  surface  is  changed  into  an  anchor-ring  when  its  ends 
are  joined  together;  but  the  changed  surface  would  be  equally  effective 
for  purposes  of  representation  if  a  knot  were  tied  in  the  cylindrical  surface 
before  the  ends  are  joined. 


Seeing  that  bifacial  surfaces,  with  the  same  connectivity  and  the  same 
number  of  boundaries,  are  equivalent  to  one  another,  it  is  natural  to  adopt, 
its  the  surface  of  reference,  some  simple  surface  with  those  characteristics  ; 
t  bus  for  a  surface  of  connectivity  2p  + 1  with  a  single  boundary,  the  surface 

•  >f  a  solid  sphere,  bounded  by  a  point  and  pierced  through  with  p  holes,  could 
he  adopted. 

Klein  calls*  such  a  surface  of  reference  a  Normal  Surface. 

It  has  been  seen  that  a  bounded  spherical  surface  and  a  bounded  simply  connected 
jiiivb  of  a  plane  arc  equivalent — they  are,  moreover,  physically  deformable  into  one 
another. 

An  untwisted  closed  ribbon  is  equivalent  to  a  bounded  piece  of  a  plane  with  one  hole 
in  it — tl  ley  arc  deformable  into  one  another:  but  if  the  ribbon,  previous  to  being  closed, 
have  undergone  an  even  number  of  twists  each  through  180°,  they  are  still  equivalent 
l>ut  are  not  physically  deformable  into  one  another.  Each  of  the  bifacial  surfaces  is 
doubly  connected  (for  a  single  cross-cut  renders  each  simply  connected)  and  each  of  them 
lias  two  boundaries.  If  however  the  ribbon,  previous  to  being  closed,  have  undergone 

•  pn  odd  immber  of  twists  each  through  180°,  the  surface  thus  obtained  is  not  equivalent 
In  the  single-holed  portion  of  the  plane;   it  is  unifacial  and  has  only  one  boundary. 

A  spherical  surface  pierced  in  n+\  holes  is  equivalent  to  a  bounded  portion  of  the 
]il;uio  with  n  holes  ;  each  is  of  connectivity  «,+  !  and  has  n  +  I  boundaries.  The  spherical 
surface  can  be  deformed  into  the  plane  surface  by  stretching  one  of  its  holes  into  the  form 

•  if  the  outside  boundary  of  the  plane  surface. 

Ex.  Prove  that  the  surface  of  a  bounded  anchor-ring  can  be  physically  deformed  into 
l.hc.  surface  in  iig.  47,  p.  378. 

For  continuation  and  fuller  development  of  the  subjects  of  the  present  chapter,  the 
following  references,  in  addition  to  those  which  have  been  given,  will  be  found  useful: — 

Klein,  Math,  Ann.,  t.  vii,  (1874),  pp.  548— 557  ;   ib.,  t.  ix,  (1876),  pp.  476—482. 

Lippich,  Matli:    Ann.,   t.  vii,  (1874),  pp.   212 — 229;    Wiener   tiitzunysb.,   t.  Ixix,    (ii), 
(1874),  pp.  01—99. 

Durcge,  Wiener  Sitzuny&b.,  t.  Ixix,   (ii),  (1874),  pp.  115 — '120;    and  section   9  of  his 
treatise,  quoted  on  p.  363,  note. 

Neumann,  chapter  vii  of  his  treatise,  quoted  on  p.  5,  note. 

Dyck,  Math.  Ann.,  t.  xxxii,  (1888),  pp.  457—512,  ib.,  t.  xxxvii,  (1890),  pp.  273—316  ; 

at  the   beginning  of  the   first  part  of  this  investigation,  a  valuable   series   of 

references  is  given. 

Dingeldey,   Topologische  Studien,  (Leipzig,  Teubner,  1890). 
Mair,  Quart.  Joum.  of  Math.,  vol.  xxvii,  (1895),  pp.  1 — 35. 

*  Ueber  Riemaim's  Thcorie  der  algcbraiachen  Functionen  und  Hirer  Integrate,  (Leipzig, 
Teubiifir  1S82).  n.  2fi.  Tin's  trant  lias  been  translated  into  English  bv  Miss  Hardcastle.  ' 


CHAPTER   XV. 

RIEMANN'S  SURFACES. 

171.  THE  method  of  representing  a  variable  by  assigning  to  it  a  position 
in  a  plane  or  on  a  sphere  is  effective  when  properties  of  uniform  functions 
of  that  variable  are  discussed.  But  when  multiform  functions,  or  integrals 
of  uniform  functions  occur,  the  method  is  effective  only  when  certain  parts  of 
the  plane  are  excluded,  due  account  being  subsequently  taken  of  the  effect 
of  such  exclusions  ;  and  this  process,  the  extension  of  Oauchy's  method,  was 
adopted  in  Chapter  IX. 

There  is  another  method,  referred  to  in  §  100  as  due  to  Riemann,  of  an 
entirely  different  character.  In  Riemann's  representation,  the  region,  in 
which  the  variable  z  exists,  no  longer  consists  of  a  single  plane  but  of 
a  number  of  planes ;  they  are  distinct  from  one  another  in  geometrical 
conception,  yet,  in  order  to  preserve  a  representation  in  which  the  value  of 
the  variable  is  obvious  011  inspection,  the  planes  are  infinitesimally  close  to 
one  another.  The  number  of  planes,  often  called  sheets,  is  the  same  as  the 
number  of  distinct  values  (or  branches)  of  the  function  w  for  a  general 
argument  z  and,  unless  otherwise  stated,  will  be  assumed  finite ;  each  sheet 
is  associated  with  one  branch  of  the  function,  and  changes  from  one  branch 
of  the  function  to  another  are  effected  by  making  the  ^-variable  change 
from  one  sheet  to  another,  so  that,  to  secure  the  possibility  of  change  of 
sheet,  it  is  necessary  to  have  means  of  passage  from  one  sheet  to  another. 
The  aggregate  of  all  the  sheets  is  a  surface,  often  called  a  Riemann's 
Surface. 


'0  the  symbols  opposite  to  v:  give  the  coefficients  of  2s  and  of  (z—  1)     *  respectively. 

\Tow  when  2  describes  a  small  simple  circuit  positively  round  the  origin,  the  groups 
^clical  order  are  w1}  wj,  w3 ;  w±,  %,,  w0 ;  w7,  ws,  w0.     And  therefore,  in  the  immediate 
lity  of  the  origin,  there  must  be  means  of  passage  to  enable 
s-point  to  make  the  corresponding  changes  from  sheet  to 
t.     Taking  a  section  of  the  whole  surface  near  the  origin  so 

•>  indicate  the  passages  and  regarding  the  right-hand  sides ^ li 

le  part  from  which  the  s- variable  moves  when  it  describes  a  ~^-~ ~ :  j] 

lit  positively,  the  passages  must  be  in  character  as  indicated  pjK    ^ 

g.  49.     And  it  is  evident  that  the  further  description  of 

11  simple  circuits  round  the  origin  will,  with  these  passages,  lead  to  the  proper  values : 
MY,,  which  after  the  single  description  is  the  value  of  w±,  becomes  w(]  after  another 
ription,  and  it  is  evident  that  a  point  in  the  wr>  sheet  passes  into  the  w(]  sheet. 

-Yheii  2  describes  a  small  simple  circuit  positively  round  the  point  1,  the  groups  in 
ical  order  are  MJ,  w,h  w- •  u:>,  ?#„,  ws;  ;«;i,  w(h  w0:  and 
ofore,  in  the  immediate  vicinity  of  the  point  1,  there  must 
ineans  of  passage  to  render  possible  the  corresponding 
iges  of  z  from  sheet  to  sheet.  Taking  a  section  as  before 
•  the  point  1  and  with  similar  convention  as  to  the  positive 
ction  of  the  2-path,  the  passages  must  be  in  character  as 
cated  in  tig.  50.  „ 

Similarly  for  infinitely  large  values  of  z. 

if  then  the  sheets  can  be  so  joined  as  to  give  those  possibilities  of  passage  and  also 
combinations  of  them  corresponding  to  combinations  of  the  simple  paths  indicated, 
i  there  will  be  a  surface  to  any  point  of  which  will  correspond  one  and  only  one  value 
;:  and  when  the  value  of  w  is  given  for  a  point  2  in  an  ordinary  plane  of  variation, 
i  that  value  of  w  will  determine  the  sheet  of  the  surface  iu  which  the  point  2  is  to 
;aken.  A  surface  will  then  have  been  constructed  such  that  the  function  w,  which  is 
tiform  for  the  single-plane  representation  of  the  variable,  is  uniform  for  variations 
ihe  many-sheeted  surface. 

Again,  for  the  simple  example  arising  from  the  two-valued  function,  defined  by  the 
ation 


Fig.  50. 


branch-points  are  a,  b,  c,  cc  ;  and  a  small  simple  circuit  round  any  one  of  these 
.•  points  interchanges  the  two  values.  The  Riemaun's  surface  is  two-sheeted  and 
;'e  must  be  means  of  passage  between  the  two  sheets  in  the  vicinity  of  a,  that  of  b, 
t  of  c,  and  at  the  infinite  part  of  the  plane. 


changed  to  uniform! by.  From  the  nature  of  the  case,  the  character  of  the 
surface  will  depend  on  the  character  of  the  function :  and  thus,  though  all 
the  functions  are 'uniform  with  their  appropriate  surfaces,  these  surfaces  are 
widely  various.  Evidently  for  uniform  functions  of  z  the  appropriate  surface 
on  the  above  method  is  the  single  plane  already  adopted. 

172.  The  simplest  classes  of  functions  for  which  a  Riemann's  surface 
is  useful  are  (i)  those  called  (§  94)  algebraic  functions,  that  is,  multiform 
functions  of  the  independent  variable  defined  by  an  algebraical  equation  of 
the  form 

f(w,z)  =  Q, 

which  is  of  finite  degree,  say  n,  in  w ;  and  (ii)  those  usually  called  Abelian 
functions,  which  arise  through  integrals  connected  with  algebraic  functions. 

Of  such  an  algebraic  function  there  are,  in  general,  n  distinct  values ; 
but  for  the  special  values  of  2,  that  are  the  branch-points,  two  or  more  of  the 
values  coincide.  The  appropriate  Riemarm's  surface  is  composed  of  n  sheets ; 
one  branch,  and  only  one  branch,  of  w  is  associated  with  a  sheet.  The 
variable  z,  in  its  relation  to  the  function,  is  determined  not  merely  by  its 
modulus  and  argument  but  also  by  its  sheet ;  that  is,  in  the  language  of  the 
earlier  method,  we  take  account  of  the  path  by  which  z  acquires  a  value. 
The  particular  sheet  in  which  z  lies  determines  the  particular  branch  of  the 
function.  Variations  of  z,  which  occur  within  a  sheet  and  do  not  coincide 
with  points  lying  in  regions  of  passage  between  the  sheets,  lead  to  variations 
in  the  value  of  the  branch  of  w  associated  with  the  sheet ;  a  return  to  an 
initial  value  of  z,  by  a  path  'that  nowhere  lies  within  a  region  of  passage, 
leaves  the  3-point  in  the  same  sheet  as  at  first  and  so  leads  to  the  initial 
branch  (and  to  the  initial  value  of  the  branch)  of  w.  But  a  return  to  an 
initial  value  of  z  by  a  path,  which,  in  the  former  method  of  representation, 
would  enclose  a  branch-poinb,  implies  a  change  of  the  branch  of  the  function 
according  to  the  definite  order  prescribed  by  the  branch-point.  Hence  the 
final  value  of  the  variable  z  on  the  Riemann's  surface  must  lie  in  a  sheet  that 
is  different  from  that  of  the  initial  (and  arithmetically  equal)  value  ;  and 
therefore  the  sheets  must  be  so  connected  that,  in.  the  immediate  vicinity  of 
branch-points,  there  are  means  of  passage  from  one  sheet  to  another,  securing 
the  proper  interchanges  of  the  branches  of  the  function  as  defined  by  the 
equation. 

173.  The  first  necessity  is  therefore  the  consideration  of  the  mode  in 
which  the  sheets  of  a  Riemann's  surface  are  joined :  the  mode  is  indicated 


the  junction  and  exit  from  it)  must  change  the  sheet  of  the  variable. 

If  the  junction  were  at  a  point,  then  the  2- variable  could  change  from  one 
sheet  into  another  sheet,  only  if  its  path  passed  through  that  point:  any 
other  closed  path  would  leave  the  ^-variable  in  its  original  sheet.  A  small 
closed  curve,  infinitesimally  near  the  point  and  enclosing  it  and  no  other 
branch-point,  is  one  Avhich  ought  to  transfer  the  variable  to  another  sheet 
because  it  encloses  a  branch-point:  and  this  is  impossible  with  a  point-junction 
when  the  path  does  not  pass  through  the  point.  Hence  a  junction  at  a,  point 
only  is  insufficient  to  provide  the  proper  means  of  passage  from  sheet  to 
sheet. 

If  the  junction  were  effected  by  a  common  portion 
of  surface,    then    a   passage   through    it   (implying   an 
entrance  into  that  portion  and  an  exit  from  it)  ought  to 
change  the  sheet.     But,  in  such  a  case,  closed  contours           '"" 
can  be  constructed  which  make  such  a  passage  without 
enclosing  the  branch-point  a:   thus  the  junction  would  cause  a  change  of 
sheet   for   certain    circuits   the   description   of  which   ought    to   leave    the 
^-variable  in  the  original  sheet.     Hence  a  junction  by  a  continuous  area  of 
surface  does  not  provide  the  proper  means  of  passage  from  sheet  to  sheet. 

The  only  possible  junction  which  remains  is  a  line. 

The  objection  in  the  last  case  does  not  apply  to  a  closed      — *  /'"  -i 

contour  which  does  not  contain  the  branch-point ;  for  the  /'--"'" 

line  cuts  the   curve  twice  and  there  are  therefore  two  Flg>  52> 

crossings;  the  second  of  them  makes  the  variable  return  to  the  sheet  which 
the  first  crossing  compelled  it  to  leave. 

Hence  the  junction  between  any  two  sheets  takes  place  along  a  line. 

Such  a  line  is  called*  a  branch-line.  The  branch-points  of  a  multiform 
function  lie  on  the  branch-lines,  after  the  foregoing  explanations ;  and  a 
branch-line  can  be  crossed  by  the  variable  only  if  the  variable  change  its 
sheet  at  crossing,  in  the  sequence  prescribed  by  the  branch-point  of  the 
function  which  lies  on  the  line.  Also,  the  sequence  is  reversed  when  the 
branch-line  is  crossed  in  the  reversed  direction. 

Thus,  if  two  sheets  of  a  surface  be  connected  along  a  branch-line,  a  point  which 
crosses  the  line  from  the  first  sheet  must  pass  into  the  second  and  a  point  which  crosses 
the  line  from  the  second  sheet  must  pass  into  the  first. 

Again,  if,  along  a  common  direction  of  branch  -line,  the  first  sheet  of  a  surface  be 
connected  with  the  second,  the  second  with  the  third,  and  the  third  with  the  first, 


second  sheet,  but  if  it  cross  the  line  in  the  other  direction  it  muet  pass  into  the  third 
sheet. 

A  branch-point  does  not  necessarily  affect  all  the  branches  of  a  function : 
when  it  affects  only  some  of  them,  the  corresponding  property  of  the  Biemann's 
surface  is  in  evidence  as  follows.  Let  z  —  a  determine  a  branch-point  affecting, 
say,  only  r  branches.  Take  n  points  a,  one  in  each  of  the  sheets ;  and  through 
them  draw  n  lines  cab,  having  the  same  geometrical  position  in  the  respective 
sheets.  Then  in  the  vicinity  of  the  point  a  in  each  of  the  ?•  sheets,  associated 
with  the  r  affected  branches,  there  must  be  means  of  passage  from  each  one 
to  all  the  rest  of  them ;  and  the  lines  cab  can  conceivably  be  the  branch-lines 
with  a  properly  established  sequence.  The  point  a  does  not  affect  the  other 
?i  —  r  branches :  there  is  therefore  no  necessity  for  means  of  passage  in  the 
vicinity  of  a  among  the  remaining  n  —  r  sheets.  In  each  of  these  remaining 
sheets,  the  point  a  and  the  line  cab  belong  to  their  respective  sheets  alone : 
for  them,  the  point  a  is  not  a  branch-point  and  the  line  cab  is  not  a  branch- 
line. 

174.  Several  essential  properties  of  the  branch-lines  are  immediate 
inferences  from  these  conditions. 

I.  A  free  end  of  a  branch-line  in  a  surface  is  a  branch-point. 

Let  a  simple  circuit  be  drawn  round  the  free  end  so  small  as  to  enclose  no 
branch-point  (except  the  free  end,  if  it  be  a  branch-point).  The  circuit  meets 
the  branch-line  once,  and  the  sheet  is  changed  because  the  branch-line  is 
crossed ;  hence  the  circuit  includes  a  branch-point  which  therefore  can  be 
only  the  free  end  of  the  line. 

Note.  A  branch-line  may  terminate  in  the  boundary  of  the  surface, 
and  then  the  extremity  need  not  be  a  branch-point. 

II.  When  a  branch-line  extends  beyond  a  branch-point  lying  in  its  course, 
the  sequence  of  interchange  is  not  the  same  on  the  two  sides  of  the  point. 

If  the  sequence  of  interchange  be  the  same  on  the  two  sides  of  the  branch- 
point, a  small  circuit  round  the  point  would  first  cross  one  part  of  the  branch- 
line  and  therefore  involve  a  change  of  sheet  and  then,  in  its  course,  would 
cross  the  other  part  of  the  branch-line  in  the  other  direction  which,  on  the 
supposition  of  unaltered  sequence,  would  cause  a  return  to  the  initial  sheet. 
In  that  case,  a  circuit  round  the  branch-point  would  fail  to  secure  the  proper 
change  of  sheet.  Hence  the  sequence  of  interchange  caused  by  the  branch- 
line  cannot  be  the  same  on  the  two  sides  of  the  point. 


re  the  variable  in  its  initial  sheet.    Let  A 

such  a  point,  AB  and  AC  tje  two  branch- 

s  having  A  for  a  common  extremity ;  let 

sequence  be  as  in  the  figure,  taken  for  a  Fi  "" 

pie  case;   and  suppose  that  the  variable 

ially  is  in   the  rth  sheet.     A  passage  across  AB  makes  the  variable 

3  into  the  sth  sheet.     If  there  be  no  branch-line  between  AB  and  AC 

ing  an  extremity  at  A,  and  if  neither  n  nor  m  be  s,  then  the  passage 

>ss  AG  makes  no  change  in  the  sheet  of  the  variable  and,  therefore,  in 

3r  to  restore  r  before  AB,  at  least  one  branch-line  must  lie  in  the  angle 

>veen  AC  and  AB,  estimated  in  the  positive  trigonometrical  sense. 

If  either  n  or  in,  say  n,  be  s,  then  after  passage  across  AC,  the  point  is  in 

j/ith  sheet ;  then,  since  the  sequences  are  not  the  same,  m  is  not  r  and 

i-e  must  be  some  branch-line  between  AC  and  AB  to  make  the  point 

irn  to  the  rth  sheet  on  the  completion  of  the  circuit. 

If  then  the  point  A  be  not  a  branch-point,  there  must  be  at  least  one 

er  branch-line  having  its  extremity  at  A.     This  proves  the  proposition. 

COROLLARY  1.  If  both  of  two  branch-lines  extend  beyond  a  point  of  inter- 
ion,  which  is  not  a  branch-point,  and  if  no  other  brunch-line  pass  through 
point,  then  either  no  sheet  of  the  surface  has  both  of  them  for  branch-lines, 
h&y  are  branch-lines  for  two  sheets  that  are  the  same. 

COROLLARY  2.     If  a  change  of  sequence  occur  at  any  point  of  a  branch- 

?,  then  either  that  point  is  a  branch-point  or  it  lies  also   on  some  other 

nch-line. 

COROLLARY  3.     No  part  of  a  branch-line  with  only  one  branch-point  on  it 

be  a  closed  curve. 

It  is  evidently  superfluous  to  have  a  branch-line  without  any  branch-point 

it. 

175.  On  the  basis  of  these  properties,  we  can  obtain  a  system  of  branch - 
3S  satisfying  the  requisite  conditions  which  are : — 

(i)  the  proper  sequences  of  change  from  sheet  to  sheet  must  be 
secured  by  a  description  of  a  simple  circuit  round  a  branch- 
point: if  this  be  satisfied  for  each  of  the  branch-points,  it 
will  evidently  be  satisfied  for  any  combination  of  simple  circuits, 
that  is,  for  any  path  whatever  enclosing  one  or  more  branch- 
points. 

(ii)     the  sheet,  in  which  the  variable  re-assumes  its  initial  value  after 


In  the  ^-plane  of  Cauchys  method,  let  lines  be  drawn  rrom  any  point  1,  not 
a'  branch-point  in  the  first  instance,  to  each  of  the  branch-points,  as  in  fig.  19, 
p.  185,  so  that  the  joining  lines  do  not  meet  except  at  J:  and  suppose  the 
•n-sheeted  Riemann's  surface  to  have  branch-lines  coinciding  geometrically 
with  these  lines,  as  in  §  173,  and  having  the  sequence  of  interchange  for 
passage  across  each  the  same  as  the  order  in  the  cycle  of  functional  values 
for  a  small  circuit  round  the  branch-point  at  its  free  end.  No  line  (or  part 
of  a  line)  can  be  a  closed  curve;  the  lines  need  not  be  straight,  but  they 
•will  be  supposed  drawn  as  direct  as  possible  to  the  points  in  angular 
succession. 

The  first  of  the  above  requisite  conditions  is  satisfied  by  the  establish- 
ment of  the  sequence  of  interchange. 

To  consider  the  second  of  the  conditions,  it  is  convenient  to  divide 
circuits  into  two  kinds,  (a)  those  which  exclude  /,  (/?)  those  which  include  /, 
no  one  of  either  kind  (for  our  present  purpose)  including  a  branch-point.* 

A  closed  circuit,  excluding  /  and  all  the  branch-points,  must  intersect  a 
branch-line  an  even  number  of  times,  if 
it  intersect  the  line  in  real  points.  Let 
the  figure  (fig.  54?)  represent  such  a  case: 
then  the  crossings  at  A  and  B  counter- 
act one  another  and  so  the  part  be- 
tween A  and  B  may  without  effect  be 
transferred  across  I13S  so  as  not  to  cut 
the  branch-line  at  all.  Similarly  for 
the  points  C  and  D :  and  a  similar 
transference  of  the  part  now  between 
C  and  D  may  be  made  across  the 

branch-line  without  effect :  that  is,  the  _.     _ . 

Fig.  54. 

circuit  can,  without  effect,  be  changed 

so  as  not  to  cut  the  branch-line  IB.A  at  all.  A  similar  change  can  be  made 
for  each  of  the  branch-lines :  and  so  the  circuit  can,  without  effect,  be  changed 
into  one  which  meets  no  branch-line  and  therefore,  on  its  completion,  leaves 
the  sheet  unchanged. 

A  closed  circuit,  including  /  but  no  branch-point,  must  meet  each  branch- 
line  an  odd  number  of  times.  A  change  similar  in  character  to  that  in 
the  previous  case  may  be  made  for  each  branch-line :  and  without  affecting 
the  result,  the  circuit  can  be  changed  so  that  it  meets  each  branch-line  only 
once.  Now  the  effect  produced  by  a  branch-line  on  the  function  is  the  same 
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branch-point)  is  to  restore  the  value  of  the  function  which  it  had  at  the 
beginning  of  the  circuit :  and  therefore  in  the  present  case  the  effect  is  to 
make  the  point  return  to  the  sheet  in  which  it  lay  initially. 

It  follows  therefore  that,  for  both  kinds  of  a  closed  circuit  containing  no 
branch-point,  the  effect  is  to  make  the  2-variable  return  to  its  initial  sheet 
on  resuming  its  initial  value  at  the  close  of  the  circuit. 

Next,  let  the  point  /  be  a  branch-point;  and  let  it  be  joined  by  lines, 
as  direct*  as  possible,  to  each  of  the  other  branch-points  in  angular  suc- 
cession. These  lines  will  be  regarded  as  the  branch-lines ;  and  the  sequence 
of  interchange  for  passage  across  any  one  is  made  that  of  the  interchange 
prescribed  by  the  branch-point  at  its  free  extremity. 

The  proper  sequence  of  change  is  secured  for  a  description  of  a  simple 
closed  circuit  round  each  of  the  branch-points  other  than  /.  Let  a  small 
circuit  be  described  round  I;  it  meets  each  of  the  branch-lines  once  and 
therefore  its  effect  is  the  same  as,  in  the  language  of  the  earlier  method  of 
representing  variation  of  z,  that  of  a  circuit  enclosing  all  the  branch-points 
except  /.  Such  a  circuit,  when  taken  on  the  Neumann's  sphere,  as  in  Cor.  III., 
§  90  and  Ex.  2,  §  104,  may  be  regarded  in  two  ways,  according  as  one  or 
other  of  the  portions,  into  which  it  divides  the  area  of  the  sphere,  is  regarded 
as  the  included  area;  in  one  way,  it  is  a  circuit  enclosing  all  the  branch- 
points except  /,  in  the  other  it  is  a  circuit  enclosing  /  alone  and  no  other 
branch-point.  Without  making  any  modification  in  the  final  value  of  w,  it 
can  (by  §  90)  be  deformed,  either  into  a  succession  of  loops  round  all  the 
branch-points  save  one,  or  into  a  loop  round  that  one ;  the  effect  of  these  two 
deformations  is  therefore  the  same.  Hence  the  effect  of  the  small  closed 
circuit  round  /  meeting  all  the  branch-lines  is  the  same  as,  in  the  other 
mode  of  representation,  that  of  a  small  curve  round  /  enclosing  no  other 
branch-point;  and  therefore  the  adopted  set  of  branch-lines  secures  the 
proper  sequence  of  change  of  value  for  description  of  a  circuit  round  1. 

The  first  of  the  two  necessary  conditions  is  therefore  satisfied  by  the 
present  arrangement  of  branch-lines. 

The  proof,  that  the  second  of  the  two  necessary  conditions  is  also  satisfied 
by  the  present  arrangement  of  branch-lines,  is  similar  to  that  in  the  preceding 
case,  save  that  only  the  first  kind  of  circuit  of  the  earlier  proof  is  possible. 

It  thus  appears  that  a  system  of  branch-lines  can  be  obtained  which 
secures  the  proper  changes  of  sheet  for  a  multiform  function :  and  therefore 
Riemann's  surfaces  can  be  constructed  for  such  a  function,  the  essential 
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consisting  of  a  number  of  sheets  joined  to  one  another,  may  be  a  multiply 
connected  surface. 

In  thus  proving  the  general  existence  of  appropriate  surfaces,  there  has 
remained  a  large  arbitrary  element  in  their  actual  construction  :  moreover, 
in  particular  cases,  there  are  methods  of  obtaining  varied  configurations  of 
branch-lines.  Thus  the  assignment  of  the  n  branches  to  the  n  sheets  has 
been  left  unspecified,  and  is  therefore  so  far  arbitrary  :  the  point  /,  if  not  a 
branch-point,  is  arbitrarily  chosen  and  so  there  is  a  certain  arbitrariness  of 
position  in  the  branch-lines.  Naturally,  what  is  desired  is  the  simplest 
appropriate  surface  :  the  particularisation  of  the  preceding  arbitrary  qualities 
is  used  to  derive  a  canonical  form  of  the  surface. 

176.  The  discussion  of  one  or  two  simple  cases  will  help  to  illustrate  the 
mode  of  junction  between  the  sheets,  made  by  branch-lines. 

The  simplest  case  of  all  is  that  in  which  the  surface  has  only  a  single 
sheet:  it  does  not  require  discussion. 

The  case  next  in  simplicity  is  that  in  which  the  surface  is  two-sheeted: 
the  function  is  therefore  two-valued  and  is  consequently  defined  by  a 
quadratic  equation  of  the  form  » 


where  L,  M,  and  N  are  uniform  functions  of  z.  When  a  new  variable  w  is 
introduced,  defined  by  Lu  +  M  =  w,  so  that  values  of  w  and  of  u  correspond 
uniquely,  the  equation  is 


It  is  evident  that  every  branch-point  of  w  is  a  branch-point  of  w,  and 
vice  versa  ;  hence  the  Riemann's  surface  is  the  same  for  the  two  equations. 
Now  any  root  of  P  (z)  of  odd  degree  is  a  branch-point  of  w.  If  then 

P  (*)  =  «•(*)£(*), 

where  R  (z)  is  a  product  of  only  simple  factors,  every  factor  of  R  (z)  leads  to 
a  branch  -point.  If  the  degree  of  R  (z)  be  even,  the  number  of  branch-points 
for  finite  values  of  the  variable  is  even,  and  z—  oo  is  not  a  branch-point;  if  the 
degree  of  R  (z)  be  odd,  the  number  of  branch-points  for  finite  values  of  the 
variable  is  odd,  and  ^=QO  is  a  branch-point  :  in  either  case,  the  number  of 
branch-points  is  even. 

There  are  only  two  values  of  w,  and  the  Riemann's  surface  is  two-sheeted: 
crossing  a  branch  -line  therefore  merely  causes  a  change  of  sheet.  The  free 
ends  of  branch-lines  are  branch-points  ;  a  small  circuit  round  any  branch- 
point causes  an  interchange  of  the  branches  w,  and  a  circuit  round  any  two 
branch-TDoints  restores  the  initial  value  of  w  at  the  end  and  therefore  leaves 


one-half  that  of  the  (even)  number  of  branch-points.  A  small  circuit  round 
a  branch  -point  meets  a  branch-line  once  and  causes  a  change  of  sheet;  a 
circuit  round  two  (and  not  more  than  two)  branch-points  causes  either  no 
crossing  of  branch-line  or  an  even  number  of  crossings  and  therefore  restores 
the  variable  to  the  initial  sheet. 

A  branch-line  is,  in  this  case,  usually  drawn  in  the  form  of  a  straight  line 
when  the  surface  is  plane  :  but  this  form  is  not  essential  and  all  that  is 
desirable  is  to  prevent  intersections  of  the  branch-lines. 

Note.  Junction  between  the  sheets  along  a  branch-line  is  easily  secured. 
The  two  sheets  to  be  joined  are  cut  along  the  branch-line.  One  edge  of  the 
cut  in  the  upper  sheet,  say  its  right  edge  looking  along  the  section,  is  joined 
to  the  left  edge  of  the  cut  in  the  lower  sheet  ;  and  the  left  edge  in  the  upper 
sheet  is  joined  to  the  right  edge  in  the  lower. 

A  few  simple  examples  will  illustrate  these  remarks  as  to  the  sheets  :  illustrations  of 
closed  circuits  will  arise  later,  in  the  consideration  of  integrals  of  multiform  functions. 

Ex.  1  .     Let  w*  =  A  (z  —  «.)  (z—b), 

.so  that  a  and  b  are  the  only  branch-points.  The  surface  is  two-sheeted  :  the  line  ab  may 
be  made  the  branch-line.  In  fig.  55  only  part  of  the  upper  sheet  is  shewn*,  as  likewise 
only  part  of  the  lower  sheet.  Continuous  lines  imply  what  is  visible  ;  and  dotted  lines 
what  is  invisible,  on  the  supposition  that  the  sheets  are  opaque. 

The  circuit,  closed  in  the  surface  and  passing  round  a,  is  made  up  of  the  continuous 
line  in  the  upper  sheet  from  H  to  K  :  the  point  crosses  the  branch-line  at  K  and  then 
passes  into  the  lower  sheet,  where  it  describes  the  dotted  line  from  K  to  H:  it  then  meets 
and  crosses  the  branch-line  at  H,  passes  into  the  upper  sheet  and  in  that  sheet  returns  to 
its  initial  point.  Similarly  of  the  line  ABC,  the  part  AS  lies  in  the  lower  sheet,  the  part 
BO  in  the  upper  :  of  the  line  DG  the  part  DE  lies  in  the  upper  sheet,  the  part  EFG  in  the 
lower,  the  piece  FG  of  this  part  being  there  visible  beyond  the  boundary  of  the  retained 
portion  of  the  upper  surface. 

Ex.  2.     Let  \wz=zs-a-. 

The  branch-points  (fig.  56)  are  A  (  =  c&),  B(=aa\  Cr(  =  aa2),  where  a  is  a  primitive  cube 
root  of  unity,  and  s=m  .  The  branch  -lines  can  be  made  by  SC,  /loo  ;  and  the  two-sheeted 
surface  is  a  surface  over  which  w  is  uniform.  Only  a  part  of  each  sheet  is  shewn  in  the 
figure  ;  a  section  also  is  made  at  M  across  the  surface,  cutting  the  branch-line  Ace  . 

Ex.  3.     Let  wm  =  zn, 

where  n  and  m  are  prime  to  each  other.  The  branch-points  are  2=0  and  2=00  ;  and  the 
branch-line  extends  from  0  to  co  .  There  are  m  sheets  ;  if  we  associate  them  in  order  with 
the  branches  wg,  where 


for  s  =  l,  2,  ...,  m,  then  the  first  sheet  is  connected  with  the  second  forwards,  the  second 
with  the  third  forwards,  and  so  on  •  the  mth  being  connected  with  the  first  forwards. 
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The  surface  is  so  me  times -also  called  a  winding -surf ace  ;  and  a  branch-point  such  as 
s=0  on  the  surface,  whore  a  number  m  of  sheets  pass  into  one  another  in  .succession,  iw 
also  called  a  winding -point  of  order  m-l  (ace  p.  17,  note).  An  illustration  of  the  surface 
for  m=3  is  given  in  fig.  57,  the  branch-line  being  cut  so  as  to  shew  the  branching :  what 
is  visible  is  indicated  by  continuous  lines ;  what  is  in  the  second  sheet,  but  is  invisible, 
is  indicated  by  the  thickly  dotted  line ;  what  is  in  the  third  sheet,  but  is  invisible,  is 
indicated  by  the  thinly  dotted  line. 

Ex.  4.  Consider  a  three-sheeted  surface  having  four  branch-points  at  a,  b,  c,  d  ;  and 
let  each  point  interchange  two  branches,  say,  W;>,  w;)  at  «;  W],  w3  at  b;  u<2,  w3  at  c ; 
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Fig.  58. 

w1}  ?pa  at  c£;  the  points  being  as  in  fig.  58.     It  is  easy  to  verify  that  these  branch-points 
satisfy  the  condition  that  a  circuit,  enclosing  them  all,  restores  the  initial  value  of  w. 

The  branching  of  the  sheets  may  be  made  as  iu  the  figure,  the  integers  on  the  two  sides 
of  the  line  indicating  the  .sheets  that  arc  to  be  joined  along  the  line. 

A  canonical  form  for  such  a  surface  can  be  derived  from  the  more  general  case  given 
later  (in  §§  186—189). 

Ex.  f>.     Shew  that,  if  the  equation 

be  of  degree  n  in  10  and  be  irreducible,  all  the  n  sheets  of  the  surface  are  connected,  that 
is,  it  is  possible  by  an  appropriate  path  to  pass  from  any  sheet  to  any  other  sheet. 

For  if  not,  let  a  denote  any  arbitrary  value  of  s,  and  let  «j,  ii2,  •••)  %  denote  the 
•n  values  of  10  when  z  =  a.  Let  z  vary,  beginning  with  a  value  «  ;  let  the  variation  be 
restricted  solely  by  the  condition  that  z  docs  not  acquire  a  value  giving  rise  to  a  branch- 
point, and  otherwise  be  perfectly  general ;  and  let  z  return  to  the  value  o.  If  it  is  not 
possible  to  pass  from  any  sheet  of  the  Riemann's  surface  to  any  other,  suppose  that  the 
first,  second,  ...,  mth  sheets  are  connected  with  one  another,  and  that  no  one  of  them 
is  connected  with  any  one  of  the  rest.  Then  whatever  bo  the  variation  of  z,  and  whichever 
of  the  values  u\,  u^,  ...,  um  be  chosen  as  an  initial  value  of  w,  the  final  value  of  w  (when  z 
resumes  its  value  a)  will  be  one  of  the  set  «j,  Ma,  ...,  um.  Hence  any  rational  symmetric 
function  of  ii1;  uz,  ...,  iim  remains  unchanged  when  z,  after  varying  quite  arbitrarily, 
resumes  an  initial  value;  in  other  words,  that  symmetric  function  of  %,  ?{2,  ...,  um  is 
a  uniform  function  of  z,  which  (as  in  §  193)  is  a  rational  function  of  z.  Consequently, 


)\ 
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connected,  so  that  it  would  be  impossible  to  pass  from  any  position  on  one  of  them 
any  position  on  the  other.  If  therefore  /  is  resoluble,  its  component  polynomials  must 
one  and  the  same:  that  is,  on  the  given  hypothesis,  when /is  reducible,  it  is  a  power 
an  irreducible  polynomial. 

177.  It  is  not  necessary  to  limit  the  surface  representing  the  variable  'to 
set  of  planes;  and,  indeed,  as  with  uniform  functions,  there  is  a  convenience 

using  the  sphere  for  the  purpose. 

We  take  n  spheres,  each  of  diameter  unity,  touching  the  Riemann's  plane 
rface  at  a  point  A;  each  sphere  is  regarded  as  the  stereographic  projection 
a  plane  sheet,  with  regard  to  the  other  extremity  A'  of  the  spherical 
ameter  through  A.  Then,  the  sequence  of  these  spherical  sheets  being 
e  same  as  the  sequence  of  felie  plane  sheets,  branch-points  in  the  plane 
rface  project  into  branch-points  on  the  spherical  surface:  branch-lines 
itween  the  plane  sheets  project  into  branch-lines  between  the  spherical 
eets  and  are  terminated  by  corresponding  points;  and  if  a  branch-line 
:tend  in  the  plane  surface  to  £  =  oo ,  the  corresponding  branch-line  in  the 
iherical  surface  is  terminated  at  A'. 

A  surface  will  thus  be  obtained  consisting  of  n  spherical  sheets;  like 
e  plane  Riemann's  surface,  it  is  one  over  which  the  ?i-valued  function  is  a 
liform  function  of  the  position  of  the  variable  point. 

But  also  the  connectivity  of  the  n-sheeted  spherical  surface  is  the  same  as 
at  of  the  n-sheeted  plane  surface  with  which  it  is  associated. 

In  fact,  the  plane  surface  can  be  mechanically  changed  into  the  spherical' 
.rface  without  tearing,  or  repairing,  or  any  change  except  bending  and 
mpression :  all  that  needs  to  be  done  is  that  the  n  plane  sheets  shall  be 
;nt,  without  making  any  change  in  their  sequence,  each  into  a  spherical 
rm,  and  that  the  boundaries  at  infinity  (if  any)  in  the  plane  sheet  shall 
i  compressed  into  an  infinitesimal  point,  being  the  South  pole  of  the 
rresponding  spherical  sheet  or  sheets.  Any  junctions  between  the  plane 
.eets  extending  to  infinity  are  junctions  terminated  at  the  South  pole.  As 
.e  plane  surface  has  a  boundary,  which,  if  at  infinity  on  one  of  the  sheets,  is 
.erefore  not  a  branch-line  for  that  sheet,  so  the  spherical  surface  has  a 
amdary  which,  if  at  the  South  pole,  cannot  be  the  extremity  of  a  branch- 
ie. 

178.  We  proceed  to  obtain  the  connectivity  of  a  Riemann's  surface : 
is  determined  by  the  following  theorem : — 

Let  the  total  number  of  branch-points  in  a  Riemann's  n-sheeted  surface 


Take*  the  surface  in  the  bounded  spherical  form,  the  connectivity  N  of 
which  is  the  same  as  that  of  the  plane  surface:  and'  let  the  boundary  bo  a 
small  hole  A  in  the  outer  sheet.  By  means  of  cross-cuts  and  loop-cuts,  the 
surface  can  be  resolved  into  a  number  of  distinct  simply  connected  pieces. 

First,  make  a  slice  bodily  through  the  sphere,  the  edge  in  the 
outside  sheet  meeting  A  and  the  direction  of  the 
slice  through  A  being  chosen  so  that  none  of  the 
branch-points  lie  in  any  of  the  pieces  cut  off.  Then  n 
parts,  one  from  each  sheet  and  each  simply  connected, 
are  taken  away.  The  remainder  of  the  surface  has  a 
cup-like  form;  let  the  connectivity  of  this*  remainder 
be  M. 

This  slice  has  implied  a  number  of  cuts. 

The  cut  made  in  the  outside  sheet  is  a  cross-cut, 
because  it  begins   and   ends   in  the  boundary  A.     It  <ig.  j.  . 

divides  the  surface  into  two  distinct  pieces,  one  being 
the  portion  of  the  outside  sheet  cut  off,  and  this  piece  is  simply  connected  ; 
hence,  by  Prop.  III.  of  §  160,  the  remainder  has  its  connectivity  still  repre- 
sented by  N. 

The  cuts  in  all  the  other  sheets,  caused  by  the  slice,  are  all  loop-cuts, 
because  they  do  not  anywhere  meet  the  boundary.  There  are  n  —  1  loop- 
cuts,  and  each  cuts  off  a  simply  connected  piece;  let  the  remaining  surface 
be  of  connectivity  M.  Hence,  by  Prop.  V.  of  §  161, 


and  therefore  M  =  N  +  n  —  1. 

In  this  remainder,  of  connectivity  M,  make  r  —  1  cuts,  each  of  which 
begins  in  the  rim  and  returns  to  the  rim,  and  is  to  be  made  through  the  n 
sheets  together  ;  and  choose  the  directions  of  these  cuts  so  that  each  of  the 
r  resulting  portions  of  the  surface  contains  one  (and  only  one)  of  the  branch- 
points. 

Consider  the  portion  of  the  surface  which  contains  the  branch-point 
where  ma  sheets  of  the  surface  are  connected.  The  ml  connected  sheets 
constitute  a  piece  of  a  winding-  surface  round  the  winding-point  of  order 
TO!  —  1  ;  the  remaining  sheets  are  unaffected  by  the  winding-point,  and 

*  The  proof  is  founded  on  Neumann's,  Vorlesimgen  ilber  Riemann's  Theorie  dcr  AbeVschen 
Intel/rale,  pp.  168—172. 
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es  not  contain  the  winding-point,  is  reducible  without  passing  over  the 
nding-point,  and  a  circuit,  that  does  contain  the  winding-point,  is  reducible 
the  winding-point,  so  that  no  irreducible  circuit  can  be  drawn.  Hence 
B  portion  of  the  surface  under  consideration  consists  of  n  —  m:  +  1  distinct 
nply  connected  pieces. 

Similarly  for  the  other  portions.  Hence  the  total  number  of  distinct 
nply  connected  pieces  is 

r 

2  (n  -  mq  +  1) 
<z=i 

r 

=  nr  —  S  mq  +  r 
5=1 

=  nr  —  fl. 

But  in  the  portion  of  connectivity  M  each  of  the  r—l  cuts  causes,  in 
ch  of  the  sheets,  a  cut  passing  from  the  boundary  and  returning  to,  the 
undary,  that  is,  a  cross-cut.  Hence  -there  are  n  cross-cuts  from  each  of  the 
-  1  cuts,  and  therefore  n(r  —  V)  cross-cuts  altogether,  made  in  the  portion  of 
rface  of  connectivity  M. 

The  effect  of  these  n(r—  1)  cross-cuts  is  to  resolve  the  portion  of  con- 
ctivity  M  into  nr  —  H  distinct  simply  connected  pieces;  hence,  by  §  160, 


d  therefore  N=  M  -  (n  -  1)  =  ii  -  2n  +  3, 

e  connectivity  of  the  Riemann's  surface. 

r 

The  quantity  H,  having  the  value  2  (mq  —  1),  may  be  called  the  rami- 

<7  =  1 

ation  of  the   surface,  as   indicating  the  aggregate  sum  of  the  orders  of 
3  different  branch-points. 

Note.  The  surface  just  considered  is  a  closed  surface  to  which  a  point 
s  been  assigned  for  boundary;  hence,  by  Cor.  1,  Prop.  III.,  .§  164,  its 
anectivity  is  an  odd  integer.  Let  it  be  denoted  by  2  p  +  1  ;  then 

2p  =  n  -  2«  +  2, 

d  2p  is  the  number  of  cross-cuts  which  change  the  Riemann's  surface  into 
e  that  is  simply  connected. 

The  integer  p  is  often  called  (Cor.  1,  Prop.  III.,  §  164)  the  genus  of  the 
emann's  surface  ;  and  the  equation 


gives  a  simple  graphical  rule  to  determine  the  integer  when  the  coefficients 
are  general.  This  rule  is  given  in  the  example  at  the  end  of  §  182. 

Ex,  1.    When  the  equation  is 

itfi  =  \  (s  —  a)  (z-V), 

we  have  ci  two-sheetod  surface,  ?t  =  2.  There  are  two  branch-points,  z=a  and  s  =  b;  but 
s  =  CQ  is  not  a  branch-point  ;  HO  that  r  =  2.  At  each  of  the  branch-points  the  two  values  are 
interchanged,  so  that  M1  =  2,  nt.>  =  2;  thus  fl  =  2.  Hence  the  connectivity  =2  —  4  +  3  =  1, 
that  is,  the  surface  is  simply  connected. 

The  surface  can  be  deformed,  as  in  the  example  in  §  169,  into  a  sphere. 
Ex,  2.    When  the  equation  is 


we  have  n  =  2.  There  are  four  branch-points,  viz.,  e1}  e2,  6';j,  oo  ,  so  that  r=4  ;  and  at  each 
of  them  the  two  values  of  iv  are  interchanged,  so  that  mu  =  2  (fors  =  l,  2,  3,  4),  and  therefore 
12  =  8  —  4=4.  Hence  the  connectivity  is  4-4  +  3,  that  is,  3  ;  and  the  value  of  ji;  is  unity. 

Similarly,  the  surface  associated  with  the  equation 

w«=0», 

where  U(z)  is  a  rational  integral  function  of  degree  2m  -1  or  of  degree  2??;.,  is  of  con- 
nectivity 2«i  +  l  ;  so  that  p  =  in.  The  equation 

w8  =  (l-^)(l-^2) 

is  of  genus  p  =  l.  The  case  next  in  importance  is  that  of  the  algebraical  equation  leading 
to  the  hyperclliptic  functions,  when  U  is  either  a  quintic  or  a  soxfcic  ;  and  then  p  ~  2. 

Ex.  3.     Obtain  the  connectivity  of  the  Rieinann's  surface  associated  with  the  equation 

w'+a3  —  3aM3=l, 

where  a  is  a  constant,  (i)  when  a  is  zero,  (ii)  when  a  is  different  from  zero. 
Ex.  4.    Shew  that,  if  the  surface  associated  with  the  equation 

f(w,z}  =  0, 

have  n  boundary-lines  instead  of  one,  and  if  the  equation  have  the  same  branch-points 
as  in  the  foregoing  proposition,  the  connectivity  is  O-2«+/i  +  2. 

Ex.  5.    Shew  that  the  genus  of  the  equation 

W4-S2(22  +  ;S+1):=0 

is  1,  and  that  the  genus  of  the  equation 


is  2<  (Ratty.) 

Discuss  the  genus  of  the  equation 

I)2  -2«  (22  +  ^+1)2  =  0. 


sum  of  the  positive  integers  ?i1; ...,  ns  is  divisible  by  n.     Shew  that  the  genus  p  of  the 
iciatcd  Rieniann's  .surface  is  given  by 


o         Q  A         1      V     °\ 
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TC  \,j  is  the  greatest  common  measure  of  nq  and  n. 

Shew  also  that,  for  surfaces  of  a  given   genus  p,  associated  with  equations  of  the 

gned  form,  s  cannot  be  greater  than  2£>-2.  (Trinity  Fellowship,  1897.) 

Ex.  7.     Shew  that  the  values  of  p  for  the  equations 

(i)     w'1  -  0*  +  2wz  (w'W  -  1 )  =  0 : 

(ii)    (w'*  —  22)2  —  4w'2z^  (wz  —  I)2  =  0 : 

7  and  3  respectively.  (Cayley.) 

Ex.  8.     Shew  that  the  genus  of  the  equation 

jre  n  is  a  positive  integer  or  zero,  is  unity. 
Ex.  9.     Shew  that  the  genus  p  of  the  equation 

ire  n  is  a  positive  integer,  is  given  as  follows  : — 

when  n  =  6k-a,  then  p  =  Zk  —  at  for  a  =  l,  2,  3; 

. . .         fl/  ^=  On/  ~p  Ctj        •  •  •        73  ==  &iC  •      .  * .     Q. :=—  1 .    2i  '. 

m  — .  Q  !/•  n~\  . —  Q /*  1 

Ex.  10.     Find  the  genus  of  the  equation 

jre  n  is  a  positive  integer  >  2. 

179.     The  consideration  of  irreducible  circuits  on   the  surface  at   once 
reals  the   multiple  connection  of  the  surface,  the  numerical  measure  of 
ich  has  been  obtained.     In  a  Riemann's  surface,  a  simple 
sed  circuit  cannot  be  deformed  over  a  branch-point.     Let 
be  a  branch-point,  and  let  AE...   be   the   branch-line 
nng  a  free  end  at  A.     Take  a  curve  ...GED...  crossing 
5  branch-line  at  E  and  passing  into  a  sheet  different  Fig>  60> 

m  that  which  contains  the  portion  CE ;  and,  if  possible, 

a  slight  deformation  of  the  curve  be  made  so  as  to  transfer  the  portion 
1  across  the  branch-point  A.  In  the  deformed  position,  the  curve 
C'E'D'...  does  not  rnee,t  the  branch-line;  there  is,  consequently,  no 
mge  of  sheet  in  its  course  near  A  and  therefore  E'D'...,  which  is  the 
itinuation  of  ...C'E',  cannot  be  regarded  as  the  deformed  position  of  ED. 
(C  two  paths  are  essentially  distinct ;  and  thus  the  original  path  cannot  be 
formed  over  the  branch-point. 

It   therefore   follows    that   continuous   deformation   of  a  circuit  over  a 
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If  a  circuit  contain  only  one  branch-point,  it  can  be  continuously  deformed 
so  as  to  coincide  with  the  point  on  each  sheet  and  therefore,  being  deformable 
into  a  point,  it  is  a  reducible  circuit.  An  illustration  has  already  occurred  in 
the  case  of  a  portion  of  winding-surface  containing  a  single  winding-point 
(Ex.  3,  p.  391);  all  circuits  drawn  on  it  are  reducible. 

It  follows  from  the  preceding  results  that  the  Riemann's  surface  associated 
with  a  multiform  function  is  generally  one  of  multiple  connection;  we  shall 
find  it  convenient  to  know  how  it  can  be  resolved,  by  means  of  cross-cuts,  into 
a  simply  connected  surface.  The  representative  surface  will  be  supposed  a 
closed  surface  with  a  single  boundary;  its  connectivity,  necessarily  odd,  being 
2p  +  1,  the  number  of  cross-cuts  necessary  to  resolve  the  surface  into  one 
that  is  simply  connected  is  2p;  when  these  cuts  have  been  made,  the  simply 
connected  surface  then  obtained  will  have  its  boundary  composed  of  a  single 
closed  curve. 

One  or  two  simple  examples  of  resolution  of  special  Riemann's  surfaces  will  be  useful 
in  leading  up  to  the  general  explanation  ;  in  the  examples  it  will  bo  shewn  how,  in 
conformity  with  §  168,  the  resolving  cross-cuts  render  irreducible  circuits  impossible. 

Ex.  1.     Let  the  equation  be 

w*=A  (a-a)(z-V)  (z  -  c}  (z-d), 

where  a,  b,  c,  d  are  four  distinct  -points,  all  of  finite  modulus.  The  surface  is  two-sheeted  ; 
each  of  the  points  a,  b,  c,  d  is  a  branch-point  where  the  two  values  of  w  interchange  ;  and 
so  the  surface,  assumed  to  have  a  single  boundary,  is  triply  connected,  the  value  of  p 
being  unity.  The  branch-lines  are  two,  each  connecting  a  pair  of  branch-points;  let  them 
bo  ah  and  cd. 

Two  cross-cuts  are  necessary  and  sufficient  to  resolve  the  surface  into  one  that  is 
simply  connected.  We  first  make  a  cross-cut, 
beginning  at  the  boundary  J3,  (say  it  is  in  the 
upper  sheet),  continuing  in  that  sheet  and  re- 
turning to  j5,  so  that  its  course  encloses  the 
branch-line  ab  (but  not  cd)  and  meets  no  branch- 
line.  It  is  a  cross-cut,  and  not  a  loop-cut,  for  it 
begins  and  ends  in  the  boundary  ;  it  is  evidently 
a  cut  in  the  upper  sheet  alone,  and  does  not 
divide  the  surface  into  distinct  portions  ;  and, 
once  made,  it  is  to  be  regarded  as  boundary  for 
the  partially  cut  surface. 

The  surface  in  its  present  condition  is  con- 
nected: and  therefore  it  is  possible  to  pass  from  one  edge  to  the  other  of  the  cut  just 
made.  Let  P  be  a  point  on  it  ;  a  curve  that  passes  from  one  edge  to  the  other  is  indicated 
by  the  line  PQR  in  the  upper  sheet,  RS  in  the  lower,  and  SI*  in  the  upper.  Along  this 
line  make  a  cut,  beginning  at  P  and  returning  to  P;  it  is  a  cross-cut,  partly  in  the 


Fig.  61. 


connectivity  oy  one  unrc.  ;  nence  tne  suriace  is  now  simpiy  connected.     it  is  easy  to 
that  the  boundary  consists  of  a  single  line   not   intersecting  itself;   for  beginning 
P,  we  havo  the  outer  edge  of  PUT,  then  the  inner  edge  of  PQllSP,  then  the  inner 
D  of  PTB,  and  then  the  outer  edge  of  P3RQP,  returning  to  P. 
The  required  resolution  has  been  effected. 

Before  the  surface  was  resolved,  a  number  of  irreducible  circuits  could  be  drawn  ;  a 
iplete  system  of  irreducible  circuits  is  composed  of  two,  by  §  168.  Such  a  system  may 
;aken  in  various  ways  ;  let  it  be  composed  of  a  simple  curve  G  lying  in  the  upper  sheet 
containing  the  points  a  and  6,  and  a  simple  curve  D,  lying  partly  in  the  upper 
.  partly  in  the  lower  sheet  and  containing  the  points  a  and  c  ;  each  of  these  curves 
rreducible,  because  it  encloses  two  branch-points.  Every  other  irreducible  circuit 
•econcilcable  with  these  two  ;  the  actual  reconciliation  in  particular  cases  is  effected 
•ii  simply  when  the  surface  is  taken  in  a  spherical  form. 

The  irreducible  circuit  G  on  the  unresolved  surface  is  impossible  on  the  resolved 
face  owing  to  the  cross-cut  SPQRS;  and  the  irreducible  circuit  D  on  the  unresolved 
face  is  impossible  on  the  resolved  surface  owing  to  the  cross-cut  PTB.  It  is  easy 
verify  that  no  irreducible  circuit  can  be  drawn  on  the  resolved  surface. 
In  practice,  it  is  conveniently  effective  to  select  a  complete  system  of  irreducible 
pie  circuits  and  then  to  make  the  cross-cuts  so  that  each  of  them  renders  one  circuit 
the  system  impossible  on  the  resolved  surface. 

Ex.  2.     If  the  equation  be 


s  branch-points  are  el7  e»,  t';!  and  cc  .  When  the  two-sheeted  surface  is  spherical,  and  the 
,nch-lines  are  taken  to  be  (i)  a  line  joining  ej,  e2;  and  (ii)  a  line  joining  ey  to  the  South 
e,  the  discussion  of  the  surface  is  similar  in  detail  to  that  in  the  preceding  example. 

Ex.  3.     Let  the  equation  be 

ii?  =  Az  (1  -  z]  (K  -  z)  (X  -  z)  (/*  -  z), 
1  for  simplicity  suppose  that  K,  X,  /*  are  real  quantities  subject  to  the  inequalities 

KK  <\<M<°°- 

The  associated  surface  is  two-sheeted  and  has  a  boundary  assigned  to  it  ;  assuming 
it  its  sheets  are  planes,  we  shall  take  some  point  in  the  finite  part  of  the  upper  sheet, 
;  being  a  branch-point,  as  the  boundary.  There  are  six  branch-points,  viz.,  0,  1,  K, 
fi,  co  at  each  of  which  the  two  values  of  w  interchange  ;  and  so  the  connectivity  of 
i  surface  is  5,  and  its  genus  is  2.  The  branch-lines  can  be  taken  as  three,  this  being 
5  simplest  arrangement  ;  let  them  be  the  lines  joining  0,  1  ;  K,  X  ;^,  co  . 


Fig.  62. 


there  are  two  boundary-lines,  being  the  two  edges  of  the  cut  LHA. 

Beginning  at  a  point  A  in  LHA,  make  a  out  along  ABC  in  the  upper  sheet  until 
it  meets  the  branch-line  /x<x> ,  then  in  the  lower  .sheet  along  CSD  until  it  meets  the 
branch-line  01,  and  then  in  the  upper  sheet  from  D  returning  to  the  initial  point  A. 
This  is  a  cross-cut  and  it  does  not  divide  the  surface  into  distinct  pieces  ;  hence,  after  it 
is  made,  the  connectivity  of  the  modified  surface  is  3,  and  it  is  easy  to  see  that  there 
is  only  one  boundary-edge,  similar  to  the  single  boundary  in  Ex.  1  when  the  surface 
in  that  example  has  been  completely  resolved. 

Make  a  loop-cut  EFG  along  a  line,  enclosing  the  points  K  and  X  but  no  other  branch- 
points ;  and  change  it  into  a  cross-cut  by  making  a  cut  from  E  to  some  point  B  of  the 
boundary.  This  cross-cut  can  be  regarded  as  BEFGE>  ending  at  a  point  in  its  own 
earlier  course.  As  it  does  not  divide  the  surface  into  distinct  pieces,  the  connectivity 
is  reduced  to  2  ;  arid  there  are  two  boundary-lines. 

Beginning  at  a  point  Cf  make  another  cross-cut  GQPRG,  as  in  the  figure,  enclosing 
the  two  branch-points  X  and  p  and  lying  partly  in  the  upper  sheet  and  partly  in  the 
lower.  It  does  not  divide  the  surface  into  distinct  pieces  :  the  connectivity  is  reduced 
to  unity,  and  there  is  a  single  boundary -line. 

Four  cross-cuts  have  been  made  :  and  the  surface  has  been  resolved  into  one  that 
is  simply  connected. 

It  is  easy  to  verify  : — 

(i)  that  neither  in  the  upper  sheet,  nor  in  the  lower  sheet,  nor  partly  in  the 
upper  sheet  and  partly  in  the  lower,  can  an  irreducible  circuit  be  drawn 
in  the  resolved  surface  ;  and 

(ii)  that,  owing  to  the  cross-cuts,  the  simplest  irreducible  circuits  in  the  unresolved 
surface — viz.  those  which  enclose  0,  1  ;  1,  «  ;  K,  \  ;  \,  p. ;  respectively — are 
rendered  impossible  in  the  resolved  surface. 

The  equation  in  the  present  example,  and  the  liiemann's  surface  associated  with  it, 
lead  to  the  theory  of  hyperelliptic  functions*. 

180.  The  last  example  suggests  a  method  of  resolving  any  two-sheeted 
surface  into  a  surface  that  is  simply  connected. 

The  number  of  its  branch-points  is  necessarily  even,  say  2p  +  2.  The 
branch-lines  can  be  made  to  join  these  points  in  pairs,  so  that  there  will  be 
p+l  of  them.  To  determine  the  connectivity  (§  178),  we  have  n-2  and, 
since  two  values  are  interchanged  at  every  branch-point,  fl  =  2p  -f  2 ;  so 
that  the  connectivity  is  2p  +  l.  Then  2p  cross-cuts  are  necessary  for  the 
required  resolution  of  the  surface. 

We  make  cuts  round  p  of  the  branch-lines,  that  is,  round  all  of  them  but 
one ;  each  cut  is  made  to  enclose  two  branch-points,  and  each  lies  entirely  in 
the  upper  sheet.  These  are  cuts  corresponding  to  the  cuts  LHA  and  EFG 
in  fig.  62;  and,  as  there,  the  cut  round  the  first  branch-line  begins  and  ends 

*  One  of  the  most  direct  discussions  of  the  theory  from  this  point  of  view  is  given  bv  Prvm. 


We  make  other  p  cuts,  one  passing  from  the  inner  edge  of  each  of  the  p 
cuts  a  already  made  to  the  branch-line  which  it  surrounds,  then  in  the  lower 
sheet  to  the  (p  +  l)th  branch-line,  and  then  in  the  upper  sheet  returning  to 
the  point  of  the  outer  edge  of  the  cut  a  at  which  it  began.  This  system  of 
cuts  corresponds  to  the  cuts  ADSCBA  and  GQPRG  in  fig.  62.  Each  of  them 
can  be  taken  so  as  to  meet  no  one  of  the  cuts  a  except  the  one  in  which  it 
begins  and  ends;  and  they  can  be  taken  so  as  not  to  meet  one  another. 
This  system  of  p  cuts  we  denote  by  b1}  b.2)  ...,bp,  where  br  is  the  cut  which 
begins  and  ends  in  a,..  All  these  cuts  are  cross-cuts,  because  they  begin  and 
end  in  boundary-lines. 

Lastly,  we  make  other  p  -  1  cuts  from  ar  to  br_l}  for  r  =  2,  3,  ...,p,  all  in 
the  upper  sheet ;  no  one  of  them,  except  at  its  initial  and  its  final  points, 
meets  any  of  the  cuts  already  made.  This  system  of  p  —  1  cuts  we  denote 
by  G.,,  cs,  ...,cp. 

Because  &.,._].  is  a  cross-cut,  the  cross-cut  cr  changes  ar  (hitherto  a  loop-cut) 
into  a  cross-cut  when  cr  and  ar  are  combined  into  a  single  cut. 

It  is  evident  that  no  one  of  these  cuts  cjivides  the  surface  into  distinct 
pieces ;  and  thus  we  have  a  system  of  2p  cross-cuts  resolving  the  two-sheeted 
surface  of  connectivity  2p  +  1  into  a  surface  that  is  simply  connected.  The 
cross-cuts  in  order*  are 

«.],  61;  c»  and  «2j  bz>  c3  and  a,3,  bs, ...,  cp  and  ap,  bp. 

181.  This  resolution  of  a  general  two-sheeted  surface  suggests  f  Riemann's 
general  resolution  of  a  surface  with  any  (finite)  number  of  sheets. 

As  before,  we  assume  that  the  surface  is  closed  and  has  a  single  boundary 
and  that  its  genus  is  p,  so  that  2/j  cross-cuts  are  necessary  for  its  resolution 
into  one  that  is  simply  connected. 

Make  a  cut  in  the  surface  such  as  not  to  divide  it  into  distinct  pieces; 
and  let 'it  begin  and  end  in  the  boundary.  It  is  a  cross-cut,  say  aa;  it 
changes  the  number  of  boundary-lines  to  2,  and  it  reduces  the  connectivity 
of  the  cut  surface  to  2/;. 

Since  the  surface  is  connected,  we  can  pass  in  the  surface  along  a 
continuous  line  from  one  edge  of  the  cut  0,1  to  the  opposite  edge.  Along 
this  line  make  a  cut  b^.  it  is  a  cross-cut,  because  it  begins  and  ends  in 
the  boundary.  It  passes  from  one  edge  of  ax  to  the  other,  that  is,  from  one 
boundary-line  to  another.  Hence,  as  in  Prop.  II.  of  §  16-i,  it  does  not  divide 

*  See  Neumann.  DD.  178 — 182 :   Prvm.  Zur  Thcorie  der  Functional  in  eincr  zweibluttriaen 


2p  —  2  cross-cuts  are  necessary  for  the  required  resolution.  We  make  a 
loop-cut  a2>  not  resolving  the  surface  into  distinct  pieces,  and  a  cross-out 
GI  from  a  point  of  a2  to  a  point  on  the  boundary  at  6^  then  cl  and  az,  taken 
together,  constitute  a  cross-cut  that  does  not  resolve  the  surface  into  distinct 
pieces.  It  therefore  reduces  the  connectivity  to  2p  —  2,  and  leaves  two  pieces 
of  boundary. 

The  surface  being  connected,  we  can  pass  in  the  surface  along  a  continuous 
line  from  one  edge  of  a2  to  the  opposite  edge.  Along  this  line  we  make  a 
cut  62>  evidently  a  cross-cut,  passing,  like  bl  in  the  earlier  case,  from  one 
boundary-line  to  the  other.  Hence  it  does  not  divide  the  surface  into 
distinct  pieces ;  it  changes  the  number  of  boundaries  to  1,  and  it  reduces 
the  connectivity  to  2p  —  3. 

Proceeding  in  p  stages,  each  of  two  cross-cuts,  we  ultimately  obtain  a 
simply  connected  surface  with  a  single  boundary;  and  the  general  effect  on 
the  original  unresolved  surface  is  to  have  a  system  of  cross-cuts  somewhat  of 
the  form 


Fig.  63. 

The  foregoing  resolution  is  called  the  canonical  resolution  of  a  Riemann's 
surface. 

Ex.  1.     Construct  the  Rieniann's  .surface  for  the  equation 


both  for  a  =  0  and  for  a  different  from  zero;  and  resolve  it  by  cross-cuts  into  a  simply 
connected  surface  with  a  single  boundary,  shewing  a  complete  system  of  irreducible 
simple  circuits  on  the  unresolved  surface. 

Ex.  2.     Shew  that  the  Riemann's  surface  for  the  equation 


is  of  genus  p  —  %;  indicate  the  possible  systems  of  branch-lines,  and,  for  each  system, 
resolve  the  surface  by  cross-cuts  into  a  simply  connected  surface  with  a  single  boundary. 

(Burnside.) 
Ex.  3.     Find  the  connectivity  of  the  surface  associated  with  the  equation 

w*z  =  (z-rf(z  +  rf; 
draw  a  possible  system  of  branch-lines,  and  dissect  the  surface  so  as  to  reduce  it  to 


'  Jr  D 

second  is  that  in  which,  while  the  surface  has  a  finite  number  of  sheets 
greater  than  two,  all  the  branch-points  are  of  the  first  order,  that  is,  are 
such  that  round  each  of  them  only  two  branches  of  the  function  interchange. 
The  former  has  already  been  considered,  in  so  far  as  concerns  the  surface  ; 
AVO  now  proceed  to  the  consideration  of  the  latter. 

The  equation  is  f(w>  z}  =  0, 

of  degree  n  in  w  ;  and,  for  our  present  purpose,  it  is  convenient  to  regard 
/=0  as  an  equation  corresponding  to  a  generalised  plane  curve  of  degree  ??, 
so  that  no  term  in  f  is  of  dimensions  higher  than  n. 

The  total  number  of  branch-points  has  been  proved,  in  §  98,  to  be 

n  (n  -  1)  -  2S  -  2/c, 

where  8  is  the  number  of  points  which  are  the  generalisation  of  double 
points  on  the  curve  with  non-coincident  tangents,  and  «  is  the  number 
of  double  points  on  the  curve  with  coincident  tangents.  Round  each  of 
these  branch-points,  two  branches  of  w  interchange  and  only  two,  so  that 
each  of  the  numbers  mq  of  §  178  is  equal  to  2  ;  hence  the  ramification 

fl  is 

2  {n  (n  -  1)  -  28  -  2«}  -  {n  (n  -  1)  -  28  -  2/c}, 

that  is,  H  =  n  (n  —  1)  —  28  —  2/c. 

The  connectivity  of  the  surface  is  therefore 

n  (n  -  1)  -  28  -  2*  -  2n  +  3  ; 
and  therefore  the  genus  p  of  the  surface  is 

£(n_l)(TO_2)_8-«. 

Now  this  integer  is  known*  as  the  deficiency  of  the  curve  ;  and  therefore 
it  appears  that  the  deficiency  of  the  curve  is  the  same  as  the  genus  of  the 
Riemann's  surface  associated  with  its  equation,  and  also  is  the  same  as  the 
genus  of  its  equation. 

Moreover,  the  number  of  branch-points  of  the  original  equation  is  H,  that 

is, 

=  2    +  2n  -  2 


Note.  The  equality  of  these  numbers,  representing  the  deficiency  and  the  genus,  is 
one  among  many  reasons  that  lead  to  the  close  association  of  algebraic  functions  (and 

*  Salmon's  Higher  Plane  Curves,  §§  44,  83  ;  Clebsch's  Vorlesunyen  iiber  Geometric,  (edited 
by  Lindemann),  t.  i,  pp.  351—429,  the  German  word  used  instead  of  deficiency  being  Geschlccht. 
The  name  'deficiency'  was  introduced  by  Cayley  in  1865:  see  Proc.  Lond.  Math.  Soc.,  vol.  i, 


paper  by  Baker,  quoted  in  §  178.    -Baker's  rule  for  determining  the  number  is  embodied 
in  the  following  question  ;  and  a  number  of  simple  examples  are  given  in  his  paper. 

Ex.  A  plane  (A)  of  rectangular  Cartesian  coordinates  is  ruled  with  lines  parallel  to 
the  axes,  at  unit  distances  apart,  and  the  angular  points  of  the  squares  obtained  are  called 
unit  points.  Corresponding  to  every  term  Ar^sxrya  in  the  eqiiation  of  an  irreducible 
plane  curve  (which  is  referred  to  rectangular  Cartesian  axes,  the  origin  being  a  multiple 
point  of  the  curve),  the  point  (r,  s)  is  marked  on  the  plane  (A]  aifd  called  a  curve  point. 
The  outermost  of  the  curve  points  are  joined  by  finite  straight  lines  so  as  to  form  a 
convex  polygon,  enclosing  the  other  curve  points  and  having  a  curve  point  at  each  vertex. 
Considering  first  the  sides  of  this  polygon  which  are  nearest  to  the  origin  and  limited  by 
the  axes  of  coordinates,  and  assuming  that  all  the  unit  points  upon  these  sides  are  also 
curve  points  and  that  all  these  sides  are  inclined  to  one  of  the  axes  at  an  angle  greater 
than  £71-,  prove  that  the  sum  of  the  number  of  double  points  and  cusps  to  which  the 
singularity  is  equivalent  is  equal  to  the  number  of  unit  points  between  these  sides  and 
the  axes  of  coordinates  together  with  the  number  of  unit  points  upon  these  sides  less 
two.  Considering  next  fcho  complete  polygon  and  assuming  the  curve  to  have  only  three 
singularities,  namely  at  the  origin  and  at  infinity  on  the  two  axes  of  coordinates,  and 
excluding  exceptional  relations  between  the  coefficients  of  the  terms  entering  in  the 
equation  of  the  curve,  prove  that  its  deficiency  is  equal  to  the  whole  number  of  unit 
points  actually  within  the  polygon.  (Math.  Trip.,  Part  II.,  1893.) 

183.  With  a  view  to  the  construction  of  a  canonical  form  of  Riemann's 
surface  of  genus  p  for  the  equation  under  consideration,  it  is  necessary  to 
consider  in  some  detail  the  relations  between  the  branches  of  the  functions 
as  they  are  affected  by  the  branch-points. 

The  effect  produced  on  any  value  of  the  function  by  the  description  of  a 
small  circuit,  enclosing  one  branch-point  (and  only  one),  is  known.  But 
when  the  small  circuit  is  part  of  a  loop,  the  effect  on  the  value  of  the 
function  with  which  the  loop  begins  to  be  described  depends  upon  the  form 
of  the  loop;  and  various  results  (e.g.  Ex.  1,  |  104)  are  obtained  by  taking 
different  loops.  In  the  first  form  (§  175)  in  which  the  branch-lines  were 
established  as  junctions  between  sheets,  what  was  done  was  the  equivalent 
of  drawing  a  number  of  straight  loops,  which  had  one  extremity  common  to 
all  and  the  other  free,  and  of  assigning  the  law  of  junction  according  to  the 
law  of  interchange  determined  by  the  description  of  the  loop.  As,  however, 
there  is  no  necessary  limitation  to  the  forms  of  branch-lines,  we  may  draw 
them  in  other  forms,  always,  of  course,  having  branch-points  at  their  free 
extremities;  and  according  to  the  variation  in  the  form  of  the  branch-line, 
(that  is,  according  to  the  variation  in  the  form  of  the  corresponding  loop 
or,  in  other  words,  according  to  the  deformation  of  the  loop  over  other 
branch-points  from  some  form  of  reference),  there  will  be  variation  in  the  law 


184.  After  the  preceding  explanation  and  always  under  the  hypothesis 
that  the  branch-points  are  simple,  we  shall  revert  temporarily  to  the  use  of 
loops  and  shall  ultimately  combine  them  into  branch-lines. 

When,  with  an  ordinary  point  as  origin,  we  construct  a  loop  round  a 
branch-point,  two  and  only  two  of  the  values  of  the  function  are  affected 
by  that  particular  loop  ;  they  are  interchanged  by  it ;  but  a  different  form  of 
loop,  from  the  same  origin  round  the  same  branch-point,  might  affect  some 
other  pair  of  values  of  the  function. 

To  indicate  the  law  of  interchange,  a  symbol  will  be  convenient.  If  the 
two  values  interchanged  by  a  given  loop  be  w{  and  wm,  the  loop  will  be 
denoted  by  im  ;  and  i  and  m  will  be  called  the  numbers  of  the  symbol  of  that 
loop. 

For  the  initial  configuration  of  the  loops,  we  shall  (as  in  §  175)  take  an 
ordinary  point  0 :  we  shall  make  loops  beginning  at  0,  forming  them  in  the 
sequence  of  angular  succession  of  the  branch-points  round  0  and  drawing  the 
double  linear  part  of  the  loop  as  direct  as  possible  from  0  to  its  branch -point : 
and,  in  this  configuration,  we  shall  take  the  law  of  interchange  by  a  loop  to 
be  the  law  of  interchange  by  the  branch-point  in  the  loop. 

In  any  other  configuration,  the  symbol  of  a  loop  round  any  branch-point 
depends  upon  its  form,  that  is,  depends  upon  the  deformation  over  other 
branch-points  which  the  loop  has  suffered  in  passing  from  its  initial  form. 
The  effect  of  such  deformation  must  first  be  obtained :  it  is  determined  by 
the  following  lemma  : — 

When  one  loop  is  deformed  over  another,  the  symbol  of  the  deformed  loop 
is  unaltered,  if  neither  of  its  numbers  or  if  both  of  its  numbers  occur  in  the 
symbol  of  the  unmoved  loop ;  but  if,  before  deformation,  the  symbols  have  one 
number  common,  the  new  symbol  of  the  deformed  loop  is  obtained  from  the  old 
symbol  by  substituting,  for  the  common  number,  the  other  number  in  the  symbol 
of  the  unmoved  loop. 

The  sufficient  test,  to  which  all  such  changes  must  be  subject,  is  that 
the  effect  on  the  values  of  the  function  at  any  point  of  a  contour  enclosing 
both  branch-points  is  the  same  at  that  point  for  all  deformations  into  two 
loops.  Moreover,  a  complete  circuit  of  all  the  loops  is  the  same  as  a  contour 
enclosing  all  the  branch-points;  it  therefore  (Cor.  III.  §  90)  restores  the  initial 
value -with  which  the  circuit  began  to  be  described. 


not;  a  Drancn-pomt  tor  eitner  01  tne  values  wm  ana  wn,  ana  tnererore  (_§  yi; 
the  loop  mn  can  be  deformed  across  the  point,  that  is,  it  can  be  deformed 
across  the  loop  mn. 

Secondly,  when  the  symbols  are  the  same :  the  symbol  of  the  deformed 
loop  must  be  unaltered,  in  order  that  the  contour  embracing  only  the  two 
branch-points  may,  as  it  should,  restore  after  its  complete  description  each  of 
the  values  affected. 

Thirdly,  when  the  symbols  have  one  number  common:  let  0  be  any 
point  and  let  the  loops  be  OA,  OB  in  any  given  position  such  as  (i),  fig.  64, 
with  symbols  mr,  nr  respectively.  Then  OB  may  be  deformed  over  OA  as 
in  (ii),  or  OA  over  OB  as  in  (iii). 


Fig.  04. 

The  effect  at  0  of  a  closed  circuit,  including  the  points  A  and  B  and 
described  positively  beginning  at  0,  is,  in  (i)  which  is  the  initial  configura- 
tion, to  change  wm  into  wr,  wr  into  wn,  wn  into  wm,\  this  effect  on  the 
values  at  0,  unaltered,  must  govern  the  deformation  of  the  loops. 

The  two  alternative  deformations  (ii)  and  (iii)  will  be  considered  separately. 

When,  as  in  (ii),  OB  is  deformed  over  OA,  then  OA  is  unmoved  and 
therefore  unaltered :  it  is  still  mr.  Now,  beginning  at  0  with  wm,  the  loop 
OA  changes  wm  into  wr:  the  whole  circuit  changes  wm  into  iur,  so  that  OB 
must  now  leave  wr  unaltered.  Again,  beginning  with  wn,  it  is  unaltered  by 
OA,  and  the  whole  circuit  changes  wn  into  wm :  hence  OB  must  change  wn 
into  wm,  that  is,  the  symbol  of  OB  must  be  mn.  And,  this  being  so,  an 
initial  wr  at  0  is  changed  by  the  whole  circuit  into  wn,  as  it  should  be. 
Hence  the  new  symbol  mn  of  the  deformed  loop  OB  in  (ii)  is  obtained  from 
the  old  symbol  by  substituting,  for  the  common  number  r,  the  other  number 
m  in  the  symbol  of  the  unmoved  loop  OA. 

We  may  proceed  similarly  for  the  deformation  in  (iii) ;  or  the  new  symbol 
may  be  obtained  as  follows.  The  loop  OA  in  (iii)  may  be  deformed  to  the 
form  in  (iv)  without  crossing  any  branch-point  and  therefore  without 
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unchanged  after  the  second  (and  inner)  loop  OB.  Thus  wn  is  changed  into 
^um,  so  that  the  symbol  is  mn,  a  symbol  which  is 'easily  proved  to  give  the 
proper  results  with  an  initial  value  wm  or  wr  for  the  whole  contour.  This 
change  is  as  stated  in  the  theorem,  which  is  therefore  proved. 

Ex.  If  the  deformation  from  (i)  to  (ii)  be  called  superior,  and  that  from  (i)  to  (iii) 
inferior,  then  x  successive  superior  deformations  give  the  same  loop-configuration, 
in  symbols  and  relative  order  for  positive  description,  as  6  —  x  successive  inferior 
deformations. 

COROLLARY.  A  loop  can  be  passed  unchanged  over  two  loops  that  have  the 
same  symbol. 

Let  the  common  symbol  of  the  unmoved  loops  be  mn.  If  neither  number 
of  the  deformed  loop  be  m  or  n,  passage  over  each  of  the  loops  mn  makes  no 
difference,  after  the  lemma ;  likewise,  if  its  symbol  be  mn.  If  only  one  of  its 
numbers,  say  n,  be  in  mn,  its  symbol  is  nr,  where  r  is  different  from  m.  When 
the  loop  nr  is  deformed  over  the  first  loop  inn,  its  new  symbol  is  mr ;  when 
this  loop  mr  is  deformed  over  the  second  loop  inn,  its  new  symbol  is  nr,  that 
is,  the  final  symbol  is  the  same  as  the  initial  symbol,  or  the  loop  is  unchanged. 

185.  The  initial  configuration  of  the  loops  is  used  by  Clebsch  and 
Gordan  to  establish  their  simple  cycles  and  thence  to  deduce  the  periodi- 
city of  the  Abelian  integrals  connected  with  the  equation  f(w,  z)  =  0, 
without  reference  to  the  Riemann's  surface ;  and  this  method  of  treating 
the  functions  that  arise  through  the  equation,  always  supposed  to  have 
merely  simple  branch-points,  has  been  used  by  Casorati*  and  Liirothf. 

We  can  pass  from  any  value  of  w  at  the  initial  point  0  to  any  other 
value  by  a  suitable  series  of  loops;  because,  were  it  possible  to  inter- 
change the  values  of  only  some  of  the  branches,  an  equation  could  be 
constructed  which  had  those  branches  for  its  roots.  The  fundamental 
equation  could  then  be  resolved  into  this  equation  and  an  equation  having 
the  rest  of  the  branches  for  its  roots :  that  is,  the  fundamental  equation 
would  cease  to  be  irreducible. 

We  begin  then  with  any  loop,  say  one  connecting  wl  with  w.,.  There 
will  be  a  loop,  connecting  the  value  w3  with  either  wl  or  w2;  there  will  be 
a  loop,  connecting  the  value  w4  with  either  Wj,  wz,  or  wa;  and  so  on,  until 
we  select  a  loop,  connecting  the  last  value  wn  with  one  of  the  other  values. 
Such  a  set  of  loops,  n  —  1  in  number,  is  called  fundamental. 

A  passage  round  the  set  will  not  at  the  end  restore  the  branch  with 
which  the  description  began.  When  we  begin  with  any  value,  any  other 
value  can  be  obtained  after  the  description  of  properly  chosen  loops  of  the  set. 


a  system  the  description  01  suitably  cnosen  loops  or  wnicn  restores  some 
initial  value;  only  two  values  can  be  restored  by  the  description  of  loops 
of  the  combined  system.  Thus  if  the  loops  in  order  be  12,  13,  14,  ...,  Itt 
and  a  loop  qr  be  combined  with  them,  the  value  wq  is  changed  into  w1  by 
Iq,  into  «/,.  by  1?%  into  wq  by  qr;  and  similarly  for  wr.  Such  a  combination 
of  n  loops  is  called  a  simple  cycle. 

The  total  number  of  branch-points,  and  therefore  of  loops,  is  (§  182) 


and  therefore  the  total  number  of  simple  cycles  is  2p+n  —  l.  But  these 
simple  cycles  are  not  independent  of  one'  another. 

In  the  description  of  any  cycle,  the  loops  vary  in  their  operation 
according  to  the  initial  value  of  w  :  and,  for  two  different  initial  values  of 
w,  no  loop  is  operative  in  the  same  way.  For  otherwise  all  the  preceding 
and  all  the  succeeding  loops  would  operate  in  the  same  way  and  would 
lead,  on  reversal,  to  the  same  initial  value  of  w.  Hence  a  loop  of  a  given 
cycle  can  be  operative  in  only  two  descriptions,  once  when  it  changes,  say,  W{ 
into  Wj,  and  the  other  when  it  changes  Wj  into  w,-. 

Now  consider  the  circuit  made  up  of  all  the  loops.  When  iul  is  taken  as 
the  initial  value,  it  is  restored  at  the  end:  and  in  the  description  only  a 
certain  number  of  loops  have  been  operative  :  the  cycle  made  up  of  these  loops 
can  be  resolved  into  the  operative  parts  of  simple  cycles,  that  is,  into  simple 
cycles  :  hence  one  relation  among  the  simple  cycles  is  given  by  the  considera- 
tion of  the  operative  loops  when  the  whole  system  of  the  loops  is  described 
with  an  initial  value. 

Similarly  when  any  other  initial  value  is  taken  ;  so  that  apparently  there 
are  n  relations,  one  arising  from  each  initial  value.  These  n  relations  are  not 
independent:  for  a  simultaneous  combination  of  the  operations  of  all  the 
loops  in  all  the  circuits  leads  to  an  identically  null  effect  (but  no  smaller 
combination  would  be  effective),  for  each  loop  is  operative  twice  (and  only 
twice)  with  opposite  effects,  shewing  that  one  and  only  one  of  the  relations  is 
derivable  from  the  remainder.  Hence  there  are  n  —  1  independent  relations 
and  therefore*  the  number  of  independent  simple  cycles  is  2p. 

186.  We  now  proceed  to  obtain  a  typical  form  of  the  Rieniann's  surface 
by  deforming  the  initial  configuration  of  the  loops  into  a  typical  configura- 
tion f  .  The  final  arrangement  of  the  loops  is  indicated  by  the  two  theorems  :  — 

*  Clebseh  und  Gordan,  Tlieoric  dcr  Abd'schcn  Functional,  p.  85. 
t  The  investigation  is  based  upon  the  following  memoirs  :  — 

Liiroth,  "Note  liber  Yerzweigungsschnitte  und  Querschnitte  in  einer  Kiemann'sohen  Flache," 
Math.  Ann.,  t.  iv,  (1871),  pp.  181  —  184;  "Ueber  die  kanonischen  Perioden  der  Abel'scben 


i  (m,  in  •+•  i;,  for  m  =  i,  z, . . .,  n  —  i..  ( witn  tins  connguration,  w^  can  oe 
iged  by  a  loop  only  into  w?,  w2  by  a  loop  only  into  ws,  and  so  on  in 
;ession,  each  change  being  effected  by  an  even  number  of  loops.)  This 
>rem  is  due  to  Liiroth. 

II.     The  loops  can  be  made  so  that  there  is  only  one  pair  12,  only  one 

•  23, . . . ,  only  one  pair  (n  —  2,  n  —  1),  and  the  remaining  p  + 1  pairs  are 

•  I,  n}.     This  theorem  is  due  to  Clebsch. 

187.  We  proceed  to  prove  Liiroth's  theorem,  assuming  that  the  loops 
3  the  initial  connguration  of  §  184. 

Take  any  loop  12,  say  OA  :  beginning  it  with  wlt  describe  loops  positively 
in  succession ;  then  as  the  value  iul  is  restored  sooner  or  later,  for  it 
it  be  restored  by  the  circuit  of  all  the  loops,  let  it  be  restored  first  by  a 
i  OB,  the  symbol  of  OB  necessarily  containing  the  number  1.  Between  OA 
OB  there  may  be  loops  whose  symbols  contain  1  but  which  have  been 
)erative.  Let  each  of  these  in  turn  be  deformed  so  as  to  pass  back  over 
jhe  loops  between  its  initial  position  and  OA ;  and  then  finally  over  OA. 
jre  passing  over  OA  its  symbol  must  contain  1,  for  there  is  no  loop  over 
eh  it  has  passed  that,  having  1  in  its  symbol,  could  make  it  drop  1  in  the 
sage;  but  it  cannot  contain  2,  for,  if  it  did,  the  effect  of  OA  and  the 
irmed  loop  would  be  to  restore  1,  an  effect  that  would  have  been 
sed  in  the  original  position,  contrary  to  the  hypothesis  that  OB  is  the 
;  loop  that  restores  1.  Hence  after  it  has  passed  over  OA  its  symbol 
onger  contains  1. 

Next,  pass  OB  over  the  loops  between  its  initial  position  and  OA  but  not 
:  OA  :  its  symbol  must  be  12  in  the  deformed  position  since  wl  is  restored 
;he  loop  OB.  Then  OA  and  the  deformed  loop  OB  are  each  12;  hence  each 
lie  loops,  between  the  new  position  and  the  old  position  of  OB,  can  be  passed 
;  OA  and  the  new  loop  OB  without  any  change  in  its  symbol.  There  are 
:efore,  behind  OA,  a  series  of  loops  that  do  not  affect  w-^.  Thus  the  loops 

(a)   loops  behind  OA  not  affecting  iuly         (6)   OA,   OB  each  12, 
(c)    other  loops  bej^ond  the  initial  position  of  OB. 

Begin  now  with  w.2  at  the  loop  OB  and  again  describe  loops  positively 
in  succession :  then  w^  must  be  restored  sooner  or  later.     It  may  be 
T  after  OA  is  described,  so  that  there  has  been  a  complete  circuit  of 
the  loops ;   or  it  may  first  be  by  an  intermediate  loop,  say  OC. 

For  the  former  case,  when  OA  is  the  first  loop  by  which  m2  is  restored, 
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must  be  even  in  number.  Let  OG  be  the  first  after  OB  which  affects  wl} 
and  let  the  symbol  of  OG  be  Ir.  Then  beginning  OG  with  w1;  the  value 
w/i  must  be  restored  by  a  complete  circuit  of  all  the  loops,  that  is,  it 
must  be  restored  by  OB;  and  therefore  the  value  must  be  wl  when 
beginning  OA,  or  w^  must  be  restored  before  OA.  Let  OH  be  the  first 
loop  after  OG  to  restore  wl;  then,  by  proceeding  as  above,  we  can  deform 
all  the  loops  between  OG  and  OH  over  OG,  with  the  result  that  no  such 
deformed  loop  affects  w1  and  that  OG  and  OH  are  both  Ir.  Hence  all  the 
loops  affecting  wx  can  be  arranged  in  pairs  having  the  same  symbol. 

Since  OG  and  OH  are  a  pair  with  the  same  symbol,  every  loop  between 
OB  and  OG  can  be  passed  unchanged  over  06?  and  OH  together.  When 
this  is  done,  pass  OG  over  OB  so  that  it  becomes  2?-,  and  then  OH  over 
OB  so  that  it  also  is  2r.  Thus  these  deformed  loops  OG,  OH  are  a  pair 
2r;  and  therefore  OA  can,  without  change,  be  deformed  over  both  so  as 
to  be  next  to  OB.  Let  this  be  done  with  all  the  pairs;  then,  finally,  we 
have 

(a)   loops  not  affecting  wa,  (6)    a  pair  with  the  symbol  12, 

(c)    pairs  affecting  u>2  and  not  w1}      (d)   loops  not  affecting  wx. 

We  thus  have  a  pair  12  and  loops  not  affecting  iu1}  so  that  such  a  change 
has  been  effected  as  to  make  all  the  loops  affecting  wl  possess  the  symbol  12. 

For  the  second  case,  when  OC  is  the  first  loop  to  restore  w»,  the 
value  with  which  the  loop  OB  whose  symbol  is  12  began  to  be  described,  we 
treat  the  loops  between  OB  and  OC  in  a  manner  similar  to  that  adopted  in 
the  former  case  for  loops  between  OA  and  OB ;  so  that,  remembering  that 
now  w2  instead  of  the  former  w^  is  the  value  dealt  with  in  the  recurrence,  we 
can  deform  these  loops  into 

(a)   loops  behind  OB  which  change  iu1  but  not  wa, 
(6)   OB  and  OC,  the  symbol  of  each  of  which  is  12. 

Now  OB  was  next  to  OA ;  hence  the  set  (a)  are  now  next  to  OA.  Each  of 
them  when  passed  over  OA  drops  the  number  1  from  its  symbol,  and  so  the 
whole  system  now  consists  of 

(a)   loops  behind  OA  not  affecting  wl}     (6)    OA,  OB,  OG  each  of  which 
is  12,     (c)   other  loops. 

Begin  again  Avith  the  value  wl  before  OA.     Before   OG  the  value  is 

nvirl       fl-,0  ' 


187.]  ON   CONFIGURATION   OF   LOOPS  411 

treating  the  loops  between  OG  and  OD,  as  formerly  those  between  the  initial 
positions  of  OA  and  OB  were  treated,  we  shall  have 

(a)   loops  behind  OA  not  affecting  w1}     (b)    OA,  OB  each  being  12, 
(c)    loops  between  OB  and  00  not  affecting  wlt     (d)    00,  OD  each 

being  12,     (e)   other  loops. 

Except  that  fewer  loops  affecting  wl  have  to  be  reckoned  with,  the  con- 
figuration is  now  in  the  same  condition  as  at  the  end  of  the  first  stage. 
Proceeding  therefore  as  before,  we  can  arrange  that  all  the  loops  affecting  wl 
occur  in  pairs  with  the  symbol  12.  Moreover,  each  of  the  loops  in  the  set 
(c)  can  be  passed  unchanged  over  OA  and  OB ;  so  that,  finally,  we  have 

(a)   pairs  of  loops  with  the  symbol  12,     (b')   loops  not  affecting  w^. 
We  keep  (a)  in  pairs,  so  that  any  desired  deformation  of  loops  in  (&')  over 
them  can  be  made  without  causing  any  change  ;  and  we  treat  the  set  (6')  in 
the  same  manner  as  before,  with  the  result  that  the  set  (b')  is  replaced  by 

(b}  pairs  of  loops  with  the  symbol  23,  (c')  loops  not  affecting  iul  or  w». 
And  so  on,  with  the  ultimate  result  that  the  loops  can  be  made  in  pairs  in 
which  each  symbol  is  of  tlie  form  (ra,  in  +  1)  for  m  —  1,  . . . ,  n  ~  1. 

188.  We  now  come  to  Clebsch's  Theorem  that  the  loops  thus  made  can 
be  so  deformed  that  there  is  only  one  pair  12.,  only  one  pair  23,  and  so  on, 
until  the  last  symbol  (n  —  1,  n),  which  is  the  common  symbol  of  p  + 1  pairs. 

This  can  be  easily  proved  after  the  establishment  of  the  lemma  that,  if 
there  be  ttuo  pairs  12  and  one  pair  23,  the  loops  can  be  deformed  into  one  pair 
12  and  two  pairs  23. 

The.  actual  deformation  leading  to  the  lemma  is  shewn  in  the  accom- 
panying scheme  :  the  deformations  implied  by 

the  continuous  lines  are  those  of  a  loop  from  the     12      12      12     -- ?3      23 

left  to  the  right  of  the  respective  lines,  and  those     12      12      12_     23      13      23 
implied  by  the  dotted  lines  are  those  of  a  loop     12      12      23      13      13      23 

from  the  right  to  the  left  of  the  respective  lines.  "  • 

•                              r>                                               12       12       13       13       23       23 
It  is  interesting  to  draw  figures,  representing  

the  loops  in  the  various  configurations.     .  12     23      12      13      23      23 

By  the  continued  use  of  this  lemma  we  can     12     23      23      12     23  23 

change  all  but  one  of  the  pairs  12  into  pairs  23,     12      12      23      93      93  23 
all  but  one  of  the  pairs  23  into  pairs  34,  and  so 

on,  the  final  configuration  being  that  there  are  one  pair  12,  one  pair  23,  ... 


without  passing  over  any  branch-point,  be  deformed  into  the  lines  of  the 
two  loops ;  and  we  make  this  the  branch-line  between  the  first  and  the 
second  sheets.  There  are  two  branch-points  23  :  we  connect  them  by  a  line 
not  meeting  the  former  branch-line,  and  we  make  it  the  branch-line  between 
the  second  and  the  third  sheets.  And  so  on,  until  we  come  to  the  last  two 
sheets.  There  are  2p  +  2  branch-points  n  —  1,  n:  we  connect  these  in  pairs 
(as  in  §  176)  by  jJ  +  1  lines,  not  meeting  one  another  or  any  of  the  former 
lines,  and  we  make  them  the  p  +  l  branch-lines  between  the  last  two  sheets. 

It  thus  appears  that,  when  the  winding-points  of  a  Riemann's  surface  with 
?i  sheets  of  connectivity  Zp  + 1  are  all  simple,  the  surface  can  be  taken  in  such 
a,  form  that  tliere  is  a  siw/le  branch-line  between  consecutive  slieets  except  for  tlie 
last  two  sheets:  and  between  the  last  two  sheets  th.ere  are  p+l  branch-lines. 
This  form  of  Riemaim's  surface  may  be  regarded  as  the  canonical  form  for  a 
surface,  all  the  branch-points  of  which  are  simple. 

Further,  let  AB  be  a  branch-line  such  as  12.  Let  two  points  P  and  Q 
be  taken  in  the  first  sheet  on  opposite  sides  of  AB,  so  that  PQ  in  space  is 
infinitesimal ;  and  let  P'  be  the  point  in  the  second  sheet  determined  by  the 
same  value  of  z  as  P,  so  that  P'Q  in  the  sheet  is  infinitesimal.  Then  the 
value  w1  at  P  is  changed  by  a  loop  round  A  (or  round  B)  into  a  value  at  Q 
differing  only  infinitesimally  from  w»,  which  is  the  value  at  P' :  that  is,  the 
change  in  the  function  from  Q  to  P'  is  infinitesimal.  Hence  the  value  of  the 
function  is  continuous  across  a  line  of  passage  from  one  sheet  to  another. 

190.  The  genus  of  the  foregoing  surface  is  p ;  and  it  was  remarked,  in 
§  170,  that  a  convenient  surface  of  reference  of  the  same  genus  is  that  of  a 
solid  sphere  with  p  holes  bored  through  it.  It  is,  therefore,  proper  to  in- 
dicate the  geometrical  deformation  of  a  Riemann's  surface  of  this  canonical 
form  into  a  £>-holed  sphere. 

The  Eiemann's  surface  consists  of??,  sheets  connected  chainwise  each  wifch 
a  single  branch-line  to  the  sheet  cfn  either  side  of  it,  except  that  the  first  is 
connected  only  with  the  second  and  that  the  last  two  have  p  +  l  branch- 
lines.  We  may  also  consider  the  whole  surface  as  spherical  and  the  sequence 
of  the  sheets  from  the  inside  outwards :  and  the  outmost  sheet  can  be  con- 
sidered as  bounded. 

Let  the  branch-line  between  the  first  and  the  second  sheets  be  made  to 
lie  along  part  of  a  great  circle.  Let  the  first  sheet  of  the  Riemann's  surface 
be  reflected  in  the  plane  of  this  great  circle :  the  line  becomes  a  long 
narrow  hole  alone1  the  great  circle,  and  the  reflected  sheet  becomes  a  larsre 


fication  of  which  are  unaltered  by  the  operation. 

jet  this  process  be  applied  to  each  surviving  inner  sheet  in  succession, 
i,  after  n  —  2  operations,  there  will  be  left  a  two-sheeted  surface ;  the 
r  sheet  is  bounded  and  the  two  sheets  are  joined  by  p  +  1  branch- 
;  so  that  the  connectivity  is  still  2p  +  1.  Let  these  branch-lines  be 
3  to  lie  along  a  great  circle :  and  let  the  inner  surface  be  reflected 
le  plane  of  this  circle.  Then,  after  the  reflexion,  each  of  the  branch-lines 
mes  a  long  narrow  hole  along  the  great  circle;  and  there  are  two 
rical  surfaces  which  pass  continuously  into  one  another  at  these  holes, 
outer  of  the  surfaces  being  bounded.  By  stretching  one  of  the  holes 
flattening  the  two  surfaces,  the  new  form  is  that  of  a  bifacial  flat 
ice:  each  of  the  p  holes  then  becomes  a  hole  through  the  body 
ided  by  that  surface ;  the  stretched  hole  gives  the  extreme  geo- 
:ical  limits  of  the  extension  of  the  surface,  and  the  original  boundary  of 
outer  surface  becomes  a  boundary  hole  existing  in  only  one  face.  The 
f  can  now  be  distended  until  it  takes  the  form  of  a  sphere,  and  the  final 
i  is  that  of  the  surface  of  a  solid  sphere  with  p  holes  bored  through  it 
having  a  single  boundary. 

rhis  is  the  normal  surface  of  reference  (§  170)  of  connectivity  2];  +  1. 
ALS  a  last  ground  of  comparison  between  the  Riemann's  surface  in  its 
mical  form  and  the  surface  of  the  bored  sphere,  we  may  consider  the 
em  of  cross-cuts   necessary  to  transform   each  of  them  into  a  simply 
lectecl  surface. 

We  begin  with  the  spherical  surface.  The  simplest  irreducible  circuits 
of  two  classes,  (i)  those  which  go  round  a  hole,  (ii)  those  which  go  through 
ale ;  the  cross-cuts,  2p  in  number,  which  make  the  surface  simply  con- 
ned, must  be  such  as  to  prevent  these  irreducible  circuits. 

Round  each  of  the  holes  we  make  a  cut  a,  the  first  of  them  beginning 
ending  in  the  boundary :  these  cuts  prevent  circuits  through  the  holes, 
ough  each  hole  we  make  a  cut  b,  beginning  and  ending  at  a  point  in  the 
•esponding  cut  a :  we  then  make  from  the  first  b  a  cut  ca  to  the  second  a, 
n  the  second  b  a  cut  c2  to  the  third  a,  and  so  on.  The  surface  is  then 
ply  connected :  cij  is  a  cross-cut,  &!  is  a  cross-cut,  d  +  a.,  is  a  cross-cut, 
.s  a  cross-cut,  c2  +  as  is  a  cross-cut,  and  so  on.  The  total  number  is 
lently  2p,  the  number  proper  for  the  reduction ;  and  it  is  easy  to  verify 
b  there  is  a  single  boundary. 
To  compare  this  dissection  with  the  resolution  of  a  Riemann's  surface  by 

«s-rvn  t.s     sn.v    of   n.   t.wn-s'hp.rvhp.rl    snrfn.r-p,    (thp.   TJ.-shpf.t.prl    snrftrr>.p.   wn.s   trans- 


after  the  partial  deformation,  was  a  hole  of  the  Riemann's  surface,  was 
stretched  out  so  as  to  give  the  boundary. 

It  thus  appears  that  the  direction  of  a  cut  a  round  a  hole  in  the  normal 
surface  of  reference  is  a  cut  round  a  branch-line  in  one  sheet,  that  is,  it  is  a 
cut  a  as  in  the  resolution  (§  180)  of  the  Riemann's  surface  into  one  that  is 
simply  connected. 

Again,  a  cut  b  is  a  cut  from  a  point  in  the  boundary  across  a  cut  a  and 
through  the  hole  back  to  the  initial  point;  hence,  in  the  Riemann's  surface, 
it  is  a  cut  from  some  one  assigned  branch-line  across  a  cut  a,.,  meeting  the 
branch-line  surrounded  by  ar,  passing  into  the  second  sheet  and,  without 
meeting  any  other  cut  or  branch-line  in  that  surface,  returning  to  the  initial 
point  on  the  assigned  branch-line.  It  is  a  cut  b  as  in  the  resolution  of  the 
Riemann's  surface. 

Lastly,  a  cut  c  is  made  from  a  cut  6  to  a  cut  a.  It  is  the  same  as  in  the 
resolution  of  thte  Riemann's  surface,  and  the  purpose  of  each  of  these  cuts  is 
to  change  each  of  the  loop-cuts  a  (after  the  first)  into  cross-cuts. 

A  simple  illustration  arises  in  the  case  of  a  two-sheeted  Riemann's  surface,  of  genus  p  =  2. 
The  various  forms  are  :  — 


(i) 


(ii) 


the  surface  of  a  two-holed  sphere,  with  the  directions  of  cross-cuts  that  resolve  it 
into  a  simply  connected  surface  ;  as  in  (i),  fig.  65,  B,  K  being  at  opposite  edges 
of  the  cut  c1!  where  it  meets  «2  :  $•>  G  at  opposite  edges  where  it  meets  bi  :  and 
so  on  ; 


the  spherical  surface,  resolved  into  a  simply  connected  surface,  bent,  stretched, 
and  flattened  out  ;   as  in  (ii),  fig.  65  ; 

(iii)  the  plane  Riemann's  surface,  resolved  by  the  cross-cuts  ;   as  in  fig.  63,  p.  402. 


to  sheets  and  to  form  or  position  of  branch-lines.  Further,  in  all  the  geo- 
metrical deformations  adopted,  the  characteristic  property  is  the  uniform 
correspondence  of  points  on  the  surfaces. 

Now  with  every  Riemann's  surface,  in  its  initial  form,  an  algebraical 
equation  f(w,z}  =  0  is  associated;  but  when  deformations  of  the  surface 
are  made,  the  relations  that  establish  uniform  correspondence  between 
different  forms,  practically  by  means  of  conformal  representation,  are  often 
of  a  transcendental  character  (Chap.  XX.).  Hence,  when  two  surfaces  are 
thus  equivalent  to  one  another,  and  when  points  on  the  surfaces  are 
determined  solely  by  the  variables  in  the  respective  algebraical  equations, 
no  relations  other  than  algebraical  being  taken  into  consideration,  the 
uniform  correspondence  of  points  can  only  be  secured  by  assigning  a  new 
condition  that  there  be  uniform  transformation  between  the  variables  w  and 
z  of  one  surface  and  the  variables  w  and  z'  of  the  other  surface.  And,  when 
this  condition  is  satisfied,  the  equations  are  such  that  the  deficiencies  of  the 
two  (generalised)  curves  represented  by  the  equations  are  the  same,  because 
they  are  equal  to  the  common  connectivity.  It  may  therefore  be  expected 
that,  when  the  variables  in  an  equation  are  subjected  to  uniform  transfor- 
mation, the  genus  of  the  equation  is  unaltered  ;  or  in  other  words,  that  the 
deficiency  of  a  curve  is  an  invariant  for  uniform  transformation. 

This  inference  is  correct :  the  actual  proof  is  directly  connected  with 
geometry  and  the  theory  of  Abelian  functions,  and  is  given  in  treatises 
on  those  subjects-*.  We  shall  return  to  the  theorem  in  connection  •with 
birational  transformation,  which  will  be  discussed  later:  merely  remarking 
now  that  the  result  is  of  importance  here,  because  it  justifies  the  adoption 
of  a  simple  normal  surface  of  the  same  genus  as  the  surface  of  reference. 

*  Clebsoh's  Vorlesuiicjen  iiber  Geometrie,  t.  i,  p.  459,  where  other  references  are  given;  Salmon's 
Higher  Plane  Curve*,  pp.  93,  319 ;  Clebsch  und  Gordan,  Theorie  der  Abel'schen  Functionen, 
Section  3 ;  Brill,  Math.  Ann. ,  t.  vi,  pp.  33 — 65. 


CHAPTER  XVI. 

ALGEBRAIC  FUNCTIONS  AND  THEIR  INTEGRALS. 

192.  IN  the  preceding  chapter  sufficient  indications  have  been  given  as 
to  the  character  of  the  Riemann's  surface  on  which  the  n -branched  function 
w,  determined  by  the  equation 

/(w,*)=0, 

can  be  represented  as  a  uniform  function  of  the  position  of  the  variable. 
It  is  unnecessary  to  consider  algebraically  multiform  functions  of  position 
on  the  surface,  for  such  multiformity  would  merely  lead  to  another  surface 
of  the  same  kind,  on  which  the  algebraically  multiform  functions  would 
be  uniform  functions  of  position ;  transcendentally  multiform  functions  of 
position  will  arise  later,  through  the  integrals  of  algebraic  functions.  It 
therefore  remains,  at  the  present  stage,  only  to  consider  the  most  general 
uniform  function  of  position  on  the  Riemann's  surface.  . 

On  the  other  hand,  it  is  evident  that  a  Riemann's  surface  of  any  number 
of  sheets  can  be  constructed,  with  arbitrary  branch-points  and  assigned 
sequence  of  junction ;  the  elements  of  the  surface  being  subject  merely  to 
general  laws,  which  give  a  necessary  relation  between  the  number  of  sheets, 
the  ramification  and  the  connectivity,  and  which  require  the  restoration  of 
any  value  of  the  function  after  the  description  of  some  properly  chosen 
irreducible  circuit.  The  essential  elements  of  the  arbitrary  surface,  and  the 
merely  general  laws  indicated,  are  independent  of  any  previous  knowledge 
of  an  algebraical  equation  associated  with  the  surface ;  and  a  question  arises 
whether,  when  a  Riemann's  surface  is  given,  an  associated  algebraical  equa- 
tion necessarily  exists. 

Two  distinct  subjects  of  investigation,  therefore,  arise.  The  first  is  the 
most  general  uniform  function  of  position  on  a  surface  associated  with  a  given 


general  type,  commonly  called  Abelian  transcendents.  But  the  first  is, 
naturally,  the  more  direct,  in  that  the  algebraical  equation  is  initially 
given:  whereas,  in  the  second,  the  prime  necessity  is  the  establishment 
of  the "  so-called  Existence-Theorem — that  such  functions,  algebraical  and 
transcendental,  exist. 

193.  Taking  the  subjects  of  investigation  in  the  assigned  order,  we 
suppose  the  fundamental  equation  to  be  irreducible,  and  rational  as 
regards  both  the  dependent  and  the  independent  variable;  the  general  form 
is  therefore 

Wn  Go  (Z)  +  W™  G1(z)+...+  wGn-i  0)  +  Gn  (*)  =  0, 

the  coefficients  GO (2),  Gl(z)!  ...,  Gn(z)  being  rational  integral  functions  of 
the  variable  z. 

The  infinities  of  w  are,  by  §  95,  the  zeros  of  G0  (z}  and,  possibly,  z  —  oo . 
But,  for  our  present  purpose,  no  special  interest  attaches  to  the  infinity  of  a 
function,  as  such;  we  therefore  take  wGQ(z)  as  a  new  dependent  variable, 
and  the  equation  then  is 

f(w,  z)  =  wn  +  wn~^gl  (*)+...+  wgn_,  (z}  +  gn  (z)  =  0, 
in  which  the  functions  g  (z}  are  rational  integral  functions  of  z. 

The  distribution  of  the  branches  for  a  value  of  z  which  is  an  ordinary 
point,  and  the  determination  of  the  branch-points  together  with  the  cyclical 
grouping  of  the  branches  round  a  branch-point,  may  be  supposed  known. 
When  the  corresponding  n-sheeted  Riemann's  surface  (say  of  connectivity 
2p  + 1)  is  constructed,  then  w  is  a,  uniform  function  of  position  on  .tl^e 
surface. 

Now  not  merely  w,  but  every  rational  function  of  w  and  z,  is  a  uniform 
function  of  position  on  the  surface;  and  its  branch-points  (though  not 
necessarily  its  infinities)  are  the  same  as  that  of  the  function  lu. 

Conversely,  every  uniform  function  of  position  on  the  Riemann's  surface, 
having  accidental  singularities  and  infinities  only  of  finite  order,  is  a  rational 
function  of  w  and  z.  The  proof*  of  this  proposition,  to  which  we  now 
proceed,  leads  to  the  canonical  expression  for  the  most  general  uniform 
function  of  position  on  the  surface,  an  expression  which  is  used  in  Abel's1 
Theorem  in  transcendental  integrals. 

Let  w'  denote  the  general  uniform  function,  and  let  w/,  w/,  . . .,  wn'  denote 
the  branches  of  this  function  for  the  points  on  the  n  sheets  determined  by^ 
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kn  =  w^  +  w^g,  (z)  +  . . .  +  gn-i  (z). 

these  expressions  for  k  are  substituted  in  the  numerator  of  the 
tpression  for  «;/,  it  takes  the  form  of  a  rational  integral  function  of  w 
'  degree  n  —  1  and  of  z,  say 

h0  (a)  w^  +  H,  (z)  w,n~z  +  ...+  Hn-t  (z}  Wl  +  #„_!  (z). 

he   denominator    is    evidently   dffdwi}   when   w   is   replaced   by   w1   after 
fferentiation,  so  that  we  now  have  . 


he  corresponding  form  holds  for  each  of  the  branches  of  w' :  and  therefore 

e  have 

wn~l  +  H,  (z)  wn~'2  -f  . . .  +  Hn_,  (z} 


w  = 


df/dw 

(Z)  W^  +  H,  (Z)  W»-»  +  . . .  +  #n-!  (*) 


nwn'1  +  (n-l)  wn-2g,  (z)  +  ...+  gn^  (z) ' 

i  that  w'  is  a  rational  function  of  w  and  z.  The  proposition  is  therefore 
roved. 

By  eliminating  w  between  f(w,  z)  =  0  and  the  equation  which  expresses 
'  in  terms  of  w  and  z,  or  by  the  use  of  §  99,  it  follows  that  w'  satisfies  an 
[gebraical  equation 

/1(w»  =  0, 

here  /j  is  of  order  n  in  w'.  As  will  be  seen  later  (§  245),  /i (w,  z}  either  is 
reducible,  or  is  an  exact  power  of  an  irreducible  polynomial.  When/!  (w,  z} 
i  irreducible,  the  equations  f(w,  z)  =  0  and  /i  (•«/,  z)  —  0  have  the  same 
.iemarm's  surface  associated  with  them*. 

194.  It  thus  appears  that  there  are  uniform  functions  of  position  on 
ae  Riemann's  surface  just  as  there  are  uniform  functions  of  position  in 
plane.  The  preceding  proposition  is  limited  to  the  case  in  which  the 
ifmities,  whether  at  branch-points  or  not,  are  merely  accidental ;  had  the 
mction  possessed  essential  singularities,  the  general  argument  would  still 
e  valid,  but  the  forms  of  the  uniform  functions  h  (z)  would  no  longer  be 
olynomial.  In  fact,  taking  account  of  the  difference  in  the  form  of  the 
urface  on  which  the  independent  variable  is  represented,  we  can  extend 
3  multiform  functions,  which  are  uniform  on  a  Riemann's  surface,  those 


singularity,  those  which  relate  to  continuation  of  functions,  and  so  011 ; 
and  their  validity  is  not  limited,  as  in  Cor.  VI.,  §  90,  to  a  portion  of  the 
surface  in  which  there  are  no  branch-points. 

Thus  we  have  the  theorem  that  a  uniform  rational  function  of  position  on 
the  Riemanris  surface  has  as  many  zeros  as  it  has  infinities. 

The  number  is  called  *  the  degree  of  the  function. 

This  theorem  may  be  proved  as  follows. 

The  function  is  a  rational  function  of  w  and  z.  If  it  be  also  integral,  let  it  be 
w'=  U(w,  z),  where  U  is  integral. 

Then  the  number  of  the  zeros  of  w'  on  the  surface  is  the  number  of  simultaneous  roots 
common  to  the  two  equations  U(w,  z)  =  Q,  f(w,  z)  =  Q.  If  UK  and  /^  denote  the  aggregates 
of  the  terms  of  highest  dimensions  in  these  'equations — say  of  dimensions  A  and  /*  respec- 
tively— then  A/A  is  the  number  of  common  roots,  that  is,  the  number  of  zeros  of  w'. 

The  number  of  points,  where  w'  assumes  a  value  A,  is  the  number  of  simultaneous 
roots  common  to  the  equations  U(w,  s)  =  A,  f('tv,  z)  —  0,  that  is,  it  is  A/x  as  before.  Hence 
there  are  as  many  points  where  w'  assumes  a  given  value  as  there  are  zeros  of  w' ;  and 
therefore  the  number  of  the  infinities  is  the  same  as  the  number  of  zeros.  The  number 
of  infinities  can  also  be  obtained  by  considering  them  as  simultaneous  roots  common  to 
«A-0,/M-0. 

If  the  function  be  not  integral,  it  can  (§  193)  be  expressed  in  the  form  v>'=^~— — ^, 

V  (w,  z) 

where  U  and  V  are  rational  integral  functions.  The  zeros  of  10'  are  the  zeros  of  U  and 
the  infinities  of  7,  the  numbers  of  which,  by  what  precedes,  are  respectively  the  same  as 
the  infinities  of  U  and  the  zeros  of  V.  The  latter  are  the  infinities  of  w' ;  and  therefore  ^v' 
has  as  many  zeros  as  it  has  infinities. 

Note  1.  When  the  numerator  and  the  denominator  of  a  uniform  fractional 
function  of  z  have  a  common  zero,  we  divide  both  of  them  by  their  greatest 
common  measure ;  and  the  point  is  no  longer  a  common  zero  of  their  new 
forms.  But  when  the  numerator  U  (w,  z)  and  the  denominator  V(w,  z)  of  a 
uniform  function  of  position  on  a  Riemann's  surface  have  a  common  zero,  so 
that  there  are  simultaneous  values  of  w  and  z  for  which  both  vanish,  U  and  V 
do  not  necessarily  possess  a  rational  common  factor ;  and  then  the  common 
zero  cannot  be  removed. 

It  is  not  difficult  to  shew  that  this  possibility  does  not  affect  the  preceding  theorem. 

Note  2.  In  estimating  the  degree  of  a  function  .through  (say)  its  zeros,  it 
is  necessary  to  have  a  clear  mode  of  estimating  the  multiplicity  of  a  zero ; 
likewise  of  course  for  its  infinities,  and  for  its  level  points. 

Let  w—a,  2  =  a,  be  a  zero  of  a  uniform  rational  function  U  (w,  z)  of 
position  on  a  Riemann's  surface :  the  multiplicity  of  the  zero  is  estimated  by 
the  expression  of  U  in  the  immediate  vicinity  of  the  position.  For  this 


First,  let  a,  a  be  an  ordinary  point  on  the  Biemann's  surface,  that  is,  not  a 
ranch-point;  then  the  equation 

f(a  +  y,  a  +  a?)  =  0=/(a,  a) 

etermines  y  as  a  uniform  function  of  as  in  the  immediate  vicinity  of  a,  a,  so 
hat  we  have 

y  =  \lx  +  \zooi  +  .... 

fow  U(w,  z)  =  U(a  +  y,  a  +  as) 

dU        dU 
~yfa+aifa+-' 

ubstitute  for  y  on  the  right-hand  side  the  above  value,  and  suppose  that 
hen 

U(w,  z)  =  kaool  +  fas?*1  +  ,.., 

a  the  immediate  vicinity  of  the  point  on  the  surface.  We  then  say  that  the 
ero  a,  a  of  U(w,  z)  is  of  multiplicity  I. 

Next,  let  the  point  a,  a  be  a  branch-point  on  the  Kiemann's  surface,  so 
hat  a  number  of  sheets  wind  into  one  another  at  the  point.  Then,  by  §  97, 
here  exists  a  variable  £  such  that 

z  -  a  =  £?, 
w-a^&fa  +  v^ +...), 

i  the  immediate  vicinity  of  a,  a :  the  positive  integers  p  and  q  having  no 
ommon  factor.  If  z  =  oo  give  rise  to  a  branch-point,  the  new  variable  would 
>e  given  by  2  =  £~?;  if  a.  were  infinite,  the  expression  for  w  would  be  of  the 
3rm  w  =  £~p (v1  +  vz^+ ...);  and  similarly  if  both  a  and  a  were  infinite.  As 
,  a  is  a  zero  of  U,  we  have 

U(w,z)  =  (w-a)-fa+(z-c)-fa+.... 

Substitute  for  both  w  —  ct  and  z  —  c  on  the  right-hand  side :  and  suppose  that 

hen 

U(w,2)  =  K0p  +  Kl?+l+..., 

alid  in  the  immediate  vicinity  of  the  point.  We  then  say*  that  £  is 
n  infinitesimal  of  the  first  order,  and  therefore  that  the  zero  a,  a  is  of 
udtiplicity  A,. 

*  Eiemann,  Gcs.  WerJce,  p.  96.     The  justification  for  regarding  f  as  a  small  quantity  of  the 
rst  order,  that  is,  the  same  as  x  when  the  point  is  not  a  branch-point,  is  that  the  value  of 

JL  [  dz 
2iri  J  z  -  a 

Lken  round  a  simnle  closed  curve  enclosins  a  is  a.  because  the  curve  passes  round  a  in  each  of 
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investigations  indicated  the  character  of  the  deviations  and  the  limitations 
to  their  extent.  Incidentally,  special  classes  of  functions  were  introduced, 
such  as  many- valued  functions,  the  values  differing  by  multiples  of  a  constant ; 
and  thence,  by  inversion,  simply-periodic  functions  were  deduced. 

So,  too,  when  multiform  functions  defined  by  an  algebraical  equation  are 
considered,  it  is  necessary  to  take  into  special  account  the  deviations  from 
uniformity  of  value  on  the  Riemann's  surface  which  may  be  introduced  by 
processes  of  integration.  It  is,  of  course,  in  connection  with  the  branch- 
points that  difficulties  arise ;  but,  as  the  present  method  of  representing  the 
variation  of  the  variable  is  distinct  from  that  adopted  in  the  case  of  uniform 
functions,  it  is  desirable  to  indicate  how  we  deal,  not  merely  with  branch- 
points, but  also  with  singularities  of  functions  when  the  integrals  of  such 
functions  are  under  consideration.  In  order  to  render  the  ideas  familiar 
and  to  avoid  prolixity  in  the  explanations  relating  to  general  integrals,  we 
shall,  after  one  or  two  propositions,  discuss  again  some  of  the  instances 
given  in  Chapter  IX.,  taking  the  opportunity  of  stating  general  results  as 
occasion  may  arise. 

One  or  two  propositions  already  proved  must  be  restated:  the  difference 
from  the  earlier  forms  is  solely  in  the  mode  of  statement,  and  therefore  the 
reasoning  which  led  to  their  establishment  need  not  be  repeated. 

I.  The  path  of  integration  between  any  two  points  on  a  Riemanns  surface 
can,  without  affecting  the  value  of  the  integral,  be  deformed  in  any  possible 
continuous  manner  that  does  not  make  the  path  pass  over  any  discontinuity  of 
the  subject  of  integration. 

This  proposition  is  established  in  §  100. 

II.  A  simple  closed  curve  on  a  Riemanns  surface,  which  is  a  path  of 
integration,  can,  without  affecting  the  value  of  the  integral,  be  deformed  in 
any  possible  continuous  manner  that  does  not  make  the  curve  pass  over  any 
discontinuity  of  the  subject  of  integration. 

Since  the  curve  on  the  surface  is  closed,  the  initial  and  the  final  points 
are  the  same ;  the  initial  branch  of  the  function  is  therefore  restored  after 
the  description  of  the  curve.  This  proposition  is  established  in  Corollary  II., 
§  100. 

III.  If  the  path  of  integration  be  a  curve  between  two  points  on  different 
sheets,  determined  by  the  same  algebraical  value  of  z,  the  curve  is  not  a  closed 
curve;  it  must  be  regarded  as  a  path  between  the  two  points;  its  deformation 

10    onr\TQr*-l-    -fr\    T-^T»/-\-r\noi4--i  r\i-\    T 
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196.  We  have  already  obtained  some  instances  of  multiple- valued 
functions,  in  the  few  particular  integrals  in  Chapter  IX. ;  the  differences  in 
the  values  of  the  functions,  arising  as  integrals,  consist  solely  of  multiples  of 
constants.  The  way  in  which  these  constants  enter  in  Riemann's  method  is 
as  follows. 

When  the  surface  is  simply  connected,  there  is  no  substantial  difference 
from  the  previous  theory  for  uniform  functions ;  we  therefore  proceed  to  the 
consideration  of  multiply  connected  surfaces. 

On  a  general  surface,  of  any  connectivity,  take  any  two  points  z0  and  z. 
As  the  surface  is  one  of  multiple  connection,  there  will  be  at  least  two 
essentially  distinct  paths  between  £0  and  z,  that  is,  paths  which  cannot  be 
reduced  to  one  another ;  one  of  these  paths  can  be  deformed  so  as  to  be 
made  equivalent  to  a  combination  of  the  other  with  some  irreducible  circuit. 
Let  Zi  denote  the  extremity  of  the  first  path,  and  let  z»  denote  the  same  point 
when  regarded  as  the  extremity  of  the  second;  then  the  difference  of  the 
two  paths  is  an  irreducible  circuit  passing  from  ^  to  z.2.  When  this  circuit 
is  made  impossible  by  a  cross-cut  G  passing  through  the  point  z,  then  z-^ 
and  z»  may  be  regarded  as  points  on  the  opposite  edges  of  the  cross-cut :  and 
the  irreducible  circuit  on  the  unresolved  surface  becomes  a  path  on  the 
partially  resolved  surface  passing  from  one  edge  of  the  cross-cut  to  the  other. 

When  the  surface  is  resolved  by  means  of  the  proper  number  of  cross-cuts 
into  a  simply  connected  surface,  there  is  still  a  path  in  the  surface  from 
.zl  to  £2  on  opposite  edges  of  the  cross-cut  C:  and  all  paths  between  zl  and  zz 
in  the  resolved  surface  are  reconcileable  with  one  another.  One  such  path 
will  be  taken  as  the  canonical  path  from  zl  to  zz ;  it  evidently  does  not  meet 
any  of  the  cross-cuts,  so  that  we  consider  only  those  paths  which  do  not 
intersect  any  cross-cut. 

If  then  Z  be  the  function  of  position  on  the  surface  to  be  integrated,  the 
value  of  the  integral  for  the  first  path  from  z0  to  Zi  is 


Zdz\ 

p2 

and  for  the  second  path  it  is  I    Zdz, 

or,  by  the  assigned  deformation  of  the  second  path,  it  is 

Zdz+  \Z*  Zdz, 


it  be  denoted  by  I.  As  the  curve  is,  in  general,  an  irreducible  circuit,  this 
integral  I  may  not,  in  general,  be  supposed  zero. 

We  can  arbitrarily  assign  the  positive  and  the  negative,  edges  of  some  one 
cross-cut,  say  A.  The  edges  of  a  cross-cut  B  that  meets  A  are  defined  to  be 
positive  and  negative  as  follows:  when  a  point  moves  from  one  edge  of  J3  to 
the  other,  by  describing  the  positive  edge  of  A  in  a  direction  that  is  to  the 
right  of  the  negative  edge  of  A,  the  edge  of  B  on  which  the  point  initially 
lies  is  called  its  positive  edge,  and  the  edge  of  B  on  which  the  point  finally 
lies  is  called  its  negative  edge.  And  so  on  with  the  cross-cuts  in  succession. 

The  lower  limit  of  the  integral  determining  the  modulus  for  a  cross-cut 
is  taken  to  lie  on  the  negative  edge,  and  the  upper  on  the  positive  edge. 

Regarding  a  point  £  on  the  cross-cut  as  defining  two  points  ^  and  z»  on 
opposite  edges  which  geometrically  are  coincident,  we  now  prove  that  for  all 
points  on  the  cross-cut  which  can  be  reached  from  %  without  passing  over  any 
other  cross-cut,  ivhen  the  surface  is  resolved  into  one  that  is  simply  connected, 
the  integral  I  is  a  constant.  For,  if  £'  be  such  a  point,  defining  zj  and  zl  on 
opposite  edges,  then  z^zlz^z-^  is  a  circuit  on  the  simply  connected  surface, 
which  can  be  made  evanescent ;  and  it  will  be  assumed  that  no  infinities  of  Z 
lie  in  the  surface  within  the  circuit,  an  assumption  which  will  be  taken  into 
account  in  §§  197,  199.  Therefore  the  integral  of  Z.,  taken  round  the  circuit, 
is  zero.  Hence 

r  zdz + r  zdz  + 1 Zi  zdz + r  zdz  =  o, 

•    Zi  J  Z2  J  22'  .'  Z,' 

that  is,  (^  Zdz  -  r  Zdz  =  I *'  Zdz  -  I**'  Zdz. 

•>  Zi  J  Zi  .'  Zi  J  za 

Along  the  direction  of  the  cross-cut,  the  function  Z  is  uniform :  and 
therefore  Zdz  is  the  same  for  each  element  of  the  two  edges,  so  lono-  as  the 
cross-cut  is  not  met  by  any  other.  Hence  the  sums  of  the  elements  on  the 
two  edges  are  the  same  for  all  points  on  the  cross-cut  that  can  be  reached 
from  f  without  meeting  a  new  cross-cut.  The  two  integrals  on  the  right- 
hand  side  of  the  foregoing  equation  are  equal  to  one  another,  and  therefore 
also  those  on  the  left-hand  side,  that  is, 

\Z"~  Zdz=  ^  Zdz, 

J  Zi  J  Zi' 

which  shews  that  the  integral  I  is  constant  for  different  points  on  a  portion  of 
cross-cut  that  is  not  met  by  any  other  cross-cut. 


Rl 


o  o  * 

along  OQ',  but  we  cannot  infer  that  it  is  the  same 

constant  for  the  two  parts.     The  preceding  proof 

fails  in  this  case ;  the  distance  z»z^  in  the  resolved 

surface  is  not  infinitesimal,  and  therefore  there  is      Q— 

no  element  Zdz  for  z^  to  be  the  same  as   the  Z}      Zl 

element  for  z^.     Let  /2  he  the  constant  for  OP,  Flgi  G6' 

Jj  that  for  QO ;  and  let  QP  be  the  negative  edge.     Then 

I^Tzdz,      I,=  r  Zdz. 


Let  I'  be  the  constant  value  for  the  cross-cut   OR,  and  let  OR  be   the 
negative  edge;  then 

/'  = 

In  the  completely  resolved  surface,  a  possible  path  from  zz  to  z«  is  £2  to  zly 
zl  to  £/,  Zi  to  zz  ;  it  therefore  is  the  canonical  path,  so  that 

r=rzdz+r  zdz+r  zdz 


But      '  Zdz  is  an  integral  of  a  uniform  finite  function  along  an  infinitesimal 

•  ~i 
arc  zflzi,  and  it  is  zero  in  the  limit  when  we  take  zl  and  z-i  as  coincident. 

Thus 

J1  —  T       T 

J.     —  J-i         J.2> 

or  the  constant  for  the  cross-cut  OR  is  the  excess  of  the  constant  for  the  part  of 
PQ  at  the  positive  edge  of  OR  over  the  constant  for  the  part  of  PQ  at  the 
negative  edge. 

Secondly,  let  C'  have  both  extremities  on  0,  close  to  one  another  so  that 
they  may  be  brought  together  as  in  the  figure :  it 
is  effectively  the  case  of  the  directions  of  two  cross- 
cuts intersecting  one  another,  say  at  0.     Let  Ilt  I2, 
Is,  I4  be  the  constants  for  the  portions  QO,  OP,  OR, 
SO  of  the  cross-cuts  respectively,  and  let  z5zz  be        Q 
the  positive  edge  of  QOP  ;  then  z^zs  is  the  positive 
edge  of  SOR.     Then  if  @  (z)  denote  the  value  of 

re     '  S 

the  integral  I    Zdz  at  0,  which  is  definite  because  jjg>  67. 


paths  oi  integration,  we  have 


r,=  |  zdz= 

«4 


J= 


=      Zdz  = 


I4  =      Zdz  =  @ 


and 


so  that  I)  —  I2  =  I3  —  74, 

or  the  excess  of  the  constant  for  the  portion  of  a  cross-cut  on  the  positive  edge, 
over  the  constant  for  the  portion  on  the  negative  edge,  of  another  cross-cut  is 
equal  to  the  excess,  similarly  estimated,  for  that  other  cross-cut. 

Ex.  Consider  the  constants  for  the  various  portions  of  the  cross-cuts  in  the  canonical 
resolution  (§§  180,  181)  of  a  Riemann's  surface.  Let  the  constants  for  the  two  portions 
of  ar  be  Ar,  Ar';  and  the  constants  for  the  two  portions  of  br  be  J3r,  Br'  ;  and  let  the 
constant  for  cr  be  Cr. 

Then,  at  the  jtmction  of  cr  and  a,.  +  1,  we  have 

_    A  A> 

i  —  -ar  +  l~-fl-  r  +  l> 

at  the  junction  of  cr  and  br,  we  have 

Cr=Br~Br', 
and,  at  the  crossing  of  ar  and  &,.,  we  have 


Now,  because  &!  is  the  only  cross-cut  which  meets  a1? 
we  have  A1=Ai';  hence  JB1  =  Bj1,  and  therefore  C^  =  0. 
Hence  A2=A2'  ;  therefore  ^=JS2',  and  therefore  also 
(79  =  0.  And  so  on. 


Fig.  68. 


Hence  the  constant  for  each  of  the  portions  of  a  cross-cut  a  is  the  same;  the  constant  for 
each  of  the  portions  of  a  cross-cut  b  is  the  same  ;  and  the  constant  for  each  cross-cut  c  is  zero. 
A  single  constant  may  thus  be  associated  with  each  cross-cut  a,  and  a  single  constant  with 
each  cross-cut  b,  in  connection  with  the  integral  of  a  given  uniform  function  of  position  on 
the  Riemann's  surface.  It  has  not  been  proved — and  it  is  not  necessarily  the  fact— -that 
any  one  of  these  constants  is  different  from  zero ;  but  it  is  sufficiently  evident  that,  if  all 
the  constants  be  zero,  the  integral  is  a  uniform  function  of  position  on  the  surface,  that  is, 
a  uniform  function  of  w  and  2. 

197.  Hence  the  values  of  the  integral  at  points  on  opposite  edges  of  a 
cross-cut  differ  by  a  constant. 

Suppose  now  that  the  cross-cut  is  obliterated :  the  two  paths  to  the  point 
z  will  be  the  same  as  in  the  case  just  considered  and  will  furnish  the  same 


U+kl, 

where  k  is  an  integer  and  U  is  the  value  for  some  prescribed  path. 
The  constant  /  is  called*  a  modulus  of  periodicity. 

It  is  important  that  every  modulus  of  periodicity  should  be  finite;  the  path 
which  determines  the  modulus  can  therefore  pass  through  a  point  c  where 
Z=  oo ,  or  be  deformed  across  it  without  change  in  the  modulus,  only  if  the 
limit  of  (z—  c)Z  be  a  uniform  zero  at  the  point.  If,  however,  the  limit  of 
(z  —  c)  Z  at  the  point  be  a  constant,  implying  a  logarithmic  infinity  for  the 
integral,  or  if  it  be  an  infinity  of  finite  order  (the  order  not  being  necessarily 
an  integer),  implying  an  algebraic  infinity  for  the  integral,  we  surround 
the  point  c  by  a  simple  small  curve  and  exclude  the  internal  area  from  the 
range  of  variation  of  the  independent  variable  f.  This  exclusion  is  secured 
by  making  a  small  loop-cut  in  the  surface  round  the  point ;  it  increases 
by  unity  the  connectivity  of  the  surface  on  which  the  variable  is  represented. 

When  the  limit  of  (2  —  c)  Z  is  a  uniform  zero  at  c,  no  such  exclusion 
is  necessary :  the  order  of  the  infinity  for  Z  is  easily  seen  to  be  a  proper 
fraction  and  the  point  to  be  a  branch-point. 

Similarly,  if  the  limit  of  zZ  for  z  =  oo  be  not  zero  and  the  path  which 
determines  a  modulus  can  be  deformed  so  as  to  become  infinitely  large,  it  is 
convenient  to  exclude  the  part  of  the  surface  at  infinity  from  the  range  of 
variation  of  the  variable,  proper  account  being  taken  of  the  exclusion.  The 
reason  is  that  the  value  of  the  integral  for  a  path  entirely  at  infinity  (or 
for  a  point-path  on  Neumann's  sphere)  is  not  zero ;  z  =  co  is  either  a 
logarithmic  or  an  algebraic  infinity  of  the  function.  But,  if  the  limit  of  zZ 
be  zero  for  z—  oo ,  the  exclusion  of  the  part  of  the  surface  at  infinity  is 
unnecessary. 

198.  When,  then,  the  region  of  variation  of  the  variable  is  properly 
bounded,  and  the  resolution  of  the  surface  into  one  that  is  simply  connected 
has  been  made,  each  cross-cut  or  each  portion  of  cross-cut,  that  is  marked  off 
either  by  the  natural  boundary  or  by  termination  in  another  cross-cut, 
determines  a  modulus  of  periodicity.  The  various  moduli,  for  a  given 
resolution,  are  therefore  equal,  in  number,  to  the  various  portions  of  the 
cross-cuts.  Again,  a  system  of  cross-cuts  is  susceptible  of  great  variation, 
not  merely  as  to  the  form  of  individual  members  of  the  system  (which  does 
not  affect  the  value  of  the  modulus),  but  in  their  relations  to  one  another. 
The  total  number  of  cross-cuts,  by  which  the  surface  can  be  resolved  into  one 

i,  is  Rinrnlv  r*rmnfiot,p.H.  is  a  r.rmstant  for  the  surface  and  is  independent  of 


independent  moduli  of  periodicity. 

Let  the  connectivity  of  the  surface  be  N+  I,  due  regard  being  had  to  the 
exclusions,  if  any,  of  individual  points  in  the  surface :  in-  order  that  account 
may  be  taken  of  infinite  values  of  the  variable,  the  surface  will  be  assumed 
spherical.  The  number  of  cross-cuts  necessary  to  resolve  it  into  a  surface 
that  is  simply  connected  is  N;  whatever  be  the  number  of  portions  of  the 
cross-cuts,  the  number  of  these  portions  is  not  less  than  N. 

When  a  cross-cut  terminates  in  another,  the  modulus  for  the  former  and 
the  moduli  for  the  two  portions  of  the  latter  are  connected  by  a  relation 

03   =   (01  -   Wo, 

so  that  the  modulus  for  any  portion  can  be  expressed  linearly  in  terms  of 
the  modulus  for  the  earlier  portion  and  of  the  modulus  for  the  dividing 
cross-cut. 

Similarly,  when  the  directions  of  two  cross-cuts  intersect,  the  moduli  of 
the  four  portions  are  connected  by  a  relation 

Wl  ~  Wl    —  W2  ""  WZ    j 

and  by  passing  along  one  or  other  of  the  cross-cuts,  some  relation  is  obtainable 
between  Wj  and  to/  or  between  «a  and  «/,  so  that,  again,  the  modulus  of  any 
portion  can  be  expressed  linearly  in  terms  of  the  modulus  for  the  earlier 
portion  and  of  moduli  independent  of  the  intersection. 

Hence  it  appears  that  a  single  constant  must  be  associated  with  each 
cross-cut  as  an  independent  modular  constant ;  and  then  the  constants 
for  the  various  portions  can  be  linearly  expressed  in  terms  of  these  inde- 
pendent constants.  There  are  therefore  N  linearly  independent  moduli  of 
periodicity:  but  no  system  of  moduli  is  unique,  and  any  system  can  be 
modified  partially  or  wholly,  if  any  number  of  the  moduli  of  the  system  be 
replaced  by  the  same  number  of  independent  linear  combinations  of  members 
of  the  system.  These  results  are  the  analytical  equivalent  of  geometrical 
results,  which  have  already  been  proved,  viz.,  that  the  number  of  independent 
simple  irreducible  circuits  in  a  complete  system  is  N,  that  no  complete 
system  of  circuits  is  unique,  and  that  the  circuits  can  be  replaced  by 
independent  combinations  reconcileable  with  them. 

199.  If,  then,  the  moduli  of  periodicity  of  a  function  U  at  the  cross-cuts 
in  a  resolved  surface  be  I1}  I2>  ...,  Iy,  all  the  values  of  the  function  at 
any  point  on  the  unresolved  surface  are  included  in  the  form 


surface. 

Ex.  1.     Consider  the  integral    I-—. 

J  z 

The  subject  of  integration  is  uniform,  so  that  the  surface  is  one-sheeted.  The  origin 
is  an  accidental  singularity  and  gives  a  logarithmic  infinity  for  the  integral  j  it  is  therefore 
excluded  by  a  small  circle  round  it.  Moreover,  the  value  of  the  integral  round  a  circle 
of  infinitely  large  radius  is  not  zero:  and  therefore  z  =  oo  is  excluded  from  the  range  of 
variation.  The  boundary  of  the  single  spherical  sheet  can  be  taken  to  be  the  point  z=cc  ; 
and  the  bounded  sheet  is  of  connectivity  2,  owing  to  the  small  circle  at  the  origin.  The 
surface  can  be  resolved  into  one  that  is  simply  connected  by  a  single  cross-cut  drawn 
from  the  boundary  at  s=<x>  to  the  circumference  of  the  small  circle. 

If  a  plane  surface  be  used,  this  cross-cut  is,  in  effect,  a  section  (§  103)  of  the  plane 
made  from  the  origin  to  the  point  s=oc  . 

[dz 
There  is  only  one  modulus  of  periodicity  :  its  value  is  evidently  I  —  ,  taken  round  the 


origin,  that  is,  the  modulus  is  2iri.     Hence  whenever  the  B  _ 

path  of  variation  from  a  given  point  to  a  point  z  passes      "  ................  "^  ^ 

from  A  to  B,  the  value  of  the  integral  increases  by  2iri  ;  but  „.     rc. 

if  the  path  pass  from  B  to  A,  the  value  of  the  integral 

decreases  by  Ziri.     Thus  A  is  the  negative  edge,  and  B  the  positive  edge  of  the  cross-cut. 

rs  flz 

If,  then,  any  one  value  of  I      —  be  denoted  by  w,  all  values  at  the  point  in  the 
J  z0  z 


unresolved  surface  are  of  the  form  w  +  Zmtri,  where  m  is  an  integer;  when  z  is  regarded 
as  a  function  of  w,  it  is  a  simply-periodic  function,  having  Ziri  for  its  period. 

Ex  2.     Consider   I  ..  z  ......  r,  .     The  subject  of  integration  is  uniform,  so  that  the  surface 

J  z*  —  a* 

consists  of  a  single  sheet.  There  are  two  infinities  +«,  each  of  the  first  order,  because 
(z  +  a)Z  is  finite  at  these  two  points  :  they  must  be  excluded  by  small  circles.  The  limit, 
when  2=00,  of  z/(z2-a^}  is  zero,  so  that  the  point  z=oo  does  not  need  to  be  excluded. 
We  can  thus  regard  one  of  the  small  circles  as  the  boundary  of  the  surface,  which  is  then 
doubly  connected  :  a  single  cross-cut  from  the  other  circle  to  the  boundary,  that  is,  in 
effect,  a  cross-cut  joining  the  two  points  a  and  -a,  resolves  the  surface  into  one  that  is 
simply  connected. 

It  is  easy  to  see  that  the  modulus  of  periodicity  is  —  :  that  A  is  the  negative  edge  and 

B  the  positive  edge  of  the  cross-cut  :  and  that,  if  w  be 

a  value  of  the  integral  in  the  unresolved  surface  at  any      _a(-.  B 

point,  all  the  values  at  that  point  are  included  in  the  A 

form  Fig.  70. 


TTl 

w  +  n  —  , 
a 


where  n  is  an  integer. 

Ex.  3.  Consider  J(a2  -  z2)  ~  *  dz.  The  subject  of  integration  is  two-valued,  so  that  the 
surface  is  two-sheeted.  The  branch-points  are  +  a,'  and  co  is  not  a  branch-point,  so  that 
the  single  branch-line  between  the  sheets  may  be  taken  as  the  straight  line  joining  a, 


dependence  on  branch-lines  and  branch-points,  is  unity  :  owing  to  the  exclusion  of  the 
point  3=00  by  the  small  curve  in  the  other  sheet,  the  connectivity  is  increased  by  one 
unit  :  the  surface  is  therefore  doubly  connected.  A  single  cross-cut  will  resolve  the  surface 
into  one  that  is  simply  connected  :  and  this  cross-cut  must  pass  from  the  boundary  at 
z  =  ao  which  is  in  one  sheet  to  the  excluded  point  2=00.  . 

Since  the  (single)  modulus  of  periodicity  is  the  value  of  the  integral  along,  a  circuit 
in  the  resolved  surface  from  one  edge  of  the  cross-cut 
to  the  other,  this  circuit  can  be  taken  so  that  in  the 
unresolved  surface  it  includes  the  two  branch-points;       ^  ___ 
and  then,  by  II.  of  §  195,  the  circuit  can  be  deformed      (^u~ 
until  it  is  practically  a  double  straight  line  in  the  upper 
sheet  on  either  side  of  the  branch-line,  together  with  two 
small  circles  round  a  and  -  a  respectively.    Let  P  be  the 
origin,  practically  the  middle  point  of  these  straight  lines. 

Consider  the  branch  (a2  -  z1}  ~  i  belonging  to  the  upper 
sheet.     Its  integral  from  P  to  a  is 


R, ','-'" " 


o'U 

Fig.  71. 


(a 


2  —  2~ 


From  a  to  —a  the  branch  is  -(«2-32)~i;  the  point  R  is  contiguous  in  the  surface, 
not  to  P,  but  (as  in  §  189)  to  the  point  in  the  second  sheet  beneath  P  at  which  the  branch 
js  _  (a2-22)"i,  the  other  branch  having  been  adopted  for  the  upper  sheet.  Hence,  from  a 
to  -  a  by  R,  the  integral  is 


From  -a  to  Q,  the  branch  is  +(a?-zz)~^,  the  same  branch  as  at  P:  hence  from  -a  to  Q, 
the  integral  is 


The  integral,  along  the  small  arcs  round  a  and  round  a'  respectively,  vanishes  for  each. 
Hence  the  modulus  of  periodicity  is 


that  is,  it  is  2?r. 

This  value  can  be  obtained  otherwise  thus.     The  modulus  is  the  same  for  all  points 
on  the  cross-cut  ;  hence  its  value,  taken  at  0'  where  z=ao  ,  is 


passing  from  one  edge  of  the  cross-cut  at  0'  to  the  other,  that  is,  round  a  curve  in  the 
plane  everywhere  at  infinity.     This  gives 


-i  Lt  z  a2-22)-i  =       = 


non  lower  limit  of  the  integral,  being  the  same  zero 
;he  two  integrals.  As  this  zero  may  be  taken  in 
ir  sheet,  let  it  be  in  that  in  which  zl  lies :  and  then 


Fig.  72. 


KISS.  from  0  to  zz  for  wz,  any  path  can  be  justifiably  deformed  into  the  following: 
path  round  either  branch-point,  say  a,  so  as  to  return  to  the  point  under  0  in  the 

id  sheet,  say  to  02,  (ii)  any  number  m  of  irreducible  circuits  round  a  and  —a,  always 

•ning  to  0'2  in  the  second  sheet,  (iii)  a  path  from  02  to  z2  lying  exactly  under  the  path 
0  to  zi  for  wi  .  The  parts  contributed  by  these  paths  respectively  to  the  integral  w2 

een  to  be 


(i)    a  quantity  +TT,  arising  from  /    (a?-zz)-$dz+  I   -  (a?  -  z*}~  %  dz,  for 

7o  J  a 

similar  to  those  above  ; 

(ii)    a  quantity  m27r,  where  m  is  an  integer  positive  or  negative  ; 


reasons 


(iii)    a  quantity  I  ~"  —  (az-z 
0, 


')~u  dz. 


he  last  quantity  the  minus  sign  is  prefixed,  because  the  subject  of  integration  is 
p  where  in  the  second  sheet.     Now  z%=z1,  and  therefore  the  quantity  in  (iii)  is 


JO 
is,  it  is  —Wi;  hence  wlj,  —  (2m  +  l')rr~w1. 

ion  we  take  w=  I    (a--e'2)~  %  dz,  the  integral  extending  along  some  denned  curve  from 

J  o 

issigncd  origin,  say  along  a  straight  line,  the  values  of  w  belonging  to  the  same 
)raical  value  of  z  are  Zmr  +  io  or  (Zm  +  l^ir  —  w;  and  the  inversion  of  the  functional 


c  m  and  n  are  any  integers. 


fa.  4.     Consider 


assuming    c\>\a\.     The  surface  is  two-sheeted. 


(z  -  c)  (a-  —  z2 

branch-points  at  ±a  but  not  at  QO  :  hence  the  line  joining  a  and  —a  is  the  sole 
ch-line.  The  infinities  of  the  subject  of  integration  are  a,  —  a,  and  c.  Of  these  a 
-a  need  not  be  excluded,  for  the  same  reason  that 

exclusion  was  not  required  in  the  last  example. 
i  must  be  excluded  ;  and  it  must  be  excluded  in  both 
;s,  because  z  =  c  makes  the  subject  of  integration 
ite  in  both  sheets.  There  are  thus  two  points  of 
ental  singularity  of  the  subject  of  integration  ;  in 
vicinity  of  these  points,  the  two  branches  of  the 
set  of  iutesration  are 


need  to  be  excluded. 

The  surface  taken  plane  is  doubly  connected,  as  in  the  last  example,  one  of  the  curves 
surrounding  c,  say  that  in  the  upper  sheet,  being  taken  as  the  boundary  of  the  surface. 
A  single  cross-cut  will  siiffice  to  make  it  simply  connected  :  the  direction  of  the  cross-cut 
must  pass  from  the  c-curve  in  the  lower  sheet  to  the  branch-line  and  thonce  to  the 
boundary  in  the  upper  sheet. 

There  is  only  a  single  modulus  of  periodicity,  being  the  constant  for  the  single  cross-cub. 
This  modulus  can  be  obtained  by  means  of  the  curve  AB  in  the  first  sheet;  and,  on 
contraction  of  the  curve  (by  II.  §  195)  so  as  to  be  infmitesimally  near  c,  it  is  easily  seen  to 
be  27rt'(a2-c2)~i,  or  say  27r(c2-a2)~4.  But  the  modulus  can  be  obtained  also  by  uiean.s 
of  the  curve  CD;  and  when  the  curve  is  contracted,  as  in  the  previous  example,  so  ,'is 
practically  to  be  a  loop  round  a  and  a  loop  round  -  a,  the  value  of  the  integral  is 

dz 


which  is  easily  proved  to  be  2?r  (c2- a2)"  1 

As  in  Ex.  3,  a  curve  in  the  upper  sheet,  which  encloses  the  branch-points  and  the 
branch-lines,  can  be  deformed  into  the  curve  AJ3. 

Ex.  5.     Consider  w  =  l(^z'A-gzz-g.^-^dz=\udz. 

The  subject  of  integration  is  two-valued,  and  therefore  the   Riemanu's   surface   is 
two-sheeted.     The  branch-points  are  z=x>,  e1?  e2,  e3,  where  e1:  e2,  e3  are  the  roots  of 


and  no  one  of  them  needs  to  be  excluded  from  the  range  of  variation  of  tho  variable. 

The  connectivity  of  the  surface  is  3,  so  that  two  cross-cuts  are  necessary  to  resolve 

the  surface  into  one  that  is  simply  connected.     The  configurations  of  the  branch -lines  and 

Qo 


Fig.  74. 


of  the  cross-cuts  admit  of  some  variety;  two  illustrations  of  branch-lines  arc  given  in 
fig.  74,  and  a  point  on  Q1  in  each  diagram  is  taken  as  boundary. 


8  [eZ  f&3 

udz  +  I    (~u)dz,  that  is,  2  I    udz. 
2  J  es  J  e,j. 


Again,  it  can  be  obtained  by  a  line  from  P',  another  point  on  Q15  to  co  ,  round  the  branch- 
point there  and  across  the  branch-line,  then  in  the  second  sheet  to  e{  and  round  elt  then 
across  the  branch-line  and  back  to  P1  :  the  value  of  the 
integral  is 

udz. 


But  the  modulus  is  the  same  for  P  as  for  P' :  hence 

3  Ce 

udz =2  I    udz. 


f°°         f« 

=  2       ?*ofe=2  I 
J  e\  J  <? 


This  relation  can  be  expressed  in  a  different  form.  The 
path  from  e2  to  e3  can  be  stretched  into  another  form 
towards  2=00  in  the  first  sheet,  and  similarly  for  the 
path  in  the  second  sheet,  without  affecting  the  value  of 
the  integral.  Moreover  as  the  integral  is  zero  for  2  =  cc, 
we  can,  without  affecting  the  value,  add  the  small  part 
necessary  to  complete  the  circuits  from  e2  to  QO  and  from  e3  to  co 
these  circuits  being  given  by  the  arrows,  we  have 


Fig.  75. 


The  directions  of 


2  I*  udz = 2  I    udz  +  21    udz, 


.=21    udz, 
c\ 


or,  if 


for  \  =  1,  2,  3,  we  have* 


and  EI  is  the  modulus  of  periodicity  for  the  cross-cut  Q1. 

In  the  same  way,  the  modulus  of  periodicity  for  Q2  is  found  to  be 

f°°  fa 

#3=21    udz  and  to  be  2  I    udz, 
J  ea  J  6^ 

the  equivalence  of  which  can  be  established  as  before. 

Hence  it  appears  that,  if  w  be  the  value  of  the  integral  at  any  point  in  the  surface, 
the  general  value  is  of  the  form  w  +  m£!i  +  n£!3t  where  m  and  n  are  integers.  As  the 
integral  is  zero  at  infinity  (and  for  other  reasons  which  have  already  appeared),  ib  is 
convenient  to  take  the  fixed  limit  «0  so  as  to  define  w  by  the  relation 

rm 

w=  I    uds. 


Now  corresponding  to  a  given  arithmetical  value  of  z,  there  are  two  points  in  the 
surface  and  two  values  of  w  :  it  is  important  to  know  the  relation  to  one  another  of  these 
two  values.  Let  s'  denote  the  value  in  the  lower  sheet  :  then  the  path  from  z'  to  oc  can 
be  made  up  of 


nn.t.Vi    fvom    K'   f,n    m  ' 


n.nv  rmrnlnpr   of  i  rvprl  n  ni  Kl  p. 


frnrn    m'    fn    m' 


rca'  '  '  roo 

(i)  a  quantity  I  f(-u\ds,  that  is,  -  I    udz,  ov,  -w;   (ii)  a  quantity  m 

where  m  and  n  are  integers  ;  (iii)  a  quantity"  zero,  since  the  integral  vanishes 
at  infinity  :   so  that 


If  now  we  regard  s  as  a  function  of  w,  say  z=fp(vj),  we  have 
f  (W)  =  z  =  £>  (7/1  tfx  +  91^3  +  -M;),       g>  («/)  =  z'. 
Bat  2'  =  2  arithmetically,  so  that  we  have 

z  =  @  (w)  =  |jp  (»i#j  +  nJH3  ±  iv) 
as  the  function  expressing  z  in  terms  of  w. 
Similarly  it  can  be  proved  that 

V  (  «0  =  ±  F 


the  upper  and  the  lower  signs  being  taken  together.  Now  <@(w\  by  itself,  determines  a 
value  of  s,  that  is,  it  determines  two  points  on  the  surface:  and  $>'  (w)  has  different  values 
for  these  two  points.  Hence  a  point  on  the  surface  is  uniquely  determined  by  $  (w)  and 

FK>. 

Ex.  6.     Consider  10=  I    {(1  -z*)  (1  -k'W)}~$dz=  ludz.     The  subject  of  integration  is 

two-valued,  so  that  the  surface  is  two-sheeted.     The   branch-points  are  +1,  +j,  but 

A 
not  QO  ;  no  one  of  the  branch-points  need  be  excluded,  nor  need  infinity. 

The  connectivity  is  3,  HO  that  two  cross-cuts  will  render  the  surface  simply  connected  : 
let  the  branch-lines  and  the  cross-cuts  be  taken  as  in  the  figure  (fig.  76). 

The  details  of  the  argument  follow  the  same  course  as  in  the  previous  case. 

ri  ri 

The  modulus   of   periodicity  for   Q%  is   2  1      udz  =  4  /    udz  —  4Ar,    in    the    ordinary 

7  -i  7  o 


notation. 


/K 
udz=2il{',  as  before. 
.  i 

Hence,  if  w  be  a  value  of  the  integral  for  a  point  z  in  the  first  sheet,  a  more  general 
value  for  that  point  is 

w  +  TO4/1  +  nZ  iK'. 

Let  w'  be  a  value  of  the  integral  for  a  point  z    in  the  second  sheet,  where  z   is 
arithmetically  equal  to  s — the  point  in  the 
first  sheet  at  which  the  value  of  the  integral 
is  w ;  then 


so  that,  if  we  invert  the  functional  relation 


id  for  points  in  the  second  sheet  in  the  vicinity  of  z=<?,  we  have 


each  case  giving  rise  to  a  logarithmic  infinity  for  z  —  c. 

We  take  the  small  curves  excluding  z=c  in  both  sheets  as  the  boundaries  of  the 
irface.     Then,  by  Ex.  4,  §  178,  (or  because  one  of  these  curves  may  be  regarded  as  a 


Fig.  77. 


mndary  of  the  surface  in  the  last  example,  and  the  curve  excluding  the  infinity  in  the 
;her  sheet  is  the  equivalent  of  a  loop-cut  which  (§  161)  .increases  the  connectivity  by 
aity),  the  connectivity  is  4.  The  cross-cuts  necessary  to  make  the  surface  simply 
mnected  are  three.  They  may  be  taken  as  in  the  figure  ;  Qi  is  drawn  from  the  boundary 

L  one  sheet  to  a  branch-line  and  thence  round  y  to  the  boundary  in  the  other  sheet  : 

K 

2  beginning  and  ending  at  a  point  in  <2i,  and  Q^  beginning  and  ending  at  a  point  in  Qz. 
The  moduli  of  periodicity  are  :  — 

for  Q1}  the  quantity  (Qj  =  )  ZTTI  {(1  -  c2)  (1  -  £2c2)}~"&,  obtained  by  taking  a  small  curve 
round  c  in  the  upper  sheet  : 

.      -'.• 
—  i  (^  —  c) 


(j)2,  the  quantity  (Q2  =  )2  I      .      -'.••    ,   obtained  by  taking  a  circuit  round  1 


and  T;  passing  from  one  edge  of  Qz  to  the  other  at  F: 
_i 


,  the  quantity  (ii3  =  )2  I  ,  obtained  by  taking  a  circuit  round  -1 

J  -  1  (8  —  c)-u 

and  —  T  >  psissing  from  one  edge  of  Q$  to  the  other  at  G  : 

K 

that,  if  any  value  of  the  integral  at  a  point  be  w,  the  general  value  at  the  point  is 


here  ?n,j,  m»,  m3  are  integers. 

Conversely,  z  is  a  triply-periodic  function  of  w  ;  but  the  function  of  w  is  not  uniform 
I  108). 

28—2 


j 

ds. 


Jt\l-*J 

The  sxirface  is  two -sheeted ;  its  connectivity  is  3,  the  branch-points  being  ±1,  ±j,  but  not 
3=00 .  No  one  of  the  branch-points  need  be  excluded,  for  the  integral  is  finite  round  each 
of  them.  To  consider  the  integral  at  infinity,  we  substitute  z=-, ,  and  then 


da! 


giving  for  the  function  at  infinity  an  accidental  singularity  of  the  first  order  in  each 
sheet. 

The  point  2  =  00  must  therefore  be  excluded  from  each'  sheet:  but  the  form  of  w,  for 
infinitely  large  values  of  z,  shews  that  the  modulus  for  the  cross-cut,  which  passes  from 
one  of  the  points  (regarded  as  a  boundary)  to  the  other,  is  zero. 

The  figxire  in  Ex.  6  can  be  used  to  determine  the  remaining  moduli.  The  modulus 
for  $2  is 


with  the  notation  of  Jacobian  elliptic  functions.     The  modulus  for  Ql  is 


on  transforming  by  the  relation  £2.«2  +  &'2?/2  =  l :  the  last  expression  can  at  once  be  changed 
into  the  form  2i  (K1  -  E'},  with  the  same  notation  as  before. 

If  then  w  be  any  value  of  the  integral  at  a  point  on  the  surface,  the  general  value 

there  is 

w  +  4mE+  2m  (K1  -  E'\ 

where  m  and  n  are  integers. 

200.     After  these  illustrations  in  connection  with  simple  cases,  we  may 
proceed  with  the  consideration  of  the  integral  of  the  most  general  uniform 


?re  the  functions  g  (z)  are  rational  and  integral.  Subsidiary  explanations, 
.ch  are  merely  generalised  from  those  inserted  in  the  preceding  particular 
suasions,  will  now  be  taken  for  granted. 

Taking  w'  in  the  form  of  §  193,  we  have 


> 

dw  dw 

i  r 

bhat  in  taking  the  integral  of  w  we  shall  have  a  term  -  J  /i0  (z)  dz,  where 

z)  is  a  rational  function.  This  kind  of  integral  has  been  discussed  in 
ipter  II.  ;  as  it  has  no  essential  importance  for  the  present  investigation, 
rill  be  omitted,  so  that,  without  loss  of  generality  merely  for  the  present 
pose*,  we  may  assume  h^(z)  to  vanish;  and  then  the  numerator  of  w' 
rf  degree  not  higher  than  n  —  2  in  w. 

The  value  of  z  is  insufficient  to  specify  a  point  on  the  surface  :  the  values 
'v  and  z  must  be  given  for  this  purpose,  a  requisite  that  was  unnecessary 
ihe  preceding  examples  because  the  point  z  was  spoken  of  as  being  in  the 
>er  or  the  lower  of  the  two  sheets  of  the  various  surfaces.  Corresponding 
a  value  a  of  z,  there  will  be  n  points  :  they  may  be  taken  in  the  form 
ai)>  (^2)  ^2)?  •••;  (o>n,  «n)>  where  a1}  ....  an  are  each  arithmetically  equal  to 
ind  «!,  ...,  an  are  the  appropriately  arranged  roots  of  the  equation 

f(w,  a)  =  0. 

U(w  z} 
The  function  w'  to  be  integrated  is  of  the  form  —  -   '•  ......  •••  ,  where  U  is 

•J 

dw 

fnomial  of  degree  n  —  2  in  w,  but  though  rational  in  z  it  is  not  necessarily 
jgral  in  z. 

An  ordinary  point  of  w',  which  is  neither  an  infinity  nor  a  branch-point, 
violently  an  ordinary  point  of  the  integral. 

The  infinities  of  the  subject  of  integration  are  of  prime  importance. 
2y  are:  — 

(i)     the  infinities  of  the  numerator, 
(ii)     the  zeros  of  the  denominator. 

3  former  are  constituted  by  (a),  the  poles  of  the  coefficients  of  powers  of  w 
U(w,  z),  and  (/3),  £=  oo  :  this  value  is  included,  because  the  only  infinities 


wieieiore   w  =  <x>  j,  IL    is  iiou  proposuu   to   mvesuigciut}    une   general 

that  the  integral  should  vanish  there.     The  test  is  of  course  that  the  limit, 

for  z  =  oo  ,  of  —  ^TT  —  -  should  vanish  for  each  of  the  n  values  of  w. 

SL 

dw 

But  the  establishment  of  the  general  conditions  is  hardly  worth  the 
labour  involved;  it  can  easily  be  made  in  special  cases,  and  it  will  be 
rendered  unnecessary  for  the  general  case  by  subsequent  investigations. 

201.     The   simplest   of  the   instances,  less   special    than  the   examples.' 
already  discussed,  are  two. 

The  first,  which  is  really  that  of  most  frequent  occurrence  and  is  of  very- 
great  functional  .importance,  is  that  in  which  f(w,  z}  =  0  has  the  form 


where  8  (z)  is  of  order  2??i  —  1  or  2m  and  all  its  roots  are  simple  :   then 

QJ."  •  _  zU  (W   Z] 

~-  =2?y  =  2v$(.z).  In  order  that  the  limit  of  -  —  rrr  —  may  be  zero  when 
dw  ^  '  of  J  _ 

dw 
z  =  oo  ,  we  see  (bearing  in  mind  that  U,  in  the  present  case,  is  independent  of 

w)  that  the  excess  of  the  degree  of  the  numerator  of  U  over  its  denominator 
may  not  be  greater  than  m—  2.  In  particular,  if  U  be  an  integral  function 
of  z,  a  form  of  U  which  would  leave  fw'dz  zero  at  z  =  oo  is 

U  =  c(]zm-'2  +  c,zm-*  +  .  .  .  +  cm-5z  +  c?H_a. 


As  regards   the  other  infinities  of  U/*/S(z),  they  are  merely  the  roots  of 
S  (z)  -  0   or   they  are   the   branch -points,  each   of  the    first  order,   of  the 

equation 

W2  _  s  (z)  =  0. 

By  the  results  of  §  101,  the  integral  vanishes  round  each  of  these  points ;  and] 
each  of  the  points  is  a  branch-point  of  the  integral  function.  The  integral  is. 
finite  everywhere  on  the  surface :  and  the  total  number  of  such  integrals, 
essentially  different  from  one  (.mother,  is  the  number  of  arbitrary  coefficients- 
in  U,  that  is,  it  is  m~l,  the  same  as  the  genus  of  the  Riemann's  surface 
associated  tuith  the  equation. 

202.     The  other  important  instance  is  that  in  which  the  fundamental 
equation  is,  so  to  speak,  a  generalised  equation  of  a  plane  curve.,  so  that. 
gs  (z}  is  a  polynomial  function  of  z  of  degree  s :  then  it  is  easy  to  see  that... 

7)f 
at  z  =  co  ,  each  branch  w  <x  z.  so  that  -~  <=  zn~l :  hence  U(w,  z)  can  varv  onlv 


—  —  --  ,  then  V  (w,  z),  supposed  integral  in  2,  can  at  most  take  a  iorm  which 
z  —  c 

makes  V=  0  the  generalised  equation  of  a  curve  of  degree  n  —  2. 

Other  forms  are  easily  obtainable  for  accidental  singularities  of  coefficients 
of  w  in  U  (w,  z]  that  are  of  other  orders. 

As  regards  the  other  possible  infinities  of  the  integral,  let  c  be  an  acci- 
dental singularity  of  a  coefficient  of  some  power  of  w  in  U  (10,  z)  ;  it  may  be 

assumed  not  to  be  a  zero  of  ^—  .     Denote  the  n  points  on  the  surface  by 

(CD  /£]),  (c.2,  /im),  ...,  (cn,  kn},  where  c1;  c2,  ...,  cn  are  arithmetically  equal  to  c. 
In  the  vicinity  of  each  of  these  points  let  w'  be  expanded  :  then,  near  (cr,  kr), 
we  have  a  set  of  terms  of  the  type 

m'1'      _j_      Ain-i,r       .  .       -"-a,-;-        .     -A-\,r     ,    n  /,       „  \ 

7  "  \'in     '     7  v^     i  ~r   •  •  •   ~T    /  cr  T  "  -\-  JL     \Z  —  Oj-l, 

(z-cr)m     (z-c,.)m-1  (z-cry     z-cr  J 

where  P(z  —  c^)  is  a  converging  series  of  positive  integral  powers  of  z  —  cr. 
A  corresponding  expansion  exists  for  every  one  of  the  n  points. 

The  integral  of  wf  Avill  therefore  have  a  logarithmic  infinity  at  (a,-,  /<?,.), 
unless  Altr  is  zero;  and  it  will  have  an  algebraic  infinity,  unless  all  the 
coefficients  A«<r,  ......  ,  Am>r  are  zero. 

The  simplest  cases  are 

(i)     that  in   which   the   integral   has   a  logarithmic  infinity  but  no 
algebraic  infinity;   and 

(ii)    that  in  which  the  integral  has  no  logarithmic  infinity. 

W  (w,  z} 
For  the  former,  w'  is  of  the  form  -  —r^  ,  and  therefore  in  the  vicinity  of  cr 


we  have  w'  =      v'  +  P  (z  -  c,.), 

z  —  cr 

W  (k  •  c  •) 
the  value  of  A^r  being  —    ^       ,  arid  W  is  an  integral  function  of  kr,  of 

dkr 
degree  not  higher  than  n  —  2.     Hence 

»  |    W  (kr,  cr) 

•i     -a-i,r  —    ^     -  57  - 
r=l  r=l  of 


n       W  /  7, 


an  equation  of  degree  n,  while  W  is  of  degree  not  higher  than  n  —  2  ;  hence, 
by  a  known  theorem  *, 

5    F(/cy,c) 

~~ 


so  that  S   A,r=0. 

7-=l 

The  validity  of  the  result  is  not  affected  if  some  of  the  coefficients  A  vanish. 
But  it  is  evident  that  a  single  coefficient  A  cannot  be  the  only  non-  vanishing 
coefficient  ;  and  that,  if  all  but  two  vanish,  those  two  are  equal  and  opposite. 

This  result  applies  to  all  those  accidental  singularities  of  coefficients  of 
powers  of  w  in  the  numerator  of  w'  which,  being  of  the  first  order,  give  rise 
solely  to  logarithmic  infinities  in  the  integral  of  w'.  It  is  of  great  importance 
in  regard  to  moduli  of  periodicity  of  the  integral. 

(ii)  The  other  simple  case  is  that  in  which  each  of  the  coefficients 
Aitr  vanishes,  so  that  the  integral  of  w'  has  only  an  algebraic  infinity  at 
the  point  cr,  which  is  then  an  accidental  singularity  of  order  less  by  unity 
than  its  order  for  w'. 

In  particular,  if  in  the  vicinity  of  cr,  the  form  of  w  be 

Az,r      ,   p  f   _     s 
0-c,)2+      (*     Cr)> 

the  integral  has  an  accidental  singularity  of  the  first  order. 
It  is  easy  to  prove  that 

n 

•<?      A        _  0 

—    -0-2,  r  —  V, 

r--l 

so  that  a  single  coefficient  A  cannot  be  the  only  non-vanishing  coefficient; 
but  the  result  is  of  less  importance  than  in  the  preceding  case,  for  all  the 
moduli  of  periodicity  of  the  integral  at  the  cross-cuts  for  these  points  vanish. 
And  it  must  be  remembered  that,  in  order  to  obtain  the  subject  of  integration 
in  this  form,  some  terms  have  been  removed  in  §  200,  the  integral  of  which 
would  give  rise  to  infinities  for  either  finite  or  infinite  values  of  z. 

It  may  happen  that  all  the  coefficients  of  powers  of  w  in  the  numerator 
of  w'  are  integral  functions  of  0.  Then  z  =  oo  is  their  only  accidental 


=  0.     Such  points  are  the  simultaneous  roots  of  the  equations 

dw  ~    '    Jv-J'~ 

addition  to  the  assumption  already  made  that  /  =  0  is  the  equation  of  a 
.eralised  curve  of  the  ?ith  order,  we  shall  make  the  further  assumptions 
t  all  the  singular  points  on  it  are  simple,  that  is,  such  that  there  are  only 
i  tangents  at  the  point,  either  distinct  or  coincident,  and  that  all  the 
nch-points  are  simple. 

The  results  of  §  98  may  now  be  used.  The  total  number  of  the  points 
311  as  simultaneous  roots  is  n  (n  —  1) :  the  form  of  the  integral  in  the 
nediate  vicinity  of  each  of  the  points  must  be  investigated. 

Let  (c,  7)  be  one  of  these  points  on  the  Riemann's  surface,  and  let 
•  £,  7  +  v)  be  any  point  in  its  immediate  vicinity. 

•-./»/  \ 

I.  If  --      '   '   do  not  vanish  at  the  point,  then  (c,  7)  is  a  branch-point 

oz 

the  function  w.     We  then  have 

f(w,  z)  =  A'^+B'vz  4-  quantities  of  higher  dimensions, 
points  in  the  vicinity  of  (c,  7),  so  that  u<*  £*  when  |  £|  is  sufficiently  small. 

-•—  =  2B'v  +  quantities  of  higher  dimensions 

m  j£|  is  sufficiently  small.  Hence,  for  such  values,  the  subject  of  integra- 
i  is  a  constant  multiple  of 

U  (y> c)  +  positive  integral  powers  of  v  and  £ 

£^  4-  powers  of  %  with  index  >  £ 

b  is,  of  £  ~  -,  when  |  £  j  is  sufficiently  small.  The  integral  is  therefore  a 
stant  multiple  of  £$,  when  |  £j  is  sufficiently  small;  and  its  value  is 
refore  zero  round  the  point,  which  is  a  branch-point  for  the  function 
resented  by  the  integral. 

r\    /»   /  \ 

II.  If  —  --jv  '      vanish  at  the  point,  we   have   (with   the    assumptions 
J98),  '  ' 

f  (w,  z)  =  A  t,-  +  2B£u  +  Ov*  +  terms  of  the  third  and  higher  degrees  ; 
there  are  two  cases. 


~  =  2  (Bt,  +  Cv)  +  terms  of  second  and  higher  degrees 


igher  powers  of  £. 
In  the  vicinity  of  (c,  7),  the  subject  of  integration  is 

,  c}  4-  Dv  +  E%  +  positive  integral  powers 
A,£  +  higher  powers  of  £ 

c) 


. 

Hence  when  it  is  integrated,  the  first  term  is  —  —  -  —  log  £,  and  the  remaiii- 

A, 

ing  terms  are  positive  integral  powers  of  £:    that   is,   such  a  point  is   a 
logarithmic  infinity  for  the  integral,  unless  II  (7,  c)  vanish. 

If,  then,  we  seek  integrals  which  have  not  the  point  for  a  logarithmic' 
infinity  and  we  begin  with  U  as  the  most  general  function  possible,  we  can 
prevent  the  point  from  being  a  logarithmic  infinity  by  choosing  among  the 
arbitrary  constants  in  U  a  relation  such  that 


There  are  8  such  points  (§  98) ;  and  therefore  S  relations  among  the 
constants  in  the  coefficients  of  U  must  be  chosen,  in  order  to  prevent  the 
integral 

I  y-7  IV 

I  _    n  U/0 

'      diu 

from  having  a  logarithmic  infinity  at  these  points.     When  these  are  chosen, 
the  points  become  ordinary  points  of  the  integral. 

(ii)     If  52  =  AC,  the  point  is  a  branch-point ;  we  have 


as  the  relation  between  £  and  v  deduced  from/=  0.     In  that  case, 

rif 

~  =  2  (-££+  Cu)  +  terms  of  the  second  and  higher  degrees 

=  L£ '*  +  powers  of  f  having  indices  >  f . 
In  the  vicinity  of  (c,  7),  the  subject  of  integration  is 

)  +  Dv  +  E£+  higher  powers 
£-  +  higher  powers  of  £ 

rl     -(-Vic.  4n-.>o-l-   +/-*v.,-^,    ir,          O          \f>     )  l*~v     1    .' 


a  the  numerator  of  the  subject  of  integration 

=  Dv  +  E%+  higher  positive  powers 
=  \'£  +  /*'£*  +  higher  powers  of  £, 

substituting  from  the  relation  between  v  and  £  derived  from  the  funcla- 
ital  equation.     The  subject  of  integration  then  is 


tis, 
integral  of  which  is 


•V      / 

2  y  ££  +  positive  powers. 


3  integral  therefore  vanishes  at  the  point  :  and  the  point  is  a  branch-point 
the  integral.  It  therefore  follows  that  we  can  prevent  the  point  from 
ng  an  infinity  for  the  function  by  choosing  among  the  arbitrary  constants 
U  a  relation  such  that 


There  are  K  such  points  (§98):  and  therefore  K  relations  among  the 
stants  in  the  coefficients  of  U  are  chosen  in  order  to  prevent  the  integral 
no.  becoming  infinite  at  these  points.  Each  of  the  points  is  a  branch-point 
the  integral. 

204.     All  the  possible  sources  of  infinite  values  of  .the  subject  of  integra- 

i  w'}  =  —     ;  .'.  }  have  now  been  considered.     A  summary  of  the  preceding 

%L 

dw 

nits  leads  to  the  following  conclusions  relative  to  jw'dz:  — 

(i)     an  ordinary  point  of  w'  is  an  ordinary  point  of  the  integral  : 

(ii)  for  infinite  values  of  z,  the  integral  vanishes  if  we  -assign  proper 
limitations  to  the  form  of  U(w,  z)  : 

(iii)  accidental  singularities  of  the  coefficients  of  powers  of  w  in 
U(w,z)  are  infinities,  either  algebraic  or  logarithmic  or  both 
algebraic  and  logarithmic,  of  the  integral  : 

/i,A        if   -fVvn    /->/-\aflfir>innfe    nf   nnworc    nf   oil    in      JJ  (ill    Z\    hfl.Vfi    T1O    a.fiOl' 
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rational  integral  function  of  w  and  z  of  degree  n  —  3 ;  but,  if 
the  coefficients  of  powers  of  w  in  U(w,z)  have  an  accidental 
singularity  of  order  /*,  then  the  integral  will  be  finite  for 
infinite  values  of  z  (and  of  w)  when  U(w,z)  is  the  most 
general  rational  integral  function  of  w  and  z,  the  degree  in  w 
being  not  greater  than  n  —  2  and  the  dimensions  in  w  and  z 
combined  being  not  greater  than  n  +  /*  —  3  : 

(v)     those  points,  at  which  df/dw  vanishes  and  which  are  not  branch- 
points of  the  function,  can  be  made  ordinary  points  of  the 
"integral,  if  we  assign  proper  relations  among  the  constants 
occurring  in  U(w,z}\  • 

(vi)  those  points,  at  which  dffdw  vanishes  and  which  are  branch- 
points of  the  function,  can,  if  necessary,  be  made  to  furnish 
zero  values  of  the  integral  by  assigning  limitations  to  the 
form  of  U(w,z};  each  such  point  is  a  branch-point  of  the 
integral  in  any  case. 

These  conclusions  enable  us  to  select  the  simplest  and  most  important 
classes  of  integrals  of  uniform  functions  of  position  on  a  Riemann's  surface. 

205.  The  first  class  consists  of  those  integrals  which  do  not  acquire* 
an  infinite  value  at  any  point ;  they  are  called  integrals  of  ihe  first  kind\. 

The  integrals,  considered  in  the  preceding  investigations,  can  give  rise  to 
integrals  of  the  first  kind,  if  the  numerator  U(w,z)  of  the  subject  of  integra- 
tion satisfy  various  conditions.  The  function  U(w,z)  must  be  a  polynomial 
function  of  dimensions  not  higher  than  n  —  3  in  w  and  z,  in  order  that  the 
integral  may  be  finite  for  infinite  values  of  z  and  for  all  finite  values  of  z 
not  specially  connected  with  the  equation  f(w,z)  =  Q'}  for  certain  points 
specially  connected  with  the  fundamental  equation,  being  8  +  K  in  number, 
the  value  of  U  (w,  z)  must  vanish,  so  that  there  must  be  8  +  K  relations 
among  its  coefficients.  But  when  these  conditions  are  satisfied,  then  the 
integral  function  is  everywhere  finite,  it  being  remembered  that  certain 
limitations  on  the  nature  off(w,  z)  =  0  have  been  made. 

Usually  these  conditions  do  not  determine  U  (w,  z)  uniquely  save  as  to  a 
constant  factor;  and  therefore  in  the  most  general  integral  of  the  first  kind  a 
number  of  independent  arbitrary  constants  will  occur,  left  undetermined  by 
the  conditions  to  which  T7is  subieoted.  Each  of  these  constants  mnltinlifis 


3  oocainea,  is  possioie. 

The  number  of  these  integrals,  linearly  independent  of  one  another,  is 
ly  found.  Because  U  is  a  polynomial  function  of  w  and  z  of  dimen- 
s  n  —  3,  it  contains  |-  (n  —  1)  (n  —  2)  terms  in  its  most  general  form  ;  but 
coefficients  satisfy  8  +  K  relations,  and  these  are  all  the  relations  that 
f  need  satisfy.  Hence  the  number  of  undetermined  and  independent 
stants  which  it  contains  is 


ch,  by  §182,  is  the  genus  p  of  the  Riemann's  surface;  and  therefore,  for 
present  case,  the  number  of  integrals,  which  are  finite  everywhere  on  the 
cace  and  are  linearly  independent  of  one  another,  is  equal  to  the  genus  of 
Riemann's  surface. 

Moreover,  the  integral  of  the  first  kind  has  the  same  branch-points  as  the 
ition  w.  Though  the  integral  is  finite  everywhere  on  the  surface,  yet  its 
.vative  w'  is  not  so  :  the  infinities  of  w  are  the  branch-points. 

The  result  has  been  obtained  on  the  original  suppositions  of  §  98,  which 
e,  that  all  the  singular  points  of  the  generalised  curve  f(w,  z)  =  0  are 
pie,  that  is,  only  two  tangents  (distinct  or  coincident)  to  the  curve  can 
drawn  at  each  such  point,  and  that  all  the  branch-points  are  simple. 
er  special  cases  could  be  similarly  investigated.  But  it  is  superfluous  to 
y  out  the  investigation  for  a  succession  of  cases,  because  the  result  just 
lined,  and  the  result  of  §  201,  are  merely  particular  instances  of  a  general 
>rem  which  will  be  proved  in  Chapter  XVIII.,  viz.,  that,  associated  with 
liemanris  surface  of  connectivity  2p-|-l,  there  are  p  linearly  independent 
grals  of  the  first  kind  which  are  finite  everywhere  on  the  surface. 

The  function  U(w,z),  which  occurs  in  the  subject  of  integration  in  an 
gral  of  the  first  kind,  is  often  called  an  adjoint  polynomial  of  order  n  —  3  ; 
the  generalised  curve 


illecl  an  adjoint  purve  of  order  n  —  3. 

206.  The  functions,  which  thus  arise  out  of  the  integral  of  an  algebraic 
Jtion  and  are  finite  everywhere,  are  not  uniform  functions  of  position  on 
unresolved  surface.  If  the  surface  be  resolved  by  2p  cross-cuts  into  one 
;  is  simply  connected,  then  the  function  is  finite,  continuous  and  uniform 
.ywhere  in  that  resolved  surface,  which  is  limited  by  the  cross-cuts  as  a 
fie  boundary.  But  at  any  point  on  a  cross-cut,  the  integral,  at  the  two- 


multiples  of  the  moduli  of  the  function  for  the  other  cross-cuts). 

Let  the  cross-cuts  be  taken  as  in  §  181  ;  and  for  an  integral  of  the  first 
kind,  say  W,  let  the  moduli  of  periodicity  for  the  cross-cuts  be 


and 

respectively;  the  moduli  for  the  portions  of  cross-cuts  Cg,  c3,  ...,  cp  have  been 

proved  to  be  zero. 

Some  of  these  moduli  may  vanish  ;  but  it  will  be  proved  later  (§  231)  that 
all  the  moduli  for  the  cross-cuts  a,  or  all  the  moduli  for  the  cross-cuts  6,  cannot 
vanish  unless  the  integral  is  a  mere  constant.  In  the  general  case,  with  which 
we  are  concerned,  we  may  assume  that  they  do  not  vanish  ;  and  so  it  follows 
that,  if  W  be  a  value  of  an  integral  of  the  first  kind  at  any  point  on  the 
Riemann's  surface,  all  its  values  at  that  point  are  of  the  form 

25 
W  +  z  mrci)r, 

r=l 

where  the  coefficients  m  are  integers. 

The  foregoing  functions,  arising  through  integrals  that  are  finite  every- 
where on  the  surface,  will  be  found  the  most  important  from  the  point  of 
view  of  Abelian  transcendents  :  but  other  classes  arise,  having  infinities  on. 
the  surface,  and  it  is  important  to  indicate  their  general  nature  before  passing 
to  the  proof  of  the  Existence-Theorem. 

207.  First,  consider  an  integral  which  has  algebraic,  but  not  logarithmic, 
infinities.  Taking  the  subject  of  integration,  as  in  the  preceding  case,  to  be 
the  most  general  possible  so  that  arbitrary  coefficients  enter,  we  can,  by 
assigning  suitable  relations  among  these  coefficients,  prevent  any  of  the 

df 

points,  given  as  zeros  of  ^-  =  0,  from  being  infinities  of  the  integral.     It 

cw 

follows  that  then  the  only  infinities  of  the  integral  will  be  the  points  that  are 
accidental  singularities  of  coefficients  of  powers  of  w  in  the  numerator  of  the 
general  expression  for  w'.  These  singularities  must  each  be  of  the  second 
order  at  least:  and,  in  the  expansion  of  w'  in  the  vicinity  of  each  of  them, 
there  must  be  no  term  of  index  —  1,  for  it  is  the  index  that  leads,  on  integration, 
to  a  logarithm. 

Such  integrals  are  called  integrals  of  the  second  kind. 

The  simnlest  integral  of  the  second  kind  has  an  infinitv  for  onlv  a  single 


Ex.  1.     Adopting  the  subject  of  integration  obtained  in  §  200,  we  have 


dw 

where  U  is  of  the  character  considered  in  the  preceding  sections,  viz.,  it  is  of  degree  n  —  2 
in  w  ;  various  forms  of  w'  lead  to  various  forms  of  h0  (2)  and  of  (J  '  (w,  2). 

If  —  7*0(2)=  -  Tg  ,  and  if  c  be  not  a  singularity  of,  the  coefficient  of  any  power  of  w 

Qi>  \^Z  ~~  Gj  ( 

in  U,  it  is  then  evident  that 

,   ,  ,         1      , 

;«,,&=—  + 

and  the  integral  on  the  right-hand  side  can  by  choice  among  the  constants  be  made  an 
integral  of  the  first  kind.  The  integral  is  not,  however,  an  elementary  integral  of  the 
second  kind,  because  2=  c  is  an  infinity  in  each  sheet. 

Ex.  2.  A  special  integral  of  the  second  kind  occurs,  when  we  take  an  accidental 
singularity,  say  z=c,  of  the  coefficient  of  some  power  of  w  in  U(w,  z)  and  we  neglect  h(]  (3)  ; 
so  that,  in  effect,  the  subject  of  integration  w'  is  limited  to  the  form 


U  being  of  degree  not  higher  than  n  —  2  in  10.  To  the  value  s=c,  there  correspond  n  points 
in  the  various  sheets  ;  if,  in  the  immediate  vicinity  of  any  one  of  the  points,  w'  be  of  the 
form 

-^A^  +  P'^-OJ, 

in  that  vicinity  the  integral  is  of  the  form 

_4r_+P(,-Cp). 

For  such  an  integral  the  sum  of  the  coefficients  A,,  is  zero:  the  simplest  case  arises 
when  all  but  two,  say  A\  and  Az,  of  these  vanish.  The  integral  is  then  of  the  form 

A       p 

Z-GI 

in  the  vicinity  of  c1;  and  of  the  form 


2  —  C2  ^  ' 

in  the  vicinity  of  c2.     But  the  integral  is  not  an  elementary  integral  of  the  second  kind. 

208.  To  find  the  general  value  of  an  integral  of  the  second  kind, 
all  the  arithmetically  infinite  points  would  be  excluded  from  the  Riemann's 
surface  by  small  curves :  and  the  surface  would  be  resolved  into  one  that  is 
simply  connected.  The  cross-cuts  necessary  for  this  purpose  would  consist  of 


excluding  the  algebraically  infinite  points. 
Let  the  moduli  for  the  former  cross-cuts  be 

ej,  e2,  ...,  ep,  for  the  cuts  aa,  a2,  ...,  ap, 
ep+l)  ejH-a,  •••;  ezp  for  the  cuts  b1}  bz,  ...,  bp,  respectively: 

the  moduli  for  the  cuts  c  are  zero.  It  is  evident  from  the  form  of  the 
integral  in  the  vicinity  of  any  infinite  point  that,  as  the  integral  has  only 
an  algebraic  infinity,  the  modulus  for  each  of  the  k  cross-cuts,  obtained  by  a 
curve  from  one  edge  to  the  other  round  the  point,  is  zero.  Hence  if  one 
value  of  the  integral  of  the  second  kind  at  a  point  on  the  surface  be  E  (z), 
all  its  values  at  that  point  are  included  in  the  form 

2p 

E(z}+  S  nr€r, 

r=l 

where  n1}nz,  ...,  nzp  are  integers. 

The  importance  of  the  elementary  integral  of  the  second  kind,  inde- 
pendently of  its  simplicity,  is  that  it  is  determined  by  its  infinity,  save  as  to  an 
additive  integral  of  the  first  kind. 

Let  K-i(z}  and  Ez(z)  be  two  elementary  integrals  of  the  second  kind, 
having  then-  single  infinity  common,  and  let  a  be  the  value  of  z  at  this  point  ; 
then  in  its  vicinity  we  have 

E,  (z)  =  +  P,(z-  a),         E,  (*)  =  +  Pa  («  -  <0, 


and  therefore  AlEz(z)—  AzE-L(z)  is  finite  at  z  =  a.  This  new  function  is 
therefore  finite  over  the  whole  Riemann's  surface  :  hence  it  is  an  integral  of 
the  first  kind,  the  moduli  of  periodicity  of  which  depend  upon  those  of  El(z] 
and  E*(z\ 

Ex.  It  may  similarly  be  proved  that  for  the  .special  case  in  Ex.  2,  §  207,  when  the 
integral  of  the.  second  kind  has  two  simple  infinities  for  the  same  arithmetical  value  of  z  in 
different  sheets,  the  integral  is  determinate  save  as  to  an  additive  integral  of  the  first  kind. 

Let  di  and  az  De  the  two  points  for  the  arithmetical  value  a  of  z  ;  and  let  ^"(z)  and  G-  (z) 
be  two  integrals  of  the  second  kind  above  indicated  having  simple  infinities  at  at  and  «2 
and  nowhere  else. 

Then  in  the  vicinity  of  ct^  we  have 


so  that  BF  '  (z)  -  AG-  (z}  is  finite  in  the  vicinity  of  a^. 
Again,  in  the  vicinity  of  a2,  we  have,  by  §  202, 


there  are  p  linearly  independent  integrals  ot  the  first  kind  :  it  therefore  follows  that 
5  are  p  +  l  linearly  independent  integrals  of  the  second  kind,  which  have  simple 
ities  with  equal  and  opposite  residues  at  two  points,  (and  at  only  two  points),  deter- 
sd  by  one  algebraical  value  of  z. 

From  the  property  that  an  elementary  integral  of  the  second  kind  is 
irmined  by  its  infinity  save  as  to  an  additive  integral  of  the  first  kind,  we 
r  that  there  are  p  +  1  linearly  independent  elementary  integrals  of  the 
nd  kind  with  the  same  single  infinity  on  the  Riemanris  surface. 

'his  result  can  be  established  in  connection  with  f-(w,  z)  =  0  as  follows.  The  subject 
tegration  is 

U  (w,  z) 

(s-o)2^' 
v        '  cw 

•e  for  simplicity  it  is  assumed  that  a  is  neither  a  branch-point  of  the  function 
a  singular  point  of  the  curve  f(w,z)  =  0,  and  in  the  present  case  U  is  of  degree 
in  w.  To  ensure  that  the  integral  vanishes  for  z=m,  the  dimensions  of  U(w,z) 
not  be  greater  than  n-  1.  Hence  U  (w,  z),  in  its  most  general  form,  is  a  polynomial 
tion  of  w  and  2  of  degree  n  —  1  ;  the  total  number  of  terms  is  therefore  ^n(n+l~), 
h  is  also  the  total  number  of  arbitrary  constants. 

n  order  that  the  integral  may  not  be  infinite  at  each  of  the  S  +  K  singularities  of  the 
e  /  (w,  s)  =  0,  a  relation  U  (y,  c)  =  0  must  be  satisfied  at  each  of  them  ;  hence,  on  this 
j,  there  arc  8  +  K  relations  among  the  arbitrary  constants. 

jet  the  points  on  the  surface  given  by  the  arithmetical  value  a  of  z  be  (als  aj),  (a2,  a2), 
an,  an).  The  integral  is  to  be  infinite  at  only  one  of  them  ;  so  that  we  must  have 

U(ar,  ar)  =  0, 

=  2,  3,  ...  ,  n  ;  and  n  —  l  is  the  greatest  number  of  such  points  for  which  U  can  vanish, 
ss  it  vanish  for  all,  and  then  there  would  be  no  algebraic  infinity.     Hence,  on  this 
3,  there  aa*c  n  —  I  relations  among  the  arbitrary  constants  in  U. 
n  the  vicinity  of  z  =  a,  w=a,  let 

2  =  a+f,         w=a-\-v; 

'ptr  2\j? 

we  have  0=v  ^  +  t^-K.., 

-o  fi-  is  the  value  of  •/-  ,  and  ~-  that  of  —  ,  for  z=a  and  w  =  a.    For  sufficiently  small 

3a  Qw  oa  oz'  J 

es  of  I  u  I  and  I  (  ,  we  may  take     . 

„-„&.#. 

da     "  da 
auch  points  we  have 


da 


U(a,  a)  d  (a,  a) 

for  («!,  ai),  and  „  -~~ — r  =0  • 

for  («2,  a2),  (a3,  n3),  ...,  (an,  a7l),  there  will  be  terms  in  -  in  the  expansion  of  the  subject  of 

integration  in  the  vicinity  of  the  respective  points,  and  consequently  there  will  be 
logarithmic  infinities  in  the  integral.  Such  infinities  are  to  be  excluded ;  and  therefore 
their  coefficients,  being  the  residues,  must  vanish,  so  that,  on  this  score,  there  appear  to 
be  n  relations  among  the  arbitrary  constants  in  U.  But,  as  in  §  210,  the  sum  of  the 
residues  for  any  point  is  zero  :  and  therefore,  when  n  —  1  of  them  vanish,  the  remaining 
residue  also  vanishes.  Hence,  from  this  cause,  there  are  only  n  —  I  relations  among  the 
arbitrary  constants  in  U. 

The  tale  of  independent  arbitrary  constants  in  U(w,z\  remaining  after  all  the 
conditions  are  satisfied,  is 

=p+l. 

As  each  constant  determines  an  integral,  the  inference  is  that  there  are  p+l  linearly 
independent  elementary  integrals  of  the  second  kind  with  a  common  infinity. 

209.  Next,  consider  integrals  which  have  logarithmic  infinities,  inde- 
pendently of  or  as  well  as  algebraic  infinities.  They  are  called  integrals  of 
the  third  kind.  As  in  the  case  of  integrals  of  the  first  kind  and  the  second 
kind,  we  take  the  subject  of  integration  to  be  as  general  as  possible  so  that  it 
contains  arbitrary  coefficients ;  and  we  assign  suitable  relations  among  the 
coefficients  to  prevent  any  of  the  points,  given  as  zeros  of  dffdw,  from  becoming 
infinities  of  the  integral.  It  follows  that  the  only  infinities  of  the  integral 
are  accidental  singularities  of  coefficients  of  powers  of  w  in  the  numerator 
of  the  general  expression  for  wf ',  and  that,  when  w'  is  expanded  for  points  in 
the  immediate  vicinity  of  such  an  expression,  the  term  with  index  —  1  must 
occur. 

To  find  the  general  value  of  an  integral  of  the  third  kind,  we  should 
first  exclude  from  the  Riemann's  surface  all  the  infinite  points,  say 

by  small  curves ;  the  surface  would  then  have  to  be  resolved  into  one  that 
is  simply  connected.  The  cross-cuts  for  this  purpose  would  consist  of  the 
set  of  2p  cross-cuts,  necessary  to  resolve  the  surface  for  an  integral  of  the 
first  kind,  and  of  the  additional  cross-cuts,  ^  in  number  and  drawn  from  the 
boundary  (taken  at  some  ordinary  point  of  the  integral)  to  the  small  curves 
that  surround  the  infinities  of  the  function. 

The  moduli  for  the  former  set  may  be  denoted  by 
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they  are  zero  for  the  cuts  c.  Taking  the  integral  from  one  edge  to  the  other 
of  any  one  of  the  remaining  cross-cuts  llt  12,  ...,  lq,  (where  lq  is  the  cross-cut 
drawn  from  the  curve  surrounding  lq  to  the  boundary),  its  value  is  given  by 
the  value  of  the  integral  round  the  small  curve  and  therefore  it  is  27ri\q> 
where  the  expansion  of  the  subject  of  integration  in  the  immediate  vicinity 
of  z  =  lq  is 


Then,  if  II  be  any  value  of  the  integral  of  the  third  kind  at  a  point  on  the 
unresolved  Riemann's  surface,  all  its  values  at  the  point  are  included  in  the 
form 


2J9  >    V. 

11+  2  wrroy  +  27n'  2  nq\q, 

r=l  (7=1 


where,  the  coefficients  7^,  .  ..,  w3p,  n1}  .  ..,  n^  are  integers. 

210.     It  can  be  proved  that  the  quantities  \q  are  subject  to  the  relation 


Let  the  surface  be  resolved  by  the  complete  system  of  2p  +  ^  cross-cuts  :  the 
resolved  surface  is  simply  connected  and  has  only  a  single  boundary.  The 
subject  of  integration,  w',  is  uniform  and  continuous  over  this  resolved  surface  : 
it  has  no  infinities  in  the  surface,  for  its  infinities  have  been  excluded  ;  hence 

fw'dz  —  0, 

when  the  integral  is  taken  round  the  complete  boundary  of  the  resolved 
surface. 

This  boundary  consists  of  the  double  edges  of  the  cross-cuts  a,  b,  c,  L, 
and  the  small  curves  round  the  /j,  points  I  ;  the  two  edges  of  the  same  cross- 
cut being  described  in  opposite  directions  in  every  instance. 

Since  the  integral  is  zero  and  the  function  is  finite  everywhere  along  the 
boundary,  the  parts  contributed  by  the  portions  of  the  boundary  may  be  con- 
sidered separately. 

First,  for  any  cross-cut,  say  aq:  let  0  be  the  point  where  it  is  crossed  by  bq, 
and  let  the  positive  direction  of  description  of  the  whole  boundary  be  indicated 
by  the  arrows  (fig.  82,  §  230).  Then,  for  the  portion  Ca...E,  the  part  of  the 

rE 

integral  is  I     w'dz,  or,  if  Ca...E  be  the  negative  edge  (as  in  §  196),  the  part 

J  c 
of  the  integral  may  be  denoted  by 


sum  oi  tne  two  is 


=  I    (w'  —  w')  dz, 
J  c 


which  evidently  vanishes*.  Hence  the  part  contributed  to  jw'dz  by  the  two- 
edges  of  the  cross-cut  aq  is  zero. 

Similarly  for  each  of  the  other  cross-cuts  a,  and  for  each  of  the  cross-cuts 
b,  c,  L. 

The  part  contributed  to  the  integral  taken  along  the  small  curve  enclosing 
lq  is  27rtX5,  for  q=  1,  2,  ...,  //,:  hence  the  sum  of  the  parts  contributed  to  the 

integral  by  all  these  small  curves  is 

^ 

27TI    2    \q. 
•7=1 

All  the  other  parts  vanish,  and  the  integral  itself  vanishes  ;  hence 

27rt    £    \5  =  0, 
'/=! 

establishing  the  result  enunciated. 

COROLLARY.  An  integral  of  the  third  kind,  that  is,  having  logarithmic 
infinities  on  a  Riemann's  surface,  must  have  at  least  two  logarithmic  infinities. 

If  it  had  only  one  logarithmic  infinity,  the  result  just  proved  would 
require  that  Xj  should  vanish,  and  the  infinity  would  then  be  purely 
algebraic. 

211.  The  simplest  instance  is  that  in  which  there  are  only  two- 
logarithmic  infinities;  their  constants  are  connected  by  the  equation 

\  +  X2  =  0. 

If,  in  addition,  .the  infinities  be  purely  logarithmic,  so  that  there  are  no 
algebraically  infinite  terms  in  the  expansion  of  the  integral  in  the  vicinity 
of  either  of  the  points,  the  integral  is  then  called  an  elementary  integral 
of  the  third  kind.  If  two  points  d  and  C2  on  the  surface  be  the  two  infini- 
ties, and  if  they  be  denoted  by  assigning  the  values  ca  and  c2  to  z  ;  and  if 
\!  =  1  =  —  X2  (as  may  be  assumed,  for  the  assumption  only  implies  division 
of  the  integral  by  a  constant  factor),  the  expansion  of  the  subject  of  inte- 
gration for  points  in  the  vicinity  of  ca  is 


*  It  vanishes  from  two  independent  causes,  first  through  the  factor  w'  -  iv',  and  secondly 
because  ZE=ZC,  tlae  breadth  of  any  cross-cut  being  infinitesimal. 
The  same  result  holds  for  each  of  the  cross-cuts  a.  and  b. 
For  each  of  the  cross-cuts  c  and  L,  the  sum  of  the  parts  contributed  by  opposite  edges 


Ex.  1.  Prove  that,  if  II12,  n23,  n31  be  three  elementary  integrals  of  the  third  kind 
ing  c1}  c2;  c2,  c3;  c3,  ol  for  their  respective  pairs  of  points  of  logarithmic  discontinuity, 
i  n1jJ4-n2;j  +  n31  is  either  an  integral  of  the  first  kind  or  a  constant. 

Dlebsch  and  Gordan  pass  from  this  result  to  a  limit  in  which  the  points  cx  and  c^ 
cide  and  obtain  an  expression  for  an.  elementary  integral  of  the  second  kind  in  the 
i  of  the  derivative  of  n13  with  regard  to  c\  .  Klein,  following  Riemann,  passes  from  an 
lentary  integral  of  the  second  kind  to  an  elementary  integral  of  the  third  kind  by 
grating  the  former  with  regard  to  its  parametric  point*. 

Ex.  2.  Reverting  again  to  the  integrals  connected  with  the  algebraical  equation 
,  z)  =  0,  when  it  can  be  interpreted  as  the  equation  of  a  generalised  curve,  an  integral 
ho  third  kind  arises  when  the  subject  of  integration  is 

,      V(w,  z) 

if/  —  '        \    J     '  _ 

,  v9f 

(z  -  c]  ~ 

'  CIO 

ire  V(w,  z)  is  of  degree  n  —  2  in  w.  If  V(w,  z)  be  of  degree  in  2  not  higher  than  n-  2, 
integral  of  w'  is  not  infinite  for  infinite  values  of  z  ;  so  that  V(w,  z]  is  a  general  integral 
jtion  of  w  of  degree  n  —  2. 

Corresponding  to  the  arithmetical  value  c  of  z,  there  are  n  points  on  the  surface,  say 
&t),  (cjj,  &2),  •••  >  (Gni  kn)  >  and  the  expansion  of  w'  in  the  vicinity  of  (c,.,  Jcr]  is 

V(&r, 


coefficients  of  the  infinite  terms  being  subject  to  the  relation 

|   V(kr<  cr] 

r=l          9£  ' 

d/cr 

inse  V(w,  z)  is  only  of  degree  n-2  in  w.  The  integral  of  w'  will  have  a  logarithmic 
nity  at  each  point,  unless  the  corresponding  coefficient  vanish. 

Not  more  than  n  -  2  of  these  coefficients  can  be  made  to  vanish,  unless  they  all  vanish  ; 
then  the  integral  has  no  logarithmic  infinity.     Let  %-2  relations,  say 

V(kr,or)  =  0, 

r=3,  4,  ...,  n,  be  chosen;  and  let  the  §  +  <  relations  be  satisfied  which  secure  that  the 
;gral  is  finite  at  the  singularities  of  the  curve  f(w,  z)=0.  Then  the  integral  is  an 
nentary  integral  of  the  third  kind,  having  (cl5  k^  and  (ca,  k2)  for  its  points  of 
irithmic  discontinuity. 

Ex.  3.  Prove  that  there  are  p  +  l  linearly  independent  elementary  integrals  of  the 
:d  kind,  having  the  same  logarithmic  infinities  on  the  surface. 

*  Clebseh  und  Gordan,  (I.e.,  p.  408,  note),  pp.  28  —  33;  Klein-Fricke,  Vorlesungen  ilber  die 
\orie  der  elliptischen  Hodulfunctionen,  i.  i,  pp.  518  —  522  ;  Biemann,  p.  100. 
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that  an  integral  of  the  second  kind,  of  the  class  considered  in  Ex.  2,  §  207,  is  given  by 


and  that  an  elementary  integral  of  the  third  kind  is  given  by 

1  — 10  , 
— g-  dz. 

ZW'' 

Ex.  5.    An  elementary  (Jacobian)  elliptic  integral  of  the  third  kind  occurs  in  Ex.  7, 
p.  435 ;  and  a  (Jacobian)  elliptic  integral  of  the  second  kind  occurs  in  Ex.  8,  p.  436. 

Shew  that  an  elementary  (elliptic)  integral  of  the  second  kind,  associated  with  the 
equation 

and  having  its  infinity  at  (c1;  yj),  is  ; 

'  7i  (w + y\)  +  (Gci2  -  W(g-ci)  ,  . 


(z  -  GiY  W  ' 

and  that  an  elementary  (elliptic)  integral  of  the  third  kind,  associated  with  the  same 
equation  and  having  its  two  infinities  at  (c1}  yi),  (c2,  y2),  is 


2  —  Cj          S  —  Ozw 

Ex.  6.     Construct  an  elementary  integral  of  the  second  kind,  which  is  infinite  of  the 
first  order  at  2=0,  20  =  !,  the  equation  between  w  and  z  being 

wG  +  (2-l)(32  +  l)2  =  0. 

(Math.  Trip.,  Part  II,  1897.) 

A  sufficient  number  of  particular  examples,  and  also  of  examples  with 
a  limited  generality,  have  been  adduced  to  indicate  some  of  the  properties 
of  functions  arising,  in  the  first  instance,  as  integrals  of  multiform  functions 
of  a  variable  z  (or  as  integrals  of  uniform  functions  of  position  on  a 
Riemann's  surface).  The  succeeding  investigation  establishes,  from  the  most 
general  point  of  view,  the  existence  of  such  functions  on  a  Riernann's 
surface :  they  will  no  longer  be  regarded  as  defined  solely  by  integrals  of 
multiform  functions. 


CHAPTER  XVII. 

SCHWARZ'S  PROOF  OF  THE  EXISTENCE-THEOREM. 

212.  THE  investigations  in  the.  preceding  chapter  were  based  on 
the  supposition  that  a  fundamental  equation  was  given,  the  appropriate 
Riemann's  surface  being  associated  with  it.  The  general  expression  of 
uniform  functions  of  position  on  the  surface  was  constructed,  and  the 
integrals  of  such  functions  were  considered.  These  integrals  in  general 
were  multiform  on  the  surface,  the  deviation  from  uniformity  consisting 
in  the  property  that  the  difference  between  any  two  of  the  infinite  number  of 
values  could  be  expressed  as  a  linear  combination  of  integral  multiples  of 
certain  constants  associated  with  the  function.  Infinities  of  the  functions 
defined  by  the  integrals,  and  the  classification  of  the  functions  according  to 
their  infinities,  were  also  considered. 

But  all  these  investigations  were  made  either  in  connection  with 
very  particular  forms  of  the  fundamental  equation,  or  with  a  form  of  not 
unlimited  generality:  and,  for  the  latter  case,  assumptions  were  made, 
justified  by  the  analysis  so  far  as  it  was  carried,  but  not  established 
generally. 

In  order  to  render  the  consideration  of  the  propositions  complete,  it  must 
be  made  without  any  limitations  upon  the  general  form  of  fundamental 
equation. 

Moreover,  the  second  question  of  §  192,  viz.,  the  existence  of  functions 
(both  uniform  and  multiform)  of  position  on  a  surface  given  independently  of 
any  algebraical  equation,  is  as  yet  unconsidered. 

The  two  questions,  in  their  generality,  can  be  treated  together.  In  the 
former  case,  with  the  fundamental  equation  there  is  associated  a  Riemann's 
surface,  the  branching  of  which  is  determined  by  that  fundamental  equation ; 


456  INITIAL  SIMPLIFICATION  [212. 

given*.  We  shall  take  the  surface  as  having  one  boundary  and  being  other- 
wise closed ;  the  connectivity  is  therefore  an  uneven  integer,  and  it  will  be 
denoted  by  2p  +  1. 

213.  The  problem  can  be  limited  initially,  so  as  to  prevent  unnecessary 
complications.  All  the  functions  to  be  discussed,  whether  they  be  algebraic 
functions  or  integrals  of  algebraic  functions,  can  be  expressed  in  the  form. 
u  +  iv,  where  u  and  v  are  two  real  functions  of  two  independent  real  variables 
x  and  y.  It  has  already  (§  10)  been  proved  that  both  u  and  v  satisfy  the 
equation 

V*  =  ??  +  ?*  =  <) 

W  +  df        ' 

and  that,  if  either  u  or  v  be  known,  the  other  can  be  derived  by  a  quadra- 
ture at  most,  and  is  determinate  save  as  to  an  additive  arbitrary  constant. 
Since  therefore  w  is  determined  by  u,  save  as  to  an  additive  constant,  we 
shall,  in  the  first  place,  consider  the  properties  of  the  real  function  u  only. 

The  result  is  valid  so  long  as  v  can  be  determined,  that  is,  so  long  as  the 
function  u  has  differential  coefficients.  It  will  appear,  in  the  course  of  the 
present  chapter,  that  no  conditions  are  attached  to  the  derivatives  of  u  along 
the  boundary  of  an  area,  so  that  the  determination  of  v  along  such  a  boundary 
seems  open  to  question. 

It  has  been  (§  36)  proved,  in  a  theorem  due  to  Schwarz,  that,  if  w  a 
function  of  z  be  denned  for  a  half-plane  and  if  it  have  real  finite  continuous 
values  along  any  portion  of  the  axis  of  x,  it  can  be  symmetrically  continued 
across  that  portion  of  the  axis.  The  continuation  is  therefore  possible  for  the 
real  part  u  of  the  function  w,  and  the  values  of  u  are  the  real  finite  continuous 
values. of  w  along  that  portion  of  the  axis. 

It  will  be  seen,  in  Chapters  XIX.,  XX.  that,  by  changing  the  independent 
variables,  the  axis  of  x  can  be  changed  into  a  circle  or  other  analytical  line 
(§  221) ;  so  that  a  function  u,  defined  for  an  interior  and  having  real  finite 
continuous  values  along  any  portion  of  the  boundary,  can  be  continued  across 
that  portion  of  the  boundary,  which  is  therefore  not  the  limit  of  existencef 

*  The  surface  is  supposed  given ;  we  are  not  concerned  with  the  quite  distinct  question  as 
to  how  far  a  Eiemanu's  surface  is  determinate  by  the  assignment  of  its  number  of  sheets,  its 
branch-points  (and  consequently  of  its  connectivity),  and  of  its  branch -lines.  This  question  is 
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assigned,  the  number  of  functions  u  that  are  determined  is  double  the  number 
of  functions  w  that  are  determined ;  the  complete  set  of  functions  u  lead  to 
all  the  parts  u  and  v  of  the  functions  w  (§  234,  note). 

214.  The  infinities  of  u  at  any  point  are  given  by  the  real  parts  of  the 
terms  which  indicate  the  infinities  of  w.  Conversely,  when  the  infinities  of  u 
are  assigned  in  functional  form,  those  of  w  can  be  deduced,  the  form  of  the 
associated  infinities  of  v  first  being  constructed  by  quadratures. 

The  periods  of  w,  being  the  moduli  at  the  cross-cuts,  lead  to  real  constants 
as  differences  of  u  at  opposite  edges  of  cross-cuts,  or,  if  we  choose,  as  constant 
differences  of  values  of  u  at  points  on  definite  curves,  conveniently  taken  for 
reference  as  lines  of  possible  cross-cuts.  Conversely,  a  real  constant  modulus 
for  u  is  the  real  partf  of  the  corresponding  modulus  of  w. 

Hence  a  function,  w,  of  position  on  a  Riemann's  surface  is,  except  as  to  an 
additive  constant,  determined  by  a  real  function  u  of  x  and  y  (where  x  +  iy  is 
the  independent  variable  for  the  surface),  if  u  be  subject  to  the  conditions  : — 

(i)  it  satisfies  the  equation  V"u  =  Q  at- all  points  on  the  surface  where 
its  derivatives  are  not  infinite  : 

(ii)  if  it  be  multiform,  its  values  at  any  point  on  the  surface  differ  by 
linear  combinations  of  integral  multiples  of  real  constants : 
otherwise,  it  is  uniform : 

(iii)     it  may  have  specified  infinities,  of  given  form  in  the  vicinity  of 
assigned  points  on  the  surface. 

In  addition  to  these  general  conditions  imposed  upon  the  function  u,  it  is 
convenient  to  admit  as  a  further  possible  condition,  for  portions  of  the  surface, 
that  the  function  u  shall  assume,  along  a  closed  curve,  values  which  are 
always  finite.  But  it  must  be  understood  that  this  condition  is  used  only  for 
subsidiary  purposes :  it  will  be  seen  that  it  causes  no  limitation  on  the  final 
result,  all  that  is  essential  in  its  limitations  being  merged  in  the  three 
principal  conditions. 

The  questions  for  discussion  are  therefore  (i),  the  existence  of  functions^ 
satisfying  the  above  conditions  in  connection  with  a  given  Riemann's 

*  See  Phragmeu,  Acta  Math.,  t.  xiv,  (1890),  pp.  22o — 227,  for  some  remarks  upon  this 
question. 

t  The  imaginary  parts  of  the  moduli  of  w  are  determinate  with  the  imaginary  part  of  w : 
see  remark  at  end  of  §  218,  and  the  further  reference  there  given, 

J  The  functions  u  (and  also  v)  are  of  great  importance  in  mathematical  physics  for  two- 
dimensional  phenomena  in  branches  such  as  gravitational  attraction,  electricity,  hydrodynamics, 
and  heat.  lu  all  of  them,  the  fn notion  renresents  a.  nnteutin.1  •  and.  consemientlv.  in  the  seneral 
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their  determination  by  the  assigned  conditions. 

215.  There  are  many  methods  for  the  discussion  of  these  questions.  The 
potential  function,  both  for  two  and  for  three  dimensions  in  space,  first  arose 
in  investigations  connected  with  mathematical  physics :  and,  so  far  as  concerns 
such  subjects,  its  theory  was  developed  by  Green,  Gauss,  Poisson,  Stokes,  Lord 
Kelvin,  Maxwell  and  others.  Their  investigations  have  reference  to  appli- 
cations to  mathematical  physics ;  and  they  do  not  tend  towards  the  solution  of 
bhe  questions  just  propounded  in  relation  to  the  general  theory  of  functions. 

Klein  uses  considerations  drawn  from  mathematical  and  experimental 
physics  to  establish  the  existence  of  potential  functions  under  the  assigned 
conditions.  The  proof  that  will  be  adopted  brings  the  stages  of  the  investi- 
gation into  closer  relations  with  the  preceding  and  the  succeeding  parts  of 
the  subject  than  is  possible  if  Klein's  method  be  followed*. 

To  establish  the  existence  of  the  functions  under  the  assigned  conditions, 
Riemannt  uses  the  so-called  Dirichlet's  Principle | ;  but  as  Riemann's  proof 
of  the  principle  is  inadequate,  his  proof  of  the  existence-theorem  cannot  be 
considered  complete. 

There  are  two  other  principal,  and  independent,  methods  of  importance, 
each  of  which  effectively  establishes  the  existence  of  the  functions,  due  to 
Neumann  and  to  Schwarz  respectively;  each  of  them  avowedly  dispenses§ 
with  the  use  of  Dirichlet's  Principle. 

The  courses  of  the  methods  have  considerable  similarly.  Both  begin 
with  the  construction  of  the  function  for  a  circular  area.  Neumann  uses 
what  is  commonly  called  the  method  of  the  arithmetic  mean,  for  gradual 
approximation  to  the  value  of  the  potential  function  for  a  region  bounded 
by  a  convex  curve :  Schwarz  uses  the  method  of  conformal  representation, 
to  deduce  from  results  previously  obtained,  the  potential  function  for  regions 
bounded  by  analytical  curves;  and  both  authors  use  certain  methods  for 
combination  of  areas,  for  each  of  which  the  pobential  function  has  been 
constructed||.  * 

*  Klein's  proof  occurs  in  his  tract,  already  quoted,  Ueber  Rieinann's  TJieorie  der  algcbraisclien 
Functionen  und  ihrcr  Inteyrale,  (Leipzig,  Teubner,  1882),  and  it  is  modified  hi  liis  memoir 
"  Nene  Beitrage  zur  Kiemann'schen  Functionentheode,"  Math.  Ann.,  t.  xxi,  (1883),  pp.  141 — 218, 
particularly  pp.  160 — 162. 

t  Ges.  Werke,  pp.  35—39,  pp.  96—98. 

J  Eiemann  enunciates  it,  (I.e.),  pp.  34,  92. 

§  Neumann,  Vorlesumjen  iiber  Eiemann' s  Theorie  der  Abel'schen  Integrate,  (2nd  ed.,  1884), 
p.  238  ;  Schwarz,  Ges.  Werke,  ii,  -p.  171. 


[  Neumann,  and,  of  course;  upon  Riemann's  memoirs. 

Ihe  following  summary  of  the  general  argument  will  serve  to  indicate  the  main  line  of 
proof  of  the  establishment  of  potential  functions  satisfying  assigned  conditions. 

[.    A  potential  function  u  is  uniquely  determined  by  the  conditions  :  that  u,  us  well 

,     ,    .     ,.        du    du    d'2u    d2u  ,    ,  .  ,       ,.  ,,    ,,  ,.         ,.       ..     ,    ,,  ,          .» 

ts  derivatives  -~~ ,  -~~,  =—.j,  fa  (which  satisfy  the  equation  V^«=0),  shall  be  uniform, 

;e  and  continuous,  for  all  points  within  the  area  of  a  circle;  and  that,  along  the 
umference  of  the  circle,  the  function  shall  assume  assigned  values  that  are  always 
;e,  uniform  and,  except  at  a  limited  number  of  isolated  points  where  there  is  a  sudden 
;te)  change  of  value,  continuous.  (§§  216 — 220.) 

II.  By  using  the  principle  of  conform al  representation,  areas  bounded  by  curves  other 
i  circles — say  by  analytical  curves — are  obtained,  over  which  the  potential  function  is 
juely  determined  by  general  conditions  within  the  area  and  assigned  values  along  its 
nclary.     (§  221.) 

III.  The  method  of  combination  of  areas,  dependent  upon  an  alternating  process, 
Is  to  the  result  that  a  function   exists  for  a  given  region,  satisfying  the  general 
iitions  in  that  region  and  acquiring  assigned  finite  values  along  the  boundary  when 
region  can  be  obtained  by  combinations  of  areas  that  can  be  conformally  represented 
n  the  area  of  a  circle.     (§  222.) 

IV.  The  theorem  is  still  valid  when  the  region  (supposed  simply  connected)  contains 
•anch-point ;  the  winding-surface  is  transformed  by  a  relation 

s-c=RZm 

i  a  single-sheeted  surface,  for  which  the  theorem  has  already  been  established. 

When  the  surface  is  multiply  connected,  we  resolve  it  by  cross-cuts  into  one  that  is 
ply  connected,  before  discussing  the  function.  (§  223.) 

cr  das  loguritlimischc  und  Newton'sche  Potential  (Leipzig,  Teubner,  1877)  and  in  his  treatise 
ted  iu  the  preceding  note.  In  this  connection,  as  well  as  in  relation  to  Schwarz's  investi- 
ons,  and  also  in  view  of  some  independence  of  treatment,  Harnack's  treatise,  Die  Grundlagcn 
Thcorie  dcs  logaritlimisclien  Potentiates  und  dc.r  eindeutiycn  Potential/unction  in  der  Ebene 
pzig,  Teubner,  1887),  and  a  memoir  by  Harnack,  Math.  Ann.,  t.  xxxv,  (1890),  pp.  19 — 40, 
•  be  consulted. 

\.  modification  of  Neumann's  proof,  due  to  Klein,  is  given  in  the  first  volume  (pp.  508 — 522) 
le  treatise  cited  on  p.  453,  note. 

Schwarz's  investigations  are  contained  in  various  memoirs  occurring  in  the  second  volume 
ds  Gesammdte  Werke,  pp.  108—132,  133—143,  144 — 171,  175 — 210,  303 — 306:  their  various 
SB  and  places  of  publication  are  there  stated.  A  simple  and  interesting  general  statement 
he  gist  of  his  results  will  be  found  in  a  critical  notice  of  the  two  volumes  of  his  collected 
ks,  written  by  Henrici  in  Nature-  (Feb.  5,  12,  1891,  pp.  321—323,  349—352).  There  is  a 
prehensive  memoir  by  Ascoli,  based  upon  Schwarz's  method,  "Integration  der  Differential- 
jhung  V2u=0  in  einer  beliebigen  Riemann'schen  Flache,"  (Bih.  t.  kongl.  Svenska  Vet.  Akad. 
idl.,  bd.  xiii,  1887,  Afd.  1,  n.  2  ;  83  pp.) ;  a  thesis  by  Jules  Kiemaun,  Sur  le  prcilileine  de 
Ichlct,  (These,  Gauthier-Villars,  Paris,  1888),  discusses  a  number  of  Schwarz's  theorems 
however,  Schwarz,  Ges.  Werke,  t.  ii,  pp.  356 — 358) ;  and  an  independent  memoir  by  Prym, 


(§§  224—227.) 

VI.     Functions  exist,  satisfying  the  conditions  in  (V.)  except  that  they  may  have  at 
isolated  points  on  the  surface,  infinities  of  an  assigned  form.     (§  229.) 

216.  We  shall,  in  the  first  place,  discuss  potential  functions  that  have 
no  infinities,  either  algebraic  or  logarithmic,  over  some  continuous  area  on 
the  surface  limited  by  a  simple  closed  boundary,  or  by  a  number  of  non-inter- 
secting simple  closed  curves  constituting  the  boundary ;  for  the  present,  the 
area  thus  enclosed  will  be  supposed  to  lie  in  one  and  the  same  sheet,  so  that 
we  may  regard  the  area  as  lying  in  a  simple  plane. 

At  all  points  within  the  area  and  on  its  boundary,  the  function  u  is  finite 
and  will  be  supposed  uniform  and  continuous ;  for  all  points  within  the  area 
(but  not  necessarily  for  points  on  the  boundary),  the  derivatives 

du     du     d"u     dzu 
dx'    dy'    d^'    dy2 

are  uniform,  finite  and  continuous  and  they  satisfy  the  equation  V2it  =  0. 
These  may  be  called  the  general  conditions. 

Two  cases  occur  according  as  the  character  of  the  derivatives  at  points  in 
the  area  is  or  is  not  assigned  for  points  on  the  boundary ;  if  the  character  be 
assigned,  there  will  then  be  what  may  be  called  boundary  conditions.  The 
two  cases  therefore  are  : — 

(A}  When  a  function  u  is  required  to  satisfy  the  general  conditions, 
and  its  derivatives  are  required  to  satisfy  the  boundary  con- 
ditions : 

(JB)  When  the  only  requirement  is  that  the  function  shall  satisfy  the 
general  conditions. 

Before  proceeding  to  the  establishment  of  what  is  the  fundamental 
proposition  in  Schwarz's  method,  it  is  convenient  to  prove  three  lemmas 
and  to  deduce  some  inferences  that  will  be  useful. 

LEMMA  I.  If '  tiuo  functions  ur  and  uz  satisfy  the  general  conditions  for  two 
regions  Tl  and  Ts  respectively,  which  have  a  common  portion  T  that  is  more 
than  a  point  or  a  line,  and  if  Ui  and  u2  be  the  same  for  the  common  portion  T, 
or  if  they  be  the  same  for  any  part  of  T  that  is  more  than  a  point  or  a  line, 
then  they  define  a  single  function  for  the  whole  region  composed  of  T^  and  Tz. 

This  proposition  can  be  made  to  depend  upon  the  continuation  of 
analytic  functions*,  whether  in  a  plane  (§  34)  or,'  in  view  of  a  subsequent 
transformation  (§  223),  on  a  Riemann's  surface. 

Afl.l    fn n rvhi nn    i/..    rlpfinps:    a   •fnnpf.irm    <j/i_    n-F   f.lio    nrvTYirVlov    i7fivial-»la    a,   fnr 
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elements  in  continuation.  Hence  the  value  of  w±  and  its  derivatives  at  any 
point  within  T  defines  a  function  existing  over  the  whole  of  2\. 

Similarly  the  real  function  u.2  defines  a  function  w2  within  Tz,  and  this 
function  is  uniquely  determined  over  the  whole  of  T2  by  its  value  and  the 
values  of  its  derivatives  at  any  point  within  T. 

Now  the  values  of  wa  and  u2  are  the  same  at  all  points  in  T,  and  therefore 
the  values  of  w}  and  w2  are  the  same  at  all  points  in  T,  except  possibly  for  an 
additive  (imaginary)  constant,  say  ia,  so  that 

w-i  =w2  +  id. 

Hence  for  all  points  in  T,  (supposed  not  to  be  a  point,  so  that  we  may  have 
derivatives  in  every  direction  (§  8):  and  not  to  be  a  line,  so  that  we  may 
have  derivatives  in  all  directions  from  a  point  on  the  line),  the  derivatives 
of  MI  agree  with  those  of  w2;  and  therefore  the  quantities  necessary  to  define 
the  continuation  of  w^  from  T  over  2\  agree  with  the  quantities  necessary  to 
define  the  continuation  of  m,  from  T  over  T2)  except  only  that  w:  and  w2 
differ  by  an  imaginary  constant.  Hence,  having  regard  to  the  form  of  the 
elements,  Wi  and  w2  can  be  continued  over  the  region  composed  of  TI  and  Tz,, 
and  their  values  differ  (possibly)  by  the  imaginary  constant.  When  we  take 
the  real  parts  of  the  functions,  we  have  u^  and  uz  defining  a  single  function 
existing  over  the  whole  region  occupied  by  the  combination  of  Tl  and  Tz. 

The  other  two  lemmas  relate  to  integrals  connected  with  potential 
functions. 

LEMMA  II.  Let  u  be  a  function  required  to  satisfy  the  general  conditions? 
and  let  its  derivatives  be  required  to  satisfy  the  boundary  conditions,  for  an 
area  8  bounded  by  simple  non-intersecting  curves:  then 

tin  ,       ,.     • 
^-  ds  =  0  : 
on 

where  the  integral  is  extended  round  the  whole  boundary  in  the  direction  that  is 
positive  with  regard  to  the  bounded  area  S;  and  dn  is  an  element  of  the  normal 
to  a  boundary-line  draiun  towards  the  interior  of  the  space  enclosed  by  that 
boundary -line  regarded  merely  as  a  simple  closed  curve'*. 

Let  P  and  Q  be  any  two  functions,  which,  as  well  as  their  first  and  second 
derivatives  with  regard  to  x  and  to  y,  are  uniform,  finite  and  continuous  for 

*  The  element  dn  of  the  normal  is,  by  this  definition,  measured  inwards  to,  or  outwards 
from,  the  area  S  according  as  the  particular  boundary-line  is  described  in  the  positive,  or  in  the 


where  V2  denotes  — -  +  5-5 ,  the  double  integrals  extend  over  the  area  of  S,  and 

use      oy 

the  single  integral  is  taken  round  the  whole  boundary  of  S  in  the  direction 
that  is  positive  for  the  bounded  area  S. 

Let  ds  be  an  element  PT  of  arc  of  the  boundary  at  a  point  (x,  y},  and  dn 
be  an  element  TQ  of  the  normal  at  T  drawn  to  the 
interior  of  the  space  included  by  the  boundary- 
line  regarded  as  a  simple  closed  curve ;  and  let  ty 
be  the  inclination  of  the  tangent  at  T.     Then  in 

(i)  as  TO  is  drawn  to  the  interior  of  the  area  in-        ^  P 

•  •  Fig    78 

eluded  by  the  'curve,  the  direction  of  integration  b'     ' 

being  indicated  by  the  arrow  (so  that  S  lies  within  the  curve),  we  have 

dx  =  ds  cos  ^  —  dn  sin  ty,     dy  =  ds  sin  ^  4-  dn  cos  ty ; 
and  therefore  it  follows  that,  for  any  function  R, 

dR         dR   .     ,      dR 

v—  =  —  -^-  Sill  -ur  +  —  COS  vr. 

on          ox  oy 

Now  for  variations  along  the  boundary  we  have  dn  =  0,  so  that 

;r CIS  ==  ~x     Q/y        ;r CLX. 

dn  dx   J      dy 

And  in  (ii),  as  TQ  is  drawn  to  the  interior  of  the  area  included  by  the  curve, 
the  direction  of  integration  being  indicated  by  the  arrow  (so  that  S  lies 
without  the  curve),  we  have 

dx  =  (—  ds)  cos  -\IT  •+•  dn  sin  -vjr,     dy  —  (—  ds)  sin  ^  —  dn  cos  i/r, 

dR      dR   .     .      dR 

and  therefore  ^-  =  -^—  sin  -ur  —  ^—  cos  y1, 

dn       dx  oy         T 

so  that,  as  before,  for  variations  along  the  boundary, 

OJAJ  -,       dR  7       dR  7 

^_.  /V  c>  .^^ riit  ~—  -/V^y 

^.  U/O     — -      «  LV  (/  «  tVIA/. 

d?i  da;  dy 

Hence,  with  the  conventions  as  to  the  measurement  of  dn  and  ds,  we  have 
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both  integrals  being  taken  round  the  whole  boundary  of  S  in  a  direction  that 
is  positive  as  regards  S.    Therefore 


-  -  1  «  s  *  -  JJ  li  i  +  i  iJ  *>*»• 

and  therefore       f  f  (PV*Q  -  QV2P)  ^  dy  =  [f  Q  |~  -  P 

J  .'  J  \         U'fl 


where  the  double  integral  extends  over  the  whole  of  S,  and  the  single 
integral  is  taken  round  the  whole  boundary  of  S  in  the  direction  that  is 
positive  for  the  bounded  area  & 

Now  let  u  be  a  potential  function  denned  as  in  the  lemma;  then  u 
satisfies  all  the  conditions  imposed  on  P,  as  well  as  the  condition  V2u  =  0 
throughout  the  area  and  on  the  boundary.  Let  Q  =  l;  so  that  V-Q  =  0, 

r)O 

—•  =  0.  Each  element  of  the  left-hand  side  is  zero,  and  there  is  no  dis- 
dn 

continuity  in  the  values  of  P  and  Q;  the  double  integral  therefore  vanishes, 
and  we  have 


[du  , 
U-  ew  =  0, 

J  dn 

the  result  which  was  to  be  proved. 


Ex.  1.  Let  u  be  a  potential  function  as  in  the  lemina:  and  let  the  area  S  be  the 
interior  of  a  circle  of  radius  R.  Let  two  concentric  circles  of  radii  r^  and  r2  be  drawn 
such  that  R  ^  r\  >  r%  J>  0 :  then 

'2rr  .  Civ 

=  I      u  (?-2,  (b)  d<h. 
o      -  --  •  •    •     _/0 

a  result  due  to  Schwarz. 

Take  any  concentric  circle  of  radius  r  such  that  R>r>0;  and  consider  the  space 
between  this  circle  and  S.  The  function  u  satisfies  the  general  conditions  over  this  space, 
and  its  derivatives  satisfy  the  boundary  conditions  for  the  whole  contour ;  hence 

3w  ,       f du  ,  _ 
5—  us  ~r  I  5    ds  —  U, 
j  on         J  on 

where  the  first  integral  is  taken  in  the  counterclockwise  direction  round  S,  and  the  second 
clockwise  round  the  circle  of  radius  r.  On  account  of  the  character  of  u  over  the  whole 
of  S,  and  the  character  of  its  derivatives  along  the  circumference  of  S,  we  have 

[  du  , 
^-ds=Q; 

J  gdn 

and  therefore 

du  ,      _ 

dn  ' 


taken  round  the  circle  of  radius  r.     But  s.—  =  5—  along  this  circumference,  and  ds=rdd>  ; 

8?i      or 

hence,  dropping  the  factor  r,  we  have 


conuiuions,   une  yqutiuiujia   m  .uemma  JLJ.  may   nuu   ue 

the  following  proposition. 

LEMMA  III.  Let  u  be  a  function,  which  is  only  required  to  satisfy  the 
general  conditions  for  an  area  S;  and  let  u'  be  any  other  function,  which 
is  required  to  satisfy  the  general  conditions  for  that  area  and  may  or  may 
not  be  required  to  satisfy  the  boundary  conditions.  Let  A  be  an  area  entirely 
enclosed  in  S  and  such  that  no  point  of  its  whole  boundary  lies  on  any  part  of 
the  whole  boundary  of  S  ;  then 


,         , 

u  ~  --  u  ;=—  •  }  as  =  0. 
on         on) 

where  the  integral  is  taken  round  the  whole  boundary  of  A  in  a  direction 
which  is  positive  with  regard  to  the  bounded  area  A,  and  the  element  dn  of 
the  normal  to  a  boundary-line  is  drawn  towards  the  interior  of  the  space 
enclosed  by  that  boundary  -line,  regarded  merely  as  a  simple  closed  curve. 

The  area  A  is  one  over  which  the  functions  u  and  u'  satisfy  the  general 
conditions.  The  derivatives  of  these  functions  satisfy  the  boundary  conditions 
for  A,  because  they  are  uniform,  finite  and  continuous  for  all  points  inside  S, 
and  the  boundary  of  A  is  limited  to  lie  entirely  within  S.  Hence 


[I    du'       ,du\  -, 
--    (u  =-  -  -  u  =-  )ds. 
J  \    on          dnj 


the  integrals  respectively  referring  to  the  area  of  A  and  its  boundary  in  a 
direction  positive  as  regards  A.  But,  for  every  point  of  the  area,  V2it  =  0, 
W=0;  and  u  and  u'  are  finite.  Hence  the  double  integral  vanishes,  and 
therefore 

Kdu'       ,  du\  j 
u  -= u  =-  }ds  =  0, 
dn         dn/ 

taken  round  the  whole  boundary  of  A  in  the  positive  direction. 

One  of  the  most  effective  modes  of  choosing  a  region  A  of  the  above 
character  is  as  follows.  Let  a  simple  curve  GI  be  drawn  lying  entirely  within 
the  area  S,  so  that  it  does  not  meet  the  boundary  of  8;  and  let  another 
simple  curve  Oz  be  drawn  lying  entirely  within  Gl}  so  that  it  does  not  meet 
GI,  and  that  the  space  between  d  and  Cr2  lies  in  S.  This  space  is  an  area  of 
the  character  of  A,  and  it  is  such  that  for  all  internal  points,  as  well  as  for 
all  points  on  the  whole  of  its  boundary  (which  is  constituted. by  C^  and  (72), 
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the  conditions  of  the  preceding  lemma  apply.  The  curve  Cz  in  the  above 
integration  is  described  positively  relative  to  the  area  which  it  includes :  the 
curve  G!  is  described,  as  in  §  2,  negatively  relative  to  the  area  which  it 
includes.  Hence,  for  such  a  space,  the  above  equation  is 

du'       <du\j        I'f    du'       ,du\  ,    __- 
u  •?; u  ~ J  ctiSi      1 1  u  ~        u  _    I  as%  —  U, 
on         dnj  J  \    dn         dnj 

if  the  integrals  be  now  extended  round  the  two  curves  in  a  direction  that  is 
positive  relative  to  the  area*  enclosed  by  each,  and  if  in  each  case  the  normal 
element  dn  be  drawn  from  the  curve  towards  the  interior. 

217.  We  now  proceed  to  prove  that  a  function  u,  required  to  satisfy  the 
general  conditions  for  an  area  included  within  a  circle,  is  uniquely  determined 
by  the  series  of  values  assigned  to  u  along  the  circumference  of  the  circle. 

Let  the  circle  S  be  of  radius  JR  and  centre  the  origin.  Take  an  internal 
point  z^  —  re^1  (so  that  r<  R),  and  its  inverse  ZQ'  =  r'e*i  (such  that  rr'  =  jR2), 
so  that  z^  is  external  to  the  circle.  Then  the  curves  determined  by 


2  ~  2 


\ 

—  T>  A,, 


for  real  values  of  X,  are  circles  which  do  not  meet  one  another.  The  boundary 
of  S  is  determined  by  X  =  1,  and  A,=  0  gives  the  point  ZQ  as  a  limiting  circle  : 
and  the  whole  area  of  S  is  obtained  by  making  the  real  parameter  A, 
change  continuously  from  0  to  1. 

Lemma  III.  may  be  applied.     We  choose,  as  the  ring-space,  the   area 
included  between  the  two  circles  determined  by  \  and  \z>  where 

1  >  Xj  >  A-2  >  0, 

and  the  positive  quantities  1—  X1;  A,2  can  be  made  as  small  as  we  please. 
Then  we  have 

du        ,  du\  7         f/du        , 
u  3--  -  u  5-  )  ctei  =  \(u-^--u 
dn         onj  J  V    on 

where  the  integrals  are  taken  round  the  two  circumferences  in  the  trigono- 
mutrically  positive  direction  (dn  being  in  each  case  a  normal  element  drawn 
towards  the  centre  of  its  own  circle),  and  the  function  u'  satisfies  the  general 
and  the  boundary  conditions  for  the  ring-area  considered.  Moreover,  the 


part  oi  log  I ,  1 ,  that  is,  in  the  present  case, 

/'        i  ^  ~~  Zn     i 

u  =  log -.  \ . 

v  .*.  *y 

*  —  *o 

(7"         "\ 
-p  \!  }  ,  SO 
it/        / 

that 

I  o  /      /y  o      — -r    O   • 

J      dn     ' 
and  similarly  for  all  points  on  the  inner  circle,  u'  is  equal  to  the  constant 

(T         \ 
•p  A2  ,  so  that 
Jti  J 

I  '  —  d 

J      dn    Sz~ 

Again,  for  a  point  z  on  the  outer  circle,  whose  angular  coordinate  is  ty, 

the  value  of  ^—  for  an  inward  drawn  normal  is  (§  11) 
on 

f  T>0  9N      9\") 

(li,2  —  r*Kif 
~~  \R  (R2  -  r8)  {E2  -  gJJrXi  cos  (^  -  0)  +>  V} ' 

and  because  the  radius  of  that  outer  circle  is  ^R  (R*  —  r-)((R2  ~  r-\i2),  we 
have 

(j  Q     "~~         - Cl'\l/t 

Denoting  by_/'(^i>  Vr)  ^ne  value  °f  u  a^  this  point  -^  on  the  circle  determined 
by  Xj,  we  have 

7?2_r2-\    2 

.     \  JLv  I       /Vl 


-—       !  =  -  15  TT     .5^ ^W^ T~, ~T\~. — ^T" 

dn  J  o  r    E"  -  212?^  cos  (^  -  <£)  +  r-Xf 

Similarly  for  the  inner  circle,  the  normal  element  again  being  drawn  towards 
its  centre,  we  have 

f    du'  f27r  R"  —  rz\£ 

lu^-dsz  =  —  I    f  (X2,  ^)  73;, -  - oTJ^; 7~, ZVT     ^~. 

J     dn  Jo  ^R  —  2^7'Xj  cos  (•v/r  —  0)  +  r-X./ 

Combining  these  results,  we  have 


!  COS  (^  —  ^>)  +  ''""^i2 

7?2_  ^a-\  2 

-•^jr^Ts^t- 


cos        - 
Tn   the  analvsis  whio.h    has  estn.hlishp.d  this  eanation.  X,  and  "X,,,  can  ha,ve   all 


But  the  equation  which  has  been  obtained  involves  only  the  values  of  u 
and  not  the  values  of  its  derivatives.  On  account  of  the  general  conditions 
satisfied  by  u,  the  values  of  u,  represented  by  /(A,  ^),  are  finite  and  continuous 
within  and  on  the  circumference  of  the  circle  :  they  therefore  are  finite  and 
•continuous  for  all  values  of  A,  from  0  to  1,  including  both  X  =  0  and  A  =  l. 
Hence  the  integral 


(since  r  <  R),  is  also  finite  and  continuous  for  all  these  values  of  A,  both  A  =  0 
and  A  =  1  inclusive.  The  preceding  equation  has  been  proved  true,  however 
small  .the  positive  quantities  1  —  A.J  and  \  may  be  taken  ;  we  now  infer  that 
it  is  valid  when  we  take  \  —  1  ;  A2  =  0. 

When  A2  =  0,  the  corresponding  circle  collapses  to  the  point  ZQ  :  the  value 
•of  /(A2)  -v/r)  is  then  the  value  of  u  at  za,  say  u(r,  <£);  and  the  integral 
•connected  Avith  the  second  circle  is  STTU  (r,  qb). 

When  A!  =  1,  the  corresponding  circle  is  the  circle  of  radius  R  ;  the  value 
of  f(\,  ^)  is  then  the  assigned  value  of  u  at  the  point  -fy  on  the  circum- 
ference, say  the  function  /(^).  Substituting  these  values,  we  have 


the  integral  being  taken  positively  round  the  circumference  of  the  circle  S. 

It  therefore  appears  that  the  function  u,  subjected  to  the  general 
•conditions  for  the  area  of  the  circle,  is  uniquely  determined  by  the  values 
assigned  to  it  along  the  circumference  of  the  circle. 

The  general  conditions  for  u  imply  certain  restrictions  on  the  boundary 
values.     These  values  must  be  finite,  continuous  and  uniform  :  and  therefore 
),  as  a  function  of  -fy,  must  be  finite,  continuous,  uniform  and  periodic  in 
of  period  27r. 


218.  It  is  easy  to  verify  that,  when  the  boundary  values  f(^r)  are  not 
otherwise  restricted,  all  the  conditions  attaching  to  u  are  satisfied  by  the 
function  which  the  integral  •  represents.  .  • 

Since  the  real  part  of  (Re^  +  z^KRe^  —  z]  is  the  fraction 


it  follows  that  u  is  the  real  part  of  the  function  F  (z\  defined  by  the  equation 


everywhere  finite  for  such  values  of  z.  Hence  all  its  derivatives  are  uniform,. 
continuous;  analytical  functions,  finite  for  those  values  of  z\  and  these 
properties  are  possessed  by  the  real  and  the  imaginary  parts  of  such 

fim+nu     _  rfm+n  p  (z\ 

derivatives.     Now    --^pr-r  is  the  real  part  of  in   '    ,       ,  '  \   and  therefore,. 
dxmdyn  r  dzm+n 

for  all  integers  m  and  n  positive  or  zero,  it  is  a  uniform,  finite  and  continuous 
function  for  points  such  that  \z\<R,  that  is,  for  points  within  the  circle. 
Moreover,  since  u  is  the  real  part  of  a  function  of  z,  and  has  its  differentia] 
coefficients  uniform,  finite  and  continuous,  it  satisfies  the  differential  equation 
V2«,  =  0. 

To  infer  the  continuity  of  approach  of  u  (r,  <£)  to  /(</>)  as  r  is  made  equal 
to  R,  we  change  the  integral  expression  for  u  (r,  <£)  into 


Moreover  for  all  values  of  r  <  R  (but  not  for  r  =  R),  we  have 

H—  ^ — ?r75 n n  d0  =  —    tan""1  \'   —  tan  i  01  \         =  1 : 

27rJ_,|,     R2 - 2Rr cos  ^  +  rz          7r\_  (R  —  r         "    JJ-* 

and  therefore 


Let  <H)  denote  the  subject  of  integration  in  the  last  integral.  Then,  as  r 
is  made  to  approach  indefinitely  near  to  R  in  value,  ©  becomes  infinitesimal 
for  all  values  of  6  except  those  which  are  extremely  small,  say  for  values  of  0' 
between  —  8  and  +  S.  Dividing  the  integral  into  the  corresponding  parts., 

we  have 

-S  i      r2ir-<l>  l      rs 


Let  ilf  be  the  greatest  value  of  /(^)  for  points  along  the  circle.     Then  the- 
first  integral  and  the  second  integral  are  less  than 


_  ~  -  - 

27r          (R-r)*+2Rr(l-cos8')  ^  (R  -  r)2  +  2Er  (1  -  cos  8)- 

respectively  ;  by  taking  r  indefinitely  near  to  J?  in  value,  these  quantities 
can  be  made  as  small  as  we  please.  For  the  third  integral,  let  k  be  the 
greatest  value  of/(<j(>  +  6}  —f(<p)  for  values  of  9  between  8  and  —  8  :  then  the: 
third  integral  is  less  than 

k   f8  R*-rz 


equal  to  it,  trie  tnira  integral  is  less  than  /<?. 

If  then  k  be  infinitesimal,  as  is  the  case  when  /(<£)  is  everywhere  finite 
and  continuous,  the  quantity  /  can  be  diminished  indefinitely  ;  hence  u  (r,  $) 
continuously  changes  into  the  function  /(</>)  as  r  is  made  equal  to  J?.  The 
verification  that  the  function,  defined  by  the  integral,  does  satisfy  the  general 
conditions  for  the  area  of  the  circle  and  assumes  the  assigned  values  along 
the  circumference  is  thus  complete. 

Ex.  1.  It  will  be  convenient  to  possess  an  upper  limit  for  |  u  (r,  <fr)-u  (0)  |  for  the 
circumference  of  a  circle  of  radius  r,  concentric  with  the  given  circle,  r  being  less  than  R  : 
say  R  —  T  ^  p,  where  p  is  a  quantity  that  may  not  be  made  as  small  as  we  please. 

We  have 


and  clearly 


so  that 


-u  (0)}  = 
v  n 


To  indicate  one  upper  limit  for  the  modulus  of  the  right-hand  side,  we  can  proceed  as 
follows.  Let  0  be  the  common  centre  of  the  two  circles ;  P  the  point  (R,  0)  on  the  outer 
circle,  Q  the  point  (r,  >//•)  on  the  inner  circle ;  and  let  x  denote 
the  angle  between  QP  and  OQ  produced.  Then 

R  cos  (^  -  </))  -r=PQ  cos  x, 
so  that  /  /\     • — -ap 


Let  M  be  the  maximum  value  of  |/(^)  |  along  the  circum- 
ference of  the  outer  circle :  then  an  upper  limit  for  the  modulus 
of  the  right-hand  side  will  be  given  by  taking  f(fy)  =  M  when  cos^ 
is  positive  and  /(•>!/•)=  —  If  when  cos^  is  negative.  Writing  ^-$  =  9,  we  divide  the  range 

T 

of  integration  into  two  parts;  viz.  d=—a  to  +a,  where  cosa=-^;  and  d=a  to  2-rr  —  a. 
Over  the  former,  we  take  /(-v^)  =  Jf;  over  the  latter  /(•v/O  =  —M. 

Returning  now  to  the  initial  expressions,  with  these  values,  we  have 

\%7r{u(r,  </>)-«(0)}|<l/ 


+ 


r.  __ 

+ 


( 
TT  -  a  -    TT  -  2  tan-1 


where  y1=tania,  and  for  the  inverse  function  we  take  the  smallest  positive  angle  with 
the  indicated  tangent.     Now 

o     J.         n 

_1  (R  +  r  .       -,    \     i        ,      _! }    an2 

r  sin  a 


R  —  r  cos  o 


and  therefore 

,     .      .  .        ...  ,      4M  .    _,  r 

|  u  (r,  9)  -  74  (0)  I  <  —  •  sin    l  -55  . 


The  form*  obtained  is  valid  for  values  of  r  such  that  0  ^?'^  R  —  p,  where  p  is  a  finite 
quantity  that  may  be  not  large  but  cannot  be  made  as  small  as  we  please. 


Ex.  2.  Shew  that,  if  M  denote  the  maximum  value  (supposed  positive)  of  /(^)  for 
points  along  the  circumference  of  the  circle  and  if  u  (0)  vanish,  then 

4  r 

u  (r,  <£)  <  -  M  tan"1  -^  .  (Schwara.) 

7T  LI 

219.  But  in  view  of  subsequent  investigcations,  it  is  important  to  consider 
the  function  represented  by  the  integral  when  the  periodic  function  /(</>) 
which  occurs  therein  is  not  continuous,  though  still  finite,  for  all  points  on 
the  circumference.  The  contemplated  modification  in  the  continuity  is  that 
which  is  caused  by  a  sudden  change  in  value  of  /(</>)  as  $  passes  through  a 
value  a  :  we  shall  have 

/(a  +  e)-/(a-6)  =  4, 

when  e  is  ultimately  zero.     Then  the  following  proposition  holds  :  — 

Let  a  function  f(4>)  be  periodic  in  ZTT,  finite  everywhere  along  the  circle, 
and  continuous  save  at  an  assigned  point  a  where  it  undergoes  a  sudden 
increase  in  value  :  a  function  u  can  be  obtained,  which  satisfies  the  general 
conditions  for  the  circle  except  at  such  a  point  of  discontinuity  in  the  value  of 
,  and  acquires  the  values  off(^>}  along  the  circumference. 

*  It  is  due  to  Schwarz,   Ges.  Werke,  t.  ii,  p.  190. 


(P,  f  ) 


, 

STow  p  can  be  gradually  increased  towards  R,  because  the  general  conditions 
,re  satisfied  ;  but,  when  p  is  actually  equal  to  R,  the  continuity  of  u  (p,  -\j!r)  is 
Affected  at  the  point  a.  We  choose  a  finite  arbitrary  quantity  e,  which  can 
)e  made  as  small  as  we  please  ;  and  we  divide  the  integral  into  three  parts, 
riz.;  0  to  a  —  e,  a  —  e  to  a  +  e,  and  a  +  e  to  2?r,  when  p  is  very  nearly  equal  to 
R.  For  the  first  and  the  third  of  these  parts,  p  can,  as  in  the  preceding 
investigation,  be  changed  continuously  into  R  without  affecting  the  value  of 
lie  integral.  If  we  denote  by  p  the  integral 

u  (R, 


vhere  the  range  of  integration  does  not  include  the  part  from  a  —  e  to  a  +  e, 
ind  where  the  values  /(a  —  e),  /  (a  +  e)  are  assigned  to  u  (R,  a.  —  e),  u'  (R,  a  +  e), 
•espectively  ;  the  sum  of  the  integrals  for  the  first  and  the  third  intervals  is 
3  +  A,  where  A  is  a  quantity  that  vanishes  with  R  —  p,  because  the  subject  of 
ntegration  is  everywhere  finite.  For  the  second  interval,  the  integral  is 
jqual  to  q  +  A',  where 

i    a+e  /  R~~r 


md  A'  is  a  quantity  vanishing  with  R  -  p  because  the  subject  of  integration 
s  everywhere  finite.  So  far  as  concerns  q,  let  M  be  the  greatest  value  of 
so  that  M  is  finite  .  then 

M  R  +  r. 

^R^r2e> 

i  quantity  which,  because  of  the  mode  of  occurrence  of  the  arbitrary  quantity 
?,  can  be  made  less  than  any  finite  quantity,  however  small,  provided  r  is 
never  actually  equal  to  R.  If  then,  an  infinitesimal  arc  from  a  -  e  to  a  +  e 
be  drawn  so  as,  except  at  its  assigned  'extremities,  to  lie  within  the  area  of 
bhe  circle,  the  last  proviso  is  satisfied  :  and  the  effect  is  practically  to  exclude 
the  point  a  from  the  region  of  variation  of  u  as  a  point  for  which  the  function 
is  not  precisely  defined.  With  this  convention,  we  therefore  have 

u  (r>  &  ~  *    I  '^  "'  (^  ^)  755  —  ->P  ^~/7     ^.L.  *  <ty  =  A  +  A'  +  q, 
ry      27T./0       v      Y  '  Ea  -  2Rr  cos  (i/r  -  <£)  +  r2 

so  that,  by  making  p  ultimately  equal  to  R  and  e  as  small  as  we  please,  the 
difference  between  u  (r,  A)  'and  the  integral  defined  as  above  can  be  made  less 
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to  tAe  function  u  (r,  0),  provided  that  the  point  a  be  excluded  from  the 
range  of  integration,  the  value  /(a-e)  just  before  -^  =  a  and  the  value 
e)  just  after  i/r=o  being  assigned  to  u'(R,^r). 


It  therefore  appears  that  discontinuities  may  occur  in  the  boundary 
values  when  the  change  is  a  finite  change  at  a  point,  provided  that  all 
the  values  assigned  to  the  boundary  function  be  finite. 

COROLLARY.  The  boundary  value  may  have  any  limited  number  of  points 
of  discontinuity,  provided  that  no  value  of  the  function  be  infinite  and  that  at 
all  points  other-  than  those  of  discontinuity  the  periodic  function  be  uniform, 
finite  and  continuous  :  and  the  integral  will  then  represent  a  potential  f  auction 
satisfying  the  general  conditions. 

The  above  analysis  indicates  why  discontinuities,  in  the  form  of  infinite 
values  at  the  boundary,  must  be  excluded  :  for,  in  the  vicinity  of  such  a 
point,  the  quantity  M  can  have  an  infinite  value  and  the  corresponding 
integral  does  not  then  necessarily  vanish.  Hence,  for  example,  the  real 
part  of 


1 


is  not  a  function  that,  under  the  assigned  conditions,  can  be  made  a  boundary 
value  for  the  function  u. 

There  is  however  a  different  method  of  taking  account  of  the  discon- 
tinuities; it  consists  in  associating  other  particular  functions,  each  having 
one  (and  only  one)  discontinuity,  taken  in  turn  to  be  the  assigned  discontinuities 
of  the  required  functions,  and  thus  modifying  the  boundary  conditions.  The 
method  might  not  prove  the  simplest  way  of  proceeding  in  any  special  case, 
because  of  the  substantial  modification  of  those  conditions;  but  this  is  of 
relatively  less  importance  in  the  establishment  of  an  existence-theorem,  which 
is  the  present  quest. 

Two  cases  arise,  according  as  the  assigned  discontinuity  in  value  takes 
place  at  a  point  of  continuity  in  the  curvature  of  the  boundary,  or  at  a 
point  of  discontinuity  in  the  curvature. 

In  the  former,  when  the  discontinuity  is  required  to  occur  at  a  point  of 
continuous  curvature,  we  know  (§  3)  that  the  argu- 
ment of  a  point  experiences  a  sudden  change  by  TT 
when  the  path  of  the  point  passes  through  the 
orierin.      Let  a  noint  P  on  a  circle  (tip.  79.  \\  be         '  "^-^X\''-'",>> 


pTT  '  1 

d  of  AQ  to  the  same  line  is  —  Ur  —  £  (a  —  <£')    ,  so  that  there  is  a  sudden 

^  -" 

ange  by  TT  in  that  inclination.     Now,  taking  a  function 

0  («£)  =  -  ~  tan-  [tan  ||  -  H«  ~ 

cl  limiting  the  angle,  defined  by  the  inverse  function,  so  that  it  lies 
tween  —  -^TT  and  +^TT,  as  may  be  done  in  the  above  case  and  as  is 
stifiable  with  an  argument  determined  inversely  by  its  tangent,  the 
action  #(</>)  undergoes  a  sudden  change  A  as  $  increases  through  the 
lue  a.  Moreover,  all  the  values  of  g  (<£)  are  finite:  hence  #($)  is  a 
lotion  which  can  be  made  a  boundary  value  for  the  function  u.  Let  the 
action  thence  determined  be  denoted  by  ua. 

By  means  of  the  functions  ua,  we  can  express  the  value  of  a  function  u 
lose  boundary  value  /(c/>)  has  a  limited  number  of  permissible  discontinuities. 
it  the  increases  in  value  be  Alt  ...,Am  at  the  points  a1;  «2,  ...,  am  respect- 
ily  :  then,  if  gn  ($)  denote 


-        tan-1 


[tan  ||  -  *(«»  -  < 

i  have  gn  (an  +  e)  —  gn  (an  —  e)  =  An,  when  e  is  infinitesimal.     Hence 
f(an  +  e)  -f(an  -  e)  -  [gn  (an  +  e)-gn  (an  -  e)} 

s  no  discontinuity  a?.  an>  that  is,  /(<£)  —  #n(0)  has  no  discontinuity  at  «,4. 

)» 
Hence  also  /(^>)  —  2  gn($>)   has   no   discontinuity   at  flj,  ...-,  a,n>   and 

M  =  l 

srefore  it  is  uniform,  finite,  and  continuous  everywhere  along  the  circle  ; 
d  it  is  periodic  in  2rr.  By  §  218,  it  determines  a  function  U  which  satisfies 
3  general  conditions. 

Each   of  the   functions  #,>(<£)  determines  a  function  un  satisfying  the 
aeral  conditions  :    hence,  as  u  is  determined  by  /(<£),  we  have 

m 

u  —.  2  un  —  U, 
11=1 

.ich  gives  an  expression  for  u  in  terms  of  the  simpler  functions  un  and  of  a 
iction  U  determined  by  simpler  conditions  as  in  §  218. 

Ex.     Shew  that,  if  /7\M  =  1  from  -W  to  4-^7r  and  =0  from  +i?r  to  £TT,  then  u  is  .the 
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curvature,  we  proceed  similarly.     Let  A 

be  such  a  point,  and  suppose  the  curve 

(fig.  79,  ii)  referred  to  0  as  pole :  as  in  the 

first  case,  we  consider  the  point  P  relative 

to  A.     Let  e  denote  the  internal  angle 

QAP,  so  that  e  is   not  equal   to  TT;   let 

TPO  =  fa ,  AQO=fa,  P00'=  015  A00'=  a, 

QOO'  =  Q<,.     Then  the  inclination  of  AP  to 

A  0  is  fa  — (a  —  0a),  and  •  the  inclination  of 

AQ  to  AO  is  -  {7T-02-  (02  —  a)},  so  that,  in  passing  from  the  direction 

to  the  direction  A  Q,  there  is  a  sudden  change  of  fa  -  fa  +  TT,  which  is  e  in 

the  limit  when  P  and  Q  move  up  to  A.     Accordingly,  if  we  take  a  function 

—  tan"1  [tan  (<£  -  a  +  0)], 

where  0  is  the  polar  angle  and  $  is  the  inclination  of  the  (backwards-drawn) 
tangent  to  the  radius  vector,  this  function  suddenly  increases  in  value  by  K 
as  the  point  P  passes  through  A  towards  Q. 

The  result  is  used  in  exactly  the  same  way  as-  in  the  preceding  case :  and 
we  obtain  a  new  function,  assignee!  as  the  succession  of  boundary  values,  the 
new  (boundary)  function  being  free  from  aLl  discontinuities. 

Ex.  Obtain  the  expression  of  such  a  function  in  the  case  $>f  two  equal  circles,  when 
the  boundary  curve  consists  of  the  two  arcs  each  external  to  the  other. 

220.  'The  general  inference  from  the  investigation  therefore  is,  that  a 
function  of  two  real  variables  x  and  y  is  uniquely  determined  for  all  points 
within  a  circle  by  the  following  conditions : — 

(i)     at  all  points  within  the  circle,  the  function  u  and  its  derivatives 

du    du    d2u    d"ti  .  .„          ,,    .,          T          ,.  j 

:r- ,  ;r- ,  ^—  ,  „—   must  o&  uniform,  finite  and   continuous,  and 
ox    oy    ox*    ay* 

must  satisfy  the  equation  V2tt  =  0  : 

(ii)  if  /(<£)  denote  a  function,  which  is  periodic  in  (jt>  of  period  ZTT,  is 
finite  everywhere  as  the  point  <j>  moves  along  the  circumference, 
is  continuous  and  uniform  at  all  except  a  limited  number  of 
isolated  points  on  the  circle,  and  at  those  excepted  points 
undergoes  a  sudden  prescribed  (finite)  change  of  value,  then 
to  u  is  assigned  the  value /(<£)  at  all  points  on  the  circumference 
except  at  the  limited  number  of  points  of  discontinuity  of  that 


I.     The  value  of  u  at  the  centre  of  the  circle  is  the  arithmetic  mean  of  its 
values  along  the  circumference. 

For,  by  taking  r  =  0;  we  have  JL  $ 


the  right-hand  side  being  the  arithmetic  mean  along  the  circumference. 

II.     If  the  function  be  a  uniform  constant  along  the  circumference,  it  is 
equal  to  that  constant  everywhere  in  the  interior. 

For,  let  0  denote  the  uniform  constant  ;  then 
C   f2"" 


_  ri 

for  all  values  of  r  less  than  R,  that  is,  everywhere  in  the  interior. 

But  if  the  function,  though  not  varying  continuously  along  the  circum- 
ference, should  have  different  constant  values  in  different  finite  parts,  as,  for 
instance,  in  the  example  in  §  219,  then  the  inference  can  no  longer  be  drawn. 

III.  If  the  function  be  uniform,  finite  and  continuous  everywliere  in  the 
plane,  it  is  a  constant. 

Since  the  function  is  everywhere  uniform,  finite  and  continuous,  the 
radius  R  of  the  circle  of  definition  can  be  made  infinitely  large  :  then,  as 
the  limit  of  the  fraction  (R2  —  r2)/{R"—  2^  cos  (^  —  <£)  +  r2}  is  unity,  we 
have 

1    r2"" 

u  (r,  0)  =  —  —  I     u  (oo  ,  -\!r)  d-fy, 
2,-rr  J  o 

the  integral  being  taken  round  a  circle  of  infinite  radius  whose  centre  is  the 
origin.  But,  by  (I.)  above,  the  right-hand  integral  is  'it(O),  the  value  at  the 
centre  of  the  circle  ;  so  that 

u  (r,  <£)  =  u  (0), 
and  therefore  u  has  the  same  value  everywhere. 

This  is  practically  a  verification  of  the  proposition  in  §  40,  that  a  uniform, 
finite  and  continuous  function  w,  which  has  no  infinity  anywhere,  is  a  constant. 

IV.  A  uniform,  finite  and  continuous  function  u  cannot  have  a  maximum 

1  '  *  7  -f-  '        •/•         '  -t-1    S*         '        •£          •*'/*!  S\-f      SI         fV*  '  /I     1/3/V*  /I/       '        / 


Terence  01  wmcn,  u  samsnes  DODQ  me  general  ana  me  oounuary  conditions 
hence 


fdu  ,       A 
U-  ds  =  0, 

i  fiii 
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the  integral  being  taken  round  the  circumference.  But  in  the  immediate 
vicinity  of  such  a  point,  ~-  has  everywhere  the  same  sign,  so  that  the 
integral  cannot  vanish :  hence  there  is  no  such  point  in  the  interior. 

In  the  same  way,  it  may  be  proved  that  there  cannot  be  a  line  of 
maximum  value  or  a  line  of  minimum  value  within  the  surface :  and  that 
there  cannot  be  an  area  of  maximum  value  or  an  area  of  minimum  value 
within  the  surface. 

V.  It  therefore  follows  that  the  maximum  values  for  any  region  are  to  be 
found  on  its  boundary :  and  so  also  are  the  minimum  values. 

If  M  be  the  maximum  value,  and  if  m  be  the  minimum  value,  of  the 
function  for  points  along  the  boundary,  then  the  value  of  the  function  for  an 
interior  point  is  <  M  and  is  >m  and  can  therefore  be  represented  in  the  form 
Mp  +  7n (I—  p),  where  p  is  a  real  positive  proper  fraction,  varying  from  point 
to  point.  Also  p  never  vanishes,  except  for  the  minimum  on  the  boundary; 
and  it  is  never  so  great  as  unity,  except  for  the  maximum  on  the  boundary. 

In  particular,  let  a  function  have  the  value  zero  for  a  part  of  the 
boundary  and  have  the  value  unity  for  the  rest,  the  points  (if  any)  where  tlie 
sudden  change  from  0  to  1  takes  place  being  cut  off  as  in  §  219.  Let  a  line 
be  drawn  from  any  point  of  the  boundary,  through  the  interior,  to  any  other 
point  of  the  boundary ;  and  at  each  extremity  let  it  cut  the  boundary  at  a 
finite  angle.  The  value,  which  the  function  has  for  points  along  the  line,  in 
the  interior  is  always  positive  and  has  an  upper  limit  q,  a  proper  fraction. 
But  q  will  vary  from  one  line  to  another.  If  the  region  be  a  circle  and  q  be 
the  proper  fraction  for  a  line  in  the  circle,  then  the  value  along  that  line  of  a 
function  u,  which  is  still  zero  over  the  former  part  of  the  boundary  but  has  a 
varying  positive  value  ^  p  along  the  remainder,  is  evidently  -^  qp.  This 
fraction  q  may  be  called  the  fractional  factor  for  the  line  in  the  supposed 
distribution  of  boundary  values. 

f  Again,  let  a  function  have  a  value  zero  over  part  of  the  boundary,  and 
have  positive  values  over  the  rest  of  it,  the  greatest  of  them  being  unity:  and 
suppose  that  there  is  no  sudden  discontinuity  in  value.  When  a  line  is  drawn 
(as  above)  through  the  area,  both  of  its  extremities  being  at  zero  values 


than  1. 

The  fraction  Q  is  the  fractional  factor  for  the  line. 

Lastly,  let  a  function  have  a  value  zero  over  part  of  the  boundary,  and 
have  values  over  the  rest  of  it,  some  positive,  others  negative ;  let  -  0  be  the 
minimum,  and  +  D  the  maximum,  where  C  >  0,  D>0;  and  suppose  that 
there  is  no  sudden  discontinuity  in  value.  Let  a  line  be  drawn  (as  above) 
through  the  area,  beginning  at  one  point  of  zero  value  and  ending  at  another ; 
the  value  of  the  function  along  this  line  is  —  C  +  q"  (D  +  C),  where  q"  varies- 
from  point  to  point  along  the  line.  Now  q"  cannot  be  as  small  as  0,  for  the 
minimum  —  C  is  not  to  be  found  on  the  line ;  nor  can  it  be  as  large  as  1,  for 
the  maximum  D  is  not  to  be  found  on  the  line.  Hence 

0<RZq"<Q<l, 

where  R  is  a  real  positive  quantity  greater  than  0  and  less  than  Q,  and  Q  is 
ti  real  positive  quantity  less  than  1.  . 

The  fractions  Q  and  JK  may  be  called  the  major  and  the  minor  fractional 
factors  for  the  supposed  distribution  of  boundary  values ;  they  are  not 
necessarily  independent  of  C  and  D. 

VI.  It  may  be  noted  that  the  second  of  these  propositions  can  now 
be  deduced  for  any  simply  connected  surface.  For  when  a  function  is 
constant  along  the  boundary,  its  maximum  value  and  its  minimum  value 
are  the  same,  say  A, :  then  its  value  at  any  point  in  the  interior  is 
A.p+A,(l  —  p),  that  is,  X,  the  same  as  at  the  boundary.  Consequently  if 
two  functions  u^  and  iu  satisfy  the  general  conditions  over  any  region,  and 
if  they  have  the  same  value  at  all  points  along  the  boundary,  then  they 
are  the  same  for  all  points  of  the  region.  For  their  difference  satisfies 
the  general  conditions :  it  is  zero  everywhere  along  the  boundary :  hence 
it  is  zero  over  the  whole  of  the  bounded  region. 

If,  then,  a  function  u  satisfy  the  general  conditions  for  any  region,  it  is 
unique  for  assigned  boundary  values  that  are  everywhere  finite,  uniform,  and- 
continuous  except  at  isolated  points. 

221.  The  explicit  expression  of  u  ,with  boundary  values,  that  are 
arbitrary  within  the  assigned  limits,  has  been  determined  for  the  area 
enclosed  by  a  circle :  the  determination  being  partially  dependent  upon  the 
form  assumed  in  §  217  for  the  subsidiary  function  u.  The  assumption  of 
other  forms  for  u,  leading  to  other  curves  dependent  upon  a  parametric 
constant,  would  lead  by  a  similar  process  to  the  determination  of  u  for  the 
area  limited  by  such  families  of  curves. 
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derivable  from  the  circle  by  the  principle  of  conformal  representation*. 
Suppose  that,  by  means  of  a  relation 

a  =  $  (f  )  =  <&(£  +  iri\ 
or,  say  -a;  '+  iy  =p  (£,  77)  +  ig  (£,  97), 

where  £>  and  q  are  real  functions  of  £  and  97,  the  area  contained  within  the 
circle  is  transformed,  point  by  point,  into  the  area  contained  within  another 
curve  which  is  the  transformation  of  the  circle  :  then  the  function  u  (so,  y} 
becomes,  after  substitution  for  %  and  y  in  terms  of  £  and  7;,  a  function,  say  U, 
of  £  and  77. 

Owing  to  the  character  of  the  geometrical  transformation,  p  and  q  (and 
their  derivatives  with  regard  to  £  and  77)  "are  uniform,  finite  and  continuous 
within  corresponding  areas.  Hence 

)  =  u  (z,  y); 


dU  _dudp     dudq        d  U  _  du  dp      du  dq  t 

'  '  '  ' 


*  ar    a 

so  that  the  function   17  satisfies  the  general   conditions  for  the  new  area 
bounded  by  the  new  curve. 

Moreover,  u  has  assigned  values  along  the  circular  boundary  which  is 
transformed,  point  by  point,  into  the  new  boundary  ;  hence  U  has  those 
assigned  values  at  the  corresponding  points  along  the  new  boundary.  Thus 
the  function  If  is  uniquely  determined  for  the  new'  area  by  conditions  which 
are  exactly  similar  to  those  that  determine  u  for  a  circle  :  and  therefore  the 
potential  function  is  uniquely  determined  for  any  area,  which  can  be  con- 
formally  represented  on  the  area  of  a  circle,  by  the  general  conditions  of 
§  216  and  the  assignment  of  values  that  are  finite  and,  except  at  a  limited 
number  of  isolated  points  where  they  may  suffer  sudden  (finite)  changes  of 
value,  uniform  and  continuous  at  all  points  along  the  boundary  of  the  area. 

One  or  two  examples  of  very  special  cases  are  given,  merely  by  way  of 
illustration.  The  general  theory  of  the  transformation  of  a  circle  or  an 
infinite  straight  line  into  an  analytical  curve  will  be  considered  in  Chapter 
XX.  But,  meanwhile,  it  is  sufficient  to  indicate  that,  by  the  principle  of 
conformal  representation,  we  can  pass  from  the  circle  to  more  general  curves 


>\v  the  circle  and  its  interior  are  transformed  by  the  equation 

2 

z-f-  L  —    - 

f* 

;o  a  parabola  and  the  excluded  area  (§  257)  :  so  that,  if  R,  6  be  polar  coordinates  of 
y  point  in  that  excluded  area,  we  have 


>rresponding  to  the  circle  r=l,  we  have  the  parabola 

#  cos8  £0  =  1; 

0  determine  the  point  on  the  parabola,  which  corresponds  to  -fy  on  the  circle,  we  have 

cos^  =  2cos2£e-l, 

•*//>  =  e. 

Hence  the  function   U(R,  9)  assumes  the  values  /(0)  along  the  boundary  of  the 
rabola. 

Also  1-r*  =4(^1(508  £0-1), 


d  therefore  wo  have  the  following  result  :  — 

A.  function  which,  satisfies  the  general  conditions  for  the  area  bounded  by  and  lying  on  the 
nvex  side  of  the  parabola  R  cos'2  £  0  =  1  and  is  required  to  assume  the  value  /(9)  at  points 
ong  the  parabola,  is  defined  uniquely  for  a  point  (r,  d)  external  to  the  parabola  by  the 
tegral 


le  fvinction  /(6)  may  sufier  finite  discontinuities  in  value  at  isolated  points:  elsewhere 
must  be  finite,  continuous  and  uniform. 

Ex.  2.     Obtain  an  expression  for  u  at  points  within  the  area  of  the  same  parabola, 
•  using 

s=  tan8  (£«•£*) 

tlie  equation  of  transformation  of  areas  (§  257). 
J£.v.  3.     When  the  equation 

-% 

used,  then,  if  z—x-\-iy  and  f  =X+iT,  we  have 


\.~K*      imcose     i 

where  X=  R  cos  e,  F=  R  sin  0.  Moreover,  for  variations  along  the  circumference,  we 
have  i|/-  =  20;  whence,  .substituting  and  denoting  by  F(x\  ~/(2  tan"1.^),  the  value  of 
the  potential  at  a  point  on  the  axis  of  real  quantities  whose  abscissa  is  .«•,  we  ultimately 
find 


as  the  value  of  the  potential  -function  u  at  a  point  (/2,  0)  in  the  Cupper  half  of  the  plane, 
when  it  has  assigned  values  .F(x)  at  points  along  the  axis  of  real  variables. 

222.  The  function  u  has  now  been  determined,  by  means  of  the  general 
conditions  within  .an  area  and  the  assigned  boundary  values,  for  each  space 
obtained  by  the  method  indicated  in  §  221.  But  the  determination  is 
unique  and  distinct  for  each  space  thus  derived  ;  and,  if  two  such  spaces 
have  a  common  part,  there  are  distinct  functions  u.  We  now  proceed  to 
shew  that  when  two  spaces,  for  each  of  which  alone  a  function  u  can  be 
determined,  have  a  common  part  which  is  not  merely  a  point  or  a  line, 
then  the  function  u  is  uniquely  determined  for  the  combined  area  by  the 
assignment  of  finite,  uniform  and  continuous  values  (or  partially  discontinuous 
values,  as  in  §  219)  along  the  boundary  of  the  combined  area,. 

.  Let  the  spaces  be  T-±  and  T,2  having  a  common  part  T,  so  that  the  whole 
space  can  be  taken  in  the  form  2\  +  T2  —  T  ; 
and  suppose  that  the  boundaries  of  Tl  and 
T2  cut  at  finite  angles  at  A  and  B,  that  is, 
that  they  do  not  touch  one  another  there. 
Let  the  part  of  the  boundary  of  Tl  without 
T2  be  L0,  and  the  part  within  T2  be  Z2:  and 
.  similarly,  for  the  boundary  of  T»,  let  LI  de- 
note the  part  within  Tl  and  L3  the  part 
without  it.  Then  the  boundary  of 

T,  +  Tz  -  T 
is  made  up  of  Z-0  and  L3:  the  boundary  of  T  is  made  up  of  L^  and  L2. 

Let  any  series  of  values  be  assigned  along  L0  and  L3  subject  to  the 
conditions  of  being  uniform,  finite  everywhere,  and  discontinuous,  if  at  all, 
only  at  a  limited  number  of  isolated  points.  The  method  of  §  218  can  be 
used  to  remove  these  discontinuities,  whether  they  occur  at  points  of 
continuous  curvature,  or  at  points  (such  as  A  and  B,  fig.  80)  of  discontinuous 
curvature  ;  for  this  purpose  we  take  a  new  function  of  the  form 

?/,  -  ?.«-    =  U 


.tinuous  everywhere ;  they  give  the  boundary  values  of  the  function  U  to 
determined  for  the  whole  area,  and  will  be  called  the  assigned  values.  In 
•ticular,  let  ml  be  the  assigned  value  at  A,  m2  the  assigned  value  at  B: 
se  being  continuous  in  passing  through  the  respective  points  of  discon- 
LIOUS  curvature  regarded  as  belonging  to  the  contour  made  up  of  L0  and  L3 
7- 

The  process  consists  in  the  determination  of  functions  for  the  regions  1\ 
I  T2  alternately,  using  in  each  case,  for  boundary  values  along  Lz  and  L^ 
pectively,  the  values  'of  the  preceding  function  as  determined. 

Assume  for  a  boundary  value  along  Lz  from  A  to  JB,  a  succession  of  values 
ising  continuously  from  wa  to  mz — say  m^  +  (1  —  X)  m»,  with'  A,  decreasing 
in  1  to  0 :  the  actual  form  is  not  material,  and  we  shall  merely  suppose 
ough  even  this  is  not  necessary)  that  no  value  falls  below  the  minimum  or 
?s  above  the  maximum  of  the  assigned  values  along  LG  and  Lz.  Let  E^ 
lote  the  function,  which  is  uniquely  determined  for  the  region  Tl  by  the 
leral  conditions  for  the  area  and  by  values  along  the  boundary,  constituted 

the  assigned  values  along  L0  and  the  assumed  values  along  L^_.  The 
ues  acquired  by  U^  along  the  line  Zx  in  this  region  are  uniform,  finite,  and 
itinuous ;  the  value  at  A  is  m-^  and  the  value  at  B  is  m2 ;  at  any  inter- 
diate  point,  the  value  is  less  than  the  maximum  and  greater  than  the 
oimuin  of  the  boundary  values. 

Leb  U»  denote  the  function,  which  is  uniquely  determined  for  the  region 
by  the  general  conditions  for  the  area  and  by  values  along  the  boundary, 
istituted  by  the  assigned  values  along  L3  and  by  the  values  of  U-L  acquired 
ng  L!.  The  values  acquired  by  Uz  along  the  line  L»  in  this  region  are 
iform,  finite,  and  continuous ;  the  value  at  A  is  m1  and  the  value  at  B  is. 
;  at  any  intermediate  point,  the  value  is  less  than  the  maximum  and 
sater  than  the  minimum  of  the  boundary  values. 

Generally,  let  I72n-i  denote  the  function*,  which  is  uniquely  determined  for 
i  region  rl\  by  means  of  boundary  values,  consisting  of  the  assigned  values 
ng  L0  and  of  the  values  acquired  by  f/an-a  along  Lz>  beginning  at  A  with 

and  ending  at  B  with  ms.  Similarly,  let  Uzn  denote  the  function,  which 
uniquely  determined  for  the  region  Tz  by  means  of  boundary  values, 
isisting  of  the  assigned  values  along  Ls  and  of  the  values  acquired  by  Uzn-\ 
ng  LI,  beginning  at  A  with  ma  and  ending  at  B  with  m2.  By  taking 
=  2,  3,  4, .-..,  we  have  a  succession  of  functions,  Us>  U4>  U5)  Us, ... 

Now  consider  the    function  UZ—U^  for    2\.     It   satisfies   the   general 

irlif.innc        Tf.    IQ    vovn    nlriTirr    T,..  •    if,    IB    TIPTVI    n.t.     A     a.nH    fl.t,    7?'    n.loTlO'    /j«    it    IS 


when  D  =  0,  (7  =  0  together  has  already  been  discussed,  §  220,  II.)     Then 
along  LI,  the  value  of  Z73  —  U-^  is  (§  220,  V.) 


where  0  <  ^  ^  q  ^  Ql  <  1  ;  here  ^  is  zero  if  0  is  zero,  and  otherwise  R^  >  0  : 
it  is  always  less  than  Q1}  and  Ql  is  less  than  1.  Let  —  G-^  denote  the  smallest 
value  of  £73  —  £rx  along  Ll  ,  and  +  A  its  greatest  value  ;  A  cannot  be  less  than 
zero,  nor  d  greater  than  zero,  the  terminal  values  *  at  A  and  B.  Then 


•where,  in  general,  Cl  and  A  are  both  greater  than  0  :  if  G  be  zero,  then  Rl  is 
zero.     Also,  let 

pi=Qi~Ri, 
so  that  0  <  P!  <  1  :  we  have 


Similarly  as  regards  the  function  Ut  —  Uz,  for  T2.  It  satisfies  the  general 
conditions.  It  is  zero  along  L3;  it  is  zero  at  A,  and  at  B;  along  Lly  it  takes 
the  values  of  ET3  —  Ul}  (for  ET4  takes  the  values  of  U3,  and  Uz  the  values  of  17^, 
so  that  along  L^  it  is  uniform,  finite,  and  changes  continuously  from  0  at  A, 
through  a  minimum  —  Gl  and  a  maximum  Dl}  to  0  at  B.  Then  along  L»,  a 
line  in  the  area  of  Tz,  the  value  of  fft  —  U«  is  (§  220,  V.) 


where  0<  E2<gf<Qo<l;  here  R2  is  zero  if  d  is  zero,  and  otherwise  J?2  >  0  ; 
it  is  always  less  than  Q2,  and  Q2  is  less  than  1.  Let  —  C2  denote  the  smallest 
value  of  C/^  —  Us  along  Z2,  and  +  D2  its  greatest  value  along  the  line.  Then 


where,  in  general,  C2  and  D2  are  both  greater  than  0  :  if  d  be  zero,  then 
is  zero.     Also,  let 

P2  =  Q2  —  RS, 
so  that  0  <  p.2  <  1  :  we  have 


*  It  is  at  this  step  in  each  of  the  stages  that  advantage  accrues  from  (i)  having  modified 
initially  the  assigned  values,  ao  that  no  discontinuity  occurs  at  A  or  at  B,  and  (ii)  having 
secured  continuity  in  value  through  the  points  A  and  B,  both  along  LI  and  L2,  for  the 
successive  functions.  By  these  conditions,  we  secure  that  A  and  B  do  not  need  to  be  excluded 
by  small  arcs,  as  in  the  earlier  part  of  §  219  (the  points  A  and  B  would  otherwise  remain 
excluded  throughout,  and  would  not  be  part  of  the  boundary  at  the  end)  ;  and  we  secure  that  Qi 
i«  fipvt.ainlv  less  t.hn.n  nnit.v  af,  M.nh  stfm. 


And  so  on,  alternately,  for  the  functions  connected  with  the  two  regions. 
The  functions  Uzn,  Um+i  (for  successive  values  of  n)  satisfy  the  general 
conditions.  In  T1}  the  function  Um+l  —  C/sn-i  is  greater  than  -  (72n_2,  and  less 
than  D27i-2;  while  along  LI  it  ranges  continuously  between  —  G2n^  and  Dm-\ 
(with  0  at  A  and  0  at  B),  where 

C/sn-l  ==  —  ^2?l—  2  +  ttsn—l  (-^271—2  +  ^2n—  2) 

•^27i—i  =  ~  ^271—a  ~H  (tfan—  i  (-^2?i-2  ~f~  ^an—  2/ 

where  Q2n-i>  ^sw-i  are  the  major  and  the  minor  factorial  fractions  for  the 
distribution  ranging  between  —  Gzn-z  and  D2n_2  (with  0  at  A  and  0  at  B} 
along  La.  In  Tz,  the  function  U2n+z  —  Uzn  is  greater  than  —  C^-i,  and  less 
than  Dan-H,  while  along  i2  it  ranges  continuously  between  —  Gm  and  Dzn 
(with  0  at  A  and  0  at  J5),  where 


where  Q2?i>  -^2?i  are  the  major  and  the  minor  factorial  fractions  for  the 
distribution  ranging  between  —  C»n-i  and  D2n-i  (with  0  at  A  and  0  at  B} 
along  .La. 

•    Now  let  pm  =  Qm-Rm, 

for  all  values  of  TO,  odd  and  even  :  we  have 

0  <  pm  <  I. 

Then  An-i  +  Csn-i  —  P-M-I  (D«n-z  +  Czn-z), 

-^2?i      +  C^2?t      =  pan      (-Daji-i  +  C^3?i-i)  j 

hence,  taking  account  of  the  value  of  D-^+'G^  we  have 


Since  each  of  the  quantities  p  is  a  positive  quantity,  known  to  be  less  than  1, 
we  have 


and  therefore  Lim  (Dm.  +  Cm)  =  0. 

7W=00 

In  Tlt  the  range  of  value  of  the  function  Um+1  -  ^-i  is  equal  to  D2n-.2  +  Oan_2 
along  L,,  and  is  equal  to  D2n-i  +  C»n-i  along  L^  and  in  Tz,  the  range  of 
value  of  the  function  U2n+2  —  U2n  is  equal  to  D2?i-i  +  G2n-i  along  Z:,  and  is 


...  ad  inf., 


Among  the  quantities  p1}  p2,  pa,  ...,  all  of  which  are  less  than  1,  let  a-  be  the 
greatest;  then 

•  •  •  ^  °"  +  GS  +  crs  +  .  .  . 


SO  that 


~-n(D  +  C). 

1  —  cr  ' 


Thus  the  upper  limit  of  £7'  is  finite.    Also,  denoting  by  CT  the  range  in 
value  of  U',  we  have 


which  is  finite.     Hence  the  upper  limit  and  the  lower  limit  for  Uf  are  both 
finite  ;  and  therefore  U'  is  finite. 

Similarly,  we  have,  along  L», 

U"=  U,  +  (U4-  U2)  +  (UB~U4)  +  ...  ad  inf., 


M+  (D  +  C)  (Plp2  +  Plpap3pt  +  .  .  .) 


and,  as  before       U"  ^  M  -  m  +  —  -  -„-  (D  +  C  ). 

1   —  CT" 

Both  of  these  are  finite  ;  hence  U"  is  finite. 

Now  in  determining  U'  for  2\  and  regarding  it  as  the  limit  of  f72n+i,  we- 
have  its  values  along  L2  as  the  values  of  U2n,  that  is,  of  U"  in  the  limit  ;  and 
in  determining  U"  for  Tz  and  regarding  it  as  the  limit  of  Uzn+2)  we  have  its 
values  along  L±  as  the  values  of  Um+1,  that  is,  of  U'  in  the  limit.  Hence  over 


Lastly,  let  a  function  U  be  determined  for  the  region  Tl}  haying  the 
assigned  values  along  L0  and  the  values  of  U'  along  L2.  Then  the  function 
U—  U'  satisfies  the  general  conditions ;  it  has  zero  values  round  the  whole 
boundary  of  2\ ,  and  therefore  (by  §  220,  VI.)  it  is  zero  over  the  whole  region 
TI.  Hence  V  is  the  function  for  2^. 

Similarly,  determining  a  function  U  for  Tz,  which  has  the  assigned  values 
along  L3  and  the  values  of  U"  along  L1}  we  have  U '  =U"  everywhere  in  T«, 
so  that  U"  is  the  function  for  Ta. 

The  functions  U'  and  U"  satisfy  the  general  conditions  for  T±  and  Tz 
respectively;  and  these  two  regions  have  a  common  portion  T  over  which 
U'  and  U"  have  been  proved  to  be  the  same.  Hence,  by  Lemma  I.  of  §216, 
they  determine  one  and  the  same  function  for  the  whole  region  made  up  of 
T-i  and  Tz.  This  function  U  satisfies  the  general  conditions  and,  along  the 
boundary  of  the  whole  region,  assumes  values  that  are  assigned  arbitrarily, 
subject  only  to  the  general  limitations  of  being  everywhere  finite  and, 
except  for  finite  discontinuities  at  isolated  points,  uniform  and  continuous. 
The  proposition  is  therefore  established. 

This  method  of  combination,  dependent  upon  the  alternating  process 
whereby  a  function  determined  separately  for  two  given  regions  having  a 
common  part  is  determined  for  the  combination  of  the  regions,  is  capable  of 
repeated  application.  Hence  it  follows  that  a  function  exists,  subject  to  the 
general  conditions  within  a  given  region  and  acquiring  assigned  finite  values 
along  the  boundary  of  the  region,  when  the  region  can  be  obtained  by 
combinations  of  areas  that  can  be  conformally  represented  upon  the  area 
of  a  circle. 

Note.  Let  A,  B,  G  be  three  non-intersecting  simple  closed  curves,  such 
that  G  lies  within  B  and  B  within  A.  The  area  bounded  by  the  curves  A  and 
G  can,  by  a  similar  method,  be  combined  with  the  whole  area  enclosed  by  B : 
and  we  can  make  the  same  inference  as  above,  as  to  the  existence  of  a  potential 
function  for  the  whole  area  enclosed  by  A,  when  it  exists  for  the  areas  that 
are  combined. 

223.  At  the  beginning  of  the  discussion  it  was  assumed  that  the  areas, 
in  which  the  existence  of  the  function  is  to  be  proved,  lie  in  a  single  sheet 
(§  216)  or,  in  other  words,  that  no  branch-point  occurs  within  the  area. 

It  is  now  necessary  to  take  the  alternative  possibility  into  consideration : 
a  simple  example  will  shew  that  the  theorem  just  proved  is  valid  for  an  area 
containing  a  branch-point,  except  in  one  unessential  particular. 


be  the  winding-point,  of  order  m  — 1.  Such  a  surface  is  simply  connected 
(§  178) ;  and  its  boundary  consists  of  the  m  successive  circumferences  which, 
owing  to  the  connection,  form  a  single  simple  closed  curve.  Using  the 
substitution 

z  -  c  =  RZm, 

we  have  a  new  ^-surface  which  consists  of  a  circle,  centre  the  ^-origin  and 
radius  unity :  it  lies  in  one  sheet  in  the  ^-region  and  has  no  branch-points ; 
its  circumference  is  described  once  for  a  single  description  of  the  complete 
boundary  of  the  winding-surface.  The  correspondence  between  the  two 
regions  is  point-to-point :  and  therefore  the  assigned  values  along  the  bound- 
ary of  the  winding-surface  lead  to  assigned  values  along  the  ^-circumference. 
Any  function  w  of  z  changes  into  a  function  W  of  Z :  hence  u  changes 
into  a  real  function  U  satisfying  the  general  conditions  in  the  Z-region; 
and  conversely. 

But  a  function  U,  satisfying  the  general  conditions  over  the  area  of  a 
plane  circle  and  acquiring  assigned  finite  values  along  the  circumference,  is 
uniquely  determinate ;  hence  the  function  u  is  uniquely  determined  on  the 
circular  winding-surface  by  satisfying  the  general  conditions  over  the  area 
and  by  assuming  assigned  values  along  its  boundary. 

It  is  thus  obvious  that  the  multiplicity  of  sheets,  connected  through 
branch-lines  terminated  at  branch-points  and  (where  necessary)  at  the  single 
'  boundary  of  the  surface  consisting  of  the  sheets,  does  not  affect  the  validity 
of  the  result  obtained  earlier  for  the  simpler  one-sheeted  area ;  and  therefore 
the  function  u,  acquiring  assigned  values  along  the  boundary  of  the  simply 
connected  surface,  and  satisfying  the  general  conditions  throughout  the  area 
of  the  surface  which  may  consist  of  more  than  a  single  sheet,  is  uniquely  deter- 
minate. 

There  is,  as  already  remarked,  one  unessential  particular  in  which 
deviation  from  the  theorem  occurs  when  the  region  contains  a  branch-point. 
At  a  branch-point  a  function  may  be  finite*,  but  all  its  derivatives  are  not 
necessarily  finite ;  and  therefore  at  such  a  point  a  possible  exception  to  the 
general  conditions  arises  as  to  the  finiteness  of  value  of  the  derivatives 
and  the  consequent  satisfying  of  the  equation  V2w  =  0 :  no  exception,  of 
course,  arises  as  regards  the  uniformity  of  the  derivatives  on  the  Riemann's 
surface.  The  exception  does  not  necessarily  occur ;  but,  when  it  does  occur, 
it  is  only  at  isolated  points,  and  its  nature  does  not  interfere  with  the  validity 
of  the  proposition.  We  shall  therefore  assume  that,  in  speaking  of  the 


in  the  continuation  of  a  function  in  §  34,  that  a  function  u  exists,  subject  to  the 
general  conditions  within  any  simply  connected  surface  and  acquiring  assigned 
finite  values  along  the  boundary  of  the  surface. 

224.  The  functions,  which  have  been  discussed  so  far  in  the  present 
connection,  are  functions  having  no  infinities  and,  except  possibly  at  points 
on  the  boundaries  of  the  regions  considered,  no  discontinuities:  they  are 
uniform  functions.  And  the  regions  have,  hitherto,  been  supposed  simply 
connected  parts  of  a  Riemann's  surface,  or  simply  connected  surfaces.  When 
the  surface  is  multiply  connected,  we  resolve  it  by  a  canonical  system 
(|  181)  of  cross-cuts  as  follows. 

We  also  proceed  to  introduce  the  cross-cut  constants,  and  so  to  consider 
the  existence  of  functions  which  have  the  multiform  character  of  the  integrals 
of  uniform  functions  of  position  on  the  Riemann's  surface.  The  functions 
will  still  be  considered  to  be  uniform,  finite  and  continuous  except  at  the 
cross-cuts :  their  derivatives  will  be  supposed  uniform,  finite  and  continuous 
everywhere  in  the  region,  and  subject  to  the  equation  ¥-a  =  Q:  and  boundary 
values  will  be  assigned  of  the  same  character  as  in  the  previous  cases.  As 
moduli  of  periodicity  are  to  be  introduced,  the  unresolved  surface  is  no  longer 
one  of  simple  connection:  we  shall  begin  with  a  doubly  connected  surface. 

Let  such  a  surface  T  be  resolved,  in  two  different  ways,  into  a  simply 
connected  surface:  say  into  T^  by  a  cross-cut  Q1}  and  into  Tz  by  a  cross- 
cut Qo.  Mark  on  T-^  and  on  T.,  the  directions  of  Q2  and  'of  Qi  respectively:  the 


Fig.  81. 

notations   of  the   boundaries   are  indicated  in  the  figures,  and   T'  is  the 
region  between  the  lines  of  Ql  and  Q2. 

It  will  be  shewn  that  a  function  u  exists,  determined  uniquely  by  the 
following  conditions : 

(i)  The  first  and  the  second  derivatives  are  throughout  T  to  be 
uniform,  finite  and  continuous,  and  to  satisfy  V2w  =  0:  but  no  conditions 
for  them  are  assigned  at  points  on  the  boundary : 


(iii)  Some  selected  branch  of  u  is  to  assume  assigned  values  along 
a  and  b',  typically  represented  by  H,  and  assigned  values  along  a  and  b, 
typically  represented  by  G.  These  boundary  values  are  to  be  finite  every- 
where, though  they  may  be  discontinuous  at  a  finite  number  of  isolated  points 
on  the  boundary ;  such  discontinuity  will  arise  through  the  modulus. 

In  TI,  for  zero  values  along  a,  b,  a',  b'  and  for  unit  values  along  Qf 
and  QI+J  let  the  fractional  factor  for  the  line  Qz  be  ql :  and  similarly  in  Tz, 
for  zero  values  along  a,  b,  a,  b'  and  for  unit  values  along  Q.r  and  Q»+, 
let  the  fractional  factor  for  the  line  Ql  be  qz,  where  ql  and  qs  are  positive 
proper  fractions. 

For  the  simply  connected  region*  Tl  determine  a  function  vl}  satisfying 
the  general  conditions  and  having  as  its  boundary  values,  H  along  a'  and  b', 
G  along  a  and  b,  arbitrarily  assumed  values  represented  by  6  (the  maximum 
value  being  Jfj  and  the  minimum  value  being  ?na)  along  Q,~  and  values 
6  +  K  along  Q^:  the  function  so  obtained  is  unique.  Let  the  values 
along  the  line  Qz  in  T-i  be  denoted  by  «/. 

For  the  region  T»  determine  a  function  u«,  satisfying  the  general  con- 
ditions and  having  as  its  boundary  values,.  H  along  a'  and  b',  G  —  K  along 
a  and  b,  Ui  —  K  along  Q2~  and  u{  along  Q»+:  the  function  so  obtained  is 
unique.  Let  its  values  along  the  line  ft  in  T«  be  denoted  •  by  u«,  the 
maximum  value  being  M»  and  the  minimum  value  being  w2. 

For  the  region  Tl  determine  a  function  u3,  satisfying  the  general  conditions 
and  having  as  its  boundary  values,  H  along  a'  and  b',  G  along  a  and  b,  'U.,' 
along  Qj~  and  uz'+ K  along  Q^:  the  function  so  obtained  is  unique.  Let  its 
values  along  the  line  Q«  in  Tt  be  denoted  by  u3'.  Then  the  function  us  —  WL 
satisfies  the  general  conditions  in  T1 ;  it  is  zero  along  a  and  b',  a  and  b  :  it  is 
uz  —  6  along  Qx~  and  also  along  Qa+,  and  u.,'—  6^.M.,—  m^  and  ^m2—  M^ 

A  difference  of  limits  for  ?</—  M/  arises  according  to  the  relative  values  of 
M2  and  11^,  of  in»  and  M^ ;  evidently  M2  —  m^  >  m.2  —  M1. 

(i)  If  in2  —  MI  be  positive,  then  J\'L  -  u^  is  positive  and  equal,  say,  to 
X;  the  boundary  values  for  us  —  Ui  may  range  from  0  to  X,  and  we  have 
«/  -  u-i'  >  0  <  q^  along  Qu. 

(ii)  If  m,  —  Jfj  be  negative  and  equal  to  —  e,  then  Mz  ~  m^  is  either 
positive  or  negative. 

(a)     If  M2  —  mi   be  negative,  then  the  boundary  values  for  us  —  Ui 
may  range  from  0  to  —  e,  that  is,  boundary  values  for  u^  —  u^  may  range  from 


«  I  M8  -Wj  \<qie, 

fhere  e  is  the  greatest  modulus  of  values  along  the  boundary. 

(I)  If  MZ  —  wii  be  positive,  let  its  value  be  denoted  by  77 :  then  the 
Boundary  values  for  us  —  u:  may  range  from  77  to  —  e.  The  boundary  values 
Dr  it3  —  MX  +  e  may  range  from  0  to  17  +  e,  and  it  is  a  function  satisfying  all  the 
titernal  conditions  :  hence  ua  —  Wj  +  e  ^  ql  (rj  +  e),  and  therefore 

«3  -  «i  ^  31*?  -  (1  -  ffi)  e  <  ft  17. 

Lgain,  the  boundary  values  of  wt  —  «3  +  ^  may  range  from  77  +  e  to  0,  and  it  is 
,  function  satisfying  all  the  internal  conditions :  hence  i^  —  ux  +  77=$  ft  (77  +  e), 
,nd  therefore 

it!  -  MS  ^  ft  e  -  (1  -  ft)  77  <  fte. 

lence  at  points  where  M3  >  «! ,  so  that  us  —  MJ  is  positive,  we  have  us  —  Ui  <  ft  77 ; 
,nd  at  points  where  ti.t  <  u± ,  so  that  7.^  -  w3  is  positive,  we  have  MI  =  z/.3  <  g1!  e. 

Every  case  can  be  included  in  the  following  result*:  If  ^  be  the  greatest 
aodulus  of  the  values  of  u«  —  0  along  the  two  edges  of  Q1  in  T^ ,  then 


Jong  Qo,  so  thab  qlpJ  is  certainly  the  greatest  modulus  of  it/  — w/  along  Q2. 

225.  For  the  region  T2  determine  a  function  u4,  satisfying  the  general 
onditions  and  having  as  its  boundary  values,  H  along  a!  and  b',  G  —  K  along 
',  and  b,  us'  —  K  along  Q>r  and  usf  along  Q»+ :  the  function  so  obtained  is 
inique.  Let  its  values  along  the  line  Qj  be  denoted  by  w/.  Then  the 
auction  u4  —  iu  satisfies  the  general  conditions  in  T« :  it  is  zero  along  a'  and 
',  a  and  b :  it  is  icsf  —  «/  along  Q.~  and  also  along  Qz+,  and  along  Q2  we  have 

u^  -Ui    <qif*. 
Jence,  after  the  preceding  explanations,  we  have  along  Ql  in  Tz 

u^  —  uzr  ^.q^qi/J" 

^•oceeding  in  this  way  for  the  regions  alternately,  we  have  for  Tl  a  function 
;2n+1,  the  boundary  values  of  which  are,  H  along  a'  and  b',  G  along  a  and  b, 
','zn  along  Q{~  and  u'zn  +  K  along  Q^ :  and  along  Q2 

'  i/'          .j/'          I  -^  /7  nn  n—i  ..  • 

i  "  sn+i     u  -m—i  \<qi  q%     & } 

,nd  for  T2  a  function  um+»,  the  boundary  values  of  which  are,  H  along  a'  and 
',  G  —  K  along  a  and  6,  u'm+l  —  K  along  Q2~  and  w'an+i  along  Q2+ :  and 
•long  Qj 

W'SHI+S-  it'ui\<.qinqznfJ" 

*  Another  method  of  proceeding,  different  from  the  method  in  the  text,  depends  upon  the 
itroduction  of  the  minor  fractional  factor  (§  222)  for  the  cross-cut,  having  the  same  relation 


Jr  1  o       '  '  i  J  * 

These  limiting  values  are  finite.     For 

«an+i  =  ui  +  (W3  ~  «i)  +  (U,  -  MS)  +  .  .  .  +  (;Um+i  -  M^^)  ; 

in  the  limit,  when  n  is  infinitely  large,  the  sum  of  the  moduli  of  the  terms  of 
the  series  at  points  along  Q2 

<  (If,  +  K)  +  qlfJ,+  qi*qsp  +  qfqtfj,,  +  ... 


so  that  the  series  converges  and  the  limit  of  M2U+1,  viz.  u',  is  finite.     Similarly 
for  u". 

Now  consider  the  functions  in  the  portions  T  —  T'  and  T'  of  the 
region  T. 

For  T—  T'  we  have  um,  (that  is,  u"  in  the  limit),  with  values  H 
along  a  and  bf,  u'  along  Q=+:  and  also  u«n+l,  (that  is,  u'  in  the  limit), 
with  values  H  along  a'  and  b'  and  u"  along  Q{~:  thus  u'  and  it"  have 
the  same  values  over  the  whole  boundary  of  T  '  —  T'  and,  therefore,  throughout 
that  portion  we  have  u'  =  u". 

For  T'  we  have  uzn,  (that  is,  u"  in  the  limit),  with  values  Gr  —  K  along 
a  and  &,  and  u'  —  K  along  Q,r  :  and  also  u.2n+l  ,  (that  is,  u'  in  the  limit),  with 
values  G  along  a  and  6  and  u"  +  K  along  ft"1".  Thus  over  the  whole  boundary 
of  T'  we  have  u'  —  u"  =  K  :  and  therefore  within  the  portion  T'  we  have 


Lastly,  for  the  whole  region  T  we  take  u  =  u'.  In  the  portion  T  —T'  we 
have  u,  =  u'  =  u",  and  in  the  portion  T'  we  have  u  =  u'  =  u"  +  K  ;  that  is,  the 
function  is  such  that  in  the  region  T±  the  value  changes  from  u"  at  Qj~  to  u"  +  K 
at  Qi+,  or  the  modulus  of  periodicity  is  K . 

Hence  the  function  is  uniquely  determined  for  a  doubly  connected  surface 
by  the  general  conditions,  by  the  assigned  boundary  values,  and  by  the 
arbitrarily  assumed  real  modulus  of  periodicity. 

226.  We  now  consider  the  determination  of  the  function,  when  the 
surface  S  is  triply  connected  and  has  a  single  boundary. 

Let  S  be  resolved,  in  two  different  ways,  into  a  doubly  connected  surface. 
Let  Q-i  be  a  cross-cut,  which  changes  the  surface  into  one  of  double 
connectivity  and  gives  two  pieces  of  boundary:  and  let  Q2  be  another 

r>vnc!C!_/%nf       nr\f      TVI£»Q+-.I n  nr      +.1-10      rlir-onf .irm      r\f      O         t\-r\\r\xr\\  f*YC±       TMI+:      rrmt.irmmisl  V 


,na  possesses  an  arbitrarily  assigned  modulus  01  periodicity. 

The  combination  of  these  functions,  by  an  alternate  process  similar  to 
hat  for  the  preceding  case,  leads  to  a  unique  function  which  has  an 
Assigned  modulus  of  periodicity  for  the  cross-cut  Qa.  The  conditions 
diich  determine  it  are :  (i),  the  general  conditions :  (ii),  the  values  along 
he  boundary  of  the  given  surface,  (iii)  the  value  of  the  modulus  of 
)eriodicity  for  the  cross-cut,  which  resolves  *the  surface  into  one  of  double 
onnectivity,  and  the  modulus  of  periodicity  for  the  cross-cut,  which 
esolves  the  latter  into  a  simply  connected  surface,  that  is,  by  assigned 
nocluli  of  periodicity  for  the  two  cross-cuts  necessary  to  resolve  the 
»riginal  surface  S  into  one  that  is  simply  connected. 

Proceeding  in  this  synthetic  fashion,  we  ultimately  obtain  the  result 
hat  a  real  function  u  exists  for  a  surface  of  connectivity  2p  +  1  with  a  single 
)oundary,  uniquely  determined  by  the  following  conditions : 

(i)  its  derivatives  within  the  surface  are  everywhere  uniform,  finite 
and  continuous,  and  they  satisfy  the  equation  V2it  =  0 ; 

(ii)  it  assumes,  along  the  boundary  of  the  surface,  assigned  values 
which  are  always  finite  but  may  be  discontinuous  at  a  limited 
number  of  isolated  points  on  the  boundary; 

(iii)  the  function  within  the  surface  is  everywhere  finite  and,  except  at 
the  positions  of  cross-cuts,  is  everywhere  uniform  and  continuous : 
the  discontinuities  in  value  in  passing  from  one  edge  to  another 
of  the  cross-cuts  are  arbitrarily  assigned  real  quantities. 

227.  The  question  next  arises  as  to  the  existence  of  a  function  u  upon  a 
liemann's  surface  of  connectivity  2p  +  1  tna^  nas  no  boundary,  the  function 
satisfying  (i)  and  (iii)  of  the  foregoing  conditions.  The  existence  can  be 
istablished  as  follows*. 

On  some  sheet  of  the  surface,  take  two  concentric  circles  of  radii  r  and  r' 
where  r  >  r),  choosing  them  so  that  the  outer  circle  (and  therefore  also  the 
nner  circle)  encloses  no  singularity  and  meets  no  cross-cut;  clearly  the 
nagnitude  of  r'  will  be  at  our  disposal,  and  it  will  be  supposed  finite  (not 
;ero).  Let  the  circumferences  of  the  circles  be  denoted  by  0  and  0' ;  denote 
,he  part  of  the  Riemann's  surface  outside  0'  by  S',  and  the  circular  area 
vithin  C  on  the  Riemann's  surface  by  S.  Thus  S'  and  S  are  Riemann's 
inrfaces,  each  with  a  single  boundary ;  and  they  have  a  common  annulus. 

Assume  any  set  of  finite  and  continuous  values  along  C'.  Determine  for 
.he  bounded  Riemann's  surface  S'  a  function  w/,  which  acquires  these  values 


J;  J  O  x  «7 

function  iii  is  unique  ;  and  it  acquires  finite  and  continuous  values  along  0, 
which  lies  within  the  region  of  its  existence. 

Determine  for  the  bounded  Biemann's  surface  S  a  function  ul}  which 
acquires  along  C  the  values  that  are  acquired  along  that  circle  by  w/  ,  and 
which  satisfies  the  general  conditions  everywhere  in  $.  (As  no  cross-cut 
occurs  within  S,  all  the  moduli  of  periodicity  may  be  regarded  as  zero.)  This 
function  wz  is  unique  :  and  it  acquires  finite  and  continuous  values  along  C', 
which  lies  within  the  region  of  its  existence. 

Determine  for  $'  a  function  ?//,  which  acquires  along  C'  the  values 
acquired  by  ul}  satisfies  the  general  conditions  everywhere  in  S',  and  at  the 
various  cross-cuts  possesses  the  same  arbitrarily  assigned  moduli  of  periodicity 
as  «/.  This  function  u.S  is  unique  ;  and  it  acquires  finite  and  continuous 
values  along  C,  which  lies  within  the  region  of  its  existence. 

Determine  for  $  a  function  «2,  which  acquires  along  G  the  values  that  are 
acquired  along  that  circle  by  uz',  and  which  satisfies  the  general  conditions 
everywhere  in  S  ;  as  there  are  no  cross-cuts  within  S,  there  are  no  moduli  of 
periodicity.  This  function  •»«  is  unique  :  and  it  acquires  finite  and  continuous 
values  along  0',  which  lies  within  the  region  of  its  existence. 

And  so  on,  in  alternate  succession  for  the  spaces  S'  and  S.  We  thus 
obtain  a  sequence  of  functions  ?</,  u«,  ...,  un',  ...,  which  satisfy  the  general 
conditions  within  S'  and  possess  the  arbitrarily  assigned  moduli  of  periodicity 
at  the  various  cross-cuts  :  and  a  sequence  of  functions  ul)uz,  ...,  un,  ...,  which 
satisfy  the  general  conditions  within  S,  an  area  that  contains  no  cross-cuts. 
Moreover,  we  have 

«„'  =  «„_!  along  G'} 
un  =  u^    along  G 

as  values  along  the  boundaries   of  S'  and  S  respectively,  assigned  to  the 
functions  in  the  respective  sequences. 

Now  (by  Ex.  1,  Lemma  II.  §  216)  we  have 

,'  2ir 

um  (r,  $)d(J3=       iim  (r,  <£)  d$. 

o  .•'  o 

But  um  (r,  (£)  =  u'm+1  (r,  <$),  on  account  of  boundary  values  :  thus 


f 

J  o 


0 

"27T 

u'm+i  (r,  0)  d<f>, 

0 

by  Ex.  2,  Lemma  II.  §  216.     Also  u'm+1  (r,  <p}  =  um+l  (r,  <£),  on  account  of 

V\r\iTnrl  o  T«Tr     Trolii/ia   •      n  >-v  r\      -f-  n  <-}>»£v£r\r»n 


Um  (0)  =  Um+i  (0), 

r  all  the  functions  ul}  u2,  ...  have  the  same  value  at  the  centre  of  this  circle. 

We  proceed  to  shew  that  these  functions  u  and  u'  converge  to  the  same 
imit  in  the  infinite  sequence.     Let 

Um  =  ^»i-t-i       W«u       t/?»i  ==  W  7^+!       WTO  j 

o  that  Um'  (r;  <£)  .=  Um    (r,  < 

U^(r\$}=Um-.,(r', 

.long  the  circles  Cf  and  C"  respectively.     At  the  common  centre,  we  have 
Um  (0)  =  wm  (0)  -  um_,  (0)  =  0  ; 

,nd  therefore,  if  AT,,,,  be  the  maximum  value  of  Um  (r,  </>)|  along  the  circle  G, 
VQ  have  (by  Ex.  1,  §  218) 

4  r' 

I  Z/w  (»'',  </>)   ^  ^»»  ~  sin"1  - 

7T  7' 

Jong  the  circle  G'.  Now  in  the  initial  assumption  of  the  circles  G  and  G', 
ve  have  merely  made  ?•'  <  ?•,  provided  ?•'  does  not  become  an  indefinitely  small 
[uantity.  Suppose  now  that  the  inner  circle  is  chosen  so  that 

4    .     V 

-  sin"1  —  <  o-, 

TT  r 

vhere  <r  is  a  finite  positive  quantity  less  than  unity.     Then 

Um(r',<f>)\«rMm. 
Consequently,  we  have 

|  U'm+l  (r',  </))|  =  |  Um  (r',  0)  | 


STow  the  function  U'm+i,  which  exists  in  the  Riemann  surface  8'  outside  G'  '  , 
s  such  that  it  satisfies  the  general  conditions  within  8';  moreover,  it  has  no 
noduli  of  periodicity,  for  the  functions  u'm.+z  and  um+l  have  the  same 
irbitrarily  assigned  moduli  of  periodicity  ;  hence  (§  220)  the  maximum  values 
)f  U'm+l  and  the  minimum  values  of  U'm+i  lie  on  its  boundary  which  is  the 
jircle  G',  and  therefore  U'm+1  \  within  8'  is  less  than  the  maximum  value  of 
U'm+l  |  along  G'.  Accordingly 


Ui(r,  <p)1 


therefore 


Z7W  <V, 
Um'(r, 


Moreover,  we  have 

un  —  u±  +  (u2  —  Wj 


Un 

< 
< 

«-" 

U, 

^ 
It  - 

-1-  AT 

+  ...+ 

ol^ 

^n-a    J 

mg  G, 

1  1  nn  o'   iJ    ' 

^T  •*•¥      -,             "     c*>±\. 

I  —  cr 

j-  AT"  .    .    °"         5 

and  therefore 
so  that 


and  similarly  for  un'.     Hence,  in  the  infinite  sequence,  the  functions  u  and  u 
converge  to  a  finite  limit ;  and  since 

un'  —  %„_!  along  G,    un'  =  un  along  G', 
this  finite  limit  is  the  same  along  both  circles  0  and  G'. 

Because  u  —  u'  =  Q  along  G  and  along  G',  it  follows  (§  220)  that  'u  —  u'  =  Q 
throughout  the  annulus.  But  u'  exists  in  S'  without  G',  and  u  exists  over 
the  whole  of  S  within  C ;  hence  (Lemma  I.  §  216)  u  and  u  define  a  single 
function  for  S  and  S'  combined,  that  is,  for  the  Biemann's  surface  without 
any  boundary. 

It  thus  is  proved  that  a  function  exists  satisfying  all  the  assigned 
conditions ;  but  as  the  values  initially  assumed  along  G'  for  the  function  «/ 
were  arbitrary  to  some  extent,  it  is  possible  that  the  function  which  satisfies 
all  the  assigned  conditions  may  be  far  from  unique.  To  determine  this 
issue,  let  u  and  v  denote  two  functions  on  the  R-iemann's  surface,  which 
everywhere  satisfy  the  general  conditions  and  which  possess  the  arbitrarily 
assigned  moduli  of  periodicity  at  the  cross-cuts.  Consider  the  function  u  —  v. 
Its  moduli  of  periodicity  are  zero :  that  is,  owing  to  the  other  characteristics 
of  u  and  v,  the  function  u  —  v  is  uniform,  finite,  and  continuous  over  the 
whole  of  the  unbounded  Riemann's  surface,  and  it  therefore  (§§  220,  231) 
is  a  constant.  We  thus  infer  the  theorem : 

Real  functions  exist  on  a  Riemann's  surface,  finite  everywhere  on  the  surface, 
and  (except  as  to  an  additive  constant}  uniquely  determined  by  their  moduli  of 
periodicity  at  the  cross-cuts,  which  moduli  are  arbitrarily  assigned  reai 
constants. 


rywhere  on   the  Riemann-s  surface,  and   are   determined  by  arbitrarily 
tigned  moduli  of  periodicity,  there  are  2p  and  no  more  that  are  linearly 
lependent  of  one  another ;  and  every  other  such  function  can  be  expressed, , 
",ept  as  to  an  additive  constant,  as  a  linear  combination  of  multiples  of  these 
ictions  with  constant  coefficients. 

Taking  into  account  only  real  functions,  which  satisfy  the  general 
iditions  and  are  everywhere  finite,  we  can  obtain  an  infinite  number  of 
ictions  by  assigning  arbitrary  moduli  of  periodicity. 

When  one  function  wx  has  been  obtained,  with  (oltl,  coli2,  ...  coli2p  as  its 
Ditrarily  assigned  moduli,  another  function  uz  can  be  obtained  with 

its  arbitrarily  assigned  moduli  of  periodicity,  which  are  not  the  moduli  of 
!(•!,  where  /ca  is  a  constant.  'A  third  function  us  can  then  be  obtained,  with 
,1,  co3i2,  ...,  &>3,s5j;  as  its  arbitrarily  assigned  moduli  of  periodicity,  Avhich  are 
t  the  moduli  of  J^Ui  +  k^u,,,  where  /q  and  k»  are  constants;  and  so  on, 
ovided  that  the  number  of  functions  obtained,  say  q,  is  less  than  2£>. 
hen  q  <  2p,  another  function  can  be  obtained  whose  moduli  of  periodicity 

e  different  from  those  of  2  k.rur.     But  when  q  =  2p,  so  that  2p  definite 

r=l 

notions,  linearly  independent  of  one  another,  have  been  obtained,  it  is 
•ssible  to  determine  constants  kl}  kz,  ...,  k»p,  so  that 

2p 
r=l 

>r  m  —  1,  2,  ...,  2p),  where  fi1;  Q2,  ...,  fl2p  are  arbitrary  constants. 

Let  U  be  the  potential  function,  which  satisfies  the  general  conditions 
id  is  finite  everywhere  on  the  surface  and  is  determined  by  the  arbitrarily 
signed  constants  Oj,  ila, ...,  fl^;  then  the  function 

*£ 
U  —  2  krur 

r=l 

is  all  its  moduli  of  periodicity  zero,  it  is  everywhere  finite  and,  because  its 
ocluli  are  zero,  it  is  uniform  and  continuous  everywhere  on  the  surface.  It 
therefore,  by  §  220,  a  constant;  and  therefore 

U  =  2  krur  +  A, 

r=l 

roving  the  proposition. 
229.     The  only  remaining  condition  of  §  214  to  be  considered  is  the 


represented  by  the  real  part  01  </>  (z,  or),  where 

r  -A-r 


•and  let  this  real  part  be  denoted*  by  £)}<£(£,  cr)',  then  «  —  9?(jb  (£,  cr)  has  no 
infinity  at  z  =  cr.  Proceeding  in  the  same  manner  with  the  other  assigned 
infinities  at  all  the  assigned  points,  we  have  a  function 

U=u-  2 


which  has  no  infinities  on  the  surface.  Its  derivatives  everywhere  (save  at 
branch-points)  are  finite,  uniform  and  continuous,  and  satisfy  the  equation 
V%  =  0.  If  T  be  a  typical  representation  of  the  -.assigned  boundary  values 
of  u,  and  if  ct>  be  the  corresponding  typical  representation  of  the  assigned 
boundary  values  of  £  •>)?$  (z,  cr),  then  T  —  <3>  is  a  typical  representation  of 

r=l 

the  boundary  values  of  U. 

The  moduli  of  periodicity  of  U  may  arise  through  two  sources  :  (1) 
arbitrarily  assigned  real  moduli  of  periodicity  at  the  2p  cross-cuts  of  the 
canonical  system  (§181),  that  are  necessary  to  resolve  the  original  surface  into 
one  that  is  simply  connected:  (2)  the  various  moduli  9J  (2-Trt.Z?,.),  arising  from 
the  infinities  cr  in  the  surface,  the  occurrence  of  which  infinities  renders  these 
additional  moduli  necessary  for  the  various  additional  cross-cuts  that  must  be 
made  in  resolving  the  surface.  Then  U  has  all  these  moduli  as  its  moduli  of 
periodicity  :  it  is  finite  everywhere  on  the  surface  and,  except  for  its  moduli  of 
periodicity,  it  is  uniform  and  continuous  on  the  surface;  hence  it  is  a  function 
uniquely  determinate,  which  is  a  constant  if  all  the  moduli  be  zero. 

It  therefore  follows  that  the  determination  of  u  is  unique,  that  is,  that  a 
real  function  u  on  the  Riemanns  surface  is  determined  l>y  the  general  conditions 
at  all  points  on  the  surface  except  infinities,  by  the  assignment  of  specified  forms 
of  infinities  at  isolated  points,  and  by  the  possession  of  arbitrarily  assigned 
moduli  of  periodicity  at  the  cross-cuts  which  would  have  to  be  made  in  order 
to  resolve  the  surface  into  one  that  is  simply  connected.  And,  when  all  the 
moduli  are  zero,  the  real  function  u  is  uniform. 

Now  w,  =  u  +  iv,  is  determined  by  u  save  as  to  an  arbitrary  additive 
constant.  Hence,  summarising  the  preceding  results,  we  infer  the  existence 
of  the  following  classes  of  functions  on  the  surface  :  — 

(A  )     Functions  which  are  finite  everywhere  on  the  surface  and,  except 
at  the  lines  of  the  cross-cuts  which  suffice  to  resolve  the  surface 


(JB)  Functions  which  have  a  limited  number  of  assigned  singularities 
(either  algebraical,  or  logarithmic,  or  both)  at  assigned  isolated 
points,  and  which  otherwise  have  the  characteristics  of  the 
functions  defined'  in  (A).  '  ' 

The  existence  of  the  various  kinds  of  functions,  considered  in  this  chapter  in 
connection  with,  a  special  form  of  Riemann's  surface,  will  be  established  for 
any  given  Riemann's  surface  in  the  next  chapter. 

Ex.     Shew  that  a  function  of  the   complex  argument  z  is  determined,  save  for  a 
constant,  within  a  rectangle  drawn  upon  a  plane  representing  the  values  of  z,  by  the 

conditions  (i)  of  being  infinite  like  -  ,  (ii)  of  having  values  at  opposite  points  of  a  pair 

3  —  Cl 

of  opposite  sides  whose  difference  is  a  real  quantity  constant  for  that  pair  of  sides. 

If  ff(z),  K(s)  be  two  such  functions,  the  former  being  infinite  like  -  and  having 

Z  —  ft 

61}  6%  for  its  real  differences  at  the  two  pairs  of  sides,  the  latter  being  infinite  like  —  •= 

z  —  p 

and  having  qdj,  0a  for  its  real  differences,  prove  that 


is  a  function  whose  values  at  opposite  boundary  points  are  the  same. 

(Math.  Trip.,  Part  II'.,  1894.) 


CHAPTEB  XVIII. 

APPLICATIONS  OF  THE  EXISTENCE-THEOREM. 

230.  WE  proceed  to  make  some  applications  of  the  existence-theorem 
as  established  in  the  preceding  chapter  in  connection  with  any  Riemann's 
surface,  which  is  supposed  given  geometrically  in  an  arbitrary  way.  We 
shall  first  consider  it  in  relation  with  the  functions  usually  known  as  Abelian 
transcendents. 

The  existence  of  various  classes  of  functions  of  position  has  been  established. 
Let  functions  which,  satisfying  the  general  conditions,  are  finite  everywhere 
on  the  Riemann's  surface  and  have  assigned  moduli  of  periodicity  at  the  '2p 
cross-cuts,  be  called  functions  of  the  first  kind,  in  analogy  with  the  nomen- 
clature of  |§205  —  211  ;  let  functions  which,  satisfying  the  general  conditions, 
have  assigned  algebraic  infinities  on  the  Riemann's  surface  and  have 
.assigned  moduli  of  periodicity  at  the  2p  cross-cuts,  be  called  functions  of 
the  second  kind;  and  le.t  functions  which,  satisfying  the  general  conditions, 
have  assigned  logarithmic  and  algebraic  infinities*  and  have  assigned  moduli 
of  periodicity  at  the  2j9  cross-cuts  as  well  as  the  proper  moduli  in  connection 
with  the  logarithmic  infinities,  be  called  functions  of  the  third  kind.  These 
classes  of  functions  evidently  contain  the  integrals  of  the  three  respective 
kinds  which  arise  through  algebraic  functions.  The  three  classes  of  functions 
U,  thus  proved  to  exist  on  a  Riemann's  surface  and  characterised  by  the 
property  that,  at  the  same  position  on  opposite  edges  of  a  cross-cut,  the 
values  differ  by  a  quantity  which  is  constant  along  the  cross-cut,  are  such 
that  dU/dz  is  a  uniform  function  f  of  position  on  the  surface.  Thus,  by 

§  193,  we  have 

dll 


where  R  is  a  rational  function  of  its  arguments  ;  and  therefore 


First,  let  P  and  Q  be  two  functions  of  x  and  y,  the  derivatives  of  which 
are  finite,  uniform  and  continuous  at  all  points  (except  possibly  branch-points) 
on  the  given  Riemann's  surface  and  satisfy  the  equation  V2w  =  0.  Let  the 
functions  themselves  be  finite  and,  except  at  cross-cuts,  uniform  and 
continuous  on  the  surface:  and  let  their  moduli  of .  periodicity  be  A-^,  ..., 
Ap,  JBl} ...,  Bv\  AI,  ...,  Ap,  Si, ...,  J3p,  for  the  cross-cuts  al, ...,  ap,  b1}  ...,bp 
respectively,  the  moduli  for  the  cross-cuts  c  being  zero.  (If  P  and  Q  should 
have  infinities  on  the  surface,  as  will  be  the  case  in  later  applications,  so  that 
in  their  vicinity  portions  of  the  surface  are  excluded,  thereby  requiring  other 
cross-cuts  for  the  resolution  of  the  surface  into  one  that  is  simply  connected, 
other  moduli  will  be  required ;  but,  in  the  first  instance,  P  and  Q  have 
merely  the  2p  assigned  moduli.) 

When  the  surface  is  resolved  by  the  2p  cross-cuts  into  -one  that  is  simply 
connected,  the  functions  P  and  Q  are  uniform,  finite  and  continuous  over 
the  resolved  surface.  Proceeding  as  in  §  16  and  §  216,  we  have 


where  the  double   integrals    extend  over  the  whole  area  of  the   resolved 

surface,  and  the  single  integrals  extend  positively  round 

the  whole  boundary.     This  boundary  is  composed  of  a 

single  curve,  composed  of  both  edges  of  each  of  the 

•cross-cuts;  and  the  positive  directions  of  the  description 

are  indicated  in  the  figure,  at  a  point  of  intersection  of 

two  cross-cuts. 

As  explained  in  §  196,  the  negative  edge  of  the  cross- 
•cut  OT  is  GE  and  the  positive  edge  is  DF;  the  negative 
edge  of  the  cross-cut  r'br  is  EF,  and  the  positive  edge  is  CD.  Then  we  have 


and  similarly  for  the  function  Q. 


wo  eages  is 

[D 

P+dQ,  taken  in  the  direction  F...D     , 

J  F 

+       P-dQ,  taken  in  the  direction  G...E 

J  c 

rD 

(P+  - P_) dQ,  taken  in  the  direction  F...D 

J  F 

f° 

=  Ar\    dQ=*Ar(QD-Qp)  =  ArBr'. 

J  F 

Similarly,  when  the  value  of  the  integral  for  the  two  edges  of  the  cross-cut  &,. 
is  taken,  we  have 

•c       • 
P+dQ,  taken  in  the  direction  D...O 


J  JD 


[F 

+       P-dQ,  taken  in  the  direction  E...F 

.'  E 

re 
=       (P+  —  P_)  dQ,  taken  in  the  direction  D...C 

' 


.  D 

C      =  Br 

D 

And  the  value  of  the  integral  for  the  combination  of  the  two  edges  of  any- 
cross-cut  c  is"  zero. 

Hence  summing  for  the  whole  boundary  of  the  resolved  surface,  we  have 

!PdQ=    2    (AM  -  BrAr'), 

r=l 

and  therefore 


_  -       (A  B  '  -  B  A  ') 

I  n      -^  -S  ---  ~<      /      'f''.    —    •£>    \-a-rJ-'r  —  JJr^-r  )> 

JJ  \oscoij      ox  dyj  r=i 

subject  to  the  assigned  conditions. 

This  theorem  is  of  considerable  importance  :  and  the  conditions,  subject 
to  which  it  is  valid,  permit  P  and  Q  (or  either  of  them)  to  be  real  or  complex 
potential  functions  of  as  and  y  or  to  be  a  function  of  z. 

231.  As  a  first  application,  let  P  and  Q  be  real  potential  functions  such 
that  P  -I-  iQ  is  a  function  of  z,  say  w,  evidently  a  function  of  the  first  kind. 
Let  its  moduli  for  the  cross-cuts  be 

cos  +  ivs  at  as,  for  8  =  1,2,  ...,p', 
and  cog+ivs'  at  bg,  for  s  =  1,  2,  ...,  p. 

nP.    P  4-  iQ  is  n   fnnn.t.inn   nf   v  _L  •»'<?/    isro  VIQVO    "Kir  RR  7     S 


y     for ' 

+  I  a~ 
j       \dy 

which  cannot  be  negative,  because  P  is  real ;  it  is  a  quantity  that  is  positive 
except  only  when  P  (and  therefore  w)  is  a  constant  everywhere.  In  the 
present  case 

Ar  =  a)r,  Bs  —  W/ ;     A.,.'  =  vr,  Bg  —  u/, 
P 
so  that  2,  (o)rvr'  —  wr'vr)  is  always  positive.     Hence  : 

r=l 

If  a  function  w,  everywhere  finite  on  a  Riemann's  surface,  have  o)s  +  ivs  at 
as  (for  s  =  1,  2,  . . . ,  p)  and  to/  +  ivg'  at  bs  (for  s  —  l,2,  . . . ,  p)  as  its  moduli, 
the  cross-cuts  a  and  b  being  the  %p  cross-cuts  necessary  to  resolve  the  surface 
into  one  that  is  simply  connected,  the  quantity 

p 

2    (a)rVr  —  (Or'vr} 
r=l 

* 

is  always  positive,  unless  w  is  a  constant :  and  then  it  is  zero. 
This  proposition  has  the  following  corollaries. 

COROLLARY  I.  A  function  of  z  of  the  first  kind  cannot  have  its  moduli  of 
periodicity  for  a1}  ...,  ap  all  zero. 

For  if  all  these  moduli  were  to  vanish,  then  each  of  the  quantities  «,.  and 

.  p 
each  of  the  quantities  vr  would  be  zero :   the  sum  2  (<w,.u/  —  co/ur)  would 

r=l 

then  vanish,  which  cannot  occur  unless  w  be  a  constant. 

COROLLARY  II.  A  function  of  z  of  the  first  kind  cannot  have  its  moduli  of 
periodicity  for  b1;  ...,  bp  all  zero ;  it  cannot  have  its  moduli  of  periodicity  all 
purely  real,  or  all  purely  imaginary,  or  some  zero  and  all  the  rest  either 
purely  real  or  purely  imaginary. 

The  different  cases  can  be  proved  as  in  the  preceding  Corollary. 

Note.  One  important  inference  can  at  once  be  derived,  relative  to 
functions  of  the  first  kind  that  have  only .  two  moduli  of  periodicity, 
lij  and  Ho. 

Neither  of  the  moduli  may  vanish;  for  if  one,  say  Q1}  were  to  vanish 
then  w/flo  would  be  a  function  having  one  modulus  zero  and  the  other  unity. 

The  ratio  of  the  moduli  may  not  be  real.  If  it  were  real,  then  w/I2a  would 
be  a  function  having  one  modulus  unity  and  the  other  real.  Both  of  these 

infopormoc    nvo    r>nnf.i-Q7Mr  f.n    nnrnllnr-sr  TT    •    nnrl     i,]~\ prp-fnrp    fTiP    rat/in    nf  t:liP    t.wrn 


immediate. 

Ex.  Shew  that,  if  two  functions  of  the  first  kind  have  the  same  moduli  of  periodicity, 
their  difference  is  a  constant :  and  that,  if  TF  be  a  value,  at  any  point  of  the  surface,  of  a 
function  of  the -first  kind  with  moduli  WD  ea2,  ...,  co2p,  all  the  functions  of  the  first  kind, 
which  have  those  moduli,  are  included  in  the  form 

2p 
W+  2  mr<or  +  A, 

r=l 

where  the  coefficients  m  are  integers  and  A  is  a  constant. 

232.  As  a  second  application,  let  P  be  a  function  of  z  and  Q  also  a 
function  of  z\   evidently,  with  the  restriction  of 'the  proposition,  P  and  Q 
must  be  functions  of  the  first  kind,  when  no  part  of  the  surface  is  excluded 
from  the  range  of  variation  of  z.     Then 

.dP     dP       .dQ     dQ 

n     —    n     ~     ......    V 

dx      dy  '        dx      dy  ' 

a 

so  that  at  every  point  on  the  surface  we  have 

ap5Q_aQap==0 

doc  dy      doc  dy 
Consequently  the  double  integral 

yap  dQ    BQ  ap\  ,  ,     _ 

0-^-5-    dxdy  =  0  ; 
dy      dsc  dyj        J 

and  therefore,  if  a  function  of  the  first  kind  have  moduli  Al} ...,  Ap,  Bl} ...,  J3p> 
and  if  any  other  function  of  the  first  kind  have  moduli  AJ,  ...,  Ap',  BJ,  ...,  Bp' 
at  the  cross-cuts  a  and  b  respectively,  then 

I    (ArBr'-BrAr'^Q. 

r=l 

233.  Next,  let  Q  be  a  function  of  z  of  the  first  kind,  as  in  the  preceding 
case;  but -now  let  P  be  a  function  of  z  of  the  second  kind,  so  that  all  its 
infinities  are  algebraical.     The  points  where  the  function  is  infinite  must  be 
.excluded  from  the  surface:    a  corresponding  number  of  cross-cuts  will  be 
necessary  for  the  resolution  of  the  surface  into  one  that  is  simply  connected. 
The  modulus  of  periodicity  of  P  for  each  of  these  cross-cuts  is  zero,  (as  in 
Ex.  8  of  §  199,  which  is  an  instance  of  a  function  of  'this  kind),  no  additional 
modulus  being  necessary  with  an  algebraical  infinity. 

Then  over  the  resolved  surface,  thus  modified,  the  functions  P  (z)  and 
Q(z)  are  everywhere  uniform,  finite  and  continuous:  and  therefore  as 


resolved  surface,  we  have 


_ 

doc  dy      doc  dy   .     ' 

[  therefore,  as  before,  the  double  integral  vanishes.  Hence  $PdQ,  taken 
nd  the  whole  boundary,  vanishes. 

The  boundary  is  made  up  of.  the  double  edges  of  all  the  cross-cuts  a,  b, 
I  those,  say  I,  which  are  introduced  through  the  infinities,  and  of  the  small 
ves  round  the'  infinities. 

As  in  §  230,  the  value  of  the  integral  for  the  two  edges  of  ar  is  ArBJ\ 
I  its  value  for  the  two  edges  of  br  is  —  BrAr'.  The  value  of  the  integral 
the  two  edges  of  any  cross-cut  I  is  zero,  because  the  subject  of  integration 
.he  same  along  the  edges  which  are  described  in  opposite  directions. 

To  find  the  value  round  one  of  the  small  curves,  say  that  which  encloses 
infinity  represented  analytically  by  a  value  cs  of  z,  we  take,  in  the  imme- 
te  vicinity  of  cs, 

P(z)=    H-*-  +  p(z-c.s), 

Z  —  (js 

ere  p(z—  cg)  is  a  converging  series  of  positive  integral  powers  of  z  —  cs.  In 
it  vicinity,  let 

Q  =  Q»  +  (z  ~  cs]  Qsf  +  higher  powers  of  z  -  cs, 
that  Qg  is  dQ/dz  for  z  =  cs  ;  thus 

dQ  =  (Qs  -4-  positive  powers  of  z  —  cs)  dz. 

3. 

mce  along  the  small  curve 

PdQ  =  HSQS'  —-  +  q(z-  cs)  dz, 

2        Cs 

ere  q  (z  —  cs]  is  a  converging  series  of  positive  integral  powers  of  z  —  cs.. 
e  value  of  the  integral  round  the  curve  is  2?n.flrsQ/. 

Summing  these  various  parts  of  the  integral  and  remembering  that  the 
.ole  integral  is  zero,  we  have 

^  (ArBr'-BrArf)  +  27ri2H8Q8'  =  0, 

?•  =  ! 

3  re  being  as  many  terms  in  the  last  summation  as  there  are  simple 
inities  of  P. 

The  ea  nation 


w</e  jarsu   n/iinu    Uiit/u/    uriv   •nwuiUivt    .a,   .u    ty    u/  j-wnwiiwii,  j.    \&)    uj    «</e    sew/tut    n>viwu, 

all  the  infinities  of  which  are  simple. 

The  simplest  illustration  is  furnished  by  the  integrals  that  were  considered  in  Ex.  6 
and  Ex.  8  of  §  199. 

Let  P  be  the  function  of  Ex.  8,  usually  denoted  by  E  (z),  being  the  elliptic  integral 
of  the  second  kind  ;  it  is  infinite  for  2  =  00  in  each  sheet.  In  the  upper  sheet  we  have, 
for  large  values  of  2  1  , 

P=E(z)=kz  (1+  positive  integral  powers  of  -  )  ; 
\  2  / 

and  for  the  same  in  the  lower,  we  have 

P=E  (z}  =  -  kz  (  1  +  positive  integral  powers  of  -  )  . 
\  z  / 

Let  Q  be  the  function  of  Ex.  6,  usually  denoted  by  F(z),  being  the  elliptic  integral 
of  the  first  kind,  finite  everywhere.  We  easily  find,  for  large  values  of  j  z  |  in  the  upper 
sheet,  that 

••]&  dQ=dP(z)  =  j^T.  (l  -(-positive  integral  powers  of  -)  dz, 

f'  KZ     \  Z/ 

and,  for  large  values  of    z    in  the  lower,  that 

dQ  —  dF(z)=  —  T^J  (  1+  positive  integral  powers  of  -\dz. 

KZ     \  Z  J 

Then  for  large  values  of    z  |  in  the  upper  sheet,  we  have 

9  PdQ=  ~  f  1  +  positive  integral  powers  of  -] 

*  \  ^  / 

fj"' 
=  --7-  (1  +  positive  integral  powers  of  2'), 

where  «/  =  !;   and  we  may  consider  the  Kiemann's  surface  spherical.     Hence  the  value 
round  the  excluding  curve  in  the  upper  sheet  is  -2?™'. 

Similarly  the  value  round  the  excluding  curve  in  the  lower  sheet  is  -Z-n-i. 

Now  Al  and  B^,  the  moduli  of  P,  are  4^  and  2i(K'-E')  respectively  ;  A{  and  B{,  the 
moduli  of  Q,  are  4/iT  and  1iK'  respectively.  Hence 

4#  .  %iK'  -  4ff  .  2i  (K1  -  E'}  -  4n-i=  0, 
leading  to  the  Legeudriau  equation 


.  234.  Before  proceeding  to  the  relations  affecting  the  moduli  of  periodicity 
of  functions  of  the  third  kind,  we  shall  make  some  inferences  from  the 
preceding  propositions. 

It  has  been  proved  that  functions  of  the  first  kind,  special  examples  of 
which  arose  as  integrals  of  algebraic  functions,  exist  on  a  Riemann's  surface. 


The  number  of  linearly  independent  functions  of  the  first  kind,  that  exist  on 
a  given  Riemann's  surface,  is  equal  to  p  ;  where  2/j-f  1  is  the  connectivity  of 
the  surface.  And  every  function  of  the  first  kind  on  that  surface  is  of  the 

P 
form  (7+2  cqWq,  where  G  is  a  constant,  the  coefficients  Ci,  ...,GP  are  constants, 

«r=i  • 

and  wj}  ...yWp  are  p  linearly  independent  functions. 

Let  q  sets  of  linearly  independent  real  quantities,  each  set  containing 
2p  non-vanishing  constants,  be  arbitrarily  assigned  as  the  real  parts  of  the 
'moduli  of  periodicity  of  functions  of  the  first  kind,  which  are  thence  uniquely 
determined.  Let  the  functions  be  wl3  w.2,  ...,  wq;  and  let  the  real  parts  of 
their  moduli  be  (a>i,i,  <wj)2,  •••,  Wi,2jp);  («t>2il,  &>2,2,  •••>  ^2,2^);  •••>  (w7ll,  a)3)2,  ...,o)7i3p). 
The  modulus  of  ivr  at  the  cross-cut  Cm  has  its  real  part  denoted  by  cor>m  : 
when  the  modulus  is  divided  into  real  and  imaginary  parts,  let  it  be 
<I}TI  m  +  ici)  ,._  „,  . 

If  any  set  of  q  arbitrary  complex  constants  be  denoted  by  d,  ...,  cq,  where 
cs  is  of  the  form  org  +  i/3s,  then,  at  the  cross-cut  Gm,  the  real  part  of  the 


,     ,  _     , 

modulus  of  ^£  crwr  is  the  real  part  of  ^,  cr  (tor,m  +  ^'r.m);  that  is,  it  is  equal  to 


?•=! 


holding  for  m  =  l,  2,  ...,  2;;,  and  therefore  giving  Zp  expressions  in  all. 

Now  let  a  set  of  real  arbitrary  quantities  A13  A2,  ...,  Azp  be  assigned  as 
the  real  parts  of  the  moduli  of  periodicity  of  a  function  of  the  first  kind, 
which  is  uniquely  determined  by  them  ;  and  consider  the  equations 


First,  let  q<p:  the  2^  constants  a  and  0  can  be  determined  so  as  to  make 
the  right-hand  sides  respectively  equal  to  "2q  arbitrarily  assigned  constants  A. 
The  right-hand  sides  of  the  remaining  equations  are  then  determinate  con- 
stants; and  therefore  the  remaining  equations  will  not  be  satisfied  when  the 
remaining  constants  A  are  arbitrarily  assigned. 

The  function  determined  by  the  moduli  A  has  some  of  its  moduli  different 
from  those  of  the  function  Sew,  when  q  <  p  ;  hence,  when  q  functions 
w1}  ...,wq,  where  q<p,  have  been  obtained,  we  can  obtain  another  function, 
and  so  on  ;  until  q  =  p- 


ILB  niuuim  ui  peiuuuiuiuy 

v 

W-  2  csw8, 

s=l 

where  the  coefficients  c  are  constants,  has  the  real  parts  of  all  its  moduli  of 
periodicity  zero  :  it  is  therefore,  by  Cor.  II.  §  231,  a  constant,  so  that 

W  =  CiWj  +  .  .  .  +  Cp  wp  +  C, 

where    C  is   a   constant.     Therefore   the   number   of  linearly  independent 
functions  of  the  first  kind  is  p  ;  and  every  function  of  the  first  kind  is  of 

the  form 

p 
0+1  cswt. 

s=l 

It  has  been  assumed,  in  what  precedes,  that  the  determinant  of  the  quanti- 
ties «  and  CD'  does  not  vanish.  This  possibility  is  not  excluded  merely  by  the 
arbitrary  choice  of  the  quantities  o>  ;  because  the  quantities  CD'  are  determined 
for  w,  and  w  is  dependent  on  v.  If,  however,  the  determinant  should  vanish, 
then,  by  taking  the  quantities  a  and  j8  proportional  to  the  minors  of  co  and  &/ 
respectively  in  the  determinant,  all  the  quantities 


could  be  made  to  vanish.     These  quantities  are  the  real  parts  of  the  moduli 

P 
of  periodicity  of  2  csws  which,  because  they  all  vanish,  is  a  constant,  that  is, 

s=l 

the  quantities  ws  are  not  linearly  independent  of  one  another  —  an  inference 
contrary  to  their  construction.  Hence  the  determinant  of  the  quantities  w  does 
not  vanish. 

Note.  It  may  be  remarked,  in  passing,  that  each  function  w,  being  of  the 
first  kind,  gives  rise  to  two  real  potential  functions,  which  are  everywhere 
finite  and  have  moduli  of  periodicity  at  the  cross-cuts  :  one  of  the  functions 
being  the  real  part  of  w,  the  other  arising  from  its  imaginary  part. 
Hence  from  the  p  linearly  independent  functions  of  the  first  kind,  there  are 
altogether  2p  linearly  independent  real  potential  functions.  This  number  is 
the  same  as  the  total  number  of  real  potential  functions  considered  in  §  228  : 
hence  each  of  them  can  be  expressed  as  a  linear  function  of  the  members  of 
that  former  system,  save  possibly  as  to  an  additive  constant.  Conversely,  it 
follows  that  linear  combinations  of  the  members  of  that  former  system  can  be 
taken  in  pairs,  so  as  to  furnish  p  (and  not  more  than  p)  linearly  independent 
functions  of  z  of  the  first  kind. 


iu.iiuuj.ujuD,     njcuug     uueiiiotu  v  es     IUUUUJUJ.IK    ui     uiie    iiiau    fi.ij.iu,    cue     uuiivciiicjuuij 

considered  from  the  point  of  view  of  their  moduli  of  periodicity :  and  the 
simpler  the  aggregate  of  these  moduli  is,  the  simpler  will  be  the  expressions 
for  the  functions  determined  by  them.  Some  conditions  have  been  shewn 
(§  231)  to  attach  to  the  aggregate  of  the  moduli  for  any  one  function  of  the 
first  kind,  and  a  condition  (§  232)  for  the  moduli  of  different  functions ;  these 
are  the  conditions  that  limit  the  choice  of  linear  combinations. 

Let  CiWi+  ...  +CpWp  be  a  linear  combination  of  the. functions  wl}  ...,  wp 
which  have  wn>  ...,  wrp(r  =  ],  ...,p)  as  the  moduli  of  periodicity  for  the 
cross-cuts  al}  ...,  ap.  Then  A,  where  A  is  the  determinant 


cannot  vanish  :  for  otherwise  by  taking  constants  c1;  .  ..,  cp  proportional  to  the 

^ 
first  minors,  we  should  obtain  a  function  2  csws,  having  all  its  moduli  for 

5=1 

the  cross-cuts  a1}  ...,  ap  zero  and  therefore,  by  §  231,  merely  a  constant,  so 
that  wlf  ...,  wp  would  not  be  linearly  independent:    Hence  A  does  not  vanish. 

Next,  we  can  choose  constants  c  so  -that  the  moduli  of  periodicity  vanish 

p 
for  the  function  2  cgws  at  all  the  cross-cuts  a,  except  at  one,  say  ar,  a,nd 

8  =  1 

that  there  it  has  any  assigned  value,  say  m.     For,  solving  the  equations, 
0  =  c1£Bg)1  +  c2G)S(24-  ...  +opa)s>p,     (for  s  =  l,  2,  ...,  p,  except  r); 


the  determinant  of  the  right-hand  side  does  not  vanish,  and  the  constants  c, 
say  crji,  c,.)2,  •  •  -,  cr,p,  are  determinate.  The  function  c,.(1W]  4-  cr>2w2  +  .  .  .  +  cr>pwp, 
say  Wr,  then  has  its  moduli  zero  for  o^}  ...,  ar_1?  ar+1,  ...,ap:  it  has  the 
modulus  tri  for  ar;  it  has  moduli,  say  Br>l)  ...,Br^p  at  b1}  ...,bp  respectively. 
And  the  function  is  determinate  save  as  to  an  additive  constant. 

This  combination  can  be  effected  for  each  of  the  values  1,  ...,p  of  r: 
and  thus  p  new  functions  will  be  obtained.  These  p  functions  are  linearly 
independent  :  for,  if  there  were  a  relation  of  the  form 

G!  W  j  +  (72  W2  +  .  .  .  +  Cp  Wp  =  constant, 


The  functions  W,  thus  obtained,  have  the  moduli : — 


at 

«2 
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&2 
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TTl 

Au 

*M 

#1.,P 

These  functions  are  called  normal  functions  of  the  first  kind  :  they  are  a 
complete  system  linearly  independent  of  one1  another,  and  are  such  that 
every  function  of  the  first  kind  is,  except  as  to  an  additive  constant,  a  linear 
combination  of  constant  multiples  of  them. 

The  quantities  B  are  not  completely  independent  of  one  another.     Since 
Wj,  Wy  are  functions  of  the  first  kind  we  have,  by  §  232, 


which,  for  the  normal  functions,  takes  the  form 

TTlBjj'  —  TT'lBfj  =  0, 

that  is,  Bjj'  =  Bj-j.     Hence  the  moduli  B  with  the  same  pair  of  integers  for 
suffix  are  equal  to  one  another. 

This  is  a  first  relation  among  the  moduli.     Another  is  given  by  the 
following  theorem  :  — 

Let  Bmin  =  pm>n  +  ia-min,  (so  that  pm,n  =  pn,m,  and  <rm,n  —  o-,l)W):  then,  if 
d,  ...,  Cp  be  any  real  quantities,  the  expression 

PnCf  +  2pi2CiC»  +  pn_»CS  +  .  .  .  -f  pppCp*, 

is  negative,  unless  the  quantities  c  vanish  together. 

The  function  c1W1  +  c2W.2+  ...  +cpWp  +  C  is  a  function  of  the  first  kind 
with  moduli  (say)  cor  +  ivr  at  ar,  where  r=  1,  ...,  p,  and  moduli  «/  +  ivs'  at  bs, 

v 
where  s:=l,  ...,p.     Then,  by  §231,  the  sum   2  (co,.v,.'  —  cu/u,.)  is  positive, 


r=l 


except  when  the  function  is  a  constant,  that  is,  except  when  c1;  ...,  cp  all 
vanish. .    But 


p     p 

is  positive  and  therefore  the  sum  z  2  prscrcK  is  negative.     This  (with  the 

r=lf,=\ 

property  pmn  =  pnm)  is  the  required  result. 

These  properties  of  the  periods,  all  due  to  Riemann,  are  useful  in  the 
construction  of  the  Theta-Functions. 

For  the  ordinary  Jacobian  elliptic  functions  in  which  p  =  1,  there  is  only 
one  integral  which  is  everywhere  finite  :  its  periods  are  4<K,  2iK'.  To  express 
it  in  the  normal  form,  we  take  cF  (z),  choosing  c  so  that  the  period  at  Oi  is 

purely  imaginary  and  =  m;  hence  c  =  7-77  >  and  the  normal  integral  is 

TfZl 

iriF  (z} 
4K    ' 

irK' 

The  other  period  of  this  function  is  -  -~-^,  which,  when  k  is  real  and  less  than 

ZiJ\. 

unity,  is  a  negative  quantity;  it  is  the  value  of  pn  and  satisfies  the  condition 
that  puCj-  is  negative  for  all  real  quantities  c. 

236.  It  has  "been  proved  that  functions  exist  on  a  Riemann's  surface, 
having  assigned  algebraic  infinities  and  assigned  real  parts  of  its  moduli 
of  periodicity,  but  otherwise  uniform,  finite  and  continuous.  The  simplest 
instance  of  these  functions  of  the  second  kind  occurs  when  the  infinity  is  an 
accidental  singularity  of  the  first  order. 

Let  the  single  infinity  on  the  surface  be  represented  by  z  =  c  :  let  Ec  (z} 
be  the  function  having  z  =  c  as  its  algebraical  infinity,  and  having  the  real 
parts  of  its  moduli  of  periodicity  assigned.  If  Ec'  (z)  be  any  other  function 
with  that  single  infinity  and  the  real  parts  of  its  moduli  the  same,  then 
E0(z)  —  E,!(z)  is  a  function  all  the  real  parts  of  whose  moduli  are  zero;  it 
does  not  have  c  for  an  infinity  and  therefore  it  is  everywhere  finite:  by  §231,  it 
is  a  constant.  Hence  an  elementary  function  of  the  second  kind  is  determined, 
save  as  to  an  additive  constant,  by  its  infinity  and  the  real,  parts  of  its  moduli. 

Again,  it  can  be  proved,  as  for  the  special  case  in  §  208,  that  an  elementary 
function  of  the  second  kind  is  determined,  save  as  to  an  additive  function  of 
the  first  kind,  by  its  infinity  alone  :  hence,  if  E  (z)  be  any  elementary  function, 
having  its  infinity  at  z  =  c,  we  have 


V          \».A  are  constants,  the  values  of  which  depend  on  the  special 


given,   uy 

JSe(z)-ClW1-...-CpWp  +  A. 

The  special  function  of  the  second  kind,  which  has  all  its  moduli  at  the  cross- 
cuts an  ...,  Op  equal  to  zero,  is  called  the  normal  function  of  the  second  kind. 
It  is  customary  to  take  unity  as  the  coefficient  of  the  infinite  term,  that  is, 
the  residue  of  the  normal  function. 

This  normal  function  is  determined,  save  as  to  an  additive  constant,  by  its 
infinity  alone.  For  if  E  (z}  and  E'(z)  be  two  such  normal  functions,  the  function 

E(z]-E'(z} 

is  finite  everywhere;  its  moduli  are  zero  at  a1}  ...,  ap;  hence  (§231)  it  is  a 
constant. 

Normal  functions  of  the  second  kind  will  be  used  later  (§  240)  in  the 
construction  of  functions  with  any  number  of  simple  infinities  on  the  surface. 

Let  the  moduli  of  this  normal  function  E  (z)  of  the  second  kind  be 
B-i,  ,..,BP  for  the  cross-cuts  b1}  ...,  bv.  Then  applying  the  proposition  of 
§233  and  considering  the  integral  /EdW.,.,  we  have  Al=  ...  =  Ap  =  0;  also 

A   '  —         —A'        —A'       —        _  A    '  ~  n 
^fil   —  ...  —  jfi  r—i  —  XL  r+i  —  ...  —  Xi.p  —  u, 

and  Arf  =  m'-     The  relation  therefore  is 


where,  in  the  immediate  vicinity  of  z  —  c, 

E(z)  =  ---c+p(z-c), 

p  being  a  converging  series  of  positive  powers.     Thus 

_  2  (dWr\ 

r     I  d*  )s=e' 

dW- 
or,  as  —7—^  is  an  algebraic  function  (§241)  on  the  surface,  the  periods  of  a 

CL2> 

normal  function  of  the  second  kind  at  the  cross-cuts  b  are  algebraic  functions 
of  its  single  infinity. 

In  the  case  of  the  Jacobian  elliptic  integrals,  the  integral  of  the  second  kind  has  at 
2  =  00  an  infinity  of  the  first  order  in  each  sheet  (Ex.  8,  §  199).  The  moduli  of  this  integral, 
denoted  by  E  (z),  are  ±E  and  2i  (/£"'  -  E'}  for  a^  and  bl  respectively  ;  hence  the  normal 
integral  of  the  second  kiud  is 


F(z)  being  the  (one)  integral  of  the  first  kind.     This  is  the  function  Z(z).     Its  modulus  is 
zero  for  aa;  for  &l5  it  is 


hich  is  represented  by  the  elementary  integral  of  the  third  kind.  It  has 
vo  points  of  logarithmic  infinity  on  the  surface*,  say  Px  and  P2;  let  these 
3  represented  by  the  values  c:  and  ca  of  z.  On  division  by  a  proper  constant, 
le  function,  which  may  be  denoted  by  nia,  takes  the  forms 

-  log  (z  -  Ci)  +pi(z-  ct),     +  log  (e  -  Cj)  +pt  (z  -  CB), 

.  the  immediate  vicinities  of  Pl  and  of  P2  respectively,  where  p^  and  pz  are 
diverging  series  of  positive  integral  powers. 

The  points  Pa  and  P2  can  be  taken  as  boundaries  of  the  surface,  as  in 
x.  7  "in  §  199.  A  cross-cut  from  P2  to  P:  is  then  necessary  for  the  resolution 
:"  the  surface :  and  the  period  for  the  cross-cut  is  27rt,  being  the  increase  of  the 
motion  in  passing  from  the  negative  to  the  positive  edge  of  the  cross-cut. 

Then  with  this  assignment  of  infinities  and  with  the  real  parts  of  the 
Loduli  at  the  cross-cuts  a1}  ...,  ap>  blt ...,  bp  arbitrarily  assigned,  functions  II 12 
cist  on  the  Riemann's  surface. 

As  in  the  case  of  the  function  of  the  second  kind,  it  is  easy  to  prove  that  a 
motion  ni2  of  the  third  kind  is  determined,  save  as  to  an  additive  constant,  by 
is  two  infinities  and  the  assignment  of  its  moduli :  and  that  it  is  determined, 
ive  as  to  an  additive  function  of  the  first  kind,  by  its  infinities  alone. 

Among  the  infinitude  of  elementary  functions  of  the  third  kind,  having 
le  same  logarithmic  infinities,  a  normal  form  can  be  chosen  in  the  same 
lanner  as  for  the  functions  of  the  second  kind.  Let  ni2  be  an  elementary 
motion  of  the  third  kind,  having  Pl  and  P2  for  its  logarithmic  infinities  : 
$t  its  moduli  of  periodicity  be  2?rz  for  the  cross-cut  P^;  7tiCl,  ...,  7riCp  for 
1;  ...,  Op  respectively;  and  other  quantities  for  bl}  ...,bp  respectively.  Then 

*rn=Iln-C1Wl-...-CpWp 

;  an  elementary  function  of  the  third  kind,  having  zero  as  its  modulus  of 
eriodicity  at  each  of  the  cross-cuts  0,1,  ...,  ap.  This  function  is  the  normal 
)rm  of  the  elementary  function  of  the  third  kind. 

If  T«r12'  and  tzria  be  two  normal  elementary  functions  of  the  third  kind  with 
tie  same  logarithmic  infinities  and  the  same  period  2iri  at  the  cross-cut 
\Pa,  then 

•S712'  —  -5T12 

;  a  function  without  infinities  on  the  surface ;  its  modulus  for  Pl  P2  is  zero, 
nd  its  modulus  for  each  of  the  cross-cuts  a1}  ...,  ap  is  zero;  and  therefore 

*  The  representation  of  a  single  point  on  the  Riemann's  surface  by  means  solely  of  the  value 


neierimnea,  save  as  w  (.in  IMMMWUV  uunsuuni,,  uy  -us 

Ex.  The  sum  of  three  normal  elementary  functions  of  the  third  kind,  having  as 
their  logarithmic  infinities  the  respective  pairs  that  can  be  selected  from  three  points, 
is  a  constant. 

238.  A  relation  among  the  moduli  of  an  elementary  function  of  the  third 
kind  can  be  constructed  in  the  same  way  as,  in  §  233,  for  the  function  of  the 
second  kind. 

Let  the  surface  be  resolved  by  the  2p  cross-cuts  a1}  .  .  .  ,  ap,  bl}  .  .  .  ,  bp  and  by 
the  cross-cut  PiP2,  joining  the  excluded  infinities  of  an  elementary  function 
IIja  of  the  third  kind.  Let  w  be  any  function  of  the  first  kind  ;  then  over  the 
resolved  surface,  we  have 

3ni2  dw     8ni2  dw 
dx    dy       dy    dx 

everywhere  zero;   and  therefore  JTll2dw  round  the  whole  boundary  of  the 
resolved  surface  is  zero,  as  in  §  233. 

Let  the  moduli  of  nj2  be  A1}  ...,  Ap,  A,  •••>  Bp,  and  those  of  w  be 
AI,  ...,Ap,  BI,  ...,Bp  for  the  2p  cross-cuts  a  and  6  respectively. 

The  whole  boundary  is  made  up  of  the  two  edges  of  the  cross-cuts  a,  the 
two  edges  of  the  cross-cuts  b,  the  two  edges  of  the  cross-cut  P^P^  and  the 
small  curves  round  Pl  and  P2. 

The  sum  of  the  parts  contributed  to  jTLlzdw  by  the  edges  of  all  the  cross- 
cuts a  and  6  is,  as  in  preceding  instances, 


.1-1 

The  direction  of  integration  along  P^  that  is  positive  relative  to  the  area 
in  the  resolved  surface  is  indicated  by  the  arrows  ;  the 
portion  of  JU^dw  along  the  two  edges  of  the  cut  is      r\        _  £" 

"•  -  -- 


c2  Fig.  83. 


rcj  rcs 

=      (ni2+  -  ni2-_)  dw  =  2iri      diu  =  2?r*  {  w  (c2)  -  m  (Cj)}  . 

J  PI  J  C} 

Lastly,  the  portion  of  the  integral  for  the  infinitesimal  curve  round  PI  is  zero, 
bv  I.  of  §  24.  because  the  limit  of  (z  —  c^  11™  -^—  for  z  =•  c,  vanishes.  P-,  being 


2  (AsBs'-As'Bs)  +  27ri{w(c^-w(c1)}-=Q, 

which  is  the  relation  required. 

The  most  important  instance  occurs  when  II12  is  the  normal  elementary 
function  of  the  third  kind  (and  then  A1}  Az,  ...,  Ap  all  vanish),  and  w  is  a 
normal  function  of  the  first  kind,  say  Wr ;  then 

Hence,  if  Br  be  the  modulus  at  br  of  the  normal  elementary  integral  OT^,  we 
have 


so  that  the  moduli  of  the  normal  elementary  function  of  the  third  kind  can  be 
expressed  in  terms  of  normal  functions,  of  the  first  kind,  of  its  logarithmic 
discontinuities. 

The  important  property  of  functions  of  the  third  kind,  known  as  the 
interchange  of  argument  and  parameter,  can  be  deduced  by  a  similar  process. 

Let  ni2  be  an  elementary  function  with  logarithmic  discontinuities  at 
Cj  and  GO,  with  2?™  as  its  modulus  for  the  cross-cut  C]C2,  and  with  ' 

•"•  1 )    •  •  •  >   -"-p  >     •&!  )    •••)   -&P 

as  its  moduli  for  the  cross-cuts  a1}  ...,  ap,  bls  ...,  bp\   and  let  II34  be  another 
elementary  function  with  logarithmic  discontinuities  at  C3  and  c4,  with  2?n  as 
its  modulus  for  the  cross-cut  c3c4,  and  with  J./,  ...,  Ap',  B^,  ...,  Bp'  as  its 
moduli  for  the  cross-cuts  als  ...,ap,  b1}  ...,bp. 
Then  when  the  infinities  are  excluded  and  the 
surface  is  resolved  so  that  both  ni2  and  II34 
are  uniform  finite  and  continuous  throughout 
the  whole  surface,  we  have 

an12  an*    an,,  an12 


=  0, 


Fig.  84. 


daa     dy         doc     dy 

everywhere  in  the  resolved  surface;    and  therefore,  as   in   the  preceding 
instances,  JIl12(in34  round  the  whole  boundary  vanishes. 

The  whole  boundary  is  made  up  of  the  double  edges  of  the  cross-cuts  a 
and  the  cross-cuts  b,  and  of  the  configuration  of  cross-cuts  and  small  curves 
round  the  points.  The  modulus  of  both  n]2  and  IT^  for  the  cut  AG  is 
zero ;  the  modulus  of  II12  for  the  cut  C3c4  is  zero,  and  that  of  II34  for  the  cut 
CjCg  is  zero. 

Tlip.   nnrh  p.rvnfvnbntp.rl   to    fTL^TT.,,  bv  the  ap-orpcra.tp.  of  tViP.  P.flpes  of  the 


limit,  for  z  =  cl5  of  (z  —  d)  U12  -~  is  zero.    Similarly  the  part  contributed  by 
the  small  curve  round  c2  is  zero. 

The  part  contributed  by  the  two  edges  of  the  cross-cut  c^  is 


C?, 


=  2™      dUM  =  27rt  {H34  (c2)  -  Da*  (cO}. 

J  c, 

The  part  contributed  by  the  two  edges  of  the  cross-cut  AO  is 

A      r& 


A      r&\ 

+      n12 

o     JJPV 


the  subject  of  integration  does  not  change  in  crossing  from  one  edge  to  the 
other,  and  therefore  this  part  is  zero. 

For  points  on  the  small  curve  round  c3,  we  have 


z  —  c 


p(z-  c3)  dz, 


where  p  is  a  converging  series  of  integral  powers  of  z—  cs  :   and  therefore  for 
points  on  that  curve 

II13dn34  =  -  S^  dz  +  q(z-  cs)  da, 


where  q  (z  —  c:j)  is  a  converging  series  of  positive  integral  powers  of  z  —  cs. 
Hence  the  part  contributed  to  /ni2dn34  by  the  small  curve  round  c;,  in  the 
direction  of  the  arrow,  which  is  the  negative  direction  for  integration  relative 
to  c3,  is  2Trini2  (c:t), 


Again,  for  points  on  the  small  curve  round  c4;  we  have 
dU3,  =  --  -  +  p1  (z  -  c4)  dz. 

&  ~~~  L/4 

Proceeding  as  for  cs,  we  find  the  part  contributed  to  fTL^dTIM  by  the  small 
curve  round  c4,  which  is  negatively  described,  to  be  —  27nTIj2  (c4). 

Lastly,  the  sum  of  the  parts  contributed  by  the  two  edges  of  the  cross-cut 
csc4  is 


-34      /  ' 


last  part  contributed  to  fU^dH.^  vanishes. 

The  integral  along  the  whole  boundary  vanishes  ;  and  therefore 

I  (AsBj  -  AS'BS)  +  2-rri  {n34  (c2)  -  R34  (Cl)}  +  27rinu  (cs)  -  27nII12  (c4)  =  0, 

s=l 

a  relation  between  the  moduli  of  two  elementary  functions  of  the  third  kind. 

The  most  important  case  occurs  when  both  of  the  functions  are  normal 
elementary  functions.  We  have  A^,  .  ..,  Ap  zero  for  -ar12,  and  AI,  ....,  Ap't  zero 
for  -C734  ;  and  the  relation  then  is 


-  ^34  (Ci)  =  tZT12  (C4)  -  TZrl2  (C,), 

which  is  often  expressed  in  the  form 


•the  paths  of  integration  in  the  unresolved  surface  being  the  directions  of 
cross-cuts  necessary  to  complete  the  resolution  for  the  respective  cases. 
Hence  the  normal  elementary  integral  of  the  third  kind  is  unaltered  in  value 
by  the  interchange  of  its  limits  and  its  logarithmic  infinities. 

-Ex.  1.     Denoting  by  E\  and  Ez  the  normal  elementary  integrals  of  the  second  kind 
which  have  their  single  simple  infinities  at  Cj  and  c%  respectively,  shew  that  the  value 

,J  f/1  rf  I/1 

of  ~j-^  at  c2  is  equal  to  the  value  of  -~  at  c:. 

Ex.  2.     Denoting  by  E%  the  normal  elementary  integral  which  has  its  single  infinity 
.at  c3 ,  prove  that  the  value  of  —~  at  c3  is  JS3  (c2)  -  JSS  (GI). 

239.  From  the  simple  examples,  discussed  in  §  199  and  elsewhere,  it  has 
appeared  that  when  a  function  w  is  denned  as  the  integral  of  some  function 
of  z,  the  integral  being  uniform  except  in  regard  to  moduli  of  periodicity,  a 
process  of  inversion  is  sometimes  possible  whereby  z  becomes  a  function  of  w, 
•either  uniform  or  multiform.  But  in  all  the  cases,  in  which  z  thus  proves  to 
be  a  uniform  function,  the  number  of  periods  possessed  by  w  is  not  greater 
than  two;  and  it  follows,  from  §  110,  that,  when  w  possesses  more  than  two 
periods,  z  can  no  longer  be  regarded  as  a  uniform  function  of  w. 

A  question  therefore  arises  as  to  the  form,  if  any,  of  functional  inversion, 
when  w  has  more  than  two  independent  periods  and  when  there  are  more 
functions  w  than  one. 

Takincr    tliP     mne-f-.    (removal     r>n<5P     nf    a.     RlP.infl.nn's     snrfa.fifi     of    cl;lSS    It.    ]p.t, 


ana,  by  means  01  any  q  ot  the  junctions  ot  tne  nrst  kind,  say  w1}  ...  ,  wq,  lorm 
q  new  functions,  also  of  the  first  kind,  and  defined  by  the  equations 

Vr  ==•  Wv  (^j)  +  Wr  (£»).+  ...  +Wr  (Zg), 

where  ?*  =  !,  2,  ...,  q.  We  make  the  evident  limitation  that  q  is  not  greater 
than  p,  which  is  justifiable  from  the  point  of  view  of  functional  inversion. 
Then  the  functions  vr  are  multiform  on  the  surface  with  constant  moduli  of 
periodicity;  they  have  the  same  periods  as  wr,  say  cor>1,  co,.,2,  .-..,  <ar>2p. 

The  various  values  of  wr  (zm)  differ  by  multiples  of  the  periods  :  so  that,  if 
wr(zm}  be  the  value  for  an  exactly  specified  £m-path  (as  in  §  110),  the  value 
for  any  other  2m-path  is 

wr  (zm)  +  nm>  j  wr>  1  +  nm,  2  <»,.,  2  +••••+  nm>  zp  wr,  2p  . 
This  being  true  for  each  of  the  integers  m  =  l,  2,  ...,  q,  it  follows  that,  if 

ms=  t  nm>s,     0  =  1,  2,  ...,  2/>), 


w=l 


-, 
and  if  vr  be  the  value  of  2,  wr  (zm)  for  the  exactly  specified  paths  for  £13  .  .., 

m=1 

then  the  general  value  of  vr  for  any  other  set  of  paths  for  the  variables  is 


holding  for  r  =  1,  2,  ...,  q.     The  integers  nmyS,  and  therefore  the  integers  mSf 
are  evidently  the  same  for  all  the  functions  v. 

The  reason  which,  in  the  earlier  case  (§  110),  prevented  the  function  w  from 
being  determinate  as  a  function  of  z  alone  was,  that  integers  could  be  determ- 
ined so  as  to  make  the  additive  part  of  w,  dependent  upon  the  periods,  less 
than  any  assigned  quantity  however  small  :  say  less  than  an  infinitesimal 
quantity.  It  is  necessary  to  secure  that  this  possibility  be  excluded. 


Let  <w\)M  =  «A,H  +  i/S^,  where  the  quantities  a.  and  J3  are  real:  then  we 
have  to  prevent  the  possibility  of  the  additive  portions  for  all  the  functions  v 
being  infinitesimal.  In  order  to  reduce  the  additive  part  to  an  infinitesimal 
value  for  each  of  the  functions  v,  it  would  be  necessary  to  determine  integers. 
ml,  m2,  ...,  Map  so  that  the  2q  quantities 

WfY          -4—  fYYi      r/          _!-.  ,J      o'l-j         /y 

1   W7*,  1  ~    *'t2  M?',3  ^   *  •  '      *      ''^2p  Wr 

mAi        —I—  fyyj    r\        _]„  ,1.  /y»^      /C? 

lr*^3*  1  T^       ^Zr^T  2  ~T^   •  •  •      *^       '2l?r^?' 

for  r  =  1,  . . . ,  g-,  all  become  infinitesimal. 


having  determinate  values  tor  assigned  values  of  zl}  ...,  zq,  but  the  values  ot 
v1}  ,..,  Vg  are  determinate,  only  when  the  paths  by  which  the  independent 
variables  acquire  their  values  are  specified.  And,  as  before,  the  inversion  is 
not  possible. 

If  q  be  not  less  than  p,  so  that  it  must  in  the  present  circumstances  be 
equal  to  p,  then  the  2p  integers  cannot  be  determined  so  that  the  2p  quanti- 
ties all  become  infinitesimal.  They  can  be  determined  so  as  to  make  any 
2p  —  1  of  the  quantities  become  infinitesimal  ;  but  the  remaining  quantity 
is  finite  as,  indeed,  should  be  expected,  because  the  determinant  of  the 
constants  a  and  ft  is  different  from  zero*. 

If  then  there  be  p  variables  zl}  ...,  zp,  and  p  functions  vlt  ...,  vp,  defined 
by  the  equations 

Vr  =  Wr  00  +  Wr  (Zz}  +  .  .  .  +  Wr  (zp), 

for  r  =  l,  2,  ...,p,  then  the  values  of  the  functions  v  for  assigned  values  of 
the  variables  z,  whatever  be  the  paths  by  which  the  variables  attain  these 
values,  are  of  the  form 


V 


for  r=  1,  2,  .  ..,  p  ;  and  it  has  been  proved  that  the  2p  integers  m  cannot  be 
determined  so  that  all  the  additive  parts,  dependent  upon  the  periods,  become 
infinitesimal.  Hence  the  functions  v1}  ...,  vp  are,  except  as-  to  additive 
multiples  of  the  periods  (the  numerical  coefficients  in  these  multiples  being 
the  same  for  all  the  functions),  uniform  functions  of  the  variables  z1}  ...,  zp; 
and  they  are  finite  for  all  values  of  the  variables.  Conversely,  we  may  regard 
the  quantities  z  as  functions  of  the  quantities  vlf  ...,  vp,  which  have  2p  sets 
of  simultaneous  periods  «M,  «2,s,  ...,  co})ig  for  s  =  l,  2,  ...,  2p  :  that  is,  the 
variables  z  are  2p-ply  periodic  functions  of  p  variables  v1}  ...,  vp.  This  result 
is  commonly  called  the  inversion-problem  for  the  Abelian  transcendents. 

In  effecting  the  inversion  of  the  equations 

dvj_  =  Wi  (X)  dzl  4-  Wi  Os)  dz»  +  .  .  .  +  Wi  (zp)  dzp\ 


dvp  =  wp  Oi)  dzl  +  wp'  (^2)  dz2+  ...+  wp  (zp)  dzp) 

the  actual  form,  which  is  adopted,  expresses  all  symmetric  functions  of 
the  quantities  z1}  ...,zp  as  uniform  functions  of  the  variables,  so  that,  if 
zl}  02J  •••;  %  be  the  roots  of  the  equation 

</>  (Z)  =  &  +  P^P-I  +  P2Zv-*  +  .  .  .  +  Pp  =  0, 


The  2/)  potential-functions,  arising  from  the  p  functions  to,  would  otherwise  not  be  linearly 


uniform  multiply-periodic  functions  of  v1}  ...,vp. 

Frequent  reference  has  been  made  to  the  functions  determined  by  the  equation 
w2  -  R(z)  =  wl  —  (z  —  «(,)  (2  —  «j) ...  (z  —  a2p)  =  0. 

It  has  been  proved  that  an  integral  of  the  form  I  — —•  ds  is  an  integral  of  the  first  kind, 

provided  U  (z)  be  any  polynomial  function  of  degree  not  higher  than  p-1,  and  that 
the  otherwise  arbitrary  character  of  U  (z)  makes  it  possible  to  secure  the  necessary 
p  integrals  by  allowing  the  suitable  choice  of  the  coefficients.  "Weierstrass  takes  the 
equations,  which  lead  to  the  inversion,  in  the  following  formt  : — 

The  constants  a  are  different  from  one  another  and  can  have  any  values  :  and  it  is 
convenient  to  take 

P  (X)  =  (X  -  OSj)  (X  -  «3)  . . .  (X  -  «2p-l)j 

so  that  P(x)Q(v)  =  R(x).     If  the  coefficients  a  be  real,  it  is  assumed  that 
The  equations  which  give  the  new  variables  are 


, 




and  when  integration  takes  place,  the  arbitrary  constants  are  defined  by  the  equations 

«1}  w2,  ...,  ?<p  =  0  (with  periods  for  moduli), 
when  zls   s2,  ...,  *p=a1,  «3,  ...,  «2p-i  respectively. 

The  ^o  variables  z  are  the  roots  of  an  algebraical  equation  of  degree  p,  the  coefficients  in 
which  are  (multiply-periodic)  uniform  functions  of  the  variables  u.  The  functions,  arising 
out  of  the  equations  in  this  form,  are  discussed  $  in  Weierstrass's  two  memoirs,  just 
quoted. 

Note  1.  The  results  thus  far  established  in  this  chapter  lie  at  the  basis  of  the  theory 
of  Abelian  functions.  The  fuller  establishment  of  that  theory  and  its  development 
are  beyond  the  range  of  the  present  treatise. 

So  far  as  concerns  the  general  theory,  recourse  must  be  had  to  the  fundamental 
memoirs  of  Abel,  Jacobi,  Hermite,  Kiemann  and  Klein,  and  to  treatises,  in  addition  to 

*  For  further  considerations  see  Clebsch  und  Gordan,  Thcorie  tier  Abel'schen  Functional, 
Section  vi. 

t  Equivalent  to  that  given  in  Crette,  t.  lii,  (1856),  pp.  285  et  seq.;  it  is  slightly  different  from 


single  variable,  it  is  important'  in  connection  with  the  Abelian  functions  to  take  account 
of  Weierstrass's  memoir*  on  functions  of.  several  variables. 

Note  2.  We  have  discussed  only  very  limited  forms  of  integrals  on  the  Eiemann's 
surface :  and  any  professedly  complete  discussion  would  include  the  theorem  that  JVcfe, 
where  w'  is  a  general  function  of  position  on  the  surface,  can  be  expressed  as  the  sum  of 
some  or  all  of  the  following  parts  : — 

(i)      algebraical  and  logarithmic  functions  ; 

(ii)     Abelian  transcendents  of  the  three  kinds  ; 

(iii)    derivatives  of  these  transcendents  with  regard  to  parameters ; 

but  such  a  discussion  is  omitted  as  appertaining  to  the  investigations  relative  to  Abelian 
transcendents.  Supplementary  Notes  will  be  found  at  the  end  of  this  Chapter  XVII L, 
giving  an  account  of  Abel's  theorem,  and  indicating  a  mere  beginning  of  the  theory  of 
Abelian  transcendents. 

For  the  particular  case  in  which  the  integral  [w'dz  is  an  algebraical  function  of  2,  see 
Briot  et  Bouquet,  T/idorie  des  fonctions  dliptiques,  (2rac  e'd.),  pp.  218 — 221  ;  Stickelberger, 
Crelle,  t.  Ixxxii,  (1877),  pp.  45,  4fi  ;  and  Humbert,  A  eta  Math.,  t.  x,  (1887),  pp.  281—298, 
by  whom  further  references  are  given. 

240.  There  are  functions  belonging  to  class  (B)  in  §  229,  other  than 
those  already  considered.  In  particular,  there  are  functions  with  assigned 
infinities  on  the  surface  and  with  the  real  parts  of  all  their  moduli  of 
periodicity  for  the  canonical  system  .  of  cross-cuts  equal  to  zero.  But  it 
does  not  therefore  follow  that  all  the  moduli  of  periodicity  vanish  ;  in  order 
that  their  imaginary  parts  may  vanish,  so  as  to  make  the  moduli  of 
periodicity  zero,  certain  conditions  would  require  to  be  satisfied. 

We  shall  limit  the  ensuing  discussion  to  some  sets  of  these  functions 
with  zero  moduli,  and  shall  assign  the  conditions  necessary  to  secure  that 
the  moduli  shall  be  zero.  We  shall  assume  that  all  their  infinities  are 
algebraic ;  the  functions  are  then  uniform  everywhere  on  the  surface,  and, 
except  at  a  limited  number  of  isolated  points  where  they  have  only 
algebraic  infinities,  are  finite  and  continuous.  They  are,  in  fact,  algebraic 
functions  of  2. 

Two  classes  of  these  functions  are  evidently  simpler  than  any  others. 
The  first  class  consists  of  those  which  have  a  limited  number,  say  m,  of 
isolated  accidental  singularities  and  which  are  not  infinite  at  any  of  the 
branch-points ;  the  other  class  consists  of  those  which  have  no.  infinities 
except  at  the  branch-points.  These  two  classes  will  be  briefly  discussed 
in  succession. 

*  First  published  in  1886  ;  Abhandlungen  eras  der  Functionenlehre,  pp.  105 — 164  ;  Ges.  Werke, 
t.  ii,  pp.  135 — 188.  See  also  the  author's  Lectures  introductory  to  the  theory  of  functions  of  two 


jjuiiiuci    ui,  ...,  uwl   aiuu.    nu    uuuci    iiij-ij.iiuj.co ,    ttiiiu    iui    siiiijjiiuiuy,  assault; 

each  of  them  is  of  the  first  order.  Also  let  the  normal  function  of  the 
second  kind,  having  cr  for  its  sole  infinity,  be  Zr,  Then 

where  &,  ...,  /3m  are  constants  at  our  disposal,  is  a  function,  having  infinities 
of  the  same  class  and  at  the  same  points  as  w  has ;  the  function  is  otherwise 
finite  everywhere  on  the  surface  and  therefore,  by  properly  choosing  the 
constants  /3,  we  have  the  function 

w  —  (/3j^i  +  . . .  +  @mZm) 
finite  everywhere  on  the  surface,  so  that  it  is  a  function  of  the  first  kind. 

Now  because  its  modulus  vanishes  at  each  of  the  cross-cuts  a  in  the 
resolved  surface,  it  is  a  constant,  so  that 

d  W 

The  modulus  of  w  is  to  vanish  at  each  of  the  cross-cuts  b?.    Let  &r(z)  =  — — 

dz  ' 
so  that  0,.  (z)  is  an  algebraic  function  on  the  surface :  assigning  the  condition 

that  the  modulus  of  w  at  the  cross-cut  &,.  shall  vanish,  we  have 

/3i0r  (GI)  +  /3207-  (ca)  4-  .  • .  +  /3,,,.0r  (cw)  =  0, 
an  equation  which  must  hold  for  all  the  values  r  —  l,  ..., p. 

When  the  quantities  c  represent  quite  arbitrary  points,  there  must  be 
at  least  p  +  1  of  them ;  otherwise,  as  the  equations  are  independent  of  one 
another,  they  can  be  satisfied  only  by  zero  values  of  the  constants  /3,  a  result 
which  renders  the  uniform  function,  evanescent.  If  m  > p,  the  equations 
determine  p  of  the  coefficients  /3  linearly  in  terms  of  the  remaining  in  —  p ; 
when  these  values  are  substituted,  the  resulting  expression  for  w  contains 
m  —  p  +  l  constants,  viz.,  the  remaining  m—p  constants  /?,  and  the  constant 
/30.  The  coefficient  of  each  of  the  m  —  p  constants  ft  is  a  function  of  z,  which 
has  p  +  1  accidental  singularities  of  the  first  order,  p  of  which  are  common 
to  all  the  functions,  so  that  w  then  is  an  arbitrary  linear  combination 
of  constant  multiples  of  m  —  p  functions,  each  of  which  possesses  p  4- 1 
accidental  singularities  and  can  be  expressed  in  the  form 

^i  (ci)>    0i  (CB),    ,    0i  (Cp),    0j  (Cp+r) 

^2  (Cl)>     0a(C2),      ,     0u  (Cp),     02  (Cjy_|_r) 


If  a  pole,  say  at  Cj ,  is  of  order  s,  then  $\K\  would  bo  replaced  by 


forms  to  be  definite,  we  proceed  as  follows. 

The  most  general  way  in  which  the  preceding  forms  cease  to  be  definite 
is  by  the  dependence  of  some  of  the  equations 


r  (cm)  =  0 

on  the  remainder.  Let  q  of  them,  say  those  given  by  r  =  l,  ...,  q,  be 
dependent  on  the  remaining  p  —  q,  so  that  0  <  q  <  p  :  then  the  conditions 
of  dependence  can  be  expressed  by  equations  of  the  form 

<£,.  (Cn)  =  Al>r(j)q+l  (cn)  +  A^rfa+s  (Cn)  +  .  .  .  +  Ap-q^fo  (cn), 

for  r  =  1,  2,  .  .  .  ,  q  and  n  =  1,  2,  .  .  .  ,  m. 

The  functions  of  the  first  kind  W,  through  which  the  functions  0  are 
derived,  are  a  complete  set  of  normal  functions  :  when  any  number  of  them 
is  replaced  by  the  same  number  of  independent  linear  combinations  of  some 
or  all,  the  first  derivatives  are  still  algebraic  functions.  We  therefore  replace 
the  functions  Wl}  Wa,  ...,  Wq  by  wlt  w3,  ...,wq,  where 

w,.  =  Wr  -A1<r  Wq+1  -  As,  ,  Wq+z  -  ...  -  Aj,.qt  r  Wp  , 
for  r=  1,  2,  ...  ,  q,  so  that,  for  all  values  of  z, 

<£.,.(»  =  M*)-  A»-#7+i(*)--4s,r<^+a(*)-  ...  -Ap-qtr<j>2,(z). 

Hence  the  functions  <3>!,  <J>2,  ...,  <&q  vanish  at  each  of  the  points  d,  c2,  ...,  cw. 

The  original  system  of  p  equations  in  <jE>1}  ...,  $q,  <£?+1,  ...,  0^,  when  made 
a  system  of  equations  in  <I>j,  ...,  4>(/,  ^+i'  •••>  ^  ig  equivalent  to 

A*r  (Cl)  +  ^^r  (C2)  +  •  •  •  +  A»<>r  (O  =  0) 
'  A  <f>,  (Ci)  +  ^  ^  (Co)  -f  .  .  .  +  Pm  $s  (C,n)  =  OJ  ' 

for  ?'  =  1,  .  .  .  ,  q  and  5  =  q  +  1,  ...,  p.  The  first  q  of  these  are  evanescent  ;  and 
therefore  their  form  is  the  same  as  if  we  had  initially  assumed  that  each  of 
the  functions  </>1;  ...,  <$>q  vanished  for  each  of  the  points  z  —  cl:  ...,  cm,  the  two 
assumptions  being  in  essence  equivalent  to  one  another  on  account  of  the 
property  of  linear  combination  characteristic  of  functions  of  the  first  kind. 

Suppose,  then,  that  q  of  the  functions  <jb,  derived  through  functions  of  the 
first  kind,  vanish  at  each  of  the  points  cl}  ...,  cm  ;  the  number  of  surviving 
equations  of  the  form 

&  <£r  Oi)  +  Mr  (Ca)  +  .  .  .  +  /3m  0r  (cm)  =  0 

is  p  -  q,  and  they  involve  m  arbitrary  constants  @.  Hence  they  determine 
p  —  q  of  these  constants,  linearly  and  homogeneously,  in  terms  of  the  other 
When  account  is  taken  of  the  additive  constant  /3«.  then*  the 


function  w  contains  m—p+q+I  arbitrary  constants  ;  and  it  is  a  linear  com- 
bination of  arbitrary  multiples  of  m  —  p  +  q  functions,  each  having  p  —  q+\ 
accidental  singularities  of  the  first  order,  p  —  q  of  which  are  common  to  all 
the  functions  in  the  combination. 

The  functions  under  consideration,  being  linear  combinations  of  normal 
functions  Z  of  the  second  kind,  have  no  infinities  except  at  the  accidental 
singularities;  the  branch-points  of  the  surface  are  not  infinities.  And  it 
appears,  from  the  theorem  just  proved,  that  there  are  functions  having  only 
p  —  q  +  l  accidental  singularities,  each  of  the  first  order,  so  that  the  total 
number  is  less  than  £>  +  !•  A  question  therefore  arises  as  to  what  is  the 
inferior  limit  to  the  number  of  accidental  singularities  that  can  be  possessed 
by  a  function  which  is  uniform  on  the  Riemarm's  surface  and  which,  except 
at  these  accidental  singularities,  is  everywhere  finite  and  continuous  on  the 
surface. 

Let  this  limit  be  denoted  by  ^  ;  then  the  p  equations 
&  <MO  +  •  •  •  +  £M<MCM)  =  0, 

for  /•  =  !,  2,  ...,p,  must  determine  //,—  1  of  the  constants  /3  in  terms  of  the 
remaining  constant  0,  say,  B.  The  function  thence  determined  contains  two 
constants,  viz.,  the  surviving  constant  /?  and  the  additive  constant,  its  form 
being 


A+S 


Zi, 


01  (C,), 


z« 


Among  the  points  cl}  c,,, 


, ,  c^i,  the  relations 

>  4.  •  (GO)    d>      (c  ^  i  =  0 


for  r  =  0,  1,  ..., 

satisfied  *. 


-/a,  must  be  satisfied,  that  is,     - 


relations  must  be 


Since  there  are  //,  points  c  among  which  p-p  +  i  relations  are.  satisfied, 
it  follows  that  the  number  of  surviving  arbitrary  constants  c  is,  in  o-eneral, 
equal  to  fi  -  (p  -  p  +  1),  that  is,  to  2/^-  p  -  1.  These  occur  as  arbitrary  con- 
stants in  the  inferred  function,  independently  of  the  two  constants  A  and  B  : 
so  that  the  number  of  arbitrary  constants,  in  the  function  Avith  u,  accidental 


the  number  of  points  where  it  assumes  an  assigned  value  ;  and  all  these 
properties  are  possessed  by  any  function,  with  which  w  is  connected  by 
any  lineo-linear  relation.  If  u  be  one  such  function,  then  another  is 

an,  +  b 
w  =  --  -y  , 
•u  —  a 

where  a,  b,  d  are  arbitrary  constants  ;  and  therefore  w  contains  at  least 
three  arbitrary  constants,  Avhen  it  is  taken  in  the  most  general  form  that 
possesses  the  assigned  properties. 

But  it  has  been  shewn  that  the  number  of  independent  arbitrary  con- 
stants in  the  general  form  of  w  is  2/i  —  p+  1.  •  This  number  has  just  been 
proved  to  be  at  least  three,  and  therefore 


or  /jb  >  1  -+•  \p. 

Thus  the  integer  equal  to,  or  next  greater  than,  1  +  \p  is  the  smallest 
number  of  isolated  accidental  singularities  that  an  algebraical  function  can 
have  on  a  Riemanns  surface,  on  the  supposition  that  it  has  no  infinities  at 
the  branch-points*. 

Note.  A  method  of  decomposing  rational  functions  on  a  Riemann's 
surface,  so  that  the  elements  are  normal  functions  of  the  second  kind,  is 
given  above  ;  another  method  of  constructing  a  rational  function  is  as 
follows. 

It  was  seen  that  the  number  of  simple  poles  of  a  rational  function,  when 
all  of  them  are  arbitrarily  assigned,  cannot  be  less  than  p  +  1  ;  to  consider 
the  simplest  case,  we  accordingly  assign  p  +  1  arbitrary  points,  which  shall 
be  infinities  (and  the  only  infinities)  of  a  rational  function.  Take  the  most 
general  polynomial  P  (w,  z]  of  order  n  —  2  in  w  and  z  combined,  and  make  it 
vanish  at  the  p  +  1  assigned  points.  Also  make  P  vanish  at  each  of  the 
multiple  points  of  the  curve  /=  0  in  such  a  way  that,  when  the  point  is  of 
multiplicity  A,  for  /=  0,  it  is  of  multiplicity  A,  —  1  for  P  =  0;  consequently 
such  a  point  counts  for  X(X  —  1)  intersections  among  the  points  common  to 
/=0,  P  =  0.  Hence  the  number  of  intersections  common  to  /=  0,  P  =  0, 
other  than  the  multiple  points  of  /=  0,  and  the  p+  1  arbitrary  points,  is 

=  n  (n  -  2)  -  (p  +  1)  -  SX  (X  -  1). 


and  therefore  the  number  of  remaining  intersections  is 
=  n  (n  -  2)  -  (p  +  1)  -  (n  -  1)  (?i  -  2)  + 


Now  a  polynomial  in  w  and  ^  of  order  w  -  2  contains  |n(ft-l)  terms. 
The  number  of  relations  among  the  constants,  necessary  to  secure  that 
a  point  on  a  curve  is  of  order  /c,  is  ^k(k  +  l);  so  that  the  number  of 
relations  among  the  constants,  necessary  to  make  each  of  the  multiple  points 
of  /=0  a  multiple  point  of  the  proper  order  for  P  =  0,  is  2^\(X  —  1). 
Since 

$n  (n  -  1)  -  2  \\  (X  -  1)  -  (n  +  p  -  3) 

=  %n  (n  -  1)  -  £  (n  -  1)  (n  -  2)  +£>  -  (n  +  p  -  3) 
=  2, 

it  follows  that  there  are  two  independent  polynomials,  which  can  be  drawn 
through  the  multiple  points  of  /=  0,  vanishing  to  the  proper  order  at  each 
of  them,  and  through  the  n+p  —  3  points  common  to  /=  0,  P  =  0,  which 
are  other  than  the  p  +  1  arbitrary  zeros  of  P.  Clearly  P  itself  can  be 
taken  as  one  of  these  polynomials;  let  Pl  denote  another  independent 
of  P.  In  general,  Pl  does  not  pass  through  any  Other  zero  of  P  ;  in 
order  to  make  it  do  so,  one  other  relation  among  the  constants  would 
be  necessary,  and  then  there  would  be  only  a  single  polynomial  passing 
through  the  multiple  points  to  the  proper  order,  through  the  n+p  —  % 
points,  and  through  the  other  zero  of  P  :  the  .single  polynomial  being 
P  itself. 

V 

Thus 

=  PL(^) 
J>      P(w;z}' 

is  a  function,  which  has  the  p  +  1  assigned  points  for  poles,  because  they 
are  zeros  of  P  and  not  of  Pl  ;  all  the  other  zeros  of  P  on  the  surface 
are  zeros  of  Pl  to  the  same  order,  and  they  therefore  are  not  poles  of  g. 
Thus  a  rational  function  has  been  constructed,  which  has  p  +  I  assigned 
points  as  poles,  and  it  has  no  other  poles. 

241.  The  other  simple  class  of  uniform  functions  on  a  Riemann's 
surface  consists  of  those  which  have  no  infinities  except  at  the  branch- 
points of  the  surface. 

Thev  will  not  be  considered  in  anv  detail  :  we  shall  onlv  hripflv  .i. 


These  functions  0  (z)  are  infinite  only  at  branch-points  of  the  surface,  and 
the  total  number  of  infinities  is  2p  —  2  +  2n.  For,  let  w  (z)  be  the  most 
general  integral  of  the  first  kind,  and  let 

dw  (£)__,/  \ 

Near  an  ordinary  point  a  on  the  surface  we  have 
w  (z)  =  w  (a)  +  (z  —  a)  P  (z  —  a), 

where  P  is  a  converging  series  that  may,  in  general,  be  assumed  not  to 
vanish  for  z  =  a ;  hence 

that  is,  (j)  (z)  is  finite  at  an  ordinary  point. 

Near  z  =  co  (supposed  not  to  be  a  branch-point)  we  have,  if  K  be  the 
value  of  w  there, 

«-«-!p(i), 

Z        \Z) 

where  P  f -)  may,  in  general,  be  assumed  not  to  vanish  for  z  =  co  ;  so  that 
\z  / 


and  therefore  c/>  (z)  has  a  zero  of  the  second  order  at  z  =  co  . 

Near  a  branch-point  7,  where  m  sheets  of  the  surface  are  connected,  we 

have 

1  _L 

w  (z}  -  w  (7)  =  (z  -  7)»  P  {(z  -  7)'"}, 

where  P  may,  in  general,  be  assumed  not  to  vanish  for  z  =  7  :  hence 


so  that  <p  (z}  is  infinite  at  z  •=•  7,  and  the  infinity  is  of  order  m  —  1. 

Hence  the  total  number  of  infinities  is  2  (m  —  1),  where  m  is  the  number 
of  sheets  connected  at  a  branch-point,  and  the  summation  extends  over  all 
the  r  branch-points.  But  %p  +  1  =  S  (m  —  1)  —  2?^  +  3,  and  therefore  the 
number  of  infinities  is  2p  —  2  +  2?i. 

We  can  now  prove  that  the  number  of  zeros  of  $  (z~)  in  the  finite  part 
of  the  surface  is  2p  —  2,  of  which  p  —  1  can  be  arbitrarily  assigned. 


each  of  the  n  sheets,  so  that  2w  (and  no  more)  of  the  infinities  oi  <jb  (z) 
are  given  by  2  =  00  .  There  thus  remain  2p  —  2  zeros,  distributed  in  the 
finite  part  of  the  surface. 

Moreover,  the  most  general  function  (f>  (z)  of  the  present  kind  is  of  the 
form 


where  <f>i  (z),  ...,  4>p(z)  are  derived  through  the  normal  functions  of  the  first 
kind.  The  p  —  1  ratios  of  the  constants  G  can  be  chosen  so  as  to  make 
<p  (z)  vanish  for  p  —  I  arbitrarily  assigned  points.  Hence  an  algebraic 

function  arising  as  the  derivative  of  an  integral  of  the  first  kind  is  determined, 
save  as  to  a  constant  factor,  by  the  assignment  of  p—  I  of  its  zeros  in  the 

finite  part  of  the  plane. 

Note*.  It  may  happen  that  the  assumptions  as  to  the  forms  of  the  series 
in  the  vicinity  of  a  particular  point  a,  of  co  ,  and  of  <y,  are  not  j  ustified. 

If  <j>  (a)  vanish,  we  may  regard  a  as  one  of  the  2p  —  2  zeros. 

If  z  =  oo  on  one  sheet  be  a  zero  of  $  (z)  of  order  higher  than  two,  say 
2  +  s,  we  may  consider  that  s  of  the  2p  —  2   zeros  are  removed  from  the 
finite  part  of  the  surface  to  coincide  with  z  =  oo  . 
i_ 

If  P  {(z  —  <y)m]  vanish  for  2  =  7,  the  order  of  the  infinity  for  <£  (z)  is 
reduced  from  m  —  l  to,  say,  m  —  s  —  1  ;  we  may  then  consider  that  s  of  the 
2p  —  2  zeros  coincide  with  the  branch-point. 

242.  When  the  integer  q  of  §  240  is  greater  than  zero,  so  that  a 
rational  function  having  m  assigned  simple  poles  can  be  expressed  as  a 
linear  combination  of  m—p  +  q  functions  each  possessing  only  p+l—q 
poles,  then  the  rational  function  is  called  f  a  special  function,  to  distinguish 
it  from  the  most  general  case,  when  q  =  0  and  the  points  c  are  quite 
arbitrary.  In  the  case  of  a  special  function,  having  c1}  ...,  cm  for  its  (simple) 
poles,  these  points  are  such  that  q  of  the  functions  <f>,  say 

$U     $2;     •••,     <£<2> 

vanish  at  each  of  them.  Now  in  §  241  it  was  proved  that  the  number  of 
zeros  of  any  function  <j>  for  finite  values  of  z  is  2p  —  2  ;  consequently,  in 
the  case  of  a  special  function, 

m  ^  2p  -  2, 

or  the  degree  of  a  special  function  is  not  greater  than  2p  —  2.  Moreover, 
q  denotes  the  number  of  distinct  adjoint  curves  of  order  n  —  3,  which  pass 


U"i(w,  z),  consider  the  product  gU^.  This  product  is  finite  at  each  of  the 
points  c1;  ...,  cm,  because  those  points  are  zeros  of  Ul;  and  g  is  not  elsewhere 
infinite  on  the  surface.  Consequently  the  integral 

If- 

]  dw 

is  finite  everywhere  on  the  surface,  and  it  is  therefore  an  integral  of  the 
first  kind,  say 

[Vidz 

df  ' 

J    dw 
where  Vl  is  the  appropriate  adjoint  polynomial  of  order  n—  3.     Thus 


or  a  special  function  is  expressible  as  the  quotient  of  one  adjoint  polynomial 
of  order  n  —  3  by  another*. 

Consider,  in  particular,  the  function 


where  a1}...,aq  are  arbitrary  constants.  Each  of  the  quantities  $1}  ...,<f>q 
vanishes  at  the  points  c1)...,cm.  The  only  infinities  of  gl  are  the  zeros 
of  <£i,  which  are  only  2p  —  2  for  finite  values  of  z;  and  m  of  these  2p—  2 
zeros  are  not  infinities  of  gl  ,  so  that  gl  has  only  2p  —  2  —  m  infinities,  say 

KI  ;      K.,,      ,   .   .   ,      ICm'  , 

where  m'  —  2p  —  2  —  m.  Now,  by  the  Kieraann-Roch  theorem  of  §  240,  the 
most  general  rational  function,  which  has  m  simple  poles  (and  no  others) 
on  the  surface,  contains  m  —  p  +  q'  +  1  arbitrary  constants,  where  q  is  the 
number  of  the  functions 

&(*),  &(*)>  •••><&>(*) 

(or  the  number  of  linear  combinations  of  them),  which  vanish  at  all  the 
points  kl}  h,  ,..,lcm>.  The  arbitrary  constants  in  g^  are  «1;  ...,  aq,  being 
q  in  number  ;  hence 


Now  treat  the  m'  points  kl}  ,  ,  .  ,  km>  in  the  same  way  as  the  m  points 
Cj  ,  .  .  .  ,  cm  have  been  treated  ;  and  let  the  analogous  function  be  constructed. 
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functions  <£1;  ____  <j6p),  which  vanish  at  each  of  the  points  &!,...,&,„/;    the 
analogous  function  is 

A  <fe'  (*)+•••  +/fy  ft  V(*> 


which  has  only  Cj,  ...,c?n,  (and  not  Jclt  .  .  .  ,  Jcm>)  for  poles.  It  has  in  poles; 
at  each  of  these,  q  functions  </>  (or  linear  combinations  of  them)  vanish  ;  and 
it  contains  q'  constants,  so  that,  by  another  application  of  the  Riemann-Roch 

theorem,  we  have 

q'  ^.m-p  +  q  +  I. 

But  m  +  m  =  2p  —  2,  so  that  m  —  p  +  1  +  m'  —  p  +  1  =  0;  that  is,  the  preceding 
relations  between  q  and  q'  are  equalities,  so  that 

q  =  m'  —p  +  q  +1, 


and  therefore* 

2(q—  q')  =  m'  —  m, 

which  is  called  the  Brill-Nother  law  of  reciprocity.     It  is  a  complement  of 
the  Riemann-Roch  theorem. 

Since  q  is  actually  equal  to  m'—p  +  q'+I,  and  does  not  merely  possess 
it  for  an  upper  limit,  it  follows  that 

«,&  +  ...  +  «gftg 

b 

is   a   special   function,   which   contains   the   largest   admissible  number    of 
arbitrary  constants. 

Note.  The  preceding  investigations  deal  solely  with  those  rational  functions  on  a 
Riemann's  surface  which  have  their  poles  of  the  first  order.  When  we  have  to  deal  with 
functions  which  have  poles  of  order  higher  than  unity,  the  investigations  are  much  more 
complicated  and  really  belong  to  the  general  theory  of  Abelian  functions.  They  will  be 
found,  together  with  references,  in  Baker's  Abelian  Functions,  ch.  in. 

The  simplest  result  is  contained  in  the  following  example. 

Ex.  If  a  rational  function  is  infinite  at  only  a  single  point  c  on  a  Riernann  surface 
the  order  of  its  infinity  being  m,  and  if  the  point  c  is  perfectly  arbitrary,  then  m  must  be 
greater  than  p.  (Weierstrass.) 

243.  The  existence  of  functions  that  are  uniform  on  the  surface  and, 
except  at  points  where  they  have  assigned  algebraical  infinities,  are  finite 
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Let  the  surface  have  n  sheets;  on  the  surface  let  the  points  c1;  c2,  . ..,  cm 
be  ordinary  infinities  of  orders  ql}  g25  •••>  9m  respectively — we  shall  restrict 
ourselves  to  the  more  special  case  in  which  q1}  q2,  ...,  qm  are  finite  integers, 
thus  excluding  (merely  for  the  present  purpose)  the  case  of  isolated  essential 
singularities;  and  let  the  branch-points  al}  a2,  ...  be  of  orders  p1}  p2,  ...  as 
infinities*  and  of  orders  r1  —  .1,  r2  —  1,  ...  as  winding-points. 

Let  Wi,  w2,  ...,  wn  be  the  n  values  of  the  function  for  one  and  the  same 
arithmetical  value  of  z ;  and  consider  the  function  (w  —  w-i)  (w  —  wz) . . .  (iv  —  wn}. 
The  coefficients  of  w  are  symmetric  functions  of  the  values  wl}  ...,  wn  of  the 
assigned  function. 

An  ordinary  point  for  all  the  branches  w  is  an  ordinary  point  for  each  of 
the  coefficients. 

.An  ordinary  singularity  of  order  q  for  any  branch,  which  can  occur  only 
for  one  branch,  is  an  ordinary  singularity  of  the  same  order  for  each  of  the 
symmetric  functions ;  and  therefore,  merely  on  the  score  of  all  the  ordinary 
singularities,  each  of  these  symmetric  functions  can  be  expressed  as  a  mero- 
morphic  function  the  denominator  of  which  is  the  same  polynomial  function 

m 

of  degree  S  qs  in  z. 

s=l 

In  the  vicinity  of  the  branch-point  ccl3  there  are  7*1  branches  obtained  from 

_£>  I 

(z  -  a,}  >'.  P  {(z  -  a,)''}, 

_! 

where  P  is  finite  when  z  —  a^  by  assigning  to  (z  —  a^  its  rx  various  values. 
Then,  as  in  §  99,  the  point  a:  is  no  longer  a  branch-point  of  any  of  the 
symmetric  functions;  for  some  of  the  symmetric  functions  the  point  aa 
is  an  accidental  singularity  of  order  pl}  but  for  no  one  of  them  is  it  a 
singularity  of  higher  order.  Hence,  merely  on  the  score  of  the  infinities  at 
branch-points,  each  of  the  symmetric  functions  can  be  expressed  as  a  mero- 
morphic  function  the  denominator  of  which  is  the  same  polynomial  function 
of  degree  2pi  in  z.  ' 

No  other  points  on  the  surface  need  be  taken  into  account.  If,  then,  P  (z) 
be  the  denominator  of  the  coemcients  arising  through  the  isolated  algebraical 

m 

singularities,  so  that  P  (z)  is  of  degree   S  qs  in  z,  and  if  Q(z)  be  the  de- 


TO 

of  degree  n  in  w  and  of  degree  2  qs  +  2p  in  #. 


s=l 


Its  only  roots  are  w  =  wl}  ...,  wn',  that  is,  the  function  w  on  the  Riemann's 
surface  is  determined  as  the  root  of  the  equation  f(w,  ^)  =  0;  and  therefore 
the  equation  f(w,  z)  =  0  is  a  fundamental  equation,  to  be  associated  with 
the  surface. 

Ex.  1.  Shew  that  a  fundamental  equation  for  a  three-sheeted  surface,  having  e*ws"  (for 
m=0,  1,  ...,  5)  for  branch  -points  each  of  the  first  order,  is 

w3-3-H)z'-  +  2  =  0; 

and  that  a  fundamental  equation  for  a  four-sheeted  surface  having  the  same  branch-points 
each  of  the  same  order  is 


w4  -  (6  +  3-^2  2H)  w2  -  4^12  $2  MS  =  3  +  $2  z2  -  19  $4*».  (Thomro.) 

Every  algebraic  function  on  the  surface  requires  its  own  fundamental 
equation;  but,  as  the  branch-points  are  the  same  for  any  surface,  no 
fundamental  equation  can  be  regarded  as  unique.  Having  now  obtained 
one  fundamental  equation  for  algebraic  functions  on  the  surface,  all  the 
investigations  in  Chap.  XVI.  may  be  applied. 

The  preceding  sketch,  in  §§  240  —  243,  of  algebraic  functions  is  intended  only  as  an 
introduction  ;  the  developments  are  closely  connected  with  the  theory  of  Abelian  functions 
and  of  curves.  The  propositions  actually  given  are  based  upon 

Biemann,  Tkcorie  der  Abel'scken  Functionen,  Ges.    Werke,  pp.  100  —  102  ; 
Rooh,  Grelle,  t.  Ixiv,  (1865),  pp.  372—376; 

Klein's   Vorlesimgen  iiber  die  Theorie  der  dliptischen  Modulfunotionen,  (Friclce),  vol.  i, 
pp.  540—549; 

for  further  information  reference  should  be  made  to  the  following  sources:  — 
Brill  und  Noether,  Math.  Ann.,  t.  vii,  (1874),  pp.  269—310; 

Lindemann,   Untersudaingen  uber   den   Riemann-Rock'sclien    Satz,  (Leipzig,  Teubner, 
1879),  40  pp.  ; 

Brill,  Math.  Ann.,  t.  xxxi,  (1888),  pp.  374—409;  ib.,  t.  xxxvi,  (1890),  pp.  321—360; 
Baker's  treatise,  quoted  §  239  and  at  the  end  of  §  242  ; 

Appell  and  Goursat,  Tkeorie  des  fonctions  algebriques  et  de  lews  integrates,  (Paris, 
Gauthier-Villars,  1895). 

Ex.  2.  Prove  that  the  algebraic  equation  which  subsists  (§  118)  between  two 
functions  u  and  v  of  a  variable  z,  doubly-periodic  in  the  .same  periods,  is  of  class  either 
zero  or  unity  ;  that  it  is  of  class  unity,  if  only  one  incongruent  value  of  z  correspond  to 
given  values  of  u  and  v  ;  and  that  it  is  of  class  zero,  if  more  thun  one  incongruent  value 
of  z  correspond  to  given  values  of  u  and  v.  (Humbert,  Giinther.) 


associated  with  a  Biemann's  surface. 

The  classes  of  pseudo-periodic  functions,  which  have  been  discussed, 
originally  occurred  in  connection  with  the  functions  that  are  doubly-periodic 
functions  of  the  first  kind;  and  it  may,  therefore,  be  expected  that,  in  a 
discussion  of  functions  which  are  multiply-periodic,  similar  pseudo-periodic 
functions  will  occur. 

These  functions,  in  particular  such  as  are  the  generalisation  of  doubly- 
periodic  functions  of  the  second  kind,  have  been  considered  in  great  detail  by 
Appell*;  they  may  be  called  factorial  functions^. 

But  the  essential  Difference  between  the  former  classes  of  functions  and 
the  present  class  is  that  now  the  argument  of  the  function  is  a  variable  of 
position  on  the  Riemann's  surface  and  not,  as  before,  an  integral  of  the  first 
kind.  It  is  only  in  subsequent  developments  of  the  theory  of  these  functions 
that  the  corresponding  modification  of  argument  takes  place ;  and  a  factorial 
function  then  becomes  a  pseudo-periodic  function  of  those  integrals  of  the 
first  kind. 

We  consider  a  Riemann's  surface  of  connectivity  2p  +  1,  reduced  to  simple 
connectivity  by  2p  cross-cuts  taken,  as  in  §  181,  to  be  a1(  bl}  c2  +  tta,  62,  •••> 
Cp  +  cfy,  bp.  The  functions  already  considered  are  such  that  their  values 
at  points  on  opposite  "edges  of  a  cross-cut  differ  by  additive  constants, 
which  are  integral  linear  combinations  of  the  cross-cut  constants,  necessarily 
zero  for  the  portions  c  in  the  case  of  all  the  functions.  The  values  of  the 
constants  for  the  cuts  a  and  the  ..cuts  b  depend  upon  the  character  of  the 
functions ;  they  are  simultaneously  zero  only  when  the  function  is  a  uniform 
function  of  position  on  the  Riemann's  surface,  that  is,  is  a  rational  function  of 
w  and  z  when  the  surface  is  associated  with  the  fundamental  equation 

F(w,z)  =  Q. 

A  factorial  function  is  defined  as  a  uniform  function  of  position  on  the 
resolved  Riemann's  surface,  finite  at  the  branch-points  no  one  of  which  is 
at  infinity;  all  its  infinities  are  accidental  singularities,  so  that  it  has  no 
logarithmic  infinities :  and  at  two  (practically  coincident)  points  on  opposite 
edges  of  a  cross-cut  the  quotient  of  its  values  is  independent  of  the  point, 
being  a  factor  (or  multiplier)  that  is  the  same  along  the  cut  for  all  parts 
which  can  be  reached  without  crossing  another  cut. 

*  "  Sur  les  integrates  des  fouctions  a  multiplicateurs..."  (Mem.  Cour.),  Acta.  Math.,  t.  xiii, 
(1890),  174  pp.     This  volume  is  prefaced  by  an  interesting  report,  due  to  Hermite,  on  AppelPs 
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Then  for  any  portion  c  the  factor  is  unity,  for  any  cut  a  it  is  the  same  along 
its  whole  length,  and  for  any  cut  b  it  is  the  same  along  its  whole  length. 

In  order  to  consider  the  effect  of  passage  over  another  cross-cut  on  the  con- 
stant factor,  we  take  the  -figures  of  §§  196, 
230.     Where  ar  and  6,.  intersect  we  have  ?>  <       4  z'n 


where  mr,  TO/  ;  nr,  nr' ;  are  the  constants 
for  the  portions  of  the  cuts  ar  and  &,.. 
From  these  equations  it  follows  that 

F(z,}  =  nrm;F(zz\ 
and  also  =nrfmrF(z2), 

so  that  nrmr'  =  nr'mr. 

Again,  where  cr+I  cuts  br,  we  have 

F(?'\— -n'Ff?}        Ft?'}  —  1)!    Ffr} 
•**  V   &  /  —     ''  J    \rO/)      •*  \*«  /  —  'brj-    \z&)i 


Fig.  85. 


so  that,  as 
have 


^}  when  the  points  arejinfinitely  close  together,  we 


or  the  multiplier  (say 
whence 


for  cr     is  lr1  = 


r+1 


-^r -"r+" 


Now  a:  is  met  only  by  6j  and  by  no  cut  c :  so  that  ml  —  m/.  Hence  Wj  =  ?i/, 
and  therefore  lz=I.  Hence  ?w2  =  ?;z2/;  77.2  =  ?i2',  and  therefore  4  =  1;  and  so 
on,  so  that 

lr+1  —  1,     mr'  —  mr,     nr'  =  nr, 

the  results  necessary  to  establish  the  proposition. 

We  shall  therefore  take  the  factor  along  ar  to  be  mr,  and  the  factor  along 
br  to  be  nr,  for  r  =  1,...,p:  and,  by  reference  to  §  196,  the  function  at  the 
positive  edge  is.  equal  to  the  function  at  the  negative  edge  multiplied  by  the 
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<I>  (z)  be  factorial  functions  with  the  same  factors,  then  M/"  (z)  -r-  <J>  (s)  has  its 
factors  unity  at  all  the  cross-cuts,  so  that  it  is  a  uniform  function  of  position 
on  the  surface  and  is  therefore*  of  the  form  R(w,z).  Consequently,  it  is 
sufficient  at  present  to  obtain  some  one  factorial  function  with  assigned  factors 

m1}  ...,  mp,  ??i,  ...,  Up. 

Let  wl  (z),  w2  (z},  ...,  Wp  (z)  be  the  p  normal  functions  of  the  first  kind 
connected  with  a  Eiemann's  surface,  with  their  periods  as  given  in  §  235. 

Let  TTj  (z),  instead  of  -5r]2  of  §  237,  denote  an  elementary  normal  function 
of  the  third  kind,  having  logarithmic  infinities  at  ax  and  {3t  such  that,  in  the 
vicinities  of  these  points,  the  respective  expressions  for  T^  (z)  are 

-  log  (z  -  oO  .  +  P  (z  -  aO, 
and  +  log  (z  -  A)  +  Q(z  —  &); 

then  the  period  of  irl  (z}  for  the  cross-cut  ar  is  zero,  and  the  period  for  the 
cross-cut  br  is 

2{™,(/31)-M«i)l 

for  r  =  1,  2,  .  .  .,  p.     It  therefore  follows  that  <D>j  (z),  where 

(^(2)  =  ^'^ 

is  uniform  on  the  resolved  Riemann's  surface  :  it  has  a  single  zero  (of  the  first 
order)  at  /3X  and  a  single  accidental  singularity  (of  the  first  order)  at  ax  ;  its 
factor  for  the  cross-cut  ar  is  unity,  and  its  factor  for  the  cross-cut  &,.  is 


The  function  <!>!  (z}  may  therefore  be  regarded  as  an  element  for  the  repre- 
sentation of  a  factorial  function. 

Let  cl>  (z)  be  a  factorial  function  on  the  Riemann's  surface  with  given 
multipliers  m  and  n;  and  let  it  have  a  number  q  of  zeros  &,  /32,  ...,  &q,  each 
of  the  first  order,  and  the  same  number  q  of  simple  accidental  singularities 
«1;  «2,  ...,  aq,  each  of  the  first  order,  and  no  others.  Then  <3>'  (z}/^>  (z}  has  2g 
accidental  singularities  ;  in  the  vicinity  of  the  q  points  /?,  it  is  of  the  form 


and  in  the  vicinity  of  the  q  points  a,  it  is  of  the  form 


is  finite  in  the  vicinity  of  all  the  singularities  of  -^j  \  •     Thus 

q 
log  $  0)  -  2  TTS  0) 


s=l 


has  no  logarithmic  infinities  on  the  surface  :  neither  log  <3>  (z)  nor  any  one 
of  the  functions  TT  (z}  has  infinities  of  any  other  kind  ;  and  therefore  the 
foregoing  function  is  finite  everywhere  on  the  surface.  It  is  thus  an  integral 
of  -the  first  kind  ;  so  it  is  expressible  in  the  form 

+  2X2w2  (z)  +  .  .  .  +  2XpWp  (z}  +  constant. 


_    .    .  . 

Hence  <^?  (z}  -  A 

where  A  is  a  constant. 

The  function  represented  by  the  right-hand  side  evidently  has  the  q 
points  /3  as  simple  zeros  and  the  q  points  a  as  simple  accidental  infinities, 
and  no  others.  Higher  order  of  a  zero  or  an  infinity  is  permitted  by  repeti- 
tions in  the  respective  assigned  series. 

In  order  that  it  may  acquire  the  factor  mr  on  passing  from  the  negative 
edge  to  the  positive  edge  of  the  cross-cut  a,.,  we  have 


and  that  it  may  acquire  the  factor  nr  in  passing  from  the  negative  edge  to 
the  positive  edge  of  the  cross-cut  br,  we  have 

2  5  {ttV(/38)-«v(<x8)}+2  2  \kBkr 

nr  =  e  s=1  k=1 

The  former  equations  determine  the  constants  \r  in  the  form 


r 
for  r=  1,  2,  ...,p;  the  latter  equations  then  give 

q  "  \         V 

2  {w,.  (&)-  Mr  (««)}  =  £  log  Wr-_.  2  (Bkr  log  mk), 

s=l  Z77"1  k  =  l 

for  r  =  1,  2,  ...,  p. 

Apparently,  \r  is  determinate  save  as  to  an  additive  integer,  say  Hr  ;  and 

4-Vn-*    TT*-I  1  11  rv    /%-P  .1.  1  /-\rv  /vi       -10    r\  /-if  ni-»rv-»  in  o  -f-.o    oci  1:7^    Q  t*    4".r\    OIT     «j  rirli  4-nrca    r>ii  .-»-nf  i  I-TT     C^OTT     AT"    —  «' 


;hat  2    2  MkMrpkr  =  0, 

k=\  r=l 

!ch,  by  §  235,  can  be  satisfied  only  if  all  the  integers  if,,  vanish  and  there- 
;  also  the  integers  JV,.. 

Hence  when  the  foregoing  equations  connecting  the  quantities  a,  /?,  log  n, 
m  are  satisfied,  as  they  must  be,  for  one  set  of  values  of  log  n  and  log  m, 
t  set  may  be  taken  as  the  definite  set  of  values ;  and  the  only  way  in 
:ch  variation  can  enter  is  through  the  multiplicity  in  value  of  the  functions 
...,  wp>  which  may  be  supposed  definitely  assigned. 

The  expression  for  the  function  <E>  (z)  is  therefore 


q  zeros  ft  and  the  q  simple  poles  a  being  subject  to  the  equations 

1  IP 

2  [wr  (A.)  -  wr  (a,)]  =  I  log  ??r  -  -—  .  2  (Bkr  log  mk). 
s=i  ATM  k=i 

COROLLARY  I.  The  function  <t>  (z)  is  a  rational  function  of  position  on 
surface,  that  is,  of  w  and  z,  if  all  the  factors  n  and  m  be  unity.  Such  a 
ction  has  been  proved  (§  194)  to  have  as  many  infinities  as  zeros  ;  and 
refore  integers  N-{,  .  .  .  ,  JNP,  MI,  .  .  .  ,  Mp  exist  such  that,  between  the  zeros  and 
infinities  of  a  rational  function  of  w  and  z,  the  p  equations 

p 
2  {wr  (/3S)  -  wr  (as}}  =  mNr  -  2  Mk'2ikr, 

s=l  k=l 

r  =  l,  2,  .  .  .  ,  p,  subsist*. 

The  function  <X>  (z)  then  corresponds  to  a  rational  function,  when  regarded 
a  product  of  simple  factors,  in  the  same  way  as  the  expression  (|  241) 
terms  of  normal  elementary  functions  of  the  second  kind  corresponds 
bhe  function,  when  regarded  as  a  sum  of  simple  fractions. 

COROLLARY  II.  Every  factorial  function  has  as  many  zeros  as  it  has 
nities. 

For  if  a  special  function  <E>  (z),  with  the  given  factors  and  possessing  q  zeros 
.  q  infinities,  be  formed,  every  other  function  with  those  factors  is  included 
;he  form 


ire  R,  (w,  z)  is  a  rational  function  of  w  and  z.     But  R  (w,  z)  has  as  many 


the  infinities  and  the  multipliers  are  satisfied  for  F(z).    For  among  the  zeros 
and  the  infinities  of  <3>  (z),  the  relations 

1  1p 

2  {wr  (/3S)  —  Wr  (««)}  =  £  log  ttr  —  ^ — .    2   (Bkr  log  Wfc) 

8  =  1  '        /f  =  l 

are  satisfied;  and  among  the  zeros  and  the  infinities  of  R(w,  z),  the  relations 


s=l 


are  satisfied,  where  J\V  and  the  coefficients  Jf'  are  integers.     Hence,  among 
the  zeros  and  the  infinities  of  F  (z),  the  relations 

1      v 
2  \wr  (zero)  -  wr  (<»)}  =  £  (log  nr  +  Nr'  2-ra)  -  «—  .  2  (5fcr  (log  mk 


are  satisfied,  giving  the  same  multipliers  nr  and  mr  as  for  the  special  function 
*(*)• 

COROLLARY  III.  /^  is  possible  to  have  factorial  functions  without  zeros 
and  therefore  without  infinities:  but  the  multipliers  cannot  be  arbitrarily 
assigned. 

Such  a  function  is  evidently  given  by 

e^W^ 

derived  from  <E>  (z)  by  dropping  from  the  exponential  the  terms  dependent 
upon  the  functions  TT  (z).  The  relations  between  the  factors  are  easily 
obtained. 

Note.     The  effect  of  the  p  relations 

1  \     P 

2  {wr  (&)  -  wr  (ag)}  =  £  log  nr  -  —   2  CBfo.  log  mjfc), 


subsisting  between  the  factors,  the  zeros  and  the  infinities  of  the  factorial 
function,  varies  according  to  the  magnitude  of  q. 

If  q  be  equal  to  or  be  greater  than  p,  it  is  evident  that  all  the  infinities  a 
and  q—  p  of  the  zeros  (3  can  be  assumed  at  will  and  that  the  above  relations 
determine  the  p  remaining  zeros.  The  function  therefore  involves  2q—p 
arbitrary  elements,  in  addition  to  the  unessential  constant  A. 

In  particular,  when  q  is  equal  to  p,  the  infinities  a  carl'  be  chosen  at  will 
and  the  zeros  ft  are  then  determined  by  the  relations.  It  therefore  appears 
that  a  factorial  function,  which  has  only  p  infinities,  is  determined  by  its 
infinities  and  its  cross-cut  factors. 


<3>  (z)  =  ftj®!  (Z) 

will  evidently  have  the  assigned  infinities  and  the  assigned  cross-cut 
bors.  Then  s  —  I  ratios  of  the  quantities  p  can  be  chosen  so  as  to  cause 
z)  to  acquire  s  —  1  arbitrary  zeros.  The  greatest  number  of  arbitrary 
os  that  can  be  assigned  to  a  function  is  r,  which  is  therefore  the  greatest 
ue  of  s  —  1.  Hence  it  follows  that  r  +  I  linearly  independent  factorial 
•ctions  <D>]  (z),  ...,  <X>,.+1  (z)  exist,  having  assigned  cross-cut  factors  and  p  +  r 
igned  infinities  ;  and  every  other  factorial  function  with  those  infinities  and 
ss-cut  factors  can  be  expressed  in  the  form 


ire  fjL1}  ...,  /jir+l  are  constants  whose  ratios  can  be  used  to  assign  r  arbitrary 
os  to  the  function. 

These  factorial  functions  are  used  by  Appell  to  construct  new  classes  of  functions  in  a 
inor  similar  to  that  in  which  Riemann  constructs  the  Abelian  transcendents.  Their 
perties  are  developed  on  the  basis  of  algebraic  functions  ;  but  as  only  the  introduction 
;he  theory  can  be  given  here,  recourse  must  be  had  to  AppelPs  interesting  memoir, 
:ady  cited.  See  also  Baker's  Abelian  Functions,  ch.  xiv. 

BIRATIONAL  TRANSFORMATION. 

245.  It  has  already  been  pointed  out  (§  193)  that,  if  w  denote  any 
litrary  rational  function  on  a  Riemann's  surface  (say  S)  associated  with  the 
ition,  /(«;,  z)  =  0,  then  w'  satisfies  an  equation  /i  (w',  z)  =  0.  Similarly, 
/  denote  another  rational  function  on  S,  the  elimination  of  w  and  z 
.ween  the  three  algebraical  equations 

w'  —  R-i  (w,  z},     z  =  Rz  (w,  z},    f(w,  z)=0, 
ds  to  another  equation  F(w',  z'}  =  0. 

Relations  such  as  these,  which  express  new  variables  w'  and  z  as  rational 
ictions  of  old  variables  w  and  z,  are  called  transformations:  sometimes 
ional  transformations.  Transformations  exist  between  two  sets  of  variables, 
ih  set  being  regarded  as  a  pair  of  independent  variables  :  with  such 
nsformations  (which  include  the  well-known  Cremona  transformations)  we 
i  not  specially  concerned,  seeing  that  our  variables  w  and  z  are  connected 

a  permanent  equation  f(w,  z}  =  0.  We  have  to  deal*  with  rational 
nsformations  between  two  equations  such  as 


be  m!  and  n'  respectively.  There  are  m'  positions  on  S  which  correspond  to 
any  given  value  of  w'  ;  each  such  position  gives  one  value  of  z'  ;  and  therefore 
there  are  m  values  of  z'  for  any  given  value  of  w.  Similarly,  there  are  n' 
values  of  w'  for  any  given  value  o'f  z'.  Accordingly,  the  equation 

F(w',z')  =  Q 
is  of  degree  n'  in  w',  and  of  degree  m'  in  z'. 

As  the  two  rational  functions  of  position  on  S,  represented  by  w'  and  /, 
are  quite  unrestricted,  it  follows  that  we  can  obtain  an  unlimited  number  of 
transformations  of  the  equation  /=  0.  We  assume  that  /  is  an  irreducible 
polynomial,  that  is,  /cannot  be  resolved  into  factors  rational  in  w  and  s,  so  that 
/=  0  is  an  irreducible  equation  ;  and  we  find  that  the  equation  ^  =  0,  arising 
out  of  any  rational  transformation  of  f=Q,  is  such  that  the  polynomial  F 
either  is  irreducible  or  is  some  power  of  an  irreducible  polynomial.  For  let 
W0  and  Z0  denote  any  values  of  w'  and  /,  which  satisfy  F  =  0  ;  they  arise 
through  some  position  IUQ,  z0  on  S:  and  let  W1  and  Zl  denote  any  other 
values  of  w'  and  zf,  which  satisfy  F  =  0  ;  they  arise  through  some  position  wlt 
zl  on  S.  (In  each  case,  there  may  be  more  than  one  position.)  We  can  pass 
from  w0)  ZQ  to  w-i,  z-±  on  S  by  a  continuous  path,  which  avoids  all  the  branch- 
points, and  which  does  not  pass  through  any  infinity  of  w'  or  z  ;  during  the 
passage  the  values  W0  and  Z0  change  continuously  into  Tfj  and  £,.  Hence 
when  we  have  constructed  the  Riemann's  surface  (say  S'}  associated  with 
F  =  0,  and  take  account  of  the  dependence  of  w'  and  /  upon  w  and  z  that 
leads  to  F=  0,  it  follows  that,  on  this  new  surface  S',  a  continuous  path  exists 
which  joins  the  position  W0>  Z0  to  the  position  F"3,  Z-^.  Also  these  positions 
are  any  positions  on  S',  because  the  values  W0,  Zn]  Wl}  Zl\  are  any  values 
that  satisfy  F  =  0;  hence  (§  176,  Ex.  5,  Cor.  II.)  F  either  is  an  irreducible 
polynomial  or,  if  reducible,  is  some  power  of  an  irreducible  polynomial. 

Consider  any  position  w,  z'  on  S'.     To  the  value  of  w,  there  correspond 
m'  positions  on  S,  say 


and  to  the  value  of  z',  there  correspond  n'  positions  on  S,  say 

A,  &i5  &,  &„;  ...;  /3n>,  &„'. 

Then  as  w',  z  constitute  a  position  on  S',  it  follows  that  one  (or  more  than 
one)  position  on  S  must  be  common  to  the  tAvo  sets.  First,  let  only  one 
position  be  common  to  the  t\vo  sets.  In  that  case,  the  simultaneous  values 
nf  «/  and  z  fwhio.h  Hfiherminfi  a  nosition  on  $'}  determine  a  sinHfi  nnsihion  on 


v^ij.     *_•    ,    i4iL\^     ijj.c*JLJ.JLJLV^auiJ     JJ.WU      UJ.CWlO^CJ.a.VACJ.iUC</l  j      J.U      UdO     JUi3U      (JCC1JI      IJiUVCVJ.      UlldU     U-IJLGV 

are  uniquely  determined  by  w'  and  /;  and  they  consequently  are  rational 
functions  of  position  on  8',  that  is,  we  have 

w  =  Sl  (w'}  *'),     z  =  S2  (w',  /),     F(w',  z'}  =  0, 

where  $j  and  S2  are  rational  functions.  Moreover  in  this  case,  to  a  general 
value  of  z',  there  correspond  ri  different  positions  on  8;  each  of  these 
determines  a  value  of  w',  so  that  there  are  ri  values  of  w'  ';  these  values  are 
all  different,  for  taking  the  single  value  of  /  and  the  various  values  of  w' 
in  turn,  the  n'  positions  in  the  second  set  must  be  exhausted,  and  no  first 
set  has  more  than  one  point  common  with  the  second  set.  Hence  to  a 
value  of  z',  there  correspond  n'  different  values  of  w'.  Also  F  is  either  an 
irreducible  polynomial  of  degree  ri  in  w',  or  it  is  a  power  of  some  irreducible 
polynomial;  in  the  present  case,  therefore,  F  is  irreducible.  Accordingly, 
the  surfaces  S  and  S'  associated  with  the  two  equations 

/(w,*)  =  0,     F(w',  /)  =  0 

are  such  that  each  position  on  one  determines  one  (and  only  one)  position 
on  the  other  ;  and  the  variables  of  each  position  are  expressible  rationally  in 
terms  of  the  other,  in  forms 

w'  =  ^  (w,  2)}  w  =  Si  (w', 


where  Rl}  R2,  $1;  8Z  are  rational  functions.     Such  a  transformation  is  called 
biratwnaL 

Next,  let  I  of  the  positions  on  S  be  common  to  the  two  sets,  which  give 
the  values  of  w'  and  z'  respectively.  To  the  position  «1}  aj  in  the  w'-sei, 
there  corresponds  a  definite  value  of  /;  as  I  positions  on  $  arise  through 
given  values  of  w  and  z',  it  follows  that  other  I  —  I  positions  in  the  w'-set 
give  the  same  value  of  /.  Let  these  be  cr2,  a2;  ...  ;  &i,  a&;  so  that  no  other 
position  in  the  w'-set  gives  that  value  of  /.  Take  now  some  other  position 
«j+1,  aj+i  ;  it  gives  a  definite  value  to  z  ,  and  there  are  other  I  —  1  positions, 
say  cfz+a,  ai+,>;  •••',  a-2i,  (hi',  which  give  that  value.  Proceeding  in  this  way, 
we  see  that  m  must  be  a  multiple  of  I,  say  m'  =  m"l  ;  and  that  the  one  value 
of  w  ',  which  gives  m'  positions  on  S,  gives  rise  to  m"  values  of  /,  each 
of  them  repeated  I  times.  Dealing  similarly  with  the  z'-set,,  we  see  that  n' 
is  a  multiple  of  I,  say  ri  =  ri'l  ;  and  that  the  one  value  of  z',  which  gives 
ri  positions  on  S,  gives  rise  to  ri'  values  of  w',  each  of  them  repeated  I  times. 
In  this  case,  F  is  the  lib.  power  of  an  irreducible  polynomial  F±  (w'}  z'},  of 
degree  n"  in  w  and  degree  m"  in  z'  ;  and  the  surfaces  S  and  S'  associated 
with  the  two  equations 

ffin    v\  =  0         F.  (in'    9/\  =  0 


Sometimes  the  results  are  expressed  in  geometrical  language  by  saying 
that,  in  the  former  case,  there  is  a  (1,  1)  correspondence  between  the  curves 
f=0,  F  =  0  :  and  in  the  latter  case  a  (1,  I)  correspondence  between  the 
curves  /=0,  J\  =  0.  The  whole  subject  of  rational  transformation  is  involved 
in  the  theory  of  correspondence  between  curves. 

Note  1.  It  has  been  proved  that,  in  the  equation  F(w',  z')  =  0  obtained 
by  eliminating  w  and  z  between 

w'  —  R!  (w,  z),     z'  =  RZ  (w,  z),    f(w,  z}  —  0, 

•the  polynomial  F  either  is  irreducible  or  it  is  some  power  of  an  irreducible 
polynomial.  Now  when  the  values  w'  =  Rl}  z'  =  R2,  are  substituted  in  jF=0, 
the  result  is  to  give  an  equation  in  w,  z  only;  so  that,  F  (R1}  R2)  must  have 
f(w,  z)  as  a  factor.  It  is  not  possible  to  prove  that  F  is  a  power  of  f(w,  z), 
because  this  is  not  always  the  case.  As  one  example  of  this  remark,  let 


be  substitutions,  which  leave  w'  and  z  unchanged  in  form,  that  is,  give 
lu'^R^W^),     z'=R,(W,Z); 

the  equation  F  (w',  z'}  =  0  will  be  obtained  in  association  with  the  relation 
f(rJ.\,  rJ.\)  =  0;  and  therefore  F  will  contain  /{^(w,  z},  T,2(w,  z}}  as  a  factor. 
Thus  when  we  substitute  for  w'  and  z'  in  F,  the  resulting  expression  may  be 
divisible  by  factors  other  than  f(w,  z}. 

Note  2.  When  F  is  a  power  of  a  polynomial,  some  special  process  of  the 
elimination  indicated  on  p.  537  may  lead,  not  to  F,  but  immediately  to  the 
polynomial.  The  explanation  is  that  the  eliminant  then  obtained  is  not  of 
the  proper  degree  in  w  and  z'  as  required  on  p.  538.  As  a  trivial  example, 
we  see  that  the  equations 

w3  +  z3  =  1  ,    w'  =  ws,     z'  —  z3. 
lead  at  once  to  w'  +  z'  =  1,  whereas  F(w',  z'}  is  (w'  4-  z  —  l)s. 

Ex.  1.     Consider  the  transformation  of  the  equation  w^  +  zs  =  l  by  the  relations 


As  regards  the  degrees  of  w'  and  z',  each  of  these  variables  is  infinite  only  when  \  z  , 
and  so  |w|,  is  infinite.  There  are  three  such  positions  on  the  surface;  at  each  of  them, 
10'  is  infinite  of  the  second  order,  and  z'  of  the  first  order  ;  so  that  m',  the  degree  of  w', 
is  6  ;  and  n',  the  degree  of  3',  is  3.  Accordingly,  the  equation  between  w'  and  z'  must  be 
of  degree  3  in  w'  and  degree  6  in  z. 


and  therefore 

(c3  -  a3)2  (4s'2  -  kacwj  (^  -  kacw')  -  {a3c3  -  (c3  +  a3)  (42'2  -  3/feaewO  <}2=0, 

which  is  the  equation  F(w',  z')  =  0.    Manifestly  -f7  is  irreducible,  so  that  the  transformation 
is  birational  ;  in  fact, 


__  ,  )(4/3  —  3kdcw')z' 

(c;i  -  a3)  (4z'2  —  kacw')        ' 


(c3  -  a3)  (4s'2  —  kacw') 

Further,  the  original  relations,  which  express  w'  and  z'  in  terms  of  the  variables 
10  and  2,  are  unchanged  in  form  when  the  latter  are  subjected  to  the  substitution 

aiv  =  oZ,        cz  —  aW; 

and  therefore,  when  the  values  of  w'  and  z'  are  substituted  in  F(w',  /)  =  0,  it  is  to 
he  expected  that  the  resulting  equation  will  give  rise,  not  merely  to  w^+z3  —  1  =  0,  but 
also  to  its  transformation  by  the  foregoing  substitution.  We  have 

4  (z'*  —  kacw'  )  =  (a  w  —  cz)2, 

4/2  —  kacw'   =  azwz  +  acivz+cz  z2, 

4a'2  —  "Skaciv'  =  a2  z02  —  acwz  +  e222, 

22'  =aw-^cs, 

so  that  F=0,  on  multiplication  by  4,  becomes 
(c:!-a3)2  (a3w3 


that  is, 

-  4c3  a3  (w3  +  z3  -  1  )  (a°  w3  -f  cc  s3  -  a3  c3)  =  0. 
The  equation 

W3  +  23-l  =  0 

is  the  original  equation;  when  subjected  to  the  substitution  aw=cZ,  cz=aW,  the  other 
factor  in  F  is  obtained,  thus  verifying  the  inference. 


Ess.  2.  Discuss  in  a  similar  manner  the  transformation  of  (i)  the  equation  Xw  +  ^is  —  1  =  0 
by  the  relations  kw'  =  wz,  2z'=ct.w  +  c2;  (ii)  the  equation  wy-\-zy-3awz=l  by  the  relations 
w'  =  wz,  z'=zz.  ' 

Ex.  3.     Consider  the  transformation  of  the  equation 

aw3  +  &it»%  +  2(22+l)2=0, 
by  the  relations 

,       22  +  l  ,       W 

w  =  -  ,         s  =-  . 

W      '  2 

The  degrees  of  w'  and  z'  are  equal  to  the  respective  numbers  of  their  infinities.  In  the 
vicinity  of  2=0,  take  z=t3  ;  then  w  cc  t,  and  w'  oc  t~l,  z'  cc  t~2  •  that  is,  the  point  counts  1 
for  w'  and  2  for  z'.  In  the  vicinity  of  2=1,  take  «=i+f  ;  then  w  x  f,  so  that  w'  is  finite 
and  z'  is  zero:  the  point  counts  0  for  w'  and  for  z'.  Likewise  z=—  i  (where  w>=0) 
counts  0  for  w'  and  for  2'.  In  the  vicinity  of  z  =  oo  ,  take  2  =  T'A  ;  then  i«  <x  Tr',  and  w'  or  T7, 
z'  oc  T72  ;  that  is,  the  point  counts  1  for  w'  and  2  for  2'.  Thus  the  degree  of  w'  is  2 
and  that  of  2'  is  4  ;  the  equation  between  w'  and  2'  must  be  of  degree  4  in  w'  and  degree  2 


- 

3 

so  that 

tliat  is,  our  equation  ^=0  is 

Because  F  is  reducible,  being  the  square  of  a  polynomial,  the  transformation  is  not 
birational. 

Ex.  4.    Discuss  the  transformation  of  w3+z3  =  l  by  the  relations 

Jew'  =  w  s,         2z'  =  w  +  z  ; 
in  effect,  the  case  of  Ex.  1  when  a  =  c,  there  supposed  excluded. 

Ex.  5.  Two  Biemaim's  surfaces  are  so  related  that,  to  each  point  on  either,  there 
corresponds  one  (and  only  one)  point,  on  the  other  ;  prove  that  the  (bi-xmiform)  trans- 
formation between  the  surfaces  is  necessarily  birational  in  its  expression. 

(Pioard.) 

246.  We  proceed  to  consider  some  of  the  simpler  properties  of  equations 
(or  Riemann's  surfaces)  which  can  be  birationally  transformed  into  one 
another.  In  the  first  place,  we  have  the  theorem*  that  two  equations  (or 
Riemann's  surfaces),  which  are  birationally  transformable  into  each  other,  are 
of  the  same  genus. 

Let  p  denote  the  genus  of  f(w,  z)  =  0,  and  P  the  genus  of  F(wf,  z)  =  0, 
which  are  transformable  into  one  another  by  the  relations 
w'  =  R1  (w,  *)]  W  =  B!  (wf,  /) 


where  Rl}  R,2,  $1;  Sz  are  rational  functions  of  their  arguments.  It  is  known 
that  there  are  p  linearly  independent  functions  of  the  first  kind  on  the 
Riemann's  surface  $  associated  with  /  =  0  ;  each  of  them  is  everywhere  finite 
on  that  surface.  Denoting  them  by  u1}  ...,  up  in  their  normal  form.,  consider 
any  one  of  them,  say  u1}  in  the  form 


df         - 
}      dw 

When  substitution  for  w  and  z  in  terms  of  iu'  and  z'  is  effected  upon  this 
integral,  it  becomes  a  function  of  w  and  z  ,  that  is,  it  becomes  a  function  of 
position  on  the  Riemann's  surface  $'  associated  with  F  —  0.  •  But  though 
its  form  is  changed,  its  value  is  unchanged,  by  mere  transformation  of  its 
variables  ;  and  therefore  this  function  of  position  on  S'  is  everywhere  finite 
on  that  surface,  that  is,  it  becomes  a  function  of  the  first  kind  on  S'.  Let 
vlt  ...}vp  denote  the  P  linearly  independent  functions  of  the  first  kind  in 
their  normal  form,  which  belong  to  .F=0;  then  (§  234)  M:  is  expressible 
in  terms  of  them  by  an  equation 


where  also  these  quantities  c  are  constant. 

Now  u1}  ...,  up  are  linearly  independent,  so  that  no  relation 

.         .  / 

with  constant  coefficients  can  exist ;  hence  P  must  be  at  least  as  large  as  p, 
for  otherwise  determinantal  elimination  of  the  quantities  v  would  lead  to  the 
forbidden  relation.  Hence  we  have 

Beginning  with  the  functions  vlt  ...,VP,  and  treating  them  in  the  same 
way  as  u^  ...,  up  have  been  treated,  we  similarly  obtain  the  result 

Combining  the  two  relations,  we  have 

that  is,  the  two  surfaces  are  of  the  same  genus. 

Moreover,  the  argument  shews  that  a  function  of  the  first  kind  for  one 
surface  is  transformed  into  a  function  of  the  first  kind  for  the  other  surface.; 
and  that  the  p  normal  functions  of  the  first  kind  for  two  surfaces,  which  are 
birationally  transformable  into  one  another,  are  connected  by  equations  of  the 
form 

Ur  —  Cn'U-i  +  C/^t'a  +  —  ~r  CrpVp  +  Cr  , 

for  r  =  1,  2,  ..., p,  the  determinant  of  the  coefficients  cy  being  different  from 
zero. 

Ex.  Prove  that  a  function  of  the  second  kind  upon  one  of  the  surfaces  is  transformed 
into  a  function,  also  of  the  second  kind,  upon  the  other ;  and  likewise  for  functions  of  the 
third  kind ;  the  surfaces  being  birationally  transformable  into  one  another. 

Further,  let  Ul}  ...,  Up  denote  the  p  adjoint  polynomials  of  order  n  —  3 
(where/  is  of  degree  n  in  w),  which  belong  to  the  p  normal  integrals  of  /  of 
the  first  kind;  and  let  V1}  ...,  Vp  denote  the  p  adjoint  polynomials  of  order 
n'  —  3  (where  F  is  of  degree  n  in  w'),  which  belong  to  the  p  normal  integrals 
of  F  of  the  first  kind.  We  have 

(UK 


dfdZ' 


dw' 


so  that  the  above  p  relations  between  u  and  v  give  p  differential  relations  of 

the  form 

Ur  ,       dz  ,     ^          ^ 


satisfied  in  virtue  of  the  "birational  transformation.     Hence,  when  p  >1,  we 
have 

UK        CK\  r-i  +  •  •  •  +  CKp  \  p          /  o  __\ 


or  the  ratio  of  two  adjoint  polynomials  of  order  n  —  3  for  the  one  surface  is 
transformed  into  the  ratio  of  two  adjoint  polynomials  of  order  ri  —  3  for  the 
other  surface,  when  the  transformation  is  birational.  When  p=  I,  we  merely 
have 

U  ,          V  ., 

87        aF' 

dw  dw' 

satisfied  in  connection  with  the  birational  transformation  ;  and  when  p  =  0, 
there  is  no  relation. 

The  transformations  of  equations  of  genus  0  or  1  are  to  be  considered 
separately.  It  is  clear  that,  when  two  equations  of  'the  same  genus  greater 
than  unity,  are  known  to  be  birationally  transformable  into  one  another,  the 
equations 

Z7Kc/ciT7'i  +  ...  +  cKpVp 


-f  ...  +  Clpp 

can  be  used  to  obtain  the  birational  transformation. 

As  a  birational  transformation  conserves  the  genus  of  the  equation  to 
which  it  is  applied,  we  naturally  regard  all  equations,  which  are  birationally 
transformable  into  one  another,  as  belonging  to  the  same  class  :  and  we  have 
to  determine  what  are  the  characteristics  other  than  conserved  genus  upon 
which  the  class  depends. 

To  obtain  these,  take  an  equation  of  genus  p(>  1);  (equations  of  genus  0 
and  1  will  be  considered  separately,  from  this  point  of  view  as  well  as  for 
the  reason  above)  :  and  on  the  Kiemann's  surface  of  the  equation,  take  a 
rational  function  z',  having  p  poles  each  of  the  first  order.  Let  the  positions 
of  the  n  poles  be  chosen  quite  arbitrarily,  and  let  their  number  be  >2p  —  2, 
so  that  the  rational  function  is  not  a  special  function  (§  242).  Now  /  contains 
p  -  p  +  1  arbitrary  constants,  which  enfcer  linearly  (§  240  :  the  number  q 
is  zero,  because  //,  >  2p  —  2)  :  and  therefore  as  the  positions  of  the  poles  are 
arbitrary,  each  of  them  accordingly  being  determined  by  an  arbitrary  quantity, 
it  follows  that  the  total  number  of  arbitrary  constants  in  z  is 


n  = 

Now  when  the  branch-points  and  the  branchings  of  a  surface,  of  given  genus 
arid  given  number  of  sheets,  are  assigned,  the  surface  is  definitely  known  as 
(at  the  utmost)  one  of  a  limited  number  (§  212  :  footnote).  The  corresponding 
equation  is  then  known •(§  193)  so  that,  as  z'  is  known,  the  dependent  variable 
can  be  regarded  as  determined  by  the  assignment  of  the  ramification :  it 
contains  no  independent  arbitrary  element. 

We  have  2/^—^  +  1  disposable  constants  by  which  to  meet  the  demands 
of  the  ramification,  which  amount  to  2yti  +  'lp  —  2  constants :  hence  there  are 

3p  ~  3, 

=  2/4  +  1-p  -  2  —  (2,0,  —  p  +  1),  constants  surviving,  as  undetermined  by  the 
arbitrary  elements  in  z'.  The  transformation  is,  of  course,  definite;  and 
therefore  these  3p  —  3  quantities  are  determined  by  the  first  surface. 

It  therefore  follows*  that  the  class  of  equations,  which  are  birationally 
transformable  into  one  another,  are  determined  by  3jo  —  3  quantities ;  they 
are  called  the  class-moduli  of  the  equations. 

In  this  result,  which  is  due  to  Riemann,  one  modification  must  be  made, 
as  pointed  out  by  Kleinf.  In  the  course  of  the  proof,  it  was  assumed  that 
all  the  2p—p  •}- 1  disposable  constants  could  be  used  to  determine  2^  —  p  +  1 
quantities  connected  with  the  ramification.  As  will  be  seen,  a  surface  may 
IDG  transformable  into  itself  by  a  birational  transformation ;  and  it  might 
happen,  in  such  a  case,  that  the  transformation  contained  arbitrary  constants. 
Zf  p  be  the  number  of  these  arbitrary  constants,  then  it  follows  that,  in  the 
transformation  under  our  earlier  consideration,  we  cannot  use  more  than 
2/A  —  £>  +  1  —  p  of  the  arbitrary  constants  in  /  for  the  ramification  of  the 
surface;  and  therefore  the  number  of  class-moduli  is 

n  -  (2^  -p  +  i-  P) 

=  3/j  -  3  +  p. 

As  a  matter  of  fact,  p  =  0  when  p  >  1  (|  250) ;   p  =  1  when  p  =  1  (§  248)  ; 
p  =  3  when  p  —  0  (J  247) ;  all  of  which  results  will  be  established  later. 

E.v.  1.     Consider  the  equations 

w2  =  ZG(z,  1)  =  Z0,        w"2  HZ  =  «4 , 

\vhere  ZQ  is  a  sextio  function  of  z,  w4  is  a  quavtic  and  u2  is  a  quadratic  in  z'.     Each  of  the 
equations  is  of  genus  2 ;  and  therefore  it  may  be  expected  that,  if  they  are  birationally 

*  Biemann,  Ges.  Werke,  p.  113.     It  is  assumed  througkout  that  each  equation  is  completely 


zZQ       dz; 
and  integrals  of  the  first  kind  belonging  to  the  second  are     • 

I  (UzU-l)         d>Z,  I  Z    («2W4)          (M- 

As  the  equations  are  to  be  rationally  transformable  into  one  another,  we  have  (§  246) 
ZQ~%  dz  =  y(uzui)~^  dz'  +  8z'  (u-,u^)~"  dz\ 

zZ{~^dz—a  (wa^'i)""2  dz'  +f3s'  (u.,Ut)~  *  dz'  , 
and  therefore 


Take 

where  A'  is  some  function  of  s  ;  then 


In  other  words,  the  effect  of  substituting  (a  +  ^z')l(y  +  8z')  for  2  in  the  sextic  Z$  must  be  to 
give  a  multiple  of  the  sextic  u%u±  ;  so  that,  taking 


where  e  is  a  constant,  we  have 

Za(a  +  fts',  y  +  dz')  =  e2  uz  U4  . 
In  order  that  one  sextic  may  be  transformable  into  another  by  a  substitution 


they  must  have  their  invariants  the  same  save  as  to  a  factor.  The  invariants  of  a  sextic 
are  of  degree  2,  4,  0,  10  (as  well  as  one  of  degree  10,  the  square  of  which  is  expressible  as 
an  integral  function  of  the  others);  denoting  them  for  Z(}  by  7^,  /4,  /(i,  710,  and  for 
i<>in\  ^y  'A>,  'f-i,  'Aii  -Ao  respectively,  throe  i-elation.s  as  required  are 


In  order  to  find  the  actual  transformations,  we  compare  the  coefficients  in 

Z0(u  +  ftz\  y  +  8s')  =  ea  u2  u.i  . 

There  are  seven  equations,  each  expressing  some  homogeneous  combination  of  dimensions 
six  in  <i,  fd,  7,  8  in  terms  of  e-  and  constants.  The  equations  are  equivalent  to  four 
in  virtue  of  the  preceding  three  relations  ;  they  therefore  suffice  for  the  determination 
of  a,  0,  y,  S.  The  transformation  thus  is 


•which  happens  to  be  a  Cremona  transformation. 

Kr.  2.     Consider  the  birational  transformations  of  the  equation 


ke  a  new  variable  z'  such  that 

Ml 

dz'  __  2<I> 

<fc~77*' 

1  therefore 

dz  _  dz' 

0i      (4z'3-h'-J)b' 
cordingly,  the  integral  of  the  first  kind,  belonging  to  the  equation 

w*=  cr, 

an  integral  of  the  first  kind,  belonging  to  the  equation 


5  equations  of  (birational)  transformation  being 

U  ,      * 

Z  =  ~lf        W=wU' 

The  integral  of  the  first  kind  can  bo  transformed  slightly  by  writing 

*I=J£; 

becomes 


p^^lfi-AV 

denoting  the  discriminant  ^  of  the  original  quartic,  viz.  A  =  /;i  —  27  J2.     Thus 


that  the  integral   of   the  first  kind   associated  with   the  original  equation  becomes 
;onstant  multiple  of  the  integral  of  the  first  kind  belonging  to  the  equation 


;h  which  it  is  birationally  related. 

In  order  to  determine  all  the  equations  of  the  same  class  as  vfl—  <7=0,  it  is  clear  that, 
each  case,  their  integral  of  the  hrst  kind  must  be  a  constant  multiple  of 


it  is,  the  constant  p  is  the  (sole)  class-modulus.     It  manifestly  is  the  single  absolute 
•ariant  possessed  by  the  quartic  ;  and  so  we  infer  the  result  that  the  equations 

W8=0>,1),         w'*=V(z',  1), 

<ire   U  and   V  are  quartic  functions  of  z  and  z',  are  birationally  transformable  into 
'.  another,  if  the  quartics  have  equal  absolute  invariants*. 


"'    —  V-1-  ~*    MA      "*    /> 

if  it  is  to  belong  to  the  same  class  as  ?«?2=  (7(0,  1),  its  absolute  invariant  must  be  the  same. 
Now 


accordingly,  the  condition  is  that  c  satisfies  the  equation 

e  +  cg)3  _  7_3 


6')         A 
As  a  very  special  case,  we  infer  that  the  equations 

wa  =  (i  -s?)  (1  -as8},         •«/-'=(!  -2'2)  (1  -cs'2)» 
are  birationally  transformable  into  one  another  if 


. 

""«(!-«)*  "c(l-c)11      ' 

The  actual  construction  of  the  transformations  is  left  as  an  exercise. 

Ex.  3.     Obtain  Riemann's  theorem  as  to  the  number  of  class-moduli  of  a  class  of 
algebraic  equations  from  a  relation  of  the  type 


which  (§  246)  connects  integrals  of  the  first  kind  associated  with  equations  that  are 
birationally  transformable  into  one  another.  (Riemaim.) 

247.  We  proceed  to  the  consideration  of  some  properties  of  equations, 
which  are  of  genus  0  or  1  ;  these  having  been  reserved  for  separate  treat- 
ment. 

As  regards  equations  f(w,z)  =  0  of  genus  zero*,  the  fundamental  property 
is  that  each  of  the  variables  can  be  expressed  as  a  rational  function  of  a  single 
parameter  :  when  f=  0  is  interpreted  as  a  curve.,  it  is  said  to  be  imicursal. 
To  prove  this,  take  a  polynomial  lf(iu,  z],  of  degree  m  in  w  and  z\  and  make 
it  vanish  at  each  of  the  multiple  points  of  /=  0,  in  such  a  way  that  the 
point  is  of  multiplicity  X  —  1  for  U  =  0,  where  A,  is  the  multiplicity  of  the 
point  for  /=  0.  Accordingly,  in  the  intersections  of  /=  0,  U=0,  these 
multiple  points  count  for 

SX  (X  -  1),  =  (n  -  1)  (n  -  2)  -  2pf, 

intersections  :  that  is,  in  the  present  case,  they  count  for 

n  (n  -  3)  +  2 

intersections  ;  and  therefore  the  remaining  number  of  points  common  to  the 
two  curves  is 

nm-{n(n-3)  +  2] 

=  n  (m  -  n  +  3)  -  2. 


JL  '  o  J   Jr 

f  =  0,  and  make  our  polynomial  vanish  at  each  of  them,  so  that  one  point 
ill  left,  and  therefore  one  arbitrary  element  (it  can  only  be  a  constant)  is 
undetermined  in  U.  Take  two  particular  polynomials  of  degree  n  —  2 
sfying  all  these  conditions,  and  let  them  be  L\,  U2;  any  other  polynomial 
sfying  the  conditions  is  of  the  form 


the  value  of  p,  will  be  determined  by  making  the  curve  pass  through  one 
ir  point  on  /=  0.  Between  /=  0  and  U-i  +  p,  U2  =  0,  eliminate  z\  the 
linant  is  rational  in  w  and  p,.  The  roots  of  the  eliminant  are  the  values 

0  that  belong  to  the  multiple  points  of  /  in  their  proper  multiplicity,  the 
3  values  of  w  that  belong  to  the  assigned  points,  and  one  other.    Removing 
;he  factors  that  belong  to  the  multiple  points  and  the  assigned  points,  we 

1  have  a  linear  equation  which  is  rational  in  p,  :  that  is,  w  is  expressible 
,  rational  function  of  p.     Similarly,  z  is  expressible  as  a  rational  function 
he  same  quantity  p  ;  and  the  proposition  therefore  is  established. 

Moreover,  we  have 


b  is,  the  argument  p,  of  these  rational  functions  is  expressible  as  a  rational 
3tion  of  w  and  z, 

The  degrees  of  the  rational  functions,  which  express  w  and  z  in  terms  of  p,, 
not  greater  than  n.     Let  the  expressions  be 


denote  by  $  (fjC)  the  greatest  common  measure  of  fa  (/u-)  and  fa  (/A).     Now 
straight  line,  say 


3  the  curve  /'=  0  in  ?i  points;  and  therefore  the  equation 


st  give  n  values  of  p,,  one  for  each  point,  that  is,  it  must  be  of  degree  n. 
ice  the  degrees  of 


not  be  greater  than  n. 


For  if  the  genus  were  greater  than  zero,  an  integral  of  the  first  kind,  say 

•fr1^' 

dw 

would  exist  which  would  be  finite  everywhere  on  the  associated  Biemann's 
surface.     Substituting  for  iu  and  z  their  values  in  terms  of  p,  we  should  have 

the  integral 

r 
R  (p)  dp. 


(where  jK  is  a  rational  function)  finite  for  all  values  of  \i — an  impossible 
result.     Hence  the  genus  of  the  equation  must  be  zero. 

Further,  any  curve  (or  equation)  of  genus  zero  can  be  birationally  trans- 
formed into  any  other  curve  (or  equation)  of  genus  zero  by  relations  which 
involve  three  arbitrary  parameters.  Let  one  of  the  equations  be  represented 
by  ^ 

w  —  Rl  (//,),      z  —  RZ  (fj>),     p>  =  R  (w,  z) ; 

and  the  other  by 

w'  =  Sl  (X),      z'  =  Ss  (X),      X  =  S  (wf,  z')  ; 

where  R1}  Rz,  Si,  S2,  R,  S  are  rational  functions.  In  a  birational  transforma- 
tion, one  set'  of  values  of  w  and  z  determines  one  set  of  values  of  w'  and  z' 
and  vice  versa;  therefore  one  value  of  p,  determines  one  of  X,  and  vice  versa 
so  that  the  relation  between  X  and  /a  is  of  the  form 

•  _  ctX  +  b 
cX  -f  d ' 

where  a,  b,  c,  d  are  arbitrary.     This  relation,  containing  the  three  arbitrary 
parameters  a  :  b  :  c  :  d,  gives  the  birational  transformation 

/aS  +  ZA 
W  =  R1(  -rr— ;    ,          z  =  R 


w  = 


b  -  dR\          ,         (b  -  dR\ 

. — __  I  y    • — -   i*\     \ .  1  • 


establishing1  the  proposition. 

It  is  an  immediate  corollary  that  any  curve  of  genus  zero  can  be  biration- 
ally  transformed  into  itself  by  equations  that  contain  three  arbitrary  parameters; 

thus  tliR  rmant.it.v  n  nf  n    .f54.fi  is  S  wlio-n  01  —  O       T-P  A^^^^rl    ^1-,^  -(.1-,^^^  „ j. 


w  ana.  z  in  terms  01  ine  parameter  are  oDtameci  in  a  cutierent  manner,  so 
t 

w  =  jR]  (X),     z  =  R2  (A), 

that  X  is  not  a  rational  function  of  w  and  2.     Thus  the  possibility  could 
;e  from  the  preceding  result  by  taking 


jre  3  is  a  rational  function  of  A,  not  of  the  form  ---  ?:  we  then  should 

cX  +  d 

j  have  $(X)  equal  to  a  rational  function  of  z.  Such  a  representation, 
ch  may  be  called  sub-rational,  is  easily  detected  in  fact,  because  the 
ation 

Aw  +  Bz  +  0  =  0 

n  gives  more  than  n  values  of  X  ;  and  it  can  be  corrected  in  form  by  the 
.able  inverse  substitution,  which  can  be  obtained  as  follows*. 

Suppose  that,  in  the  expressions 

03  (X)  0o  (X) 

w  =  —  rT\>          z=      f\\> 
%i  O)  X*  (M 

ire  the  quantities  0a,  02,  ^1;  ^  are  polynomials,  s  values  of  X,  say  X1;  A,2>  •  •  •;  ^s? 
•espond  to  given  values  of  w  and  z  :  then  the  equations 

Ei  (A.)  =  0!  (X)  Xl  (A,)  -  0,  (XO  Xl  (X)  =  0, 
^2  (X)  =  0a  (X)  %2  (A,)  -  02  (A-0  Xa  (X)  =  0, 

e  the  s  roots  A  =  A,1;  A2,  ...,  \s  common.  Also  each  of  these  roots  is  simple 
each  of  these  equations;  because  if  any  one  were  multiple,  say,  \  for 
X)  =  0,  then  it  would  satisfy 

0/M 

hat 


in  A  =  A.J.     The  quantity  Aj  would   then  satisfy  an  algebraic  equation 

coefficients  of  which  are  non-parametric  constants  —  a  result  obviously 

.uded  when  A-i  (and  so  the  other  values  of  Xa,  ...,  A5)  are  parametric.     We 

-efore  can  obtain  the  greatest  common  measure  of  J5/i  (X)  and  E2(\)  in  the 

i 


=  Xs  -  yU-iX8"1  +  ^n  Xs-2  -  .... 
ir   nnf.    all    f.lia    nnnn  /".i  f.inc    /;    r>ti  TT     no    nnsnlnf.o     r'micf.nnf.o  •    cnmo    a.f;    fl.ntr  t'p. 


vcuuc  J.VJJL        iven    VctlUcS 


of  w  and  #.  Moreover,  to  a  given  value  of  p,r  correspond  s  values  of  X  ;  if  one 
of  these  be  \l}  the  others  are  X2,  ...  ,  X«,  because  /u,  is  a  symmetric  function  of 
X1}  ...,  Xg.  Hence  to  a  given  value  of  /a,.,  there  correspond  a  single  value 
of  w  and  a  single  value  of  z  :  that  is,  when  the  equations 


a.-.  £SS 

iiW 

are  transformed  by  the  relation 

^  =  ^  (x), 
the  result  is  of  the  form 


1.     The  equation* 


is  of  genus  0;  ao  that  ,r  and  y  arc  rationally  expressible  in  terms  of  a  variable  parameter. 
To  obtain  their  expressions,  we  notice  that  xi/  must  be  a  perfect  square  ;  so  that,  writing 


we  have 

^  +  4^=4^(4^-3/^  +  4), 
and  therefore 


Hence  6  is  a  perfect  square,  say  Q—\";  then 

/vy  =  \4,         ^  +  ?/  =  y-i  =  4X  -  6X2  +  4X3. 
Accordingly 

(y-.v)8  =  /i2-4\4 

=  (4X  -  8X*  +  4Xr!)  (4X  -  4X2  +  4X:j) 
=  16X2(l-X)'2(l-X  +  Xa), 

p 

so  that  1  —  X  +  X-  must  be  a  perfect  square.     Take  ^  =  77,  «°  that  JJ2  —  PQ+  Q2  is  a  perfect 

square.      This  form  will  be  secured  for  p*-PQ+Q*t  =(P+<oQ)  (P+a>*Q),  where  w  is 
a  cube  root  of  unity,  by  writing 

P  +  Qa  =  (a-  co2)2,          P  +  Qa>*  =  («  -  o>)2, 
SO  that  P=2a+a2,   Q=l+2a,   P*  -  PQ+  (?2=(1  +  a  +  a'-)2:  which  gives 


'  l+2n'  '    l+2a     ' 

Also 


—  1+2 
hence 


"  i^.2;, 


to  six  vahics  of  a  ;  it  cuts  the  original  unicursal  sextic  in  six  points  ;  and 
he  expressions  are  rational,  not  merely  sub-rational.  To  express  a  in  terms 
',  let 


.. 

4  xy  —  3#  -  3y  +  4  ' 


u  =. 

•~2a 


erified  directly  by  substituting  the  values  of  x  and  ?/.     Also 


Ux 
T- 
4y 

alue  of  x  ;   and  therefore 


4?/          2  +  a"     ' 
~4?/~"    2  +  a  ' 


-  ~ 


ic  expression  for  —  -,  we  have 


is  equation  from  twice  the  preceding  quadratic  ;  and  we  have 


uuutij.  \viavj  siitjw  uunt  uma 

Ex.  3.     Discuss  the  curve  represented  by  the  equations 


,T..     .,v 

(Lurotb') 

Zfo1.  4.  Obtain  relations  of  birational  transformation  which  transform  the  unicursal 
quartic 

ySyZ  _  %xy  (g$  _|_  fry}  _|_  a^2  _J.  ^fo^y  -f  C7/2  =  0 

into  the  circle  xs+ys=l. 

248.  Some  of  the  simpler  properties  possessed  by  equations  (or  curves) 
of  genus  unity*  can  be  obtained  similarly.  In  the  first  place,  we  have 
Clebsch's  theorem  that  the  variables  can  be  expressed  as  rational  functions 
of  a  parameter  0,  and  of  ©-  where  H  is  a  polynomial  of  either  the  third  w 
the  fourth,  degree  in  6.  To  establish  this  result,  we  take  an  adjoint  polynomial 
U  of  order  11  —  2  in  w  and  z,  where  /'is  of  order  n  ;  we  make  it  vanish  at  each 
of  the  multiple  points  of/  to  the  multiplicity  A  —  1,  when  A,  is  the  multiplicity 
of  the  multiple  point  of  f:  and  we  make  it'  pass  through  n  —  2  arbitrarily- 
assigned  points  on/=0.  Then  the  number  of  remaining  intersections  of 
?7=0  and  /=  0  is 

n  (n  -  2)  -  (n  -  2)  -  Sx  (X,  -  1). 
But  (§  240)  we  have 

SX  (\  -  1)  =  (n  -  1)  (n  -  2)  -  2p 

=  ?i(??.-3), 

in  this  case;  and  therefore  the  remaining  number  of  points  of  intersection  is 
n  (n  -  2)  -  (n  -  2)  -  n  (n  -  3),  =  2. 

Let  C/j  =  0,  Z72  =  0,  be  any  two  curves  satisfying  all  the  conditions  of  U,  as 
regards  its  order,  and  its  relations  to  the  multiple  points  of/,  and  the  n-  2 
arbitrarily  selected  points  on/;  then 

U,  +  OU^Q, 

where  6  is  arbitrary,  is  another  such  curve.  .It  cuts/=  0  in  two  points,  other 
than  the  multiple  points  and  the  assigned  n  —  2  points  ;  hence,  eliminating  & 
between 

U.+  eU.^Q,    f=Q, 

and  removing  from  the  eliminant  the  factors  that  correspond  to  the  multiple 
points  and  the  assigned  points,  the  remaining  factor  must  give  the  values  of  ^y 
for  the  two  points,  that  is,  it  is  a  quadratic  in  w.  Hence  we  have 

iv  =  A  +  5©^ 
*  For  a  full  discussion,  see  Clobsch,  CreUe,  t.  Ixiv,  (1865),  pp.  210  —  270. 


uiucmy,  uy  tJi.unma,umg-  w,  we  snomu  nave  z—  L*  -t-  juvyf  ,  wnere  o  ana  u  are 
bional  functions  of  6,  and  ©3  contains  no  repeated  factor.  Substituting 
ese  values  of  w  and  z  in  Ul+  6Uz-=  0,  /=  0,  the  equations  are  to  be 

risried;  and  therefore  the  radicals  ©*,  ©j2  are  the  same.     Thus  we  have 


Dreover 


~     B     ' 

3  first  represents  9  as  a  one-valued  function  of  w  and  2;  ;  the  second,  on 
bstitution  of  this  value  for  6,  represents  ©-  as  a  one-valued  function  of  w 
d  z.  Hence,  writing 

0  =  z',     ©*  =  w', 
!  have 

w'"=®(e}  =  ©(>'); 

suits  which  shew  that  the  equations 

/=0,       -H/fl  =  ©(/), 

3  birationally  related  by  the  equations 

w  =  A  (/)  +  w'B  (/),     ar  =  C  (V)  +  w'D  (/). 

)w  when  two  equations  are  birationally  related,  we  know  (§  246)  that  their 
nus  is  the  same  ;  hence  the  genus  of  w"2  =  ©  (z'}  must  be  unity.  This  can 
the  case  only  if  ©  (z'}  is  a  cubic  or  a  quartic  polynomial  in  z  ;  and  there- 
•c  ©  is  a  polynomial  of  either  the  third  or  the  fourth  degree  in  6.  The 
.(position  is  established. 

Such  curves  (or  equations)  are  called  bicursal  by  Cayley*;  they  also  are 
netimes  called  elliptic,  because  the  equation  w'2  =  @  (zf)  is  associated  with 
iptic  functions,  an  association  that  leads  to  another  mode  of  expression, 
follows.  If  ©  be  of  the  third  degree  in  0,  a  linear  transformation  of  the 


•in  ^s  =  a  +  bd  changes  ©  into 


©  be  of  the  fourth  degree  in  d  and  k  be  one  of  its  roots,  a  transformation 

~ 


,ds  to  an  expression  of  the  same  kind,  where  <I>  is  of  the  third  degree  and 


where 

$  =  40" -#,<£-#,; 

A,  JB,  G,  D  are  rational  functions  of  $ ;  and  <p,  <E>~  are  rational  functions  of  w 

and  z.  Now  take  cf>  =  jp  (a),  where  a  is  a  new  parametric  quantity ;  then 
<[:>3  -=  £/  («)}  and  so 

w  =  A  +  JS-jp',.  s  =  (7  +  J)p', 

where  A,  B,  G,  and  D  are  rational  functions  of  $?(«).  In  other  words,  iAe 
coordinates  are  expressible  as  uniform  'do  ably -periodic  functions  of  a  single 
•parameter  a;  also  jjp(a)  and  %>'(&)  are  rational  functions  of  the  coordinates. 

This  form  leads  to  interesting  applications  of  elliptic  functions  to  curves 
of  genus  unity,  in  particular,  to  plane  nodeless  cubics ;  these  applications 
must  be  sought  in  treatises  on  elliptic  functions  and  treatises  on  geometry. 

Ev.  Shew  that  if  the  coordinates  of  a  point  on  a  curve  are  expressible  as  uniform 
doubly-periodic  functions  of  a  single  parameter,  the  genus  of  the  curve  cannot  be  greater 
than  unity.  Is  it  necessarily  equal  to  unity,  or  can  it  be  zero  ? 

As  regards  the  degrees  (in-  the  parameter)  of  the  various  functions  that 
represent  the  coordinates,  there  is  a  difference  of  form,  according  as  the 
equation  is  of  even  or  of  odd  degree.  Let  R  denote  the  least  common 
multiple  of  the  denominators  (if  any)  of  the  rational  functions  A,  B,  G,  D ; 
and  let 


w  —  -  -  -  -  w —  ,      z  = 


R       '  R 

where  P,  Q,  R,  13,  T  are  now  rational  polynomials  in  the  parameter 
If  the  curve  represented  be  of  odd  order  '2m  +  1,  the  line 

aw  +  {3z  +  <y  =  0 
must  cut  it  in  2m  +  1  points  ;  so  that  the  equation 


must  give  <2m+  1  values  of  <p.  Hence,  in  the  most  general  case,  the  degrees 
of  P,  S,  R  are  m,  and  the  degrees  of  Q,  T  are  m—  1.  Thus  a  curve,  of  order 
2??i  +  1  and  genus  1,  is  represented  by 


_ 

z_ 


;         _  } 

where   4>  =  40s  —  g.,(f>  —  g3;    of  course,  in  particular  instances,  considerable 
simplifications  may  occur. 


must  give  2m  values  of  <£.  Hence,  in  the  most  general  case,  the  degrees  of 
P,  8,  R  are  m,  and  the  degrees  of  Q,  T  are  m  —  2.  Thus  a  curve,  •  of  order 
2m  and  genus  1,  is  represented  by 


= 

w~ 


where   $  =  4<jb3  —  ^^  —  #:,  ;    of  course,  in  particular  instances,   considerable 
simplifications  may  occur. 

Ex.  1.     The  sextic  equation 

2 


is  of  genus  I  ;  express  the  variables  SG  and  ?/  rationally  in  terms  of  a  parameter  </>  and 
the  appropriate  <I>^.  (Cayley.) 

Kv.  2.     Likewise  express  in  that  form  the  variables  of  the  equations 


respectively  :    all  being  of  genus  unity. 
Ex.  3.     Shew  that  the  quartic  equation 

a  (sP+y^  +  lxy  +  cx  (1  +y*)  +  dy  (1  +  .t-2)  =  0 
is  of  genus  unity;  and  express  its  variables  algebraically  in  terms  of  a  single  parameter. 

J\'ote.  It  may  happen  (as  for  unicursal  equations)  that  expressions  of  the  variables 
in  a  bicuraal  equation  have  been  obtained,  which  are  of  the  proper  type  but  are  of  too 
high  degree  :  so  that,  in  particular,  q!>  and  <D>-  are  no  longer  one-valued  rational  functions 
of  w  and  z. 

The  representation  of  the  variables  can  be  modified,  so  that  the  new  form  shall  satisfy 
the  conditions  as  to  degree.  A  method  of  modification  is  given  in  the  memoirs  by  Clebscb. 
and  by  Cayley,  which  have  already  been  quoted. 

As  regards  birational  transformation  of  equations  of  genus  unity  into 
one  another,  we  infer,  from  Ex.  1,  §  246,  and  from  the  fact  that  such  an 
equation  is  birationally  transformable  into  w'-  =  ©  (z'),  that  such  equations 
are  characterised  by  the  possession  of  one  invariant  modulus.  Considering 
tin  on  t.l-u:>  p.ln.ss  of  fimm-hirms  nf  o-finns  nnitv  that  is  determined  lw  a,  modulus. 


558  BIRATIONAL  TRANSFORMATIONS   OF  [248. 

We  have  already  seen  that  birational  transformations  exist  between  any 
curve  of  genus  unity  and  the  curve 


where  g-Jg-r*  is  a  measure  of  the  invariant  modulus.  In  the  first  place, 
there  is  an  infinitude  of  birational  transformations  of  this  curve  into  itself 
or,  otherwise  stated,  there  is  a  birabional  transformation  of  this  curve  into 
itself  containing  an  arbitrary  parameter.  The  result  can  be  seen  intuitively 
from  the  properties  of  the  plane  nocleless  cubic.  We  take  any  point  on  it, 
say  A,  depending  upon  an  arbitrary  parameter  a,  and  through  A  draw  any 
straight  line  which  will  cut  the  cubic  in  two  other  points,  say  P  and  Q, 
Then  P  and  Q  uniquely  determine  each  other,  that  is,  they  are  birationally 
related;  the  analytical  expression  of  the  relation  contains  a,  which  is  an 
arbitrary  parameter. 

The  analytical  expressions  can  be  obtained  simply  as  follows.  Any  point  on  the  cubic 
curve  is  given  by  s  =  $>(a),  w  =  ^'(a)>  where  a  is  arbitrary,  say  by  jp,  £>';  and  any  line 
through  it  is  given  by 

W-p'  =  m(Z-W. 

Where  it  cuts  the  cubic,  we  have 


One  root  is,  of  course,  Z—<§)  ;  let  the  other  two  be  z,  z',  so  that  these  are  roots  of  the 
quadratic 

Hence 

and  therefore 


which  leads  to 

Also 

which  leads  to 


The  expressions  for  z'  and  w'  constitute  a  birational  transformation  of  the  given  equation 
into  itself,  the  transformation  involving  an  arbitrary  quantity  a  through  the  functions 


(ii)     w*=(l-^)(l-cz*), 
h  as  to  contain  an  arbitrary  quantity  and  to  transform  the  equations,  each  into  itself. 

Ex.   3.     Prove   that  birational  transformations   of  a  plane   cubic   into   itself  exist 
lending  algebraically  upon  an  arbitrary  parameter  6  in  the  form  ' 

w'  =  RI  (w,  2,  0),         z'  =  R2  (w,  z,  6\ 
h  that,  for  a  particular  value  of  6,  the  transformation  becomes  «/=w,  z'=z. 

(Appell.) 

Returning  now  to  the  consideration  of  two  equations   of  genus  unity 
bh  a  common  invariant  modulus,  let  them  have  the  form 

f(wlf  *,)  =  (),        g(wz,  £2)  =  0. 
e  former  can  be  Irrationally  transformed  into  the  curve 

wz  =  4;z*  -  gzz  -  ga, 

bh  the  common  invariant  modulus,  by  relations  of  the  form 
w,  =  A  (z)  +  wB  (z},         z{  =  C  (z)  +  wD 
z  =  Rl  (W-L  ,  zj,  w  =  E2  (wl  ,  z,} 

.e  latter  can  be  birationally  transformed  into  the  curve 

' 


o  with  the  common  invariant  modulus,  by  relations 

w,  =  E  (Z}  +  WF  (Z\        z2=G  (Z)  +  WH  (Z) 
Z  =  Sl(wz,z,},  W=S>(wa,*J 

Now  the  curves 


sing  one.  and  the  same),  can  be  birationally  transformed  into  one  another 
relations  that  involve  an  arbitrary  parameter,  say  in  the  form 


W  =  Q,  (10,  z,  a),          Z  =  Q.2  (iu,  z,  a) 
en  the  relations 


Dress  wl  and  ^  uniquely  in  terms  of  ^v2,  *a,  and  a.      Also  the  relations 
w,  =  E  (Z)  +  WF  (Z),        z.  =  G(Z)+  WH  (Z)] 


express  w2  and  zz  uniquely  in  terms  ot  wl}  zly  and  a.  'JLne  relations  tneretore 
express  a  birational  transformation,  and  they  contain  an  arbitrary  constant ; 
hence  we  have  the  theorem :  An  equation,  of  genus  unity,  is  birationally 
related  to  any  other  equation,  of  genus  unity  and  the  same  invariant  modulus, 
by  equations  which  involve  an  arbitrary  constant. 

Also  we  infer,  as  an  immediate  corollary,  that  any  equation  of  genus 
unity  admits  an  infinitude  of  birational  transformations  into  itself',  the 
equations  of  transformation  involve  an  arbitrary  parameter  algebraically. 
Hence,  when  p  =  l,  the  number  p  of  p.  545  is  unity. 

Q» 

We  have  seen  that,  in  a  birational  transformation,  an  integral  of  the  first 
kind  belonging  to  one  equation  is  transformed  into  an  integral  of  the 
first  kind  belonging  to  the  other.  When  the  genus  is  unity,  each  equation 
possesses  only  a  single  integral  of  the  first  kind;  and  denoting  it  by  v 
for  the  equation  /  (lu,  z)  =  0,  and  by  u  for  the  transformed  equation 
w'2=  4<z"J  —  gzz  —  g3,  we  have  (§  24G) 

v  =  au  +  b, 

where  a  and  b  are  constants.  But  u  is  the  argument  of  the  doubly-periodic 
functions  in  terms  of  which  w'  and  z'  are  expressed.  Hence  v  is  effectively 
that  argument ;  in  other  words,  the  integral  of  the  first  kind  associated  with 
an  equation  of  genus  unity  is  effectively  the  argument  of  the  doubly-periodic 
functions  in  terms  of  which  the  variables  are  expressible. 

In  connection  with  the  preceding  discussion,  reference  may  be  made  to  Picard*  who 
iises  the  results  to  prove,  among  other  theorems,  that  when  a  differential  equation 
f(w,iv')  =  0  has  integrals  w  which  are  uniform  functions  of  z,  these  integrals  are  either 
(i)  doubly-periodic  functions  of  z  ;  or  (ii)  rational  functions  of  e4",  where  k  is  a  constant, 
that  is,  are  simply-periodic  functions  of  z ;  or  (iii)  rational  functions  of  z.  (See  also,  on 
this  matter,  the  Note  appended  supra,  at  the  end  of  the  foregoing  chapter  x.) 

Consider  also,  in  this  connection,  the  birational  transformations  of  the 
equation  f(w,  z)  =  0  into  itself,  say  into  f(w',  /)  =  0.  After  the  preceding- 
result,  we  must  have  some  relation 

v  (w,  z)  =  av  (w,  z)  +  b, 

where  a  and  6  are  constants.  The  integral  of  the  first  kind  connected 
with  an  equation  of  genus  unity  possesses  two  distinct  periods;  let  them 
be  denoted  by  wl3  wz.  It  is  clear  that  when  v  (w,  z)  increases  by  a  period, 
then  v  (w,  /)  also  changes  by  some  period :  and  likewise  for  v  (w,  z\ 
when  v(w',  z1}  increases  by  a  period.  Hence  we  have 


Aco-t  =  a  (;«/&)!  —  /x.co2),          A<w2  =  ct  (—  X'M!  +  Xo)2)- 
these  are  compared  with  the  second  two  equations,  we  have 


uf          tt 

"     Wj  ~     °>s  =  p0)l 


—  X'          X 


"A     j     A    s         l         2'  A      1     A    2          l  2' 

Now  the  ratio  &>i  :  o)2  is  not  entirely  real  (§  231)  ;  hence 
/  \  '  -\ 

U,  —  /J/  —  A,  ,  A,  , 

[  _   —    /i  _    -^—   /T  __  ^3-;    n  ---  •—  ~  FT 

&~P>          A   ~    '  A       PJ         A        ' 

id  therefore 

AA'  =  1. 

ow  A  and  A'  are  integers  :  hence  each  of  them  is  1  or  is  —  1,  that  is, 

A  =  +  1. 
.Iso,  let  il  denote  the  ratio  o>2  :  <*>i,  so  that  we  have 


p£l  +  A, 

lat  is, 


relation  which  either  is  an  identity  or  is  an  equation  satisfied  by  ft. 
If  the  relation  is  an  identity,  then 

fj,  =  0,         A/  =  0,         A,  =  /ji. 

ince  A/*'  -  X'/u,  =  ±  1,  we  have  A-  =  f/  =  +  1  (or  +  i,  but  these  values  are  to  be 
Deluded  because  X  and  //  are  integers)  ;  also  a  =  X,  a  =  /jf,  that  is, 

ft  =  ±  1. 
[ence  we  have 

v  (wf,  z')=  ±v  (w,  z)  +  b. 

If  the  relation  is  an  equation,  then  the  value  of  ft  may  not  be  entirely 

;al;  consequently 

(X  -  (ij  +  4X>  <  0, 
lat  is, 

(X  +  ^')2  <  4A 

)  that  A,  which  is  either  +1  or  -  1,  must  now  be  +  1  ;  and  the  possible 
ilues  of  X  +  ///  are  0,  1,  —  1.     Also 


*  It  ia  assumed  that  A  is  not  zero.     If  A  were  zero,  so  that  \'  =  k\,  /j.'  =  k/u.,  where  k  is  real, 
should  have  (on  dividing  one  equation  by  the  other) 


an  equation 

(A,  —  a)  (//  —  a)  —  A-'/u.  =  03 
that  is, 

a2  -  a  (A,  +  /*')  +  1  =  0. 

The  possible  values  of  \  +  /jf  being  0,  1,  —1,  the  corresponding  values 
a  are  given  by 

a?  +  I  =  0,         a2  -  a  +  1  =  0,         a2  +  a  + 1  =  0, 
•respectively. 

In  every  instance,  the  constant  a  is  determinate :  and  all  the  conditio] 
are  satisfied  when  the  constant  b  is  left  arbitrary.  Moreover  the  relatioi 
have  arisen  in  connection  with  the  birational  transformation  of  the  cur 
into  itself;  and  Ave  therefore  infer  the  theorem  that  the  birational  tran 
formations  of  a  curve  of  genus  unity  into  itself  can  be  represented  by 

v  (w',  z')=  ±v  (w,  z)  +  b, 

where  b  is  an  arbitrary  constant :  they  obviously  constitute  the  simp 
infinitude  (p.  560)  of  birational  transformations.  The  cases,  which  corr< 
spond  to  a2  +  1  =  0,  a"  —  a  +  1  =  0,  a"  •+  a  4- 1  =  0,  are  each  of  them  extreme' 
special. 

249.  As  regards  equations  (or  curves)  of  genus  two,  the  method  adoptt 
for  equations  of  genus  zero  or  unity  can  be  applied,  if  we  begin  with  adjoii 
polynomials  of  order  n—  3  instead  of  with  those  of  order  n  —  2. 

It  is  known  that,  for  equations  of  genus  two,  there  are  two  distin< 
integrals  of  the  first  kind :  and  each  of  them  determines  an  adjoint  polynomi; 
of  order  ?i  —  3.  Let  these  be  denoted  by  Ui  (w,  z)  and  Uz  (w,  z) ;  then  as  eac 
of  them  vanishes  to  multiplicity  A,  —  1  at  a  multiple  point  of  /,  which  is  < 
multiplicity  X,  the  polynomial 

U.  +  dU, 

also  vanishes  to  that  multiplicity,  so  that,  among  the  intersections  of  /= 
and  Ur1+dUs=Q,  such  a  multiple  point  counts  for  A,(X  —  1)  intersection 
Hence  the  number  of  intersections  of/=  0  and  U^  +  dUz  —  Q,  other  than  th 
multiple  points  of/,  is 

=  ra(?i-3)-2\(\-l) 

=  n  (n  -  :•))  -  {(n  -  1)  (??  -  2)  -  4} 

in  the  present  case,  that  is,  the  number  is  2.  Eliminate  z  between  the  tw 
equations,  and  remove  from  the  resulting  equation  in  w  the  factors  whic' 


j  values  of  w  for  the  remaining  two  points  of  intersection.     They  are 


.ere  A  ,  B,  ©  are  rational  functions,  ©  having  no  repeated  factor.     Proceed- 
?  similarly,  we  find 


ere  C,  D,  W  are  rational  functions  ;  and  substituting  in  the  equation  /=  0, 
have  ©*  =  ©  -  ,  or  the  variables  can  he  represented  in  the  form 


iere  A,  JB,  C,  D,  ©  are  rational  functions  of  the  parameter  6,     Moreover 

e  =     Uj,  (w,  z) 

„  ^  _  w  —  A 

<H>- _____; 

3  first  of  these  expresses  9  as  a  rational  function  of  w  and  z  ;  the  second,  on 
3  substitution  of  this  expression  for  6,  expresses  also  ©-  as  a  rational 
action  of  w  and  z.  There  is  therefore  a  birational  transformation  between 
3  curves 

f(w,  z)  =  0,     iu'2  =  ©  (/) ; 

d  the  curves  are  therefore  of  the  same  genus,  viz.  2,  the  genus  of/.  Hence 
(z)  is  of  degree  either  five  or  six  (Ex.  2,  §  178);  and  therefore  ©,  as  a 
lynomial  in  0,  is  of  degree  either,  five  or  six.  It  therefore  appears  that 
i  variables  in  an  equation  of  genus  2  are  expressible  as  rational  functions 
0  and  of  the  radical  ©-,  where  ©  is  a  polynomial  in  d  of  the  fifth  or 
',  sixth  degree. 

When  ©  is  a  sextic  which  (as  has  been  seen)  has  no  repeated  factor,  it  is 
the  form 


,ke 

(a-  b) (a  -  c) 


a-c  +  (6-c)</>' 


b-c 
lich  determines  a  birational  transformation ;  then  <1>  is  a  constant  multiple 


J  U    1O    Ui.     UJ.O.C    J.UJI  J.JU 


(0  _  a)  (0  _  5)  (^  _  c)  (0  _  d)  (0  _  e). 

Take 

0  —  a  =  —  (a  — 


which  determines  a  birational  transformation  :  then,  as  in  the  preceding  ca 
<E>  can  be  taken  as  equal  to 


The  representation  of  the  coordinates  in  either  case  becomes 

iu  =  E  +  F^,     z=G  + 
where  E,  F,  G,  'H  are  rational  functions  of  <£,  and 


To  determine  the  degrees  of  these  rational  functions,  let  T  be  the  lei 
common  multiple  of  their  denominators  (if  any),  so  that,  say, 


y  - 

>       " 


_  _ 

w  m  >       "  rn 

The  line 

aw  +  $z  +  7  =  0 

must  cut  the  curve  in  a  number  of  points  equal  to  its  order,  and  therefc 

the  equation 

(aP  +  /3R  +  ryT)'2  =(aQ  +  j3S)~  * 

must  determine  the  same  number  of  values  of  <p. 

If  the  equation  (or  curve)  /=  0  be  of  odd  order  2m  +  1,  then  P,  R,  Tm 
be  of  degree  m,  and  Q,  S  may  be  of  degree  m  —  2  ;  so  that  the  representati' 

is 


If  the  equation  (or  curve)  be  of  even  order  2m,  then  P,  R,  T  may  be 
degree  m,  and  Q,  S  may  be  of  degree  m  —  3  ;  so  that  the  representation 

O>  i  )'"  +  (<£.  i)TO-8^         (^>.  i)m  +  (<^>,  i)m~3  ^- 


Note  1.     The  three  constants  /c,  X,  /x,  in 


determine  the  three  class-moduli,  which  (p.  545)  every  equation  of  genus 
conserves  as  invariants  under  birational  transformation. 


W  "U2  =  «4 

geometrically  interpretable  as  a  quartic  curve:  owing  to  the  forms  of  uz 
[  «4,  the  curve  has  only  one  double  point*,  as  ought  to  be  the  case, 
ause  its  genus  is  2.  Hence  any  plane  curve  of  genus  2  is  birationally 
nsformable  into  a  plane  quartic  having  only  one  double  point. 

Note  3.  It  might  be  imagined  that  a  similar  result  would  hold  for  p  =  3 
L  for  p  >  3  :  but  this  is  not  the  case. 

In  the  first  place,  the  argument  would  not  apply.     It  is  true  that  there 
p  adjoint  polynomials  of  order  n  —  3,  so  bhat 

JJ+x^  +  Xatfa.*...  =0 

jild  be  the  general  equation  of  a  curve  of  order  n  —  3.  vanishing  to  the 
per  order  at  the  multiple  points  of  f.  But  the  remaining  number  of 
nts  of  intersection  is  %p  —  2  ;  and  we  should  then  (if  the  earlier  process 
adopted)  have  an  equation  of  degree  2p  —  2  to  solve,  its  coefficients  being 
Lonal  functions  of  p  -  1  parameters. 

In  the  second  place,  if  a  curve  of  genus  3  be  birationally  related  to 


manifestly  can  have  only  5  invariant  moduli,  to  determine  the  five 
uitities  K.  As  a  curve  of  genus  3  in  general  has  6  (=3.3  —  3)  such 
dull,  it  follows  that  the  preceding  curve  is  not  general.  This  argument 
)lies,  a  fortiori,  when  the  genus  of  a  curve  is  greater  than  3. 

There  are  curves  of  genus  p,  which  are  birationally  related  to 
it/2  =  z  (1  —  /)  (1  -  /ej/)  .  .  .  (1  —  tc^-iz'}  ; 

;  they  are  not  general,  for  they  have  only  Zp  —  I  moduli  instead  of 
—  3.  Such  curves  are  often  called  hyperelliptic. 

It  thus  appears  that,  so  far  as  concerns  the  representation  of  the  variables 
an  equation  in  a  form  that  is  birational,  there  is  a  fundamental  distinction 
iween  the  cases  p  <  3,  p  ^  3.  It  is  also  found  (though  this  is  beyond  the 
ge  of  these  present  investigations)  that  there  is  a  fundamental  distinction 
.ween  the  properties  of  functions  associated  with  an  equation  of  genus  less 
,n  three  and  those  associated  with  an  equation  of  genus  equal  to,  or  greater 
in,  three. 

*  The  double  point  is  at  infinity. 


566  BIKATIONAL  TRANSFORMATION   OF   EQUATIONS  [250. 

250.  We  have  seen  that,  in  the  case  of  an  equation  of  genus  zero,  there 
is  a  triple  infinitude  of  birational  transformations  of  the  equation  into  itself 
(§  247);  and  that,  in  the  case  of  an  equation  of  genus  unity,  there  is  a.  single 
infinitude  of  similar  transformations  (§  248)  :  the  infinitude,  in  each  case, 
arising  through  the  existence  of  arbitrary  constants  in  the  relations  of 
transformation.  For  equations  of  genus  greater  than  unity,  we  have  the 
theorem  that  the  number  of  birational  transformations  of  an  equation  of  genus 
greater  than  unity  into  itself  is  limited.  Schwarz*  first  proved  that  such  a 
birational  transformation  cannot  exist  involving  an  arbitrary  parameter,  so 
that  there  cannot  be  a  continuous  infinitude  of  such  transformations;  Klein  f 
first  stated  that  there  could  not  be  a  discrete  infinitude  of  such  transforma- 
tions, that  is,  not  an  infinitude  of  particular  transformations  ;  and  HurwitzJ 
obtained  84  (p  —  1)  as  the  upper  limit  of  the  number.  The  first  two  of  these 
results  can  be  established  by  the  following  argument,  clue  to  Picard§  :  for  the 
third,  reference  can  be  made  to  Hurwitz's  memoir. 

It  was  proved  that,  when  a  birational  transformation  is  effected  upon  an 
equation  of  genus  p,  so  that  it  gives  another  equation  also  of  genus  p}  the 
integrals  of  the  first  order  associated  with  one  equation  are  linearly  express- 
ible in  terms  of  those  associated  with  the  other.  Let  ul}  ...,  up  denote  the 
normal  elementary  integrals  of  the  first  order  associated  with  f(w,  z)  —  0; 
and  let  Ujf,  ...,up'  denote  those  associated  with  f(wf,  /)  =  0,  a  birational 
transformation  of  /  into  itself.  Then  we  have  p  equations  of  the  form 

ii-i  +  Icr2u2  +  ...  +  ki-pUp  +  hr> 


where  the  quantities  Ic  and  h  are  constants  (§  246). 

The  constants  k  depend  only  upon  the  periods.  For  let  the  point  w,  z 
move  on  the  Riemann  surface  from  one  edge  of  the  cross-cut  as  to  the  same 
point  on  the  opposite  edge  :  then  the  point  w',  z'  describes  a  closed  irreducible 
cycle  on  its  surface.  Let  O'r,«  denote  the  period  for  ur',  which  is  a  combina- 
tion of  the  periods  of  the  normal  integrals  with  integers  for  coefficients  :  we 
therefore  (§  235)  have 

^  r,s  —  krtS7ri, 

for  all  values  r,  s  =  l,  2,  .  .  .  ;  p. 

Let  Ui(w,z),  Uz(w,z),  ...,  Up(w,z)  denote  the  adjoint  polynomials  of 
order  n  —  3  arising  through  the  normal  integrals  :  then  differentiating  the 
above  relation,  we  have 


Ur(W,Z)^-.=  (ton  U1  (W,  Z)  +  Kn  U2  (W,  *)+...+  ICrp  Up  (W,  Z}\  «  . 

dw'  dw 

$  holds  for  all  the  values  1,  2,  ...,  p,  and  (by  hypothesis)  j)  >  1.  Taking 
relation  for  r=l,  2,  and  dividing,  we  find  ' 

C/"2JV,  z'}  _  kyj  Ui  (w,  z]  +  kg  Z72  (w,  z)  +  . . .  +  /%,  Up  (w,  z) 
U]  (wf,  z'}      kn  U,  (w,  z)  +  7c12  Ua  (w,  z)  -H  . . .  +  lelp  Up  (w,  z} ' 

.ch,  in  connection  with 

f(w,  z)  =  0,    f(w,  z}  =  0, 
res  to  define  the  birational  transformation  of  /  into  itself. 

As  the  constants  k  depend  only  upon  the  moduli  at  the  cross-cuts  of  the 
rnann's  surface,  so  that  they  are  pure  constants  and  are  not  parametric,  it 
DWS  that  no  arbitrary  constant  can  occur  in  the  equations  of  the  birational 
isformation.  This  is  Schwarz's  result. 

Any  birational  transformation  of  /=  0  into  itself  leads  to  a  relation  (or  to 
sral  relations)  between  the  adjoint  polynomials  of  the  foregoing  type;  and 
h  a  relation  may  be  regarded  as  the  initial  form  of  the  birational  trans- 
nation.  In  order  that  the  relations  may  exist,  the  constants  k  must 
sfy  equations  which  clearly  are  algebraical  in  form.  If  these  equations 
not  determine  the  constants  k,  then  one  or  more  of  them  would  be 
itrary ;  and  then  the  birational  transformation  would  involve  an  arbitrary 
stant,  contrary  to  Schwarz's  result.  The  constants  k  must  then  be 
srminate,  manifestly  by  a  finite  number  of  algebraical  equations.  Hence 
:Q  is  a  limited  number  of  solutions ;  accordingly,  as  each  solution  deter- 
.es  a  birational  transformation,  there  is  only  a  limited  number  of  birational 
informations,  distinct  from  one  another.  This  is  Klein's  result. 

The  preceding  argument  is  valid,  only  if  p  ^  2.  The  results  are  known 
to  hold  when  p  <  2. 

|\>r  various  properties  (such  as  the  periodicity  for  repeated  application)  of  the  birational 
sformations  of  an  equation  of  genus  greater  than  unity  into  itself,  sec  Huvwitz's 
loirs  quoted  on  p.  566;  also  Baker's  Abelian  Fimctions,  ch.  xxi. 

251.  The  assignment  by  Riemann  (§  247)  of  a  class  of  equations,  as 
stituted  by  those  of  the  same  genus  birationally  transformable  into 
another,  suggests  the  desirability  of  reserving  some  form  of  equation 
hat  genus ]  as  a  normal  form  (or  normal  curve).  When  p  —  0,  a  normal 
i  is  superfluous;  when  p  =  l,  the  normal  form  can  clearly  be  taken  to  be 

wlion    -?i  =  9    f;lia  rinrma.1   fnrm   <->rm  plpnvltr  TIG   f-.alron 


where  the  coefficients  c  are  arbitrary.  Choose  p  —  3  arbitrary  places  on 
the  surface,  independent  of  one  another,  and  make  the  preceding  combined 
polynomial  vanish  at  each  of  them  :  then  there  are  p  —  3  relations  established 
among  the  coefficients  c,  and  the  curve 


becomes  effectively 

where  a  and  (3  are  arbitrary,  and  Q1}  Q.,,  Q3  are  definite  adjoint  polynomials 
of  order  n  —  3,  each  of  which  vanishes  at  the  p  —  3  arbitrarily  assigned 
positions  on  the  surface.  Now  let 


These  equations  determine  a  rational  transformation  of  the  surface  ; 
to  every  point  on  the  old  surface  corresponds  only  a  single  point  of  the  new 
surface.  In  order  that  the  transformation  may  be  birational,  then  bo  any 
point  on  the  new  surface  must  correspond  only  a  single  point  on  the  old. 
If  this  is  not  the  case,  choose  an  arbitrary  point  on  the  new  surface  ;  and 
let  at  least  two  points  on  the  old,  say  w0,  z0\  wl}  zl\  correspond  to  it.  Then 


Now  among  the  curves 

choose  those  which  pass  through  the  point  w0,  zg:  so  that  a  single  relation 
is  established  between  a  and  ft:  and  there  is  a  single  infinitude  of  such 
curves.  But  on  account  of  the  preceding  relations,  each  such  curve  passes 
through  the  point  w1}  z1;  and  therefore  on  the  original  surface,  the  arbitrary 
point  u>0,  ZQ  determines  (on  the  present  hypothesis)  at  least  one  other  point 
wlt  *!. 

In  general,  this  is  nob  the  case  :  that  is  to  say,  an  arbitrary  point 
on  a  quite  general  Riemann's  surface  determines  no  other  position  on 
that  surface.  Accordingly,  in  general,  only  a  single  point  on  the  old 
surface  corresponds  to  an  arbitrarily  assigned  point  on  the  new  surface  ; 
and  the  transformation  is  then  birational.  . 


Qi  (W,  Z) 

.s  is  a  rational  function  on  the  original  Riemann's  surface  :  and  it 
sequently  has  as  many  poles  as  it  has  zeros.  Its  poles  are  the  zeros 
Qi  (w,  2),  which  are  2p  —  2  in  number  (§  241)  ;  but  of  these,  p  —  3  are 
nnon  to  Ql}  Q2)  Qa,  corresponding  to  the  p  -  3  arbitrary  assigned  places 
are  Qi,  Q2,  Q;i  vanish,  so  that  these  p  —  3  zeros  of  ft  are  not  poles  of 

function.     There  remain  2p  —  2  —  (p  —  3),  =  p  +  I,  poles;  and  therefore 

degree  of  F  is  p  +  1. 

Accordingly,  ^ve  may  take  as  the  normal  equivalent  of  a  quite  general 
ation,  wliich  is  of  genus  £>  ^  3,  an  equation  of  degree  p  +  1. 

Ex.  Prove  that,  if  all  the  multiple  points  of  the  normal  equation  are  merely  double 
its,  their  number  is  -kp(p~  3). 

Manifestly,  these  arise  as  solutions  of  the  equations 


Ql  ('"-0, 

special  (and  not  arbitrary)  positions. 

One  obvious  exception  to  the  general  argument  arises  in  the  case  of 
i  hyperelliptic  equations,  of  the  form 

W'^Zyp+i,  W~  =  Z22)+2> 

ich  are  of  genus  p.  Each  of  the  quantities  Q  is  then  a  polynomial  in  z  of 
jree  =?  p  —  I  ;  and  if 

Q1  +  aQ3  +  /8Q3 

rishes  for  ^  =  ^,  ^2,  ...,  ^_3,  it  vanishes  at  2  (_p  —  3)  places  on  the  surface, 
tead  of  only  at  p  —  3.  If  the  relation  between  a  and  /3  is  chosen  so 
to  make  the  polynomial  vanish  at  one  other,  say  at  w  =  t),  z  —  £,  then  it 
lishes  also  at  the  (distinct)  place  w  =  —  77,  z  =  £.  The  preceding  theorem 
;refore  does  not  apply  to  hyperelliptic  equations*. 

252.  One  of  the  most  important  instances  of  birational  transformation 
ses  when  an  algebraical  equation  f(w,  z}  =  0  is  made  to  correspond 
ationally  with  another  algebraical  equation  having  multiple  points  of  only 
)  simplest  character  or,  in  geometrical  language,  when  any  plane 

••  The  theorem  was  first  enunciated  by  Clebsch  u.  Gordan,  Thcorie  d.  Abel'sclien  Functional, 
15.  Picard  (Cours  d'  Analyse,  t.  ii,  p.  488)  shews  that  the  hyperelliptic  curves  are  the  only 
eptiou  to  the  theorem. 


tangents*. 

Let  a  denote  any  value  of  z,  and  let  a  denote  one  of  the  roots  of  the 
equation  /(a,  a)  =  0.  If  a  is  a  simple  root  of  the  equation,  then  we  know 
(Chap.  VIII.)  that  a  branch  of  the  algebraical  function  exists  given  by 

w  —  a  =  aj  (z  —  a)  +  a2  (z  —  a)2  4-  .  .  .  , 

where  the  function  on  the  right-hand  side  is  a  uniform  function  of  z  —  a,  and 
only  a  finite  number  of  the  initial  coefficients  ai}  «2,  ...  can  be  zero.  If  a  be 
a  root  of  any  multiplicity,  then  the  corresponding  roots  can  be  arranged 
in  systems  ;  and  each  system  can  be  expressed  in  the  form 


where  P  is  a  regular  function  of  £  that  does  not  vanish  when  £=0,  and 
is  such  that  the  common  .factor  (if  there  be  any  common  factor  other  than 
unity)  of  the  indices  in  £?'  P  (£)  is  not  a  factor  of  q.  Also  p  and  q  are  finite 
positive  integers,  the  point  being  multiple  when  neither  of  them  is  unity. 

We  have  at  once 

E  ! 

w-a  =  (z-  a'yi  P  {(z  -  a)*}, 

Z  1 

z  -  a  =  (w  -  a)P  Pl  {(w  -  a)v\  • 

and  even  if  q  and  p  have  a  common  factor,  still  the  restriction  on  the  form  of 
P  makes  p  the  least  common  multiple  of  the  denominators  in  the  indices 
which  occur  in  the  expansion  of  z  —  a.  Thus  there  are  q  circulating  values 
of  w  —  a  in  the  vicinity  of  z  —  a  ;  there  are  p  circulating  values  of  z  —  a  in 
the  vicinity  of  lu  -  a. 

Such  a  system  is  called  a  cycle  ;  the  smaller  of  the  integers  p  and  q 
is  called  its  degree  ;  the  combination  a,  a.  is  called  its  origin.  When  both 
p  and  q  are  unity,  the  cycle  is  called  linear.  The  object  of  the  trans- 
formations is  to  replace  cycles  of  any  degree  by  linear  cycles. 

If  a  be  infinite,  we  replace  w  —  «  by  —  ;   likewise,  if  a  be  infinite,  we 

replace  z  —  a  by  -  .  To  take  account  of  all  the  cases,  we  introduce 
homogeneous  variables  X,  Y,  Z,  such  that 

X  Y 

<e  =  s  _(&  =  _,  y  =  w  -<*  =  -£', 

*  The  chief  stage  in  the  proposition  is  diie  to  Neither,  Math'.  Ann.,  t.  ix,  (1876),  pp.  166  —  182. 


ere  p,  cr,  r  are  integers  ;  R,  S,  T  denote  regular  functions  of  £  which 
not  vanish  when  £=0,  and  are  such  that  a  factor  (if  any,  other  than  1) 
nmon  to  all  the  indices  in  any  one  of  the  expansions  for  X,  Y,  Z  is  not 
amon  to  all  the  indices  in  any  other  of  those  expansions. 

The  axes  of  the  homogeneous  variables  can  be  transformed  without 
acting  the  degree  of  the  cycle  :  or,  in  other  words,  the  variables  z  and  w 
i  be  subjected  to  a  homographic  substitution  without  affecting  that 
^ree.  For  suppose  such  a  substitution  changes  the  origin  from  a',  a' 
a,  a  :  then 

,       fa1(z  —  a)  +  bi(w  —  oi)  ,       ,        a.,  (z  —  a)  +  h,  (iu  -  a) 

Z    —  U/    --  -.  -  -  -  :  —  -  -  r  -  —   ,  W    —  Gt    ==  -  ;  -  -  -  ;  -  ;  -  T  -  L    , 

«3  (z  —  a)  +  by  (w  —  a)  +  1  a3  (z  —  a)  +  03  (w  -  a)  +  1 

that  writing  z  —  a=Q,  w  —  a  =  g>  P  (£),  either  z  —  a  or  w'  —  a.'  begins 
}h  a  power  of  £  equal  to  the  degree  of  the  cycle  and  neither  of  them 
jins  with  a  lower  power.  Accordingly,  we  can  take  linear  combinations 
X,  Y,  Z  above,  so  as  to  secure  that  p,  a,  T  are  unequal,  without  affecting 
j  degree  of  the  cycle. 

When  the  cycle  has  a  finite  origin  as  above,  viz.  z  —  a  =  -y)  W  —  OL  =  -^, 

in  p  >  r,  cr  >  T  ;  the  degree  of  the  cycle  is  the  smaller  of  the  two  integers 
-  r,  cr  —  r.  The  reason  for  the  introduction  of  homogeneous  coordinates  is 
treat  cycles  by  one  and  the  same  method,  whether  their  origin  be  in  the 
ite  part  of  the  plane  or  at  infinity.  Accordingly,  we  assume  that  the  three 
egers  p,  cr,  r  are  different  from  one  another  and  are  in  decreasing  order  : 
m  cr  —  T  is  the  degree  of  the  cycle.  The  number  p  —  cr  is  the  class  of 
i  cycle. 

When  the  origin  of  a  cycle  is  at  infinity,  the  expression  of  the  branches  in  the  cycle  is 
iho  form 


311  x  has  infinite  values  :  there  are  three  cases,  according  as  y  is  infinite,  finite,  or  zero, 
;he  origin. 

For  the  first  case,  when  a0  is  not  zero,  if 


_X_  _Y 

x~    >     y~ 


take 


l>p,  the  three  indices  in  decreasing-  order  are  q,  q-p,  0:  so  that  g-p  is  the  degree  of 


and  therefore 

r-7o 

The  indices,  iu  decreasing  order,  are  q  +  l,  q,  0:  the  degree  of  the  cycle  is  q. 
For  the  third  case,  we  have 

_k  _k+l 

y^Pvx'y+faa;      <i  +..., 
where  k  ^  1 ;  AVG  take 

jr-i,      #=ft      F=f«03,,£«<+...)=/3o£*+«+-. 

The  degree  of  the  cycle  is  </. 

Lastly,  y  may  have  infinite  values  for  finite  values  of  x :  the  expression  of  the  cycle 
then  is 

_!  s-i 

v/  =  S,,.»   '/  +  §!#     'i  +..., 
where  s  >  0.     We  take 

2r=^",         Z=(\         3'=8I)  +  81f+...; 
the  degree  of  the  cycle  is  s. 

For  purposes  of  transformation,  we  use  the  birational  transformation 
which  arises  out  of  a  geometrical  relation  used  for  this  purpose  by  Halphen  *. 

Given  a  plane  curve  C ;  let  an  arbitrary  conic  S  be  taken  in  its  plane  : 
draw  the  tangent  to  G  at  any  point  p  of  the  curve,  and  let  this  tangent 
be  intersected  at  P  by  the  polar  of  p  with  regard  to  S ;  then  P  is  regarded 
as  the  geometrical  transformation  of  p.  Manifestly,  a  point  p  leads  to 
a  single  point  P ;  to  infer  the  converse,  let  PP'  be  the  polar  of  p  with 
regard  to  the  conic,  P'  denoting  the  point  where  the  line  touches  the 
reciprocal  of  G.  Thus  pPP'  is  a  self-conjugate  triangle;  and  therefore pP' 
is  the  polar  of  P.  Hence  given  the  locus  of  P,  we  find  p  by  drawing 
the  polar  of  P  with  regard  to  the  conic :  this  will  cut  C  in  a  number  of 
points :  we  select  as  p  that  one  of  the  points  such  that  Pp  is  a  tangent 
to  G  at  the  point f.  Thus  each  point  of  the  locus  of  p  determines  a 
single  point  P,  and  conversely ;  the  analytical  expressions  of  the  geometrical 
relation  constitute  a  birational  transformation,  which  may  be  called  Halphen' s 
transformation. 

Two  forms  arise,  according  as  the  conic  does  not  or  does  cut  in  real  points 
the  curve  to  be  transformed.  The  conic  is  at  our  disposal  and  it  could  be 

*  Liomille,  3mc  Ser.,  t.  ii,  (1870),  pp.  87—144. 

t  A  limited  number  of  pairs  of  points  can  exist,  for  any  conic  2,  such  that  the  construction 
would  not  discriminate  between  them.  We  do  not  regard  this  as  interfering  with  the  general 
character  of  the  transformation  :  its  significance  in  the  result  appears  towards  the  close  of  the 
investigation.  Por  the  analytical  relations,  expressing;;  in  terms  of  P,  see  a  note  by  the  author, 
Messenner  of  Mathematics,  vol.  xxx,  (Mav,  1900).  n».  1 — 7:  thev  are  not  actuallv  reouired  for  the 


transformed  curves  might  be  cut  by  the  conic.  On  the  other  hand,  there  is 
a  finite  limit  to  bhe  number  of  times  the  transformation  is  applied  ;  and  we 
may  therefore  assume  that,  if  the  conic  cut  in  real  points  the  curve  or  a 
transformed  curve,  the  tangents  to  the  conic  and  the  curve  are  different  from 
one  another. 

When  the  conic  and  the  curve  do  not  cut,  take  any  point  M  on  the  curve 
and  the  tangent  MM"  to  G\  let  M"M'  be  the  polar  of  M  with  regard  to  2, 
cutting  MM"  in  M";  and  let  MM'  be  the  polar  of  M  "  with  regard  to  2, 
cutting  M'M"  in  M'.  The  triangle  MM'M"  is  self-conjugate  with  regard 
to  2  ;  when  this  is  chosen  as  the  triangle  of  reference,  the  equation  of 
the  conic  can  be  taken  to  be 

Z2+7S  +  £8  =  0. 

When  the  conic  and  the  curve  cut,  say  in  a  point  M,  then  let  the 
tangent  at  M  to  the  curve  cut  the  conic  in  M  and  M'  \  and  draw  M"M', 
M"M  the  tangents  to  the  conic  at  these  points.  We  choose  MM'M"  as 
the  triangle  of  reference  ;  the  equation  of  the  conic  can  be  taken  to  be 


In  the  former  case,  let  x,  y,  z  denote  the  position  p,  and  X,  Y,  Z  that  of 
P.     Then  we  have 

Xx  +  Yy  +  Zz  =  0, 

because  P  lies  on  the  polar  of  p  with  regard  to  the  conic;  and 


X,     7,     Z 


=  0, 


x,     y,     z 
x',     y,    z 

(where  x  =  dxjd£  and  so  for  y'  and  z'}}  because  P  lies  on  the  tangent  at  p  to 
the  original  curve.     Hence 

X  =  y  (xy'  —  yx')  —  z  (zx  —  xz'}  —  x  (xx'  +  yy'  +  zz'}  —  x'  (x?  +  yz  +  z"}\ 
Y  =  z  (yz  —  zy'}  —  x  (xy'  —  yx'}  =  y  (xx  +  yy'  4-  zz'}  —  y'  (x"  +  y"  4-  z*)  [  , 
Z  =  x  (zx  —  xz')  —  y  (yz'  —  zy'}  =  z  (xx  4-  yy  +  za)  —  z'  (x1 4-  jf  +  z-)S 
which  express  X,  Y,  Z  in  terms  of  x,  y,  z. 

In  the  latter  case,  we  find  similarly  the  relations 
X  —  y  (xif  —  yx)  —  x  (zx  —  xz'}\ 
Y  =  x  (yz  -  zy'}  -  z  (xy  -  yx'}  \  , 
Z  =  z  (zx  -  xz  }  -  y  (yz  -  zy'}} 
which   express  X,   Y,  Z  in   terms   of  x,  ?/,  z.     These   respective   relations 


Let  any  point  on  the  curve  to  be  transformed  be  denoted  by 


where  R,  S,  T  denote  regular  functions  of  £  in  the  vicinity  of  £  =  0  :  and  we 
assume  that  the  integers  p,  cr,  r  are  distinct  from  one  another. 

When  the  second  transformation  is  the  one  to  be  effected,  we  remember 
that  the  tangent  to  the  curve  is  the  axis  of  y  for  the  triangle  of  reference  ; 
accordingly,  we  assume  cr  >  p  >  T,  so  that  p  —  T  is  the  degree  of  the  cycle,  and 
cr  —  p  is  the  class  of  the  cycle;  also  p  —  2cr  +  T  <  0.  The  result  of  the 
transformation  is 


-  2(7  +  T)  £>  +  -+'-  1  +  .  .  .  =  cra"^"  +  . 

Z  =  T0Vo  (p  -  r)  £"+2T-1  +  .  .  .  =  T0"f  *"  +  . 

say.     We  have  a-"  >  p"  >  T"  ;  also  p"  —  T"  =  p  —  r}cr"  —  p"  =  cr  —  p;  so  that  the 
degree  and  the  class  of  the  cycle  (if  any)  are  unaltered. 

When  the  transformation  with  regard  to  an  assumed  conic  is  applied 
a  number  of  times,  the  conic  being  assumed  so  as  not  to  cut  the  initial  curve, 
then  it  may  happen  that,  after  a  number  of  transformations,  the  latest  curve 
cuts  the  conic.  The  further  application  of  the  transformation  will  then,  by 
the  foregoing  analysis,  have  no  effect  upon  either  the  degree  or  the  class  of  a 
cycle  :  it  therefore  is  ineffective  for  our  purpose  of  further  reduction.  To 
secure  such  further  reduction,  we  should  proceed  to  effect  transformation 
with  regard  to  another  arbitrarily  assumed  conic,  chosen  so  as  not  to  cut  the 
curve. 

When  the  first  transformation  is  the  one  to  be  effected,  assume  that 
p  >  cr  >  T,  so  that  cr  —  T  is  the  degree  of  the  cycle  (if  any)  at  the  point,  and 
p  —  cr  is  its  class.  The  result  of  the  transformation  is 


z=  £*r+r-i  (<roS(o.  _  T)  +  ...}  =  £/  (T;  +  ...); 

say.     We  have  p'  >  a  ;  also  because  T'  —  cr'  =  cr  —  T,  we  have  T'  >  cr'  ;  there 
are  therefore  three  cases. 

(i)     Let  p  >  T'  >  cr'.     The  degree  of  the  cycle  (if  any)  is  T'  —  cr',  that  is, 
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(ii)  Let  T'  >  p  >  a'.  The  degree  of  the  cycle  (if  any)  is  p  —  <r' ,  that  is, 
:>  —  cr.  But  T'  > p,  so  that  p  —  & <  a-  —  T :  hence  p'  —  or' <  cr  —  r,  or  the  degree 
.s  decreased.  The  class  of  the  cycle  is  r  —  p',  that  is,  or  —  r  —  (p  —  <r) ;  there 
.s  no  useful  rule  of  increase  or  decrease  compared  with  the  old  cycle  in 
general,  though  we  note  that  the  new  class  is  less  than  the  old  degree.  In 
this  case  p  —  2cr  +  r  <  0. 

(iii)  Let  r'  =  p',  so  that  p  —  2cr  +  r  =  0,  or  the  degree  and  the  class  of 
bhe  cycle  (if  any)  are  equal.  Effect  a  (birational)  transformation 

X'  —  X,        Y'  =  Y,       Z'  =  <r02  (a-  —  T)  X  —  p0T0  (r  —  p)  Z 

=  r'K" +...)> 

where  T'"  >  p  +  2r  —  1,  that  is,  T"  > p'.  Accordingly,  for  the  transformed  cycle, 
we  have  T'"  >  p  >  a-'.  The  degree  of  the  cycle  (if  any)  is  p  —  a',  that  is,  p  —  a, 
which  is  equal  to  a  —  T  :  it  is  unaltered  by  the  double  transformation.  Also 

T"  -  2p'  +  v  > p  +  2r -  1  -  2  (p  +  2r  -  1)  +  tr  +  2r  -  1  >  a  -  p, 

where  cr  —  p  is  a  negative  quantity.  If  T"  —  2p'  +  cr'  >  0,  another  application 
of  the  transformation  by  the  conic  leads  to  the  first  case  above:  and  the 
class  is  decreased,  while  the  degree  is  unaltered.  If  r"  —  2pf  +  a'  <  0,  another 
application  of  the  transformation  by  the  conic  leads  to  the  second  case  above  : 
the  degree  is  decreased.  If  r"  —  2p'  +  a-'  =  0,  the  new  class  is  equal  to  the 
new  degree,  each  of  them  equal  to  the  common  value  of  the  old  class  and  the 
old  degree :  the  cycle  must  be  considered  further. 

For  this  last  case,  let  p.  —  <r  =  a-  —  r  =  n:  then 


or,  remembering  the  source  of  the  homogeneous  coordinates,  and  taking 

£  :  i}  :  1  =  y  :  x  :  z, 
we  have 


!_ 

•where  G  is  a  regular  function  of  p,  that  does  not  vanish  with  f:  and  this 
corresponds   to   the  original  cycle  by  a  birational  transformation.     It  may 

i 
happen  that  the  initial  powers  of  £n  in  G  give  integral  powers  of  £;  let 
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taken  arbitrarily  in  the  first  instance.     The  point  X,  Y  which  corresponds  to 
£,  77  is  given  by 


T 

?r-  JL    +  =—  A   +  ~  --  U, 

ox         vy          oz 
where  we  write  x,  y,  z  =  77,  |,  1  in  the  latter  :  thus 

Z  =  a(f,r,,7/),      F=/3(£  77,77'), 

where  a  and  y3  are  rational  functions  in  tf  of  the  first  degree.     Hence 
dY 


(£7  37 


and  generally 

87 


Choose  the  conic  G,  so  that 


for  %  =  0,  77  =  0;  then  as  yti+v  is  the  first  derivative  of  77  with  regard  to  f 
that  becomes  infinite  at  f  =  0, 77  =  0,  so  Y(IJ)  is  the*  first  derivative  of  F  with 
regard  to  X  that  becomes  infinite  at  the  new  origin  :  that  is,  if  F0,  X0  be  the 
new  origin,  we  have 

—  1  4-a  ^ 

FIT"  73     /  V  V  \     i     /  V  V  \^  «    /"*     (/  V  V   \i>1 

-  F0  =  A  (A  -  A  „)  +  (A  -  A  o)        "  tri  {(A  -  A  0)"|. 

Let  the  transformation  be  applied  q  —  %  times  in  succession ;  we  have,  at  the 
end, 

F' -  TV  =  a,  (X1  - X,'}  +  a2  (X1  -  X0J  +  a.  (X1  -  X0'f+»  +  .... 

or  changing  the  axes  by  taking  X'  -  X0'  =  X",  Y'  -  F,,'  -  aa  (Xf  -  Z07)  =  F", 
we  have 


X'"  =  -  (2n  +  a)  as^l+a-1 


ie  three  indices  in  decreasing  order  are  2>i  +  a  -  1,  2?i  —  1,  w  —  1  ;  the 
;gree  of  the  cycle  is  n,  its  class  is  a,  which  is  less  than  n  ;  and  therefore  the 
rational  transformations  have  reduced  the  class  below  the  degree. 

Hence  given  a  cycle  of  any  degree  m,  greater  than  unity,  and  of  any  class 
',  we  can  by  Halphen's  birational  transformation  change  it  into  another 
cle.  If  m'  be  greater  than  in,  the  new  class  is  less  than  TO'  while  the  new 
[grce  is  TO  :  and  repetition  of  the  transformation  can,  by  the  first  case,  be 
ade,  so  long  as  the  class  is  greater  than  the  degree  :  and,  by  the  third  case, 
itil  the  class  is  less  than  the  degree  ;  without  altering  the  degree.  When 
[Other  repetition  of  the  transformation  is  made,  the  degree  will  (by  the 
cond  case)  be  decreased. 

Proceeding  in  this  way,  we  can  make  the  cycle  of  the  first  degree  :  then 
r  the  first  case,  of  the  first  class  also  :  that  is,  we  can  make  the  cycle  linear. 
rhen  this  process  is  applied  to  each  cycle,  the  final  equation  has  only  linear 
den  :  and  it  is  connected  with  the  initial  equation  by  birational  transformation. 

Farther,  it  was  proved  that  a  Halphen  transformation  of  a  linear  cycle  of 
.e  form 

w  -  a  =  h  (z  -  a)  +  k,  (z  -  af  +  ...+  km  (z  -  a)"1  +  .  .  . 

ads  to  a  relation 

W  -  o!  =  h'  (Z  -  a)  +  k,'  (Z  ~a'  )-+...+  k'^  (Z  -  a')™"1  +  .  .  .  , 
here  k'  m^  depends  upon  Jcm  linearly  and  upon  Jc1}  ...,  k,^.^  If  therefore 
/o  linear  cycles  agree  up  to  (but  not  beyond)  the  mth  order  of  small 
.lantities,  the  transformation  replaces  them  by  two  linear  cycles  agreeing  up 
i  only  the  (m  —  l)th  order  of  small  quantities:  and  so  on,  by  successive 
[petitions  of  the  transformation,  until  they  agree  only  in  their  origin,  so  that 
le  tangents  differ.  Now  the  origin  of  a  new  cycle,  engendered  by  trans- 
rraation,  lies  on  the  tangent  to  the  cycle  which  is  to  be  transformed  :  hence, 
pplying  a  Halphen  transformation  once  more,  the  origins  of  the  two  cycles 
•e  different.  It  therefore  follows  that  the  cycles  of  any  degree  and  class 
.iving  a  common  origin  can  be  birationally  transformed  into  linear  cycles, 
ich  of  them  with  its  own  origin  distinct  from  that  of  all  the  remainder. 

The  resolution  thus  effected  transforms  every  multiple  point  of  any 
laracter  into  an  aggregate  of  simple  points,  and  would  therefore  transform 
i  equation  with  multiple  characteristics  into  an  equation  having  only  simple 
units,  if  new  singularities  were  not  introduced  in  the  nrocess  of  birational 
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can  be  drawn,  to  that  curve  ;  let  q  denote  the  point  of  contact  of  any  one  of 
them.  In  order  that  pq  may  be  the  polar  of  P  with  regard  to  the  conic,  one 
relation  must  be  satisfied  by  x  and  y,  the  coordinates  of  P,  in  addition  to 
the  equation  of  the  curve  on  which  -p  lies  :  that  is,  there  are  two  algebraic 
equations  satisfied  by  (»',  y),  and  therefore  there  is  a  finite  number  of 
simultaneous  values  satisfying  these  conditions.  Each  such  point  is  a  double 
point  on  the  locus  of  P,  with  distinct  tangents  for  the  branches  :  so  that  the 
transformed  curve  thus  possesses  simple  nodes  unrepresented  by  any  multi- 
plicity on  the  original  curve.  But,  in  general,  there  cannot  be  two  points 
such  as  g,  say  q  and  #',  the  tangents  at  which  are  concurrent  with  the  tangent 
at  p  ;  for  this  purpose,  some  relation  between  the  coefficients  of  the  curve  and 
the  constants  of  the  conic  would  need  to  be  satisfied  —  which  is  not  the  case, 
when  the  conic  is  arbitrarily  assumed  and  the  curve  is  not.  extremely  special. 
We  therefore  have  the  theorem,  expressed  geometrically  : 

Any  algebraic  curve  can  be  birationally  transformed  into  some  algebraic 
curve  the  singularities  of  which  are  double  points  with  distinct  tangents. 

The  two  curves  must  be  of  the  same  genus,  and  they  must  have  the  same 
moduli  :  the  complexity  of  the  transformation  manifestly  depends  upon  the 
original  equation. 

Ex.     Consider  the  resolution*  of  the  singularity  of 


Proceeding  as  in  Chap.  VIII.,  we  find  the  six  branches  of  the  curve  given  by 

.v=£°,        y=o>£8  +  0£16+..., 
whore  co:j---  1,  d'2  =  l  :  thus  for  our  homogeneous  coordinates,  we  may  take 

#=£°,       .'/  =  <TS^(0,       *=i  =  £°. 

Thus  p  =  8,  cr=G,  r  =  0.     The  class  of  the  cycle  is  2,  the  degree  is  6. 

Since  /)  —  2rr  +  T<0,  Halphen's  transformation,  when  applied,  falls  under  the  second 
case.     The  indir.es  after  transformation  are 

r'=2o-  +   T-l  =  ll  =  pi\ 
p  —   p  +  -2r-l—   7  —  (T-i  >  ; 


the  class  of  the  cycle  is  4,  the  degree  is  2. 


Since  pt  —  Scri+rj  >0,  Halphen's  transformation,  when  applied,  falls  under  the  first 
case.     The  indices  after  transformation  are 

p"=    p1  +  2r1-l=20' 
r"=2cn+   T,-l  = 


<r10  ^'(<r)       i^'>     •A  ~Yi(i7'(£) 

d  therefore 

r'  =  ^2A'"a  +  .... 

lis  is  an  instance  of  the  second  case,  when  the  class  and  the  degree  are  equal:  the 
tual  form  is 

4    ™         81     v//2     47  .  243  ,jg. 

gO)F"=-  —  wJ["2  --  -  -  co2A    4  +  *A'    -  +.... 

iree  Duplications  of  the  Halphen  transformation  will  reduce  the  class  to  unity  and  will 
/e  a  cycle  of  the  form 

y"  =  a^x"2  +  a.sx"  ?  +  .  .  .  ; 

;d  one  more  application  will  give  a  linear  cycle. 

Note.  The  preceding  sketch  (§§  245  —  252)  is  intended  only  as  an  intro- 
iction  to  the  theory  of  birational  transformation,  the  development  of  which 
ally  belongs  to  the  detailed  theory  of  Abelian  functions. 

Moreover,  transformations  which  are  rational  but  not  birational  are 
.-actically  omitted  from  consideration.  If  further  information  be  desired, 
le  various  works  and  memoirs  quoted  in  the  preceding  sections,  and  in 
243,  may  be  consulted  :  an  ample  account  of  the  general  theory  of  corre- 
xmclence  will  be  found  in  Baker's  Abelian  Functions. 

The  normal  curve  in  §  251,  adopted  by  Clebsch  and  Gordan,  must  not  be 
ipposed  the  only  normal  curve  that  can  be  adopted;  others  are  discussed  in 
le  places  to  which  references  have  just  been  given. 

Ex.  Prove  that  any  liiemami's  surface  of  genus  p  can  he  Irrationally  transformed 
ito  a  surface  of  2p-  2  sheets,  given  by  an  equation  /(«•,  z)  =  Q  of  degree  2p  —  2  in  w  :  such 
lat  on  this  surface  w  is  an  integral  function,  of  z  whose  only  zeros  are  at  the  branch-points 

•  the  surface  (Klein's  canonical  form).    Shew  that  on  this  surface  I  —  and  I  *—  are  integrals 

^  '  J  w         J  w 

•  the  fir.st  kind. 

Verily  that,  in  general,  if  u  and  v  are  rational  integral  functions  of  z  of  degrees  four 
id  two,  with  no  common  or  repeated  factors,  then 


being  a  constant,  is  such  a  canonical  surface  for  />  =  3;  and  determine  for  it  three 
idependent  integrals  of  the  first  kind.  (Math.  Trip.,  Part  II.,  1899.) 


SUPPLEMENTARY  NOTES:  ABEL'S  THEOREM. 

The  results,  which   have   been   outlined   in   the  preceding  chapters  relating  to  an 
^ebraical  equation 


by  which  that  theorem  was  originally  established,  was  really  only  a  wonderful  exercise 
in  the  integral  calculus;  it  will  be  shortened  and  simplified  by  using  the  results  obtained 
in  connection  with  Riemanu's  surfaces. 

Abel's  great  memoir  is  3/emoire  sur  une  propriety  genvrale  d'une  classo  tres-etendue 
da  fonctions  transcendantes,  written  in  1826,  published  in  1841,  and  included  in  his 
(Euvres  Completes,  t.  i,  pp.  145  —  211.  The  proof  of  the  main  theorems  is  rearranged 
and  much  simplified  by  Rowe,  "  Memoir  on  Abel's  Theorem,"  Phil.  Trans.  ,  (1881), 
pp.  713  —  750,  whose  exposition  is  adopted  in  what  follows. 

Other  references  fire  to  be  found  in  the  works  quoted  in  §  239,  Note  1. 
I.     We  take  the  equation/(w,  z)  =  Q  in  the  form  (§  193) 

f(w,  z)  =  wn  +  wri-i  gl(z)+...+  wg^  (z)  +  gn  (z)  =  0, 

where  the  functions  g  are  polynomials  in  z:  and  we  are  concerned  with 
rational  functions  of  position  on  the  Riemann's  surface,  which  (§  193)  can 
be  taken  in  the  form 


where 

V  (w,  z}  =  w"-1  7t-o  (z)  +  wn~z  k,  (z)+  ...+  kn_,  (z), 

and    the   functions   kQ,  klt   ...,  kn__i  are  rational  functions  of  z  only.     By 
taking 

w'  =  w"  -  -  k0  (z\ 

?fc 

we  have 

,  =  U  (w,  z) 

dw 
where 

U  (w,  z}  =  ivn~"  h0  (z}  +  wn~3  h,  (z)  +  ...+  hn_z  (z), 

and  the  functions  h0)  //1;  ...,  ^/l_2  are  rational  functions  of  z  only. 

In  the  preceding  investigations,  we  have  considered  the  special  properties 
of  the  simpler  and  most  typical  forms  of  the  integral 

$w'dz, 

taking  account,  in  particular,  of  the  effect  upon  its  expression  of  modifying 
the  path  of  variation  from  the  lower  to  the  upper  limit;  the  integral  being 
a  transcendental  function.  Now  it  is  known  that,  for  quite  simple  equations 
/=  0,  the  sum  of  a  number  of  such  integrals  may  be  expressible  in  simple 
terms,  no  single  integral  itself  being  so  expressible,  when  certain  algebraic 
nnrmfio.t  hhfi  nrmfvr  limits  Thus  fnr  t.l-iP  pmin.t.inn 


__l_       __(_       _  =0, 
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i1  equal  to  a  period  of  the  integral),  if 

=  0: 


Actively  giving  the  addition-theorem  in  elliptic  functions.     Similarly,  the 

m  of  three  elliptic  integrals  (Jacobian)  of  the  second  kind  is  expressible 
an  algebraic  function,  and  the  sum  of  three  elliptic  integrals  (Jacobian) 
the  third  kind  is  expressible  as  a  logarithmic  function.  We  proceed  to 

at  part  of  Abel's  theorem  which  establishes  the  corresponding  results  for 

.e  equation 

/(w,*)  =  0, 

lied  t|ie  permanent  equation. 

To  consider  a  sum  of  integrals  of  the  same  form,  we  need  to  have  a 
imber  of  upper  limits,  and  the  same  number  of  lower  limits.  The  upper 
nits  will  be  regarded  as  given  by  those  positions  on  the  associated 
iemann's  surface  at  which 

e  (w,  z] = o, 

lied  the  conditional  equation.  Manifestly,  6  can  be  made  of  degree 
—  1  in  w  at  most,  by  means  of  the  permanent  equation :  the  coefficients 
the  various  powers  of  w  in  0  are  polynomials  in  z,  and  the  constant 
(efficients  in  these  polynomials  are  completely  arbitrary.  The  actual 
)sitions,  which  give  the  upper  limits  of  the  integrals,  are  determined  as 
le  simultaneous  roots  of  the  two  equations 

f(w,  *)  =  0,     0  (w,  z)  =  0.      ' 

imilarly  for  the  lower  limits  of  the  integrals,  which  are  associated  with 
lother  conditional  equation.  The  arbitrary  constants  will  be  regarded  as 
u-ametric :  when  parametric  variation  of  these  constants  takes  place,  the 
Dsitions  of  the  upper  limits  vary.  If  we  'choose,  we  can  associate  variation 
om  the  lower  limit  to  the  upper  limit  with  the  variation ;  but  this  is 
anecessary,  and  all  that  we  require  is  the  variable  dependence  of  the  limits 
pon  the  parametric  constants. 

To  obtain  the  algebraical  expression  of  these  upper  limits,  we  proceed 
3  follows.  Let  Wi,  wz,  ...,  wn  denote  the  n  values  of  w  for  any  value  of  z; 
len  the  eliminant  in  z,  say  E  (z\  is  given  by 


tne  values  or  z  oemg  given  dy  tne  roots  01  M,(Z)  =  \J.  TO  ootam  tne  vame 
of  w  to  be  associated  with  a  root  of  E  (&)  =  $,  say  z  =  c,  it  is  sufficient  to 
obtain  the  greatest  common  measure  of 

f(w,  c)  =  0,     8(w,c)  =  Q. 

The  roots  of  Z=Q  may  be  of  two  kinds:  (i),  depending  upon  the  para- 
meters in  6,  and  consequently  varying  with  them  ;  (ii),  independent  of 
these  parameters.  If  c  denote  one  of  the  latter  class,  then  the  corre- 
sponding value  of  w,  say  7,  satisfying  f(w,  c)  =  0  cannot  involve  the 
arbitrary  parameters,  so  that  the  position  <y,  c  is  independent  of  the 
parameters.  NOAV  since  E  vanishes  for  2  =  0,  one  of  the  n  quantities 
0(wr,  z)  vanishes  for  wr  =  <y}  z  —  c:  that  is,  a  relation  then  exists  among 
the  parametric  constants  in  6  which  is  linear  if  the  parameters'  occur 
linearly  in  0.  (We  can,  of  course,  secure  that  the  case  does  not  arise, 
by  taking  all  the  parameters  in  9  initially  independent  of  one  another  : 
but  it  sometimes  is  desirable  that  the  case  should  arise,  and  we  therefore 
admit  its  possibility.)  Let  P  (z)  represent  the  product  of  all  the-  factors 
in  Z,  which  give  roots  depending  upon  the  parameters  in  0,  and  let  C  (z} 
represent  the  product  of  those  which  give  roots  independent  of  the  para- 
meters, so  that 


It  will  be  assumed  that  all  the  roots  of  P  (z}  =  0  are  simple,  so  that  P'  (z} 
and  P  (z)  do  not  vanish  together  :  and  that  they  are  ^  in  number,  say 
tCj,  oc»,  ...,  ,rM.  Let  the  corresponding  values  of  w  be  yl3  •>/«,...,  y^;  so  that 
the  upper  limits  for  the  integrals  are  (ijl}  x^,  (y»,  xs),  ...,  (y^,  ,«M). 

The  integral  to  be  considered  is  JW  dz,  that  is, 


df 
dw 

where  w  is  one  of  the  n  branches  of  the  function  defined  ~byf(iu,  z)  =  0  :  to  fix 
the  ideas,  let  wl  denote  this  branch,  so  that  we  also  have  @(w1}  ^)  =  0.  The 
integral  is  a  function  of  its  upper  limit,  and  therefore  varies  when  the  limit 
varies,  that  is,  when  the  parameters  vary.  Let  8  denote  small  variations  for 
the  parameters  ;  then  the  variations  of  the  roots  of  P  (V)  =  0  are  given  by 

P'  (*)  dz  +  SP  (z}  =  0, 
and  therefore 


E  o)  =  n  e  (wr, 

r=l 

that 


i  our  subject  of  integration,  we  are  dealing  with  the  branch  wl  of  w\  and 
>r  this  branch  6  (w1}  z)  =  0.  Hence  all  the  terms  in  the  summation  vanish 
tcept  that  for  r  =  l,  and  we  have 


bus 


'he  right-hand  side  vanishes  if  w^  be  replaced  by  any  other  of  the  branches 
'2,  ...,wn,  because  E  (z)  -f-  9  (wr,  'z)  is  zero  unless  r  =  l;  it  therefore  is 
naffected  when  we  add  to  it  all  these  vanishing  terms,  that  is,  we  have 


•w   z  = 


dwr 


'he  quantity  >.-  ----  r  is  an  integral  symmetric  function  of  wlt  ...,  w,-_1;  wr+i, 
"  (,w/-j  ^j 

.,  nyw,  (and  it  is  an  integral  function  of  z}  :  by  means  of  /=  0  it  can  be 
lade  a  function  of  z  and  wr  only,  which  is  polynomial  in  wr  and  is  rational 
i  z.  Also  U(wr,  z),  which  is  a  polynomial  in  ?<;,.,  has  rational  functions 
f  z  for  its  coefficients:  let  M  (z]  be  the  least  common  multiple  of  all  the 
enominators  in  this  rational  function,  so  that,  when  we  take 


V  is  polynomial  in  wr  and  z,  of  degree  not  higher  than  n  —  2  in  wr.     Hence 


5  a  polynomial  in  wr>  the  coefficients  being  polynomials  in  z\  by  means 
f  f=  0,  it  can  be  expressed  in  the  form 


dwr 
so  that 

W/dz  =  ~ 


M(g)C(z)P(z)     n~1' 
Hence 

v  t    >j  \  $  __j?±iL^} 
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«r=l  <r  =  lM{Za)G(z0)P   (?„) 

on  taking  the  summation  over  the  /u,  roots  of  P  (z)  =  0. 

To  obtain  an  equivalent  for  the  right-hand  side,  we  consider  the  expres- 
sion of 


in  partial  fractions.  Let  ot1(  ...,  ors  denote  all  the  roots  of  lf=0,  any  (or  all) 
of  which  may  be  repeated,  and  assume  that  no  one  of  these  is  a  root  of 
P(X)  =  0;  and  let  c1}  ...,  cm  denote  all  the  roots  of  0(z),  any  (or  all)  of 
which  also  may  be  repeated.  Then 

C* 


~M(e)C(z)P(s) 


i 


where  the  unexpressed  terms  involve  higher  powers  of  (z  —  ap)~l,  (z  —  c^)~l, 
respectively  for  each  repeated  root,  and  I  (z)  is  a  polynomial  in  z,  if  the 
order  of  Kn^  is  not  less  than  that  of  M (z)  C  (z)  P  (z).  Thus 

Ap  =  coeff.  of  -  --      in  the  expansion  of  T  in  ascending  powers  of  z  —  ap, 

z  —  ctp 

G,c  = of  z-ck 


and  the  coefficient  of  -  in  the  expansion  of  T  in  descending  powers  of  z  is 

z 

s  in  i>.  V        /'  v  \ 

V    ^      i      V    Q    j_    V '».— 1  \    <rj 


so  that  if.  from  the  sum  of  the  coefficients  of and (for  all  the 

Z  —  Gfp  Z  —  Ck 

*  Burnside  anclPanton,  Theory  of  Equation,  (7th  ed.),  voL  i,  p.  172. 


expression  required  tor  2,  (wdz)y.     We  express  this  in  the  symbolic  form 

tr=l 


P(z)    ' 

where  ©  denotes*  the  result  of  the  following  operations:  Take  each  factor 
z  -  a  of  M  (z)  C  (z)  in  turn,  obtain  the  coefficient  of  (z  —  a)"1  in  the 
expansion  of 


M  (z)  G  (z)  P  (z) 

in  ascending  powers  of  z  —  a,  and  form  the  sum  of  all  of  these  coefficients; 
from  this  sum  subtract  the  coefficient  of  z~l  in  the  expansion  of  the  same 
expression  in  descending  powers  of  z. 

Hence 


E(z} 


Jlf  (z)C  (Z) 


The  symbol  ®  is  clearly  distributive,  from  its  definition:  and  upon  the 
subject  to  which  it  applies,  integration  can  be  effected  with  regard  to 
parameters  in  such  a  way  that  the  symbol  applies  to  the  integrated  form. 
The  inverse  of  the  operation  8  with  regard  to  the  parameters  on  the  right- 
hand  side  implies  integration  with  regard  to  the  variables  on  the  left  ;  hence 


dw 


where  A  is  a  constant  of  integration,  and  where  we  now  write  w  for  wl 
in  the  subject  of  integration,  I)U1  having  been  any  branch  of  the  quantity  w 
defined  by  f(w,  z}  =  0.  To  evaluate  the  right-hand  side,  only  algebraic 
expansions  are  necessary;  and  the  result  will  be  some  function  of  the 
parameters.  These  parameters  are  connected  by  the  equation  P  (x)  =  0 


O.LU.C    ID 


limits,  which  in  special  cases  may  degenerate  to  a  more  simple  form.  The 
constant  A  can,  if  desired,  be  determined  by  taking  another  conditional 
equation,  similar  to  6  (w,  z)  =  0,  in  order  to  assign  lower  limits  to  the 
integral. 

This  result  is  Abel's  Theorem  in  its  most  general  form.  We  proceed 
to  some  application's,  first  recapitulating  the  significance  of  the  various 
symbols.  The  fundamental  equation  is  f(iv,  z}  =  0,  of  degree  n  in  w, 
having  the  coefficient  of  w11  equal  to  unity,  and  polynomials  in  z  for  the 
coefficients  of  the  remaining  powers  of  w.  The  conditional  equation  is 
Q  (w,  z}  =  0,  which  (by  means  of  /=  0)  is  taken  of  degree  not  higher  than 
n  —  1  in  w;  the  coefficients  of  the  various  powers  of  w  are  polynomials 
in  z,  having  arbitrary  parameters  for  coefficients  of  powers  of  z.  The 
result  of  eliminating  w  between  /=0,  0  =  0,  is  obtained;  G  (z}  represents 
the  aggregate  of  factors,  corresponding  to  roots  that  are  independent  of  the 
parameters ;  the  roots,  that  depend  upon  the  parameters,  are  taken,  in 
conjunction  with  the  appropriate  values  of  w,  to  be  the  upper  limits  of 
the  integral.  The  quantity  W  (w,  z)  is  a  polynomial  in  w  and  in  z,  of  degree 
not  higher  than  n  —  2  in  w.  The  quantity  M  (z)  is.  a  polynomial  in  z\ 
it  may  be  a  constant ;  if  it  is  variable,  no  one  of  its  roots  may  be  one  of  the 
quantities  a\,  ...,  x^  belonging  to  the  upper  limits  of  the  integrals.  And 
lastly,  the  symbol  ©  requires  the  various  algebraic  operations  specified 
in  its  definition,  connected  with  the  roots  of  M  (z}  —  0  and  of  G  (z)  =  0 
as  well  as  with  an  expansion  in  descending  powers  of  z, 

Usually  we  have  0  (z)  —  1 ;  but  even  when  it  is  different  from  unity, 
its  roots  frequently  contribute  only  zero  terms  to  the  final  sum  on  the  right- 
hand  side. 

Note.  The  preceding  proof  dispenses  with  many  of  the  properties  of  functions  of 
position  on  a  Kiemann's  surface  that  have  already  been  established  ;  the  main  reason 
why  such  a  proof  is  given  is,  that  some  notion  of  Abel's  theorem  may  be  obtained  on  the 
lines  solely  of  Abel's' analysis.  We  shall,  however,  in  the  proof  of  other  results,  use  more 
freely  the  properties  of  functions  of  position  to  which  reference  has  just  been  made. 

Another  method*  of  obtaining  the  result  is  to  consider  the  integral 
taken  over  the  Biemami's  surface,  where  /  denotes 


Ft.  isa  IfvFf".  a«  ji.ii   PYRi'f'iso  •    it.  fnllmva  t.Vip.  linAa  nf   SS  93O.  —  938 


take 

.ie  conditional  equation.     There  are  three  quantities  x^  x%,  #3  given  as  the  roots  of 

r  take  the  integral  of  the  first  kind  associated  with  the  equation ;  it  is 

fdz 

J  v) ' 

have  M(z)  =  l,  C(s)  =  l,  W(w,  z)-l;  and  the  roots  of  the  permanent  equation  can  be 
in  as  w',  —w'.     Hence  in  the  operation  6  we  have  only  to  obtain  the  coefficient  of 

a  descending  expansion,  so  that 
a    fx<rdz      . 


=  -d-  log 

en  the  quantity  on  the  right-hand  side  is  expanded  in  descending  powers  of  z,  the  first 
a  is  — -  ,  so  that  no  term  in  -  exists.     Accordingly 


TO  A  is  a  constant  independent  of  the  arbitrary  constants  in  the  conditional  equation, 
therefore  determinable  by  assigning  special  values  to  those  constants.  Taking  «  =  0, 
},  the  three  values  of  x  become  each  infinite,  so  that 


. 
—  =  0. 


let  x^  —  $  (ua\  for  cr=l,  2,  3  ;  the  last  equation  can  be  written 


o  ya  =  p  (?to.)  ;  so  that,  as  the  equation 


is  for  er=l,  2,  3,  we  have 


=  0, 


vided  w1  +  M2+w3  =  0.     This  is  a  known  form  of  the  addition-theorem. 
Again,  we  have 


that  is, 

Pi 
another  form  of  the  addition-theorem. 


Ex.  2.     Consider,  in  connection  with  the  name  equations,  the  integral  I  —  .    We  have 

1  '  °       J    'W 


3    fA'<rzdz  n   z        bz+o  +  aw 

2   I       --  B=  -  G\  -  loff  f—  -~  -  — 


iu  the  same  way.     Now,  for  the  descending  expansions,  we  have 

ff* 


4*" 


— i    i'*     i 


s«*i     '" 


so  that 

„  z .      bs  +  i;  +  aw      b 
Ci  —log          =  — 

and  therefore 


B  being  a  constant  independent   of  «,  b,  e.     By  taking  &  =  0,  c  =  0,  and  a  not  xero, 
we  have  «1;  e2,  e3  as  simultaneous  values;  hence 


fecf- 
Kow  in  the  integral  I  -^,  let  s  =  £0  (74),  ?/;=gJ'  (tt) ;  it  becomes 


Also  ?«!,  «.j,  ?/y  corresponding  to  ^,  .%,  /f.,,  are  such  that  M1  +  zt2+?«3  =  0;  e1}  e2,  63  -'ire 
possible  values  of  a?1}  ^2)  *3>  and  we  can  take  ±o>i,  ±  w2,  ±  w3  as  possible  values  of  ?<!,  ?<2,  ?(;i. 
Choosing  them  so  that  the  sum  shall  still  be  zero,  take  co1}  -<u2,  co;i  as  the  A'alaes;  then 


But 

and  therefore 


&U&JU  «    TJijtiUJKJbjM. 


OOV 


.ere  g  is  a  constant.     Denote  by  y,  -  y,  the  two  values  of  w  for  z=g :  so  that,  if  g  =  $  (a), 
in  y—$'  (a).     We  have 

111, 


before.     In  effecting  the  operations  for  0,  AVG  note  that 

-w        bz  +  c  —  aw 

z 

m  Ex.  1 ;  and  therefore,  a  fortiori,  * 

''---"-=0: 


isequently,  we  shall  have  only  the  coefficient  of to  retain.     Thus 

z-y 


«r  =  l.'          V~ff)W  7 

iere  (7  is  a  constant  independent  of  a,  6,  c.     To  determine  C',  let  a  =  0,  &  =  0;  then 
is  the  value  of  #t,  x^  x3 :  and  we  have 

3      r"          cfe  1  ?«/-|-fi-«y 

|g  I  =;    _     lOO'      -!i ' 

^IJ  x(f(z-g}w    y 


:}  =  0. 


<>3),  and  ?^ 
r.  4.     Prove  that,  with  appropriate  limitations  upon  the  paths  of  the  variables, 


ovided  a,'3  +  /3  =  l. 


7i'5?.  5.  Obtain  the  addition-theorem  for  the  Jacobian  elliptic  functions  in  the  same 
xy  as  that  theorem  for  the  Weierstrassian  elliptic  functions  Avas  obtained  in  Example  1. 

Obtain  also  in  this  Avay  the  known  theorems  for  the  (Jacobian)  second  elliptic  integral 
id  for  the  (Jacobian)  third  elliptic  integral. 

Ex.  6.  Obtain  the  addition-theorem  for  the  doubly-periodic  functions  associated  Avith 
Q  equation 

7//J  +  23  -  Znwz  =  l.  (Dixou.) 

Ex.  7.     Two  dependent  variables  u  and  v  are  determined  by  the  (algebraical)  equations 


F(u,  v,z)  =  ( 

q     j  •  i 


G(u, 


u2  =  1  —  22,        i>2  ==  1  —  7<;232. 
as  a  special  case,  prove  that 


(where  «i,  cl5-  <£,  ,=sn  ?{H  en  w1;  dn  MI,  and  so  for  the  others),  if 


I n  the  same  case,  viz.  when  ui+u,,+us  +  ui  =  0,  shew  that 

and  obtain  an  expression  for 

2  n  (ua,  a). 

<r=l 

II.  Reverting  to  the  general  theorem,  it  is  clear  that,  when  the 
operations  on  the  right-hand  side  have  been  completed,  and  the  various 
combinations  of  the  parameters  have  been  expressed  as  functions  of  the 
variables  in  the  upper  limits  of  the  integrals,  the  expression  can,  at  the 
utmost,  involve  only  logarithmic  and  algebraic  functions.  Logarithmic 
functions  will  occur  in  connection  with  each  separate  factor  of  M  (z),  and 
no  other  part  of  the  operation  ©  will  give  rise  to  them ;  so  that,  if  the 
right-hand  side  is  to  be  free  from  logarithmic  functions,  M  (z)  must  be 
unity  (that  is,  there  are  no  factors),  and  conversely.  Algebraic  functions 
will  occur  when  the  coefficient  of  z~l  in  the  descending  expansion  in 
powers  of  z  is  different  from  zero ;  the  usual  (but  not  necessary)  form  in 
which  the  coefficient  is  zero  arises  when  the  expansion  begins  with  a 
power  z~(l^li],  where  ^  is  a  positive  commensurable  quantity. 

We  proceed  to  apply  the  theorem  to  the  integrals  which  give  rise  to 
functions  of  the  first  kind,  functions  of  the  second  kind,  and  functions  of 
the  third  kind,  respectively  upon  the  Riemann's  surface. 

Integrals  of  the  first  kind.  In  this  case,  we  have  M(z)  =  l;  and 
W  (w,  z}  is  then  an  adjoint  polynomial  of  order  not  greater  than  n—'3 
in  11.1  (§§  205,  234).  Because  M(z)  is  unity,  there  is  no  logarithmic  term 
resulting  from  the  operation  ©. 

The  integral,  being  of  the  first  kind,  is  everywhere  finite :  so  that,  when 
\z\  is  very  large,  we  have 

W  (w,  z}  ,   _  AI 

"df         Z~     °      ZK       '"' 


ice,  in  the  vicinity  of  z  =  oo  ,  we  have 

w  (w,  z)  _-  K.AI 
3f_     ~  "?+"  +  "" 

dw 

•eover,  log  6  (w,  z),  when  expanded  in  descending  powers  of  z,  contains  no 
i  zp  having  a  positive  integer  for  its  index  p.     Consequently,  in 

n  W(w,  z)  .      Q         . 
GI  —  W-^  log  0  (w,  z) 

dw 
in  -  occurs,  for  any  of  the  branches  w  ;  and  therefore 


~1  -<c     ''    \U!r,  Z)  .          .,  ,  . 

I  Z  —     -  log  8  (wr,  z)  =  0. 


dwr 
ice 


dw 
;re  K  is  a  constant  of  integration  independent  of  the  parameters  in 

;,  4 

The  constant  K  can  be  obtained  by  taking  the  sum  of  the  integrals 
determined  by  a  different  set  of  parameters  in  0  which  (as  K  is  a 
stant  independent  of  their  value)  may  be  made  as  particular  as  we 
ise.  Moreover,  we  recall  the  property  that  an  integral  of  the  first 
:1  upon  a  Riemann's  surface  is  not  entirely  determinate,  its  expression 
ig  subject  to  additive  integral  multiples  of  its  periods:  and  we  have 
theorem  that  the  sum  of  the  values  of  an  integral  of  the  first  kind 
the  positions  on,  a  Riemann's  surface,  ivJiere  a  polynomial  6  (w,  z} 
isltes,  remains  unaltered  no  matter  /tow  tJte  parameters  in  that  poly- 
vial  are  changed :  subject  always  to  modification  by  additive  multiples 
bhe  periods.  The  theorem  is  also  expressed  sometimes  as  follows :  // 
;,  z)  denote  an  integral  of  the  first  kind,  then 

fj.  PL 

^*      t          \      T?\      /          \ 

?/  (  1JU       Z    )  ~"~  'If  ( ?/        1C    i 

(7  =  1  '  (7  =  1 

'•re  w1}  Z-L\  ... ;  w^,  z^\  are  the  zeros,  and  y1}  x-^\  ...;  y^,  00^]  are  tlie  infini- 
of  any  function  <£  that  is  rational  on  the  Riemann's  surface;   and  the 
iidi  of  the  congruence  are  the  periods. 

Ex.  1.     Obtain  the  result  in  the  latter  form  by  considering  the  integral 
C  d 


so  that 

dz       dio 

= 


(ho          3* 
Also  with  the  variation  of  the  parameters  in  0  (w,  z)  =  0,  we  have 


and  therefore 


w,  z 

say.     Accordingly,  u  denoting  the  integral  of  the  first  kind, 

du  —  U  (w,  2)  d£ 


so  that  this  is  the  element  of  the  integral  to  be  considered,  the  sum  being  taken  i 
the  simultaneous  roots  of 

/(w,*)=0,         f(w,  2)  =  0. 

Take  /  to  be  a  polynomial  in  -w  and  z,  and  let  ?i  be  the  degree  of  terms  of  the  highe 
order:  also  assume  /  to  be  quite  general.  Similarly  take  6  to  be  a  polynomial,  and  let 
be  the  degree  of  terms  of  the  highest  order  ;  m  can  be  taken  as  less  than  n,  but  that  do 
not  prove  important  for  the  present  purpose.  Let  Z—Q  denote  the  result  of  eliminati: 
•w  between  /=0  and  $  =  0,  so  that  Z  is  of  degree  mn  in  s  ;  likewise  let  W  denote  the  rest 
of  eliminating  z  between  /=0  and  6  —  0,  so  that  W  is  of  degree  mn  in  w.  Let  the  roots 
Z=0  be  a,1!,  ...,  xmn;  those  of  IF—  0  be  yl5  ...,  ymn;  and  let  the  simultaneous  roc 
of  /=0,  0  =  0  be 

*'l>   y\  '>    ®2i  y%  >     ......  5    ^mni  ymn> 

which  will  be  called  the  congruous  roots.  The  other  combinations  will  be  called  t 
non-congruous  roots. 

By  the  known  theory  of  elimination,  we  have 

Z=Af+B0,  W=Cf+Dd, 
Avhere  the  orders  in  w  and  z  are  : 

A,  m-l  in  w    ,  mii  —  n  in  z, 

B,  n  —  l  in  w    ,  mn  —  m  in  z, 
G,    mn-n  in  w,  in  —  I  in  z     , 
.Z),    mn-m  in  «;,  w  —  1  in  2     ; 

and  therefore  A,  =AD-SG,  is  a  polynomial  whoso  highest  power  in  w  alone  is  jjiw.- 
whose  highest  power  in  z  alone  is  mn  —  l,  and  whose  highest  terms  in  w  and  z  combin 
are  of  order  2mn  —  m-n,  that  is,  A  is  a  polynomial  of  order  ~2mn-m-n.  Now  t 


az          oz         oz   J  as         dz  ] 

n  congruous  roots  are  substituted  after  differentiation :  so  that,  for  any  such  con- 
ms  pair, 

Z'W'=    A^L^B^.. 


dtv        dw 


therefore 


dz         dz 


=  2 


re  p.=mn.  But  A  =  0  for  the  non-congruous  roots,  and  therefore  the  expression 
W-r(#'  H")  vanishes  for  non-congruous  roots,  assuming  (as  we  may)  that  Z  and  W  do 
possess  equal  roots  ;  hence,  adding  these  vanishing  terms,  we  have 


.-^  2     2 


=  22      „,  Ti-v-     , 
i=ij=i  W  ^  A'/ 


e 


insider  an  expression    ^  where  0  is  a  polynomial  in  w  and  z  of  dimensions  not 

tor  than  -2mn-3:  and  express  it  in  partial  fractions.      As  the  denominator  is  of 
form   WZ,  that  is,  is 


2    2 


2     2 

1=1  j=\ 


auifeatly  the  coefficient  of       in  the  expansion  of  -JL  in  descending  powers  of  w  and  2. 
3  is  of  dimensions  Zmn-S,  while   W  is  of  dimensions  mvi  and  likewise  Z,  the  first 
in  that  expansion  is  of  dimensions  -  3,  so  that  there  is  no  term  in  —  .    Consequently 


2     2   <7tf=0, 
' 


F.  F. 
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i=lj=1\WZJi:f 


This  leads  at  once  to  the  result.     For  the  most  general  integral  of  the  first  kind, 
U  is  an  adjoint  polynomial  of  order  n  —  3;  so  that   U&dd  is  a  polynomial  of  order 

(n  -  3)  +  (2mn  —  m  ~n}  +  m, 
that  is,  of  order  2m?2-3.     Consequently 


M    <* 

2      2 


aud  therefore  2 

(7=1 


> 

or  2  1*^  is  a  constant,  independent  of  the  parameters  in  6  and  therefore  independent  of 

cr=T 

the  upper  limits  of  the  integrals  :  which  is  the  proposition  to  be  established. 

Note.     Jacobi's  theorem,,  indicated  at  the  beginning  of  this  proof,  is  an  immediate 
inference  from  the  preceding  analysis,  viz. 


2     7  =0, 

<r=l  V  /3''=a'o-.  V=V<r 

where  F  ia  any  polynomial  of  order  not  greater  than  m  +  n  —  3. 

Integrals  of  the  second  kind.  We  shall  take  only  the  normal  elementary 
integral  of  the  second  kind,  and  denote  by  z  —  a,  w  =  a  its  one  infinity  on  the 
surface.  Then  (§  208)  the  subject  of  integration  is 


where  U  is  a  polynomial  of  degree  n  —  1,  which  vanishes  at  the  n  —  1  points 
other  than  w  =  a  given  by  z  =  a,  and  also  vanishes  to  order  X  —  1  at  a  branch- 
point of/  which  is  of  order  A,.  Then 


du>r  • 

where  K  is  an  arbitrary  constant,  independent  of  the  parameters  in  6  (w,  z}. 
In  order  to  effect  the  operations  in  ©,  we  require,  first,  the  coefficient  of 

in  the  expansion  of 


z  —  a 

1        »    U(wr,  z) 


in  ascending  powers  of  z  —  a:   and  secondly,  the  coefficient  of  -  in  the  ex- 

Z 


The  latter  is  manifestly  the  coefficient  of  z  in  the  expansion  of 

5  U  (wr,  z) ,      n  , 
•    2,-  — ~ — •  log  9  (wr,  z) 

y  -_  ^  Qj 

dwr 

descending  powers.     Now  our  integral,  being  finite  everywhere  on  the 
.rface  except  for  the  place  where  z  =  a,  is  finite  at  #  =  oo ,  and  therefore 

U  (lO  «  '  Z\         K,  K, 

— af"^*'--' 
dwr 

lien  \z\  is  very  large:   (there  is  no  term  —  because  the  integral  has  no 

garithmic  infinity).  Moreover  log  8  (wr,  z),  expanded  in  descending  powers, 
is  no  positive  powers  of  z.  Hence  the  coefficient  of  z  in  the  preceding 
:pansion  is  zero ;  and  therefore  the  part  in  ©  contributed  by  the  coefficient 

.1  . 

-  is  zero. 
z 

To  obtaia  the  coefficient  of in   the  expansion,  it  is  sufficient  to 

z  —  a  r 

)tain  the  coefficient  of  z  —  a  in  the  expansion  of 
|   ^K,*)log0(Wr;^ 

.dwr 
ake  z  —  a  =  £,  wr  =  ar  -f  vr  (say  w  =  a  +  u) ;  then,  as  in  §  208, 


df  /3/y   d(a,a) 

\daj  3a 


9i/L?)_0     (r-2         n} 
3  (a,,  a)"  °'     (>-2"~>n)> 

which,  conditions  exclude  a  logarithmic  infinity,  at  any  of  the  n  —  1  places. 

The  point  z  —  a,  w  —  a,  is  an  algebraic  but  not  a  logarithmic  infinity  ; 
hence 


~ 
«i.  a)    \>fa       &(f>  £0 


df_        3(«1J  a)  ~3(a1;  a)1 

3«! 

which  excludes  the  logarithmic  infinity  for  the  integral.  The  algebraic 
infinity  at  ct1}  a  for  the  integral  is  clearly 

fffa.tt)     1 

9/;       z  —  a' 
3ffj 

The  coefficient  of  £  in  the  foregoing  expansion  is 

CTfa.  a)       1_     3(/0) 
3/       #(«!,  a)  3(ai,cO' 

3«! 

Hence 

i  rv.-g>^)  a,  K=u(*.*)   i   at/.  0) 

-i)      /,_„>.§/    *  §/       ^  («i,  «)  3  (a,,  a)' 

v         ;  diu  da, 

The  right-hand  side  is  a  rational  function  of  the  parameters  in  6  and  there- 
fore is  an  algebraic  function  of  the  variables  as.  Hence  the  sum  of  the  values 
of  a  normal  elementary  integral  of  the  second  kind  at  the  positions  on  n 
Riemann's  surface,  where  a  polynomial  vanishes,  is  an  algebraic  function 
of  the  variables  of  those  positions. 

The  result  can  also  be  enunciated  in  the  form  :   Let  E  (w,  z}  denote  a 
normal  elementary  function  of  the  second  kind,  having  its  sole  simple  infinity 

at  the  position  z  =  a,  w  =  a,  of  the  form  —  —  .     Also  let  wlt  z,  ;  .  .  .  ;  w^,  z^  ; 


z  —  a 


denote  the  zeros  :  and  VA,^;  ...;  T/M,  x^  denote  the  infinities  of  a  function  <j>, 
rational  on  the  Riemann  surface:  then 


0-=! 


The  equality  is  subject  to  additive  multiples  of  the  periods  of  the  integral. 
Ex.  1.     In  the  preceding  investigation,  the  assumption  is  made  that  a  is  finite,  so  that 


ere  the  line  meets  the  curve.     Obtain  an  expression  for 

U  (w,  s)     dz 


f.      f*o 

^ 

ff^iJ 


9/' 


ere  the  upper  limits  of  the  integrals  are  the  points  of  intersection  of/(w,  z)  =  0  with  any 
ier  curve  6  (w,  z)  =  0  ;  also  an  expression  for 

U(w,z)      dz 


dw 
ere  K  is  an  integer  greater  than  unity. 

Integrals  of  the  third  kind.  We  shall  take  only  the  normal  elementary 
begral  of  the  third  kind  ;  and  we  shall  denote  by  z  =  c,  w  —  7l  ;  z  —  c,  w  =  <y»; 
i  two  logarithmic  infinities  on  the  surface.  Then  (§  211,  Ex.  2)  the  subject 
integration  is 


lere  V(iu,  0)  is  an  adjoint  polynomial  of  order  n  —  2,  which  vanishes  at 
e  n  —  2  points,  other  than  the  infinities   of  the  integral.     Moreover  as 
is  of  order  less  than  n—  1  in  w,  we  have,  by  a  known  theorem  in  partial 
ictions, 

v  V  (™r,  z)  _  n 


that,  in  the  present  case, 

df  df  ' 

37i  97a 

y,  thus  verifying  the  property  proved  in  §  211. 

We  have 

V  (w,  z) 


lere  i  is  an  arbitrary  constant,  independent  of  the  parameters  in  9  (w,  z). 

In  the  same  manner  as  for  the  normal  elementary  integrals  of  the  second 
nd,  we  have 


In  this  sum  all  the  terms  vanish  except  for  r  =  1,  r  =  2  :  it  thus  becomes 

!}  log  «(*,«) 


and  therefore 


—  c)  ^~ 


Proceeding  as  before,  this  result  may  be  enunciated  as  follows:  Let 
ni2(w,  z)  denote  a  normal  elementary  function  of  the  third  kind,  having  its  two 
logarithmic  infinities  at  z  =  c,  w  =  yj ;  z  =  c,  iv  =  j2 ;  of  the  form 

0                   -C_ 
z  —  c     '  z  —  c     ' 

respectively.     Also  let  <$>(w,z)  denote  a  rational  function  of  position  on  the 

Riemann's  surface,  having  its  zeros  at  wl}  z^\  ;  w^,  z^\  and  its  poles  at 

2/i,  a-'j ;  ;  y^,  oc^.     Then 

>      ]  I      ( 'on        *y  \  _     ^>      I  I      ( nt        /y»   \  — .  C]  IAO* 

XV       Xl  J2  \  M/(T,    '^CT/  ^      -*"**12  \  V  <T  J    My }  w    AV_/tl 

(7  =  1  tT=l 

The  equality  is  subject  to  additive  multiples  of  the  periods  of  the  integral. 

Ex.  Let  U (w,  z)  be  an  adjoint  polynomial  of  order  n—  2,  vanishing  at  n  —  2  of  the 
points  where  the  (non-tangent)  line  aw  +  /3z+y  =  0  meets  the  curve.  Obtain  an  expression 
for 

U  (w,  s)     dz 


where  the  upper  limits  of  the  integrals  are  the  points  of  intersection  of  f(u;  e)  =  Q  with  any 
other  curve  &  (w,  s)  =  0.  (This  is  more  general  than  the  case  in  the  text,  where  z  is  taken 
to  have  the  same  value  at  the  two  points.) 

III.     Abel's  theorem  in  general,  and  the  special  examples  in  particular, 
shew  that  the  sum  of  a  number  of  integrals 


r».nn   TIP  PVTirpseprl   as    Q    Inrravit.liTm'n   n.nrl    n  1  rroVivEi  i  r»   •Pnnr>4-.inr>     amr   (3-     on  -hl 


cr=l  (r=p+l 

,  where  p  is  the  number  of  parameters  in  0  (w,  z}.    As  there  are  /z  roots  of 
i  equation  F(z)  =  0,  or  /*,  simultaneous  sets  of  roots  of 

/(w,  s)  =  0,     0  (w;,  2)  =  0, 

ich  depend  upon  the  parameters,  it  follows  that  the  parameters  can  be 
;ardecl  as  functions  of  p  of  these  roots,  and  that  the  remaining  //,  —  p  roots 
i  then  be  regarded  as  functions  of  the  p  roots.  At  this  stage,  these  p  roots 
ynow  be  considered  as  arbitrary  quantities;  and  therefore  the  sum  of  a 
mber  of  integrals  with  arbitrary  upper  limits  can  be  expressed  as  a  sum 
,th  an  additive  function  G)  of  a  number  of  integrals  with  other  upper 
tits,  which  are  algebraic  functions  of  those  arbitrary  quantities.  The 
sstion  then  arises :  what  is  the  smallest  number  of  integrals  in  the  second 
as  a  sum  of  which  any  number  of  integrals  can  be  expressed  ? 

This  number  is  equal  to  p,  the  genus  of  the  permanent  equation.  Abel 
ginally  obtained  the  number,  though  not  in  this  special  form :  the  investi- 
;ion  is,  however,  a  long  one. 

The  result  can  be  more  briefly  established  by  using  the  properties  of 
ictions  on  a  Riemann's  surface  which  have  already  been  proved.  It  will 
rice  to  establish  the  result  for  a  sum  of  p  4-  1  integrals  with  arbitrary 
per  limits  ;•  for,  granting  the  result  for  this  case,  then  a  sum  of  p  +  2, 
p  +  !)  +  !,  integrals  can  be  transformed  into  a  sum  of  p  +  l  integrals  by 
informing  the  sum  of  any  p  +  l  in  the  p  +  2  into  a  sum  of  p  integrals; 
i  so  for  the  sum  of  a  greater  number.  There  are  two  cases,  according  as 
3  equation  is  hyperelliptic,  or  is  not  hyperelliptic. 

When  the  equation  is  hyperelliptic,  we  take  it  in  the  form 


ly  other  uniform  function  on  the  Riemann  surface  can  be  made  of  only  the 
st  degree  in  w ;  and  we  therefore  take  the  conditional  equation  in  the 
in  ' 

6  (w,  z}  =  w  -0  =  0. 

ie  upper  limits  of  the  integrals  satisfy  the  equation 

Z2p+1-&-  =  0. 

it  m1,  ...,  zp+l  be  p  4- 1  arbitrary  quantities,  taken  to  be  upper  limits  for  an 
jegral  jdl :  and  choose  B  to  be  a  polynomial  in  z  of  degree  p  having 
3itrary  coefficients.  The  most  general  form  of  ®  contains  p  +  l  of  these 
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constants  in  (*)  and  therefore  are  functions  of  zl,  ...,  zp+l,  being  manifestly 
algebraical  functions.  Now  applying  Abel's  theorem  to  the  integral  fdT,  we 
have 


(7  =  1 

so  that 


<T=1  K=l 

or  the  sum  of  _p  +  1  integrals  is  expressible  as  a  sum  (with  an  additive 
function  G}  of  p  integrals.  The  result  is  therefore  proved  for  the  hyper- 
elliptic  case. 

When  the  equation  is  not  hyperelliptic,  we  take  it  in  the  customary  form 


where  the  degree  n  off  in  w  is  equal  to  or  is  greater  than  3.  The  conditional 
equation 

6  (w,  z)  =  Q 

is  obtained  by  taking  0(u',  z)  as  the  most  general  adjoint  polynomial  of  order 
n  —  2  :  that  is,  6  (w,  z)  is  to  vanish  to  order  \  —  1  at  a  multiple  point  of  / 
which  is  of  order  X  Now  in  order  that  a  point  on  a  curve  may  be  multiple 
of  order  \—  1,  a  number  of  conditions  equal  to  £X(A,  —  1)  must  be  satisfied; 
hence  the  number  of  conditions  to  be  satisfied,  in  order  to  make  6(w,  z)  an 
adjoint  polynomial,  is 


=  £(n  -l)(n-  2)  -p, 

by  §  240.  As  9  is  a  polynomial  of  order  n  —  2,  the  number  of  terms  it 
contains  is  •!•  (n.  —  1)  n  :  and  therefore  the  number  of  disposable  constants  in 
the  equation  0  =  0  is  |  (•??  -  l)?i  —  1.  Some  of  these  are  used  to  make  the 
polynomial  adjoint;  hence  the  'number  of  disposable  constants  in  the  adjoint 
polynomial  of  order  ?i  —  2  is 

i.  (n  _  i)  „.  -  1  -  {i  (n  -  1)  (n  -  2)  -p] 


in  all.     As  n^3,  it  follows  that  n+p  —  Zttp+l.     If  the  number  = 
choose  the  disposable  arbitrary  constants  so  that  6  shall  vanish  at  the  p+  1 
positions  wl}  ^  ;  ...;  ivp+l,  zp+l;   given   as   assigned   upper   limits   for   the 

" 
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In  the  intersections  of  /=  0,  9  =  0,  a  multiple  point  of  order  A,  on/,  being 
•  order  X  —  1  on  6,  counts  for  X  (X  —  1)  points  ;  hence  the  number  of  points, 
;her  than  the  multiple  points,  given  by  6  =  0  on  the  Riemann's  surface  is 


=  n  (n  -  2)  -  {(n  -  1  )  0  -  2)  - 


-  2)  +p. 
Of  these,  we  have  the  ?i  +  £>  —  2,  given  by 

wa,  Zr,  for  cr  =  l,  ...,j3  +  l, 
a,.,  a,.,  for  ?'  =  1,  .  .  .,  n  —  '3, 

IQ  latter  set  not  occurring  if  n  =  3  ;  let  the  remaining  p  be 

yK,  3SK)  for  Ac  =  l,  ...,  p: 

)  that  the  upper  limits  for  our  integral  are  the  sets  wff,  zv\  ar,  a,.;  yK,  XK 
Applying  Abel's  theorem  to  the  integral  jdl  with  these  as  limits,  we  have 


n—  3  33 


Fow  each  term  in  the  second  sum  is  a  pure  constant,  so  that,  when  the  sum 
i  transferred  to  the  right-hand  side,  it  can  be  absorbed  into  the  constant  of 
itegration  that  occurs  in  G  ;  hence 


0-=1  K=[ 

ins  proving  the  result  for  the  case  which  is  not  hyperellipticL 

This  result,  that  the  sum  of  any  number  of  integrals  can  be  expressed  as  a  sum 
'  p  integrals,  has  of  course  an  entirely  different  significance  from  the  result  that  p  linearly 
[dependent  integrals  of  the  first  kind  exist  upon  a  Eiemann's  surface.  The  two  results 
in  be  combined,  as  in  §  239,  so  as  to  lead  again  to  the  inversion  -problem  ;  this 
iscussion,  however,  is  a  fundamental  part  of  the  theory  of  Abelian  functions,  and  is 
iyond  our  present  range. 


CHAPTER  XIX. 

CONFOEMAL   REPRESENTATION  :    INTRODUCTORY. 

253.  IN  §  9  it  was  proved  that  a  functional  relation  between  two 
complex  variables  w  and  z  can  be  represented  geometrically  as  a  copy  of 
part  of  the  ^-plane  made  on  part  of  the  w-plane.  At  various  stages  in  the 
theory  of  functions,  particularly  in  connection  with  their  developments  in  the 
vicinity  of  critical  points,  considerable  use  has  been  made  of  the  geometrical 
representation  of  the  analytical  relation ;  but  it  has  been  used  in  such  a  way 
that,  when  the  equations  of  transformation  define  multiform  functions,  the 
branches  of  the  function  used  are  uniform  in  the  represented  areas. 

The  characteristic  property  of  the  copy  is  that  angles  are  preserved,  and 
that  no  change  is  made  in  the  relative  positions  and  (save  as  to  a  uniform 
magnification)  no  change  is  made  in  the  relative  distances  of  points  that  lie 
in  the  immediate  vicinity  of  a  given  point  in  the  z-plane.  The  leading 
feature  of  this  property  is  maintained  over  the  whole  copy  for  every  small 
element  of  area:  but  the  magnification,  which  is  uniform  for  each  element, 
is  not  uniform  over  the  whole  of  the  copy. 

Two  planes  or  parts  of  two  planes,  thus  related,  have  been  said  to  be 
confonncdly  represented,  each  upon  the  other. 

Now  conformal  representation  of  this  character  is  essential  to  the  consti- 
tution of  a  geographical  map,  made  as  perfect  as  possible :  and  a  question 
is  thus  suggested  whether  the  foregoing  functional  relation  is  substantially 
the  only  form  that  leads  to  what  may  be  called  geographical  similarity.  In 
this  form,  the  question  raises  a  converse  more  general  than  is  implied  by 
the  converse  of  the  functional  relation,  inasmuch  as  it  implies  the  possibility 
that  the  property  can  be  associated  with  curved  surfaces  and  not  merely 
with  planes.  'But  a  little  consideration  will  shew  that  the  generalisation  is 
a  priori  not  unjustifiable,  because,  except  at  singular  points,  the  elements  of 
the  curved  surface  can,  in  this  regard,  be  treated  as  elements  of  successive 
planes.  We  therefore  have*  to  determine  the  most  general  form,  of  analytical 
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be  the  coordinates  of  an  associated  poinb  R'  of  the  other  surface  with  T,  U 
for  its  parameters,  so  that  X,  Y,  Z  can  be  expressed  in  terms  of  T,  U.  Then 
the  analytical  problem  presented  is  the  determination  of  the  most  general 
relations  which,  by  expressing  T  and  U  in  terms  of  t  and  u,  establish  the 
conformal  similarity  -of  the  .surfaces. 

Suppose  that  G  and  H  are  any  points  on  the  first  surface  in  the  imme- 
diate proximity  of  Rf  and  that  G-'  and  H'  are  the  corresponding  points  o.n 
the  second  surface  in  the  immediate  proximity  of  R':  then  the  conformal 
similarity  requires,  and  is  established  by,  the  conditions :  (i),  that  the  ratio 
of  an  arc  RG  to  the  corresponding  arc  R'G'  is  the  same  for  all  infinitesimal 
arcs  conterminous  in  R  and  R'  respectively;  and,  (ii),  that  the  inclination 
of  any  two  directions  RG  and  RH  is  the  same  as  the  inclination  of  the 
corresponding  directions  R'G'  and  R'H'.  Let  the  coordinates  of  G  and  of  H 
relative  to  R  be  dx,  dy,  dz  and  $x,  S/y,  8z  respectively ;  and  those  of  G'  and 
of  H'  relative  to  R'  be  dX,  dT,  dZ  and  SX,  SY,  SZ  respectively.  Let  ds 
denote  the  length  of  RG  and  dS  that  of  RG' ;  let  m  be  the  magnification  of 
ds  into  dS,  so  that 

dS  =  'inds, 

a  relation  which  holds  for  every  corresponding  pair  of  infinitesimal  arcs 
at  R  and  R'. 

By  the  expressions  of  x}  y,  z  in  terms  of  t  and  u,  we  have  equations  of 
the  form 

dx  =  adt  +  a'du,     dy  —  bdt  +  b'du,     dz  =  cdt  +  c'du, 

where  the  quantities  a,  b,  c,  a',  bf,  c  are  finite.  Let  there  be  some  relations, 
which  must  evidently  be  equivalent  to  two  independent  algebraical  equa- 
tions, expressing  T  and  U  as  functions  of  t  and  u ;  then  we  have  equations 
of  the  form 

dX  =  Adt  +  A'du,    dY  =  Bdt  +  B'du,    dZ  =  Cdt  +  C'du, 

where  the  quantities  A,  B,  C,  A',  B',  Gf  are  finite  and  are  dependent  partly 
upon  the  known  equations  of  the  surface  and  partly  upon  the  unknown 
equations  of  relation  between  T,  U  and  t,  u.  Then 

ds-  =  (a?  +  b2  +  c2)  dt-  +  2  (ad  +  bb'+  cc')  dtdu  +  (a"2  +  V*  +  c'2)  du2, 
dS2  =  (A"  +  52  +  (72)  dt2  +  2(AA'+  BB'  +  CC')  dtdu  +  (A'2  +  B'*  +  C"2)  du*. 

Since  the  magnification  is  to  be  the  same 'for  all  corresponding  arcs, 
it  must  be  independent  of  particular  relations  between  dt  and  du;  and 
therefore 

2  A    A'  4-    R7?'j-f7fT  Xj'2    I      R/2-t-(7'2 


daSscosGRH 

=  (a2  +  62  +  d3)  cfeS*  +  (««'  +  66'  +  cc')  (e&Sw  +  Btd-it)  +  (a2  +  V2  +  c'2) 


we  have,  in  consequence  of  the  preceding  relations, 

m*dsSs  cos  GRH=  dSSScos  G'R'H'. 

But  dS  =  mds,  8S  =  m8s;  and  therefore  the  angle  GRH  is  equal  to  the 
angle  G'R'H'.  It  thus  appears  that  the  two  conditions,  which  make  the 
magnification  at  R  the  same  in  all  directions,  are  sufficient  to  make  the 
inclinations  of  corresponding  arcs  the  same  ;  and  therefore  they  are  two 
equations  to  determine  relations  which  establish  the  conformal  similarity 
of  the.  two  surfaces. 

These  two  equations  are  the  conditions  that  the  ratio  dS/ds  may  be 
independent  of  relations  between  dt  and  du;  it  is  therefore  sufficient,  for 
the  present  purpose,  to  assign  the  conditions  that  dS/da  be  independent  of 
values  (or  the  ratio)  of  differential  elements  dt  and  du. 

Now  ds*  is  essentially  positive  and  it  is  a  real  quadratic  homogeneous 
function  of  these  elements;  hence,  when  resolved  into  factors,  linear  in  the 
differential  elements,  it  takes  the  form 

civ-  =  ??  (dp  +  idq)  (dp  —  idq}, 

where  n  is  a  finite  and  real  function  of  t  and  u,  and  dp,  dq  are  real  linear 
combinations  of  dt  and  du.  Similarly,  we  have 

dS*  =  N  (dP  +  UQ)  (dP  -  idQ), 

where,  again,  N  is  a  finite  and  real  function  of  t  and  u  or  of  T  and  U,  and 
dP,  dQ  are  real  linear  combinations  of  dt  and  du  or  of  dT  and  dU.  Thus 

+  idQ)(dP-idQ) 


_  -- 

n    (dp  +  idq)  (dp  —  idq) 

It  has  been  seen  that  the  value  of  m  is  to  be  independent  of  the  values  and 
of  the  ratio  of  the  differential  elements. 

Now  taking 

-     aaf  +  W  +  cc'  a'"+  V-  +  c'2 


a 


b" 


so  that  6  and  <jf>  are,  by  the  two  equations  of  condition,  the  same  for  ds  and 
dS,  and  denoting  by  T/T  the  real  quantity  ($  —  6"}*,  we  have 


numerator   of    the   fraction   for  m2   is,   qua   function   of    the    infinitesimal 
elements,  substantially  the  same  as  the  denominator;   and  therefore  either 

.  .      dP  +  idQ      ,dP-idQ        fi  v  ..       .      ..  . 

(a)        ,    -    .  ,     and    ,    _  .  ,  -  are  finite  quantities  simultaneously  ; 

or 

,ON      dP  +  idQ      ,dP-idQ        „   ^  ...       .      u  . 

(6)       -,~   -  ••-.  ,    and  -7  --  .-.-   are  finite  quantities  simultaneously. 
dp  —  idq          dp  +  idg  A  J 

Either  of  these  pairs  of  conditions  ensures  the  required  form  of  TO,  and  so 
ensures  the  conformal  similarity  of  the  surfaces. 

Ex.     Shew  that  both  p  and  q  satisfy  the  partial  differential  equation 


Consider  (a)  first.  Since  (dP  +  idQ)/(dp  +  idq)  is  a  finite  quantity,  the 
differentials  dP  +  idQ  and  dp  +  idq  vanish  together,  and  therefore  the  quan- 
tities P  +  iQ  and  p  +  iq  are  constant  together.  Now  P  and  Q  are  functions 
of  the  variables  which  enter  into  the  expressions  for  p  and  q  ;  hence  P  +  iQ 
and  p  +  iq,  in  themselves  variable  quantities,  can  be  constant  together  only  if 


where/  denotes  some  functional  form.  This  equation  implies  two  independent 
relations,  because  the  real  parts,  and  the  coefficients  of  the  imaginary  parts, 
on  the  two  sides  of  the  equation  must  separately  be  equal  to  one  another  ; 
and  from  these  two  relations  we  infer  that 


where  /i  (p  —  iq)  is  the  function  which  results  from  changing  i  into  —  i 
throughout  f(p  4-  iq)  and  is  equal  tof(p  —  iq),  if  i  enter  into  /only  through 
its  occurrence  in  p  +  iq.  From  this  equation,  it  follows  that 

dP-_idQ 

dp  -  idq 

is  finite;  and  therefore  a  necessary  and  sufficient  condition  for  the  satisfaction 
of  (a)  is  that  P,  Q  and  p,  q  be  connected  by  an  equation  of  the  form 

P  +  iQ=f(p+iq). 

Moreover,  the  function  /  is  arbitrary  so  far  as  required  by  the  preceding 
analysis;  and  so  the  conditions  will  be  satisfied,  either  if  special  forms 
of  /  be  assumed  or  if  other  (not  inconsistent)  conditions  be  assigned  so 
as  to  determine  the  form  of  the  function. 

Next,,,  consider  (/3).     We  easily  see  that  similar  reasoning  leads  to  the 

«rt«nl,-ic,i«r,    -I-  1,^4-    4.1,~     ~~,,J,'J.,'~,™    .-,,.,->    r,r,^-,'c.flnrl       -nrll  QT,       7->     n    onrl    fn     „    r,™     /-w^n  nn±,.A 


Parts  of  two  surfaces  may  be  made  to  correspond,  point  by  point,  in 
such  a  way  that  their  elements  are  similar  to  one  another,  by  assigning 
any  relation  between  their  parameters,  of  either  of  the  forms 

P  +  iQ=f(p  +  iq},     P  +  iQ  =  g(p-  iq)  ; 

and  every  such  correspondence  betiueen  two  given  surfaces  is  obtained  by  the 
assignment  of  tlie  proper  functional  form,  in  one  or  other  of  these  equations. 

Ex.  In  eHta,bli,shing  this  coni'orrnal  representation,  only  small  quantities  of  the  first 
order  arc  taken  into  account.  Sketch  a  method  whereby  it  would  lie  possible  to  evaluate, 
to  a  higher  order  of  small  quantities,  the  magnitude 

d,S'  __ds' 
US     ~ds' 

whore  c?/!>,  d&'  arc  two  small  conterminous  arcs  on  one  surface,  and  ds,  ds'  are  the 
corresponding  small  conterminous  arcs  on  the  other  surface.  (Voss.) 

254.  Suppo.se  now  that  there  is  a  third  surface,  any  point  on  which 
is  determined  by  parameters  A,  and  /j,  ;  then  it  will  have  conformal  similarity 
to  the  first  surface,  if  there  be  any  functional  relation  of  the  form 

A,  +  V*  =  h  (p  +  iq). 
But  if  h~l  be  the  inverse  of  the  function  li,  then  we  have  a  relation 


which  is  the  necessary  and  sufficient  condition  for  the  conformal  similarity 
of  the  second  and  the  third  surfaces. 

This  similarity  to  one  another  of  two  surfaces,  each  of  which  can  be  made 
to  correspond  to  a  third  surface  so  as  to  be  conformally  similar  to  it,  is  an 
immediate  inference  from  the  geometry.  It  has  an  important  bearing,  in 
the  following  manner.  If  the  third  surface  be  one  of  simple  form,  so  that  its 
parameters  are  easily  obtainable,  there  will  be  a.  convenience  in  making  it 
correspond  to  one  of  the  first  two  surfaces  so  as  to  have  conformal  similarity, 
and  tl)en  in  making  the  second  of  the  given  surfaces  correspond,  in  conformal 
similarity,  to  the  third  surface  which  has  already  been  made  conformally 
similar  to  the  first  of  them. 

Now  the  simplest  of  all  surfaces,  from  the  point  of  view  of  parametric 
expression  of  points  lying  on  it,  is  the  plane  :  the  parameters  are  taken  to 
be  the  Cartesian  coordinates  of  the  point.  Hence,  in  order  to  map  out  two 


We  therefore  take  P  =  X,  Q  =  Y,  N  =  1 :  and  then 

•where  Z  is  the  complex,  variable  of  a  point  in  the  plane ;  and  the  equations 
\vhich  establish  the  conformation  of  the  surface  with  the  plane  are 

dsz  =  n  (dp*  +  dqz) 


where/!  (p  —  iq)  is  the  form  of  f(p  +  iq)  when,  in  the  latter,  the  sign  of  i  is 
changed  throughout. 

As  yet,  only  the  form  P  +  iQ  =f(p  +  %)  lias  keen  taken  ^nto  account. 
It  is  sufficient  for  our  present  purpose,  in  regard  to  the  alternative  form 
JP  +  iQ  =  g  (p  —  iff),  to  note  that,  by  the  introduction  of  a  plane  as  an  inter- 
mediate surface,  there  is  no  essential  distinction  between  the  cases*.  For 
as  P  =  X,  Q—  Y,  we  have 

X  +  iY=g  (p-iq), 

and  therefore  X-iY=gl(p  +  iq), 

•which  maps  out  the  surface  on  the  plane  in  a  copy,  differing  from  the  copy 

determined  by 

X  +  iY  =  g,(p  +  iq), 

only  in  being  a  reflexion  of  that  former  copy  in  the  axis  of  X.     It  is  therefore 
sufficient  to  consider  only  the  genera^,  relation 


Ex.  "We  have  an  immediate  proof  that  the  form  of  relation  between  two  planes,  as 
considered  in  §  9,  is  the  most  general  form  possible.  For  in  the  case  in  which  the 
second  .surface  is  a  plane,  we  have  ds'2  =  dxi  +  dt/z,  so  that  n=l,  p  =  x,  q=y-  hence  the 
most  general  law  is 


that  is,  w=f(z), 

in  the  earlier  notation.     Some  illustrations  arising  out  of  particular  forms  of  the  function 

f  will  be  considered  later  (§  257). 

255.  In  the  case  of  a  surface  of  revolution,  it  is  convenient  to  take  <£ 
as  the  orientation  of  a  meridian  through  any  point,  that  is,  the  longitude  of 
the  point,  cr  as  the  distance  along  the  meridian  from  the  pole,  and  q  as 
the  perpendicular  distance  from  the  axis;  there  will  then  be  some  relation 
between  a-  and  q,  equivalent  to  the  equation  of  the  meridian  curve.  Then 


4- 


the  relation,  which  establishes  the  law  of  conformation  between  the  plane 
and  the  surface  in  the  most  general  form,  is 

x  +  iy  =/((£  +  iff)  ; 
and  the  magnification  m  is  given  by 


Evidently  the  lines  on  the  plane,  which  correspond  to  meridians  of 
longitude,  are  given  by  the  elimination  of  0,  and  the  lines  on  the  plane, 
which  correspond  to  parallels  of  latitude,  are  given  by  the  elimination  of  <£, 
between  the  equations 


Ex.  ]  .  A  piano  map  is  made  of  a  surface  of  revolution  so  that  the  meridians  and  the 
parallels  of  latitude  are  circles.  Show  that,  if  (•;•,  n)  bo  the  polar  coordinates  of  a  point  on 
the  map  determined  by  the  point  (6,  0)  on  the  surface,  then 


cos  a 

v 


™  =  -  2«c  {rte8"8  cos  2  (cxjb  + //)  +  6  cos  (0  +  £)}, 


where  a,  ft,  c1,  y,  h  are  constants. 

Prove  also  that  the  centres  of  all  the  meridians  lie  on  one  straight  line  and  that  the 
centres  of  all  the  parallels  of  latitude  lie  on  a  perpendicular  straight  line.       (Lagrange.)     . 

Ex.  2.     Prove  that,  in  a  plane  map  of  a  surface  of  revolution,  the  curvature  of  a 

meridian  at  a  point  6  is  ?r-.  (  —  -  )  ,  and  the  curvature  of  a  parallel  of  latitude  at  a  point  (b 
L  oQ  \m([J  if 

is  =-7  f  —  ).     Hence  shew  that,  if  the  meridians  and  the  parallels  of  latitude  become 
3(/>  \rnyj 

circles  on  the  plane  map  given  by 


the  function  /and  the  conjugate  function  J\  must  satisfy  the  relation 

{/,<*>  +  #}  =  {/!,  <£-#}, 

where  {/,  /*}  is  the  Schwarzian  derivative.  (Lagrange.) 

Ex.  3.     On  the  surface  of  revolution,  let 

•^r=  —  4i  J??i2ycZcr, 

where  m,  y,  cr  have  the  significations  in  the  text;  shew  that  0  and  -^  satisfy  the  equation 

u      / 

~i  ~T~  1  * 


In  the  case  of  the  sphere,  the  natural  parameter  of  a  point  on  a  great- 
ircle  meridian  is  the  latitude  A,  We  then  have  da-  =  ad\,  where  a  is  the 
idius  ;  and  q  =  a  cos  \  so  that 

ds2  =  a2  d\2  +  a-  cos2 


/here  sech  ^  =  cos  A.     Hence  we  have 


,nd  the  magnification  -m  is  given  by 

ma  cos  A  =  {/'  (<jb  +  t' 

There  are  two  forms  of  /  which  are  of  special  importance  in  representa- 
ions  of  spherical  surfaces. 

First,  let  /(/A)  —  kp,  where  k  is  a  real  constant  ;  then 


md  therefore  X  =  /.7<jb,       Y—l^t  —  k  sech"1  (cos  X)  ; 

-hat  is,  the  meridians  and  the  parallels  of  latitude  are  straight  lines, 
lecessarily  perpendicular  to  each  other,  because  angles  are  conserved. 
Che  meridians  are  equidistant  from  one  another;  the  distance  between 
AVO  parallels  of  latitude,  lying  on  the  same  side  of  the  equator  and 
laving  a  given  difference  of  latitude,  increases  from  the  equator.  We 
lave  /'(<$>  +  i'Sr)  =  k  =//(<£  —  i  $•)  ;  and  therefore 

k       . 

m  =  —  sec  A, 
a 

)r  the  map  is  uniformly  magnified  along  a  parallel  of  latitude  with  a 
magnification  which  increases  very  rapidly  towards  the  pole.  This  map  is 
mown  as  Mer  Gator's  Projection, 

Secondly,  let/(/*)  =  keic*,  where  k  and  c  are  real  constants  ;  then 

X  +  iY  -  keic  {tl>Jri^  =  ke~s^  (cos  c<£  +  i  sin  c<£), 
md  therefore  X  =  lce~^  cos  c^b  and  Y=  Jeer0*  sin  c<£. 

For  the  magnification,  we  have 

/'  (0  +  ity  =  icke*  (*+iS)  and  //  (<j>  -  fo)  = 
30  that  '  ma  cos  X  =  cke~e^, 


j.  =  A.  tan  9  ; 

the  parallels  of  latitude  are  represented  by  the  concentric  circles 

X  2  +  F2  =  k*e~'*  =  k*  \~Siri  -X  , 
1  +  sin  A, 

the  common  centre  of  the  circles  being  the  point  of  concurrence  of  the 
lines;   and  the  magnification  is 

k 

j-i-i  ~—  ________  ™.™_._  -___.-.. 

a(l  +  sinX)  ' 

This  map  is  known  as  the  titereoc/raphic  projection.     The  South  pole  is  the 
pole  of  projection. 

It  is  convenient  to  take  the  equatorial  plane  for  the  plane  of  z  :  the 
direction  which,  in  that  plane,  is  usually  positive  for  the  measurement  of 
longitude,  is  negative  for  ordinary  measurement  of  trigonometrical  angles. 
If  'we  project  on  the  equatorial  plane,  we  have 


which  gives  a  stereographic  projection. 

Ex.  1.     Prove  that,  if  a,  y,  z  be  the  coordinates  of  any  point  on  a  sphere  of  radius  a  and 
centre  the  origin,  every  plane  representation  of  the  sphere  i.s  included  in  the  equation 


for  varying  forms  of  the  function  /. 

E<>\  2.     In  a  stereographic  projection  of  a  sphere,  the  complex  variable  of  a  point 
corresponding  to  a  point  7Jon  the  .sphere  is  x+iy,     Prove  that  the  complex  variable  of  the 

point,  which  corresponds  to  the  point  diametrically  opposite  to  P,  is  - 


EJ;.  3.  Two  conformal  representations  of  the  surface  of  a  sphere  on  a  plane  are  given 
by  Mercator's  projection  and  a  .stereographic  projection.  Find  the  form  of  relation  which 
will  transform  these  projections  into  one  another. 

E;v.  4.  Shew  that  rhumb-lines  (loxodromes)  on  a  sphere  become  straight  lines  in 
Mercator's  projection  and  equiangular  spirals  in  a  stereographic  projection. 

Ex.  5.  A  great  circle  cuts  the  meridian  of  reference  (c/j  —  0)  in  latitude  a  at  an  angle  a; 
shew  that  the  corresponding  curve  in  the  stereographic  projection  is  the  circle 

(X  +  k  tan  ct)a  +  (  Y+k  cot  n  sec  a)'2  =  &2  sec2  a  cosec'2  n. 

Ex.  6.  A  small  circle  of  angular  radius  r  on  the  sphere  has  its  centre  in  latitude  o  and 
longitude  n;  shew  that  the  corresponding  curve  in  the  stereographic  projection  is  the 
•circle 


ne  such  condition  is  assigned  by  making  the  magnification  the  same  at 
ic  points  of  highest  and  of  lowest  latitude  on  the  map.  If  these  latitudes 
3  X1;  X2,  then 

a^^    C31Y1    "X       1  <r  ''*      1)  (1      . -    Q1T1 

Oil  I    f\-lj  \  -L  CilIJ. 

*  that 


1  — sinXA      ,      /1+sin/vA 

.  -—    -  log -•-• 

1  —  sin  X3/  \1  +  sm  X2/ 


his  representation  is  used  for  star-maps :  it  has  the  advantage  of  leaving 
le  magnification  almost  symmetrical  with  respect  to  the  centre  of  the  map. 

Ex.     Prove  that  the  magnification  is  a  minimum  at  points  in  latitude  arc  sin  c. 
Shew  that,  if  the  map  be  that  of  a  belt  between  latitudes  30°  and  60°,  the  magnification 
a  minimum  in  latitude  45°  40'  50";  and  find  the  ratio  of  the  greatest  and  the  least 
agnifications. 

Note.  Of  the  memoirs  which  treat  of  the  construction  of  maps  of 
irfaces  as  a  special  question,  the  most  important  are  those  of  Lagrange* 
id  Gauss  f.  Lagrange,  after  stating  the  contributions  of  Lambert  and  of 
tiler,  obtains  a  solution,  which  can  be  applied  to  any  surface  of  revolu- 
on ;  and  he  makes  important  applications  to  the  sphere  and  the  spheroid, 
auss  discusses  the  question  in  a  more  general  manner  and  solves  the 
uestion  for  the  conformal  representation  of  any  two  surfaces  upon  each 
3her,  but  without  giving  a  single  reference  to  Lagrange's  work :  the 
)lution  is  worked  out  for  some  particular  problems  and  it  is  applied,  in 
ibsequont  memoirs*,  to  geodesy.  Other  papers  which  may  be  consulted 
re  those  of  Bonnet §,  Jacobi||,  Korkineli',  and  Von  dcr  Miihll**;  and  there 
i  also  a  treatise  by  Herz*J*f. 

But  after  the  appearance  of  Riemann's  dissertation^,  the  question 
jased  to  have  the  special  application  originally  assigned  to  it;  it  has 
radually  become  a  part  of  the  theory  of  functions.  The  general  develop- 
lent  will  be  discussed  in  the  next  chapter,  the  remainder  of  the  present 

*  Nouv.  Mem.  de  VAcad.  Roy.  de  Berlin,  (1779).     There  are  two  memoirs :  they  occur  in  his 
illected  works,  t.  iv,  pp.  635 — G92. 

t  Schumacher's  Astr.  Abh.  (1825);  Ges.  Wurke,  t.  iv,  pp.  1S9— 210. 

J  GiHt.  Abh.,  t.  ii,  (1844),  ib.,  t.  iii,  (1847);  Ges.  U'erke,  t.  iv,  pp.  259—340. 

§  Liouville,  t.  xvii,  (1852),  pp.  301—340. 

||   C  relit!,  t.  lix,  (1861),  pp.  74—88;  Ges.  Wcrke,  t.  ii,  pp.  399—416. 

II  Math.  Ann.,  t.  xxxv,  (1890),  pp.  588—604. 
**  Crdle,  t.  Ixix,  (1868),  pp.  264—285. 


oetween  w  ana  z  ana  tneir  geometrical  representations. 

The  following  examples  give  the  conformal  representation  of  the  respective  surfaces 
upon  a  plane  or  a  part  of  a  plane. 

Ex.  1.  A  point  on  an  oblate  spheroid  is  determined  by  its  longitude  I  and  Us 
geographical  latitude  /u.  Shew  that  the  surface  will  be  conformally  represented  upon  a 
plane  by  the  equation 


for  any  form  of  the  function  f;  whore  seen  </>  =  cos  p,  and  e  is  the  eccentricity  of  the 
meridian. 

Also  shew  that,  if  the  function  /  be  taken  in  the  form  /(w)  =  £el'c",  the  meridians  in 
the  map  are  concurrent  straight  lines,  and  the  parallels  of  latitude  concentric  circles;  and 
that  the  magnification  is  stationary  at  points  in  geographical  latitude  arc  sin  c.  (Gauss.) 

Ex.  2.  Let  the  semi-axes  of  an  ellipsoid  be  denoted  by  p,  (p2  —  62)a,  (p2-c2)",  in 
descending  order  of  magnitude.  Shew  that  the  surface  will  be  conformally  represented 
upon  a  plane  by  the  equation 


T  ,  --P-    j-  \i  /    ,  -s     11     Q(u  +  a)Q(iv  +  <.t)} 

A  +  1  Y—f  \  h  (u  +  w)  +  i  log  -~r  ---  f—  -;-  -  (  }• 

J  {    ^         '     -     b  0  (u  -  «)  0  (ID  -  a)} 

for  any  form  of  the  function  f;  where  u  and  v  are  expressed  in  terms  of  the  elliptic 
coordinates  p1  and  pa  of  a  point  on  the  surface  by  the  equations 


—  ~,  —  ~  =  sn  iv  ; 
pa  (c^-o2) 


„  fc'2-   2\ 

the  modulus  is  -    -^  —  rr,  }  ,  the  constant  a  is  given  by 
"- 


c 

&  =  cdn  a, 

and  the  value  of  the  constant  h  is  tn  a  dn  a  -  Z  (a).  (Jacobi.) 

Ex.  3.  The  circular  section  of  an  anchor-ring  by  a  plane  through  the  axis  subtends  an 
angle  ir-~  2e  at  the  centre  of  the  ring,  and  the  position  of  any  point  on  such  a  section  is 
determined  by  I,  the  longitude  of  the  section,  and  by  A,  the  angle  between  the  radius  from 
the  centre  of  the  section  to  the  point  and  the  line  from  the  centre  of  the  section  to  the 
centre  of  the  ring. 

Shew  that,  by  means  of  the  equations 

Z=27T.V, 

tan  -|X=cot  -|e  tan  (try  tan  e), 

the  surface  of  the  anchor-ring  is  conformally  represented  on  the  area  of  a  rectangle  whose 
sides  are  1  and  cot  e.  (Klein.) 

Ex.  4.  Consider  the  surface  generated,  by  revolution  round  the  axis  of  y',  of  the  curve 
whose  equations  are 

#'  =  a  sin  it,        ?/  =  a  (cos  it  +  log  tan  -J  t), 

sometimes  called  the  tractrix. 

The  radius  of  curvature  of  the  curve  is  —  a  cot  f,  :  the  lenerth  of  the  normal  intercepted 


dsz  =  da! 2 '+  dy' 2 + of 2  d c/>2    ' 
=  a2  cot2  t  dt2  +  a2  sin2 1  d^ 


\ 

Let  a  new  variable  \js  be  introduced  by  the  relation 

7  /  _      cos  * 
30  that 


Y      sin  t ' 
then  the  arc-clement  is  given  by 

ds'2=-7-T,  (d( 
When  we  write 

this  becomes 

/72     a" 

=  ?/2 

and  so  the  surface  can  be  represented  conformally  upon  the  x,  y  plane. 

For  the  upper  half  of  the  surface,  corresponding  to  the  positive  part  of  the  af,  y'  plane 
of  the  original  curve,  the  range  of  t  is  from  -n-  to  £?r  ;  and  therefore  the  range  of  y  is  from 
co  to  1.  The  range  of  x  is  from  0  to  27r.  The  area  in  the  #,  y  plane  is  a  half -rectangle ;  it 
is  bounded  by  a  line  x=0  while  ;/  ranges  from  coto  1,  by  a  line  y  =  \  while  x  ranges  from 

0  to  27T,  by  a  line  x  —  ^ir  while  y  ranges  from  1  to  co.     Thus  the  relations,  between  the 
coordinates  A',  .1',  Z  of  the  surface  and  the  coordinates  #,  y  of  the  part  of  the  plane  upon 
which  the  surface  of  revolution  is  couformally  represented,  are 

.  „       cos  x          v      sin  x 

Y   —  /V I     —  ft 

j;X  —  U>  .  J    —  C&  . 

y  y 

Z=a  (cos  £4- log  tan  \t}t 
where  y  sin  t=l. 

For  the  lower  half  of  the  surface,  corresponding  to  the  negative  part  of  the  *•',  y'  plane 
of  the  original  curve,  the  range  of  t  is  from  in-  to  0 ;  and  therefore  the  range  of  y  is  from 

1  to  +  co .     The  range  of  x,  as  before  is  from  0  to  2-n-. 

When  in  the  original  curve,  t  ranges  from  n  to  27r,  the  value  of  y'  is  complex ;  the 
corresponding  sheet  of  the  surface  is  imaginary. 

When  t  ranges  from  2?r  to  STT,  there  is  a  real  sheet  of  the  surface  coincident  with  the 
former  real  sheet.  And  so  on,  for  the  successive  ^-intervals  of  the  quantity  ti. 

Ex.  5.  Iii  the  representation  of  the  surface  of  constant  curvature  given  in  the 
•  preceding  example,  prove  that  any  geodesic  upon  the  surface  becomes  a  circle  in  the  x,  y 
plane  having  its  centre  on  the  axis  of  x. 

*  See  my  Lectures  on  Differential  Geometry,  §§  211 — 213. 

+  For  a  further  discussion  of  the  surface  and  its  representation  upon  the  3-plane,  see  Darboux's 
TMorie  general?,  dcs  surfaces,  t.  iii,  pp.  394  et  seq. 

From  later  investigations  it  will  appear  that,  by  other  transformations,  the  infinite  strip  in 

•Hi/Ti     ~   nlnne     nnr\     Via    vanvaann+arl     nv>nn     rli-pfoi-oi-i  t     fr\vm  a     nf     avana     in     rlifporont:     nln.nPS       Sfl     tlin.t     n.nv 


obtained  by  a  relation 

P  +  iQ 
and  therefore  that  the  conformation  of  planes  is  obtained  by  a  relation 

w  =/  0), 
whatever  be  the  form  of  the  function  /,  or  by  a  relation 

cj)  (w,  z)  =  0, 

whatever  be  the  form  of  the  function  <£.  Some  examples  of  this  conformal 
representation  of  planes  will  now  be  considered;  in  each  of  them  the 
representation  is  such  that  one  point  of  one  area  corresponds  to  one  (and 
only  one)  point  of  the  other. 

Ex.  1.     Consider  the  correspondence  of  the  two  planes  represented  by 

(«  -  />)  w'i  ~  2sw  +  («  +  b)  =  0, 
that  is, 


Lot  /•,  Q  bo  the  coordinates  of  any  point  in  the  w-plane  :   and  .->:,  y  the  coordinates  of  any 
point  in  the  s-plane  :  then 


,,       f,       7.      ,  a  +  b~\        .  r,       ,.        (t-  +  b~\    .    „ 

2.1?=    («  — «)?•  +  —  —    cosy,         2?/=    (a  —  y)v  —     -----    sin  0. 

Hence  the  z-curves,  corresponding  to  circles  in  the  w-plano  having  the  origin  for  their 
common  centre,  arc  con  focal  ellipses,  2<;  being  the  distance  between  the  foci,  where 
<.P=a"  —  bz:  and  the  *-curvoH,  corresponding  to  straight  lines  in  the  w-pkmv  passing 
through  the  origin,  arc  the  confocal  hyperbolas,  a  result  to  be  expected,  becau.sc  the 
orthogonal  intersections  must  be  maintained. 

Evidently  the  interior  of  a  ?/;-circle,  of  radius  unity  aud  centre  the  origin,  is,  by  the 
above  relation,  transformed  into  the  part  of  the  s-plane  which  lies  outside  the  ellipse 
.r2/«a+2/2/«2=l,  the  w-circumferenco  being  transformed  into  the  s-ellipse. 

Eos.  2.     Discuss  the  correspondences  ?/;s2=l,  w+s'2=l. 

Ex.  3.     Consider  the  correspondence  implied  by  the  relation 

,_i  (2K  \  ,     .  ,      ,     2A' 

k    -?y  =  sn    —   2  }  =sns,  where  x  +iy  =g=  — s 
\  K    /  '  TT 

with  the  usual  notation  of  elliptic  functions.     Taking  w=X+i]r,  we  have 
k~  a  (J\TH-*J7')  =  sii  (x'  -\-iy'} 

sn  .i1'  en  iy'  dn  i?/'+sn  iy'  en .?/  dn  a1' 
'  sn2  IT/' 


Let  y'  —  ±  i  A"  :  then  sn  iy'=±-  j-. ,  en  iy'  =  A/  — ->;— ,  dn  it/'—  ^/l  +7-,  so  that 

,_A.,r     ..rs_l  +  /;       sn.r'  i 

-  ^   -i-  i    y_  _  _______  _  __ 


a      ^  4/f  ......  "  "  i"1*"1" 

7T  /L 

When  v/=  +  -j--^  and  #'  lies  between  K  and  -/i,  that  is,  x  lies  between  -|-TT  and  -  i^,  then 
is  positive  and  A'  varies  from  1  to  -  1  ;  so  that  the  actual  curve  corresponding  to  the 

7T  K' 

10  y~~jf]{   ™  ^ie  *ia^'  °f  tne  circumference  on  the  positive  side  of  the  axis  of  A*. 

inilarly,  the  actual  curvo  corresponding  to  the  line  y—  —  ^-^  is  the  half  of  the  circuni- 
ranco  on  the  negative  side  of  that  axis. 
The  curve  hereby  suggested  for  the  s-plane  is  a  rectangle,  with  sides  x  =  ±  -irr, 

7T    K.1 

=  ±—  .'-,-;.     To  obtain  the  «>-curve  corresponding  to  A'=iir,  that  is.  to  ;t;'  —  K.  we  have 

u-  Yl.  " 


>  that  r=  0  and  Ar=  ^         -  . 

dii  ly 

ow  ?/'  varies  from  -\  K'  through  0  to   -^K'  :  hence  X  varies  from  1  to  $  and  back 
0111  /:"  to  1.     Similarly,  the  curve  corresponding  to  x—  —in-, 
lat  is,  to  ,-)/  —  -  A',  is  part  of  the  axis  of  X  repeated  from 
1  to  -U*  and  back  from  -k1  to  ~1. 

Hetico  tlio  area  in  the  w-plane,  corresponding  to  the  rect- 
igle  in  the  2-  plane,  is  a  circle  of  radius  unity  with  two  diametral 
its  from  the  circumference  cut  inwards,  each  to  a  distance  /fr- 
om the  centre. 

The  boundary  of  this  simply  connected  area  is  the  homo- 
guc  of  the  boundary  of  the  2-rectangle  given  by  x—  +-i-7r, 

=  ±  ~r-jf  '•  the  analysis  shews  that  the  two  interiors  corre-  Fig.  86. 

mud*.  And  the  sudden  change  in  the  direction  of  motion  of  the  w-point  at  the  inner 
±remity  of  each  wlit,  while  z  moves,  continuously  along  a  side  of  the  rectangle,  is  due  to 
ic  fact  that  dwjdz  vanishes  there,  so  that  the  inference  of  §  9  cannot  be  made  at  this 
rint.  (See  also  Ex.  15.) 

Corollary.     We  pass  at  once  from  the  rectangle  to  a  square,  by  assuming  K'  —  :LK;  then 
=  (\/2-l)",  find  the  corresponding  modifications  are  easily  made. 

Ex.  4.     Shew  that,  if  z=sn2(-|w,  k]  where  zo  =  u+iv,  then  the  curves  u  =  constant, 
=  constant,  are  confocal  Cartesian  ovals  whose  equations  may  be  written  in  the  form 

7-j-rdu  («,&)  =  en  («;,&),        j^+rdn  (vi,  /(;')=  cu(wi,  k'\ 
here  r  and  )\  denote  the  distances  from  the  foci  z=0  and  z  —  \. 

If  j-jj  denote  the  distance  of  a  point  from  the  third  focus  z  =  j,,  find  the  corresponding 
uiations  connecting  r,  r2;  and  rl5  r2. 

Shew  that  the  curves  u  =  K,  v  =  K'  are  circles,  and  that  the  outer  and  the  inner  branches 
'an  oval  arc  given  by  u  and  %K-u,  or  by  v  and  2K'  —  v.  (Math.  Trip.,  Part  II.,  1891.) 

*  For  details  of  corresponding  curves  in  the  interiors  of  the  two  areas,  see  Siebeck,  Grelle, 


where  k  and  c  are  real  positive  constants. 

Shew  that,  if  an  area  be  chosen  in  the  w-plano  included  within  a  circle,  centre  the 
origin  and  radius  unity,  and  otherwise  bounded  by  two  circles  centres  1  and  -  1  (so  that 
its  whole  boundary  consists  of  four  circular  arcs),  then  the  corresponding  area  in  the 
z-plane  is  a  portion  of  a  ring,  bounded  by  two  circles,  of  radii  cch  and  ce~h  and  centre  the 
origin,  and  by  two  lines  each  passing  from  one  circle  to  the  other. 

Prove  that,  when  the  semi-circles  in  the  w-plane  are  very  small,  HO  as  merely  to 
exclude  the  points  1  and  —  1  from  the  .circular  area  and  boundary,  the  corresponding 
?;-figure  is  the  ring  with  a  single  slit  along  the  axis  of  real  quantities*. 

Ea:  6.     Consider  the  correspondence  implied  by  the  relation 


For  all .  values  of  A", 


Taking  w  =  X+iY,  we  have 

x  +  iy  —  o  sin  (X  +  i  F) 

=  G  sin  X  cosh  Y+ic  cos  X  sinh  Y, 

so  that  ,v  =  fi  sin  X  cosh  7",        y  =  c  cos  X  si  nh  Y. 

When  Y  is  constant,  then  z  describes  the  curves 

_  •!!        +  .........  f.  ........  _! 

(f  cosh2  re*  sinl^r      ' 

which,  for  different  values  of  Y,  are  confocal  ellipses. 

Now  take  a  rectangle  lying  between  A'=±^TT,    Y=±\. 
cos  A'  is  positive:   hence  when    Y=  +  X,  y 
is  positive  and  x  varies   from    c  cosh  X   to 
—  c  cosh  X,  that  is,  the  half  of  the  ellipse  on 
the  positive  side  of  the  axis  of  y  is  covered. 

Let  X=  -^TT  :  then 

y  =  0  and  x=  —  c  cosh  Y. 
As    Y  varies  from    +  X  through  0  to    —X 
along  the  side   of  the"  rectangle,   x   passes 
from  B  to  //  (the  focus)  and  back  from  H 
to  J3.    '  Fig.  87. 

When  Ir=  -X,  then  s  describes  the  half  of  the  ellipse  on  the  negative  side  of  the  axis 
of  y  :  when  X=  +£TT,  then  ?y=0,  &-='ccosh  J7",  so  that  z  passes  from  A  to  S  (a  focus)  and 
back  from  £  to  A. 

Hence  the  z-curve  corresponding  to  the  contour  of  the  w-rectangle  is  the  ellipse 
with  two  slits  from  the  extremities  of  the  major  axis  each  to  the  nearer  focus  :  the 
analytical  relations  shew  that  the  two  interiors  correspond. 

Ex,  1,     Consider  the  correspondence  implied  by  the  relation 


-    =  sn 


From  Ex.  3,  it  follows  that   the  interior  of  a  w-circle.  centre  the   origin  and  radius 


where  a=«cosh-  •„  and  &=csinh  — -^ ,  provided  two  slits  be  made  in  the  elliptical  area 
along  the  major  axis  from  the  curve  each  to  the  nearer  focus. 

Thus,  by  means  of  the  rectangle,  the  interiors  of  the  slit  'W-circle  and  the  slit  s-ellipsc 
are  shewn  to  be  conformal  areas. 

But  the  lines  of  the  two  slits  are  conformally  equivalent  by  the  above  equation.     For 
the  slit  on  the  positive  side  of  the  axis  of  x  extends  from  x—c  to  a?  =  ccoshX,  where 

X=-7  ,v     and  it  has  been  described  in  both  directions :  we  thus  have 
4/i 

z  —  c  cosh  /3, 
where  /3  passes  from  0  to  X  and  back  from  X  to  0.     Hence 

sin  ~ l  -  =  sin~ l  (cosh  /3)  =  i  TT  + 1/3, 

C 

so  that  the  corresponding  w-curve  is  given  by 

en 


, 

t 


Then,  when  /3  assumes  its  values,  w  passes  from  1  to  $  and  back  from  k*  tn  1,  that  is, 
to  describes  the  circular  slit  on  the  positive  side  of  the  axis  of  X. 

Similarly  for  the  two  slits  on  the  negative  side  of  the  axis  of  real  quantities.  Thus 
the  two  slits  may  be  obliterated  :  and  the  whole  interior  of  the  w-circle  can  be  represented 
on  the  interior  of  the  s-ellipsc. 

Prom  the  equations  defining  a,  and  6,  it  follows  that 
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\a+bj 
in  the  Jacobian  notation  ;  and  t;2=a2-  fr2. 

Combining  the  results  of  Ex.  1  and  Ex.  7,  we  have  the  theorem  *  :  — 

The  part  of  the  z-plane,  which  lies  outside  the  ellipse  xz/a?+f/tf=l,  is  transformed 
into  the  interior  of  a  w-circle,  of  radius  unity  and  centre  the  origin,  by  the  relation 


and  the  part  of  the  z-plane,  which  lies  inside,  the  same  ellipse,  is  transformed  into  the  interior 
of  the  same  ui-cirele  by  the  relation. 


2K   .   _,,   ,  „     7«-i,1 
—  sm    l{z(al  —  o-)    2r    , 
T  J 


where  the  Jacobian  constant  q  which  determines  the  constants  of  the  elliptic  functions,  in 

given  by 

a-b\2 


of  the  anharmonic  ratios  of  the  range  (J3A,  1\P\).  (Math.  Trip.,  Part  II.,  1800.) 

Ex.  9.     Consider  the  correspondence  implied  by  the  relation 

(w  +  l)zs=4. 

When  w  describes  a  circle,  of  radius  unity  and  centre  the  origin,  then  W  =  G^'  :  so  that, 
if  r  and  6  be  the  coordinates  of  2,  wo  have 


or  -  --  (  cos  •••  -  i  .sin  -  )  =  1  +  e'')l  =  1  +  cos  c/>  +  i  .sin  </>. 

V?'   \         ^  ^/ 

TT  /  2         6      ,\°     4   .  a6     . 

Hence  -—  cos  -  -  1  )  +  -  sin-  --•  =  1, 

Wr        s!       /        »'         2       ' 


that  is, 

z, 

shewing  that  z  then  describes  a  parabola,  having  its  focus  at  the  origin  and  its  latus 
rectum  equal  to  4. 

Take  curves  outside  the  parabola  given  by 
where  //,  is  a  constant  ^1.     Then 


so  that  - 

vr 

2  1 

therefore  A"-|- 1  =  -  -  cos2  -J  5  =  -  -  ( 1  +  cos  5) , 

p.          -        jaN 


so  that 

a  series  of  circles  touching  at  the  point  X=-I,  Y=Q,  and  (for  p.  varying  from  1  to  x  ) 
covering  the  whole  of  the  interior  of  the  w-circlc,  centre  the  origin  and  radius  unit}'. 

Hence,  by  means  of  the  relation  (w  +  l)2z=4,  the  exterior  of  the  s-spacc  bounded  by 
the  parabola  is  transformed  into  the  interior  of  the  ?«-space  bounded  by  the  circle. 


Ex.  10.     Shew  that,  if  2  (?0'l-l)2  +  4w»=0,  the  curves  in  the  w-plane  corresponding  to 
the  real  axis  in  the  «-plane  are  three  arcs  of  circles  ;  and  find  the  angles  at  which  they  cat. 

Ex.  11.     Prove  that  the  infinite  half-strip  in  the  s-plane,  bounded  by 

0^#<2n-,     O^y, 
is  represented  upon  the  interior  of  a  ^-circle  of  radius  unity  by  the  relation 


We  have  ~~  =  cos  (frz*)  =  cos  (^  e^ei\ 

so  that,  if  ii'  +  l  =  Re&l,     ^t  =  ^^^r^  cos^0,     v=^irr^  sin  \Q, 

then  2/i"1  cos  0-  l  =  oos  «  cosh  y, 

•2,R~l  sin  0       =sin  w  shm  -y. 

The  ?/'-curvcs,  corresponding  to  the  confocal  parabolas  in  the  g-plane,  are 
(2  co.se  -R}*  _  4  sin2  0  _     2 

cos2  tt  sin2  u 

If  ?*  <  -iff,  then  <2R~l  cos  6  >  1,  that  is,  R  <  2  cos  6  ;  while,  if  u  >  }w,  we  have  /i!>  2  cos  0. 
It  thus  appears  that  the  s-space  lying  within  the  parabola  ?6=?,-ir,  that  is,  r  cow2  }0  =  1, 
is  transformed  into  the  interior  of  a  w-circle,  centre  the  origin  and  radius  unity,  by  means 
of  the  relation 


By  the  two  relations*  in  Ex.  9  and  Ex.  12,  the  spaces  within  and  without  the  parabola 
arc  conformally  represented  on  the  interior  of  a  circle. 

Ex.  13.     Consider  .the  relation 

_i—iv 

then,  if  s  =  a}  +  iy  and  -w  =  X-\-iY,  we  have 


"When  w  describes  the  whole  of  the  axis  of  X  from  -  oo  to  +00,  HO  that  we  can  take 

Ar=tan</>,   7=0,  where  (/;  varies  from  -  ^  to  +  ^,  we  have  A-=cos20,  y=sin20;  and 

jL  2i 

z  describcH  the  whole  circumference  of  a  circle,  centre  the  origin  and  radius  1.  For 
internal  points  of  this  circle  1  —  ,r2-?/2  is  positive:  it  is  equal  to  4F-f-{A'2  +  (H-]r)2},  and 
therefore  the  positive  half  of  the  w-plane  is  the  area  conformal  with  the  interior  of  the 
circle,  of  radius  unity  and  centre  the  origin,  in  the  s-plane. 

Ex.  14.  On  the  circle  in  the  s-planc  in  the  preceding  example,  three  points  ABC  are 
taken  as  the  angular  points  of  an  equilateral  triangle.  Circles  J3A,  AC,  CB  are  drawn 
touching  013,  OA  ;  OA,  00;  00,  OB;  respectively,  where  0  is  the  centre.  Draw  the 
figure  in  the  w-plane  corresponding  to  the  curvilinear  triangle  ABC. 

E.r.  15.     Again,  consider  a  relation 


We  have 

so  that  •"• ==  r~n "."/""".    \o>i> 


Let*-  =  0,  so  that  T=0 ;  then 

/•a/2  _  ,.2MJ         /„  _  A  2 


Lot  #2+ya-c2:=0,  so  that  F=0;  then 


where  y  =  ccosd.  Hence,  as  z  describes  the  semi-circular 
arc  BOA,  the  angle  6  varies  from  0  to  IT  and  X  changes 
from  0  to  —  QO  . 

(The  whole  axis  of  A"  is  the  equivalent  of  AOBGA  ;  and 
at  the  w-origin,  corresponding  to  B,  there  is  no  sudden 
change  of  direction  through  \TT.  The  result  is  apparently 
in  contradiction  to  §  9 :  the  explanation  is  due  to  the  Fig.  88. 

fact  that  ~  =  0  at  B,  and  the  inference  of  55  9  cannot.be  made.     Similarly  for  A,  where 
dz  ' 

-,—  is  infinite.     See  also  Ex.  3.) 
dz 

For  any  point  lying  within  the  2-semi-circlo,  both  x  and  i?-x"-y"  are  positive,  so 
that  T  is  positive.     Hence  by  the  relation 


the  interior  of  the  ^-semi-circle  is  conformally  represented  on  the  positive  half  of  the 
w-plane. 

It  is  easy  to  infer  that 'the  positive  half  of  the  -w-plane  is  the  conformal  equivalent  of 

/z  —  i<\z 
(i)     the  interior  of  the  semi-circle  AGE  A  by  the  relation  ?«;=( r)   : 

(ii)    CBDG w 

(iii)  ' BDAB  w 


(iv)  -. DAGD  w 

And,  by  combination  with  the  result  of  Ex.  13,  it  follows  that  the  relation 


conformally  represents  the  interior  of  the  s-semi-circle  ACBA   on  the  interior  of  tho 
ip-circle,  radius  unity  and  centre  the  origin. 

Similarly  for  the  other  cases. 

Ex.  16.     Shew  that,  by  the  relation 


(i)    «;=*»,  (ii)    w= 

.Z&;.  18.     Consider  the  relation 

iv  =  aeiz\ 

then  JT =ae~v  cos  &',       I'=  ae~ »  sin  x. 

The  curves  corresponding  to  y  —  constant  are  concentric  circumferences;  those  corre- 
sponding to  x= constant  are  concurrent  straight  lines. 

As  x  ranges  from  0  to  |TT,  both  X  and  7  are  positive ;  for  a  given  value  of  x  between 
these  limits,  each  of  them  ranges  from  0  to  <x> ,  as  y  ranges  from  oo  to  -  oo  .  As  x  ranges 
from  -?;7r  to  TT,  X  is  negative  and  Y  is  positive ;  for  a  given  value  of  x  between  these 
limits,  -  X  and  Y  range  from  0  to  oo ,  as  y  ranges  from  oo  to  -  oo . 

Hence  the  portion  of  tho  2-plane  lying  between  y=  -  oo ,  y=oo,  #=0,  .«=TT,  that  is, 
a  rectangular  strip  of  finite  breadth  and  infinite  length,  is  conformally  represented  by  the 
relation 

w  =  aeiz 

on  the  positive  half  of  the  w-plane.  Combining  this  result  with  that  in  Ex.  13,  we  .see 
that  the  same  strip  is  conformally  represented  on  the  area  of  a  w-circle,  centre  the  origin 
and  radius  a,  by  means  of  the  relation 

w-l 

— —  fj  o  /jl« 

w  +  l 

Ex.  19.  'Find  a  portion  of  the  g-plane  that  corresponds,  under  the  relation  w—eiz,  to 
the  interior  of  the  circle 

u*  +  i?  =  l; 

and  the  portion  of  the  w-plane  that  corresponds  to  the  interior  of  a  circle 

,r2-f2/2=c2 
in  the  s-plane,  for  varying  values  of  c. 

Note.  It  may  be  convenient  to  restate  the  various  instances  of  areas  in  the  z-plane, 
bounded  by  simple  curves,  which  can  be  conformally  represented  on  the  area  of  a  circle 
in  the  w-plane: 

(i)  The  positive  half  of  the  z-plane;  Ex.  13. 

(ii)  An  infinite  strip  of  finite  breadth;  Ex.  11,  Ex.  18,  Ex.  19. 

(iii)  Area  without  an  ellipse;  Ex.  1.    ' 

(iv)  Area  within  an  ellipse;  Ex.  7. 

(v)  Area  without  a  parabola;  Ex.  9. 

(vi)  Area  within  a  parabola;  Ex.  10. 

(vii)  Area  within  a  rectangle ;  Ex.  3. 

(viii)  Area  within  a  semi-circle;  Ex.  16. 


\\ +v>»  i  • 

Then  wo  have  two  values  of  in3,  say  w^  w^,  where 


1-s* 


1+2 


Lot  z  describe  the  axis  of  &',  so  that  s  =  x.  D/ 

When  0  <  x  <  I,  then  w^  is  real  and  less  than 
unity  and  wa3  is  real  and  greater  than  unity.  Hence 
drawing  a  circle  iu  tho  •w-plano,  centre  the  origin 
and  radius  1,  and  six  lines  as  diameters  making  angles 
of  jjTT  with  one  another,  and  denoting  a  cube  root  of 
1  by  a,  then,  ns  s  passes  from  0  to  1  along  the  axis  of  ;u, 

•n>i  passes  from  A  to  0, 

wa    A  to  A'  (at  infinity), 

•  aw  i     G  to  0, 

aw2    G  to  6"  (at  infinity), 

«%!    E  to  0, 

a-w.    E  to  E'  (at  infinity). 

When  1  <&•<  co  ,  then  -w\*  is  a  real  quantity  changing  continuously  from  0  to  - 1,  and 
w.P  is  a  real  quantity  changing  continuously  from  -  co  to  —  1.  A.s  s  passes  from  1  to  oo 
along  the  positive  part  of  the  axis  of  .•(.', 

•//>!  passes  from  0  to  /'' 

•»V    A"  (at  infinity)  to  />', 

aii'i    0  to  B, 

nn>»    D'  (at  infinity)  to  D, 

a'X    0  to  D, 

cPiVa    F'  (at  infinity)  to  F. 

Hence,  as  s  describes  the  whole  of  the  positive  part  of  the  axis  of  ;c,  the  branches  of  in 
describe  the  whole  of  the  throe  lines  A'J)',  B'E',  G'F'. 

When  x  is  negative,  wo  can  take  &•=  —  taua  0,  so  that  0  varies  from  0  to  -|TT.     Then 


- 

1  +  -i  tan  0  ' 

so  that,  as  2  passes  from  0  to  —.00,  wt  describes  the  arc  of  the  circle  from  A  to  F, 
arc  from  G  to  .#,  and  (Pw\  the  arc  from  E  to  />.     And  then 


so  that  w->  describes  the  firo  of  the  circle  from  ./I  to  /?,  cr«;a  the  arc  from  G  to  Z),  and  aaw2 
the  arc  from  A'  to  /^  Hence,  as  2  describes  the  whole  of  the  negative  part  of  the  axis  of  &•, 
the  branches  of  w  describe  the  whole  of  the  circumference. 

As  s  describes  a  line  parallel  to  the  axis  of  x  and  very  near  it  on  the  positive  side,  the 
paths  traced  by  the  branches  are  the  dotted  lines  iu  the  figures  ;   the  six  divisions,  in 


where  qb,,  is  the  function  which  in  coefficients  is  conjugate  to  </;,  then  the  2-circumference, 
centre'  the  origin  and]  radius  c,  is  transformed  into  the  lo-circumference,  centre  the  origin 
and  radius  c. 

Taking  wn  and  z0  as  the  conjugate  variables,  we  have 


•^- 

0l 
o/ 

Now  if  ,:  describe  the  circumference  of  a  circle,  centre  the  origin  and  radius  c,  we  have 


so  that  ?0z00  =  c2, 

shewing  that  w  describes  the  circumference  of  a  circle,  centre  the  origin  and  radius  c. 

To  determine  -whether  the  internal  area  of  the  z-circumference  corresponds  to  the 
internal  area  of  the  w-circumference,  we  take  zz()=c*  —  e,  where  e  is  small.     Then 


xi       ,  2        ,  -, 

therefore  «;•»;„  =  c2    1H  —  7-     -^  1  -  -  -7- 

" 


1  <£'  (s)     1  c/V  (zri)\ 
c1     g,,  0(s)     z0oOo)J 


«o  that  the  interior  of  the  z-circumference  finds  its  coriformal  correspondent  in  the  interior 
or  in  the  exterior  of  the  w-circiunfcrence  according  as 


taken  along  the  circumference. 

The  simplest  case  is  that  in  which  0  (z)  is  of  degree  m,  so  that  it  can  bo  resolved  into 
m  factors,  say  0  (2)  =  A  (z  —  a)  (z  -  jS)  .  .  .  (s  -  6}  :  then 


and 


which  are  real— they  may  bo,  but  are  not  necessarily,  circles— anu  imaginary  uurvew  tmuur 
into  the  complete  analytical  representation  on  the  z-plane  corresponding  to  the  iy-circum- 
ference,  of  centre  the  origin  and  radius  c  on  the  w-planc. 


Ex.  22.     Discuss  the  2-curves  corresponding  to  |  w  \  =  1,  determined  by 


(Cay  ley.) 


Ex.  23.     Consider  the  relation 


We  have 


The  function  on  the  right-hand  side,  being  connected  with  the  expressions  for  tho  .six 
anharinonic  ratios  of  four  points  in.  terms  of  any  one  ratio,  vanishes  for 


so  that 

Hence,  taking 
we  have 


2() 


-i  _ 

•  1  — 


4  (z-i 

:27 


- 1)  (Ztc- 1)  (a/2+.V2  -  2aQ  {(.y2  +.?/2  -  a;  + 1  )8 +/} 


Hence  it  appears  that,  when  T=0,  so  that  w  traces  the  axis  of  real  quantities  in  its  own 
plane,  the  s- variable  traces  the  curves 


2a?- 1=0,    x-+y2-  2x=0, 

that  is,  two  straight  lines  and  two  circles  in  its 
own  plaue. 

In  order  to  determine  the  parts  of  the  2-plane 
that  correspond  to  the  positive  part  of  the  w-plane, 
it  is  sufficient  to  take  T  equal  to  a  small  positive 
quantity  and  determine  the  corresponding  sign  of 
it.  Let 

y=M 

where  Y  (and  therefore  ?/)  is  small :  then,  to  a  first 
approximation, 

27'  a-3  (A- -1)» 


Fig.  90. 


/*=' 


4  (2a?-  1)  (as  +  1)  (#-2)  (^- 


and  the  sign  of  /j.  determines  whether  the  part  on  the  positive  or  negative  side  of  the  axis 
of .?:  is  to  be  taken; 


When  x  <  —  1,  ju,  is  negative ;  z  lies  below  the  axis  of  x.     When  .t;  is  in  A  0,  so  that 

^       i    -^n    ..  ;„  ^.^UJir^  .    -  i;«t,  .-,V.nirn       is;i,«,,  ^.  :..  :„   rt  T)   .....  AI»,,J.    ..  -^    r\    ^  i         :. .  „ j.:. ... 


uiju  vtuuu  tiuu  unu  iimiuwj  v  HI  ue  are  01  uouoie  occurrence  lor  cneir  respective  points*. 
Vote.  It  is  easy  to  see  that  figures  89  and  90  are  two  different  stereographic  projections 
IG  same  configuration  of  lines  on  a  sphere  (§  277,  L,  n=3),  so  that  the  relations  in 
20  aud  Ex.  23  may  be  regarded  as  equivalent. 

Ix.  24.  Find,  in  the  same  way,  the  curves  in  the  2-plane,  which  are  the  conformal 
2seutation  of  the  axis  of  X  in  the  w-plane  by  the  relation  t 


&e.  25.     Shew  that,  by  the  relation 

w2 

ines,  .-<?  =  constant  in  the  z-  plane,  are  transformed  into  a  series  of  confocal  lemniscates 
LC  '(('-plane  ;  and  that,  by  the  relation 


-e  c  is  a  real  positive  constant  greater  than  unity,  the  interior  of  a  z-circle,  centre 

origin  and  radius  unity,  is  transformed  into  the  interior  of  the  lemniscatc  RR1  =  c 

ic  w-plane,  where  R  and  R'  are  the  distances  of  a  point  from  the  foci  (1,  0)  and 

°)-  (Weber.) 

258.  The  preceding  examples  J  may  be  sufficient  to  indicate  the  kind 
orrelation  between  two  planes  or  assigned  portions  of  two  planes,  that  is 
dded  in  the  conformal  representation  determined  by  a  relation  </>  (w,  z]  —  0 
lecting  the  complex  variables  of  the  planes.  We  shall  consider  only  one 
e  instance  ;  it  is  at  once  the  simplest  and  functionally  the  most  important 
il§.  The  equation,  which  characterises  it,  is  linear  in  both  variables  ;  and 
;  can  be  brought  into  the  form 

az  +  b 


cz  -\-  d' 

re  a,  b,  c,  d  are  constants:   it  is  called  a  homoyraphic  transformation, 
3  times  a  homographic  or  a  linear  substitution. 

Faking  first  the  more  limited  form 


writing  w  =  Re'6,  z  —  reie,  /j,  =  kze2v\  we  have 

Rr  =  k~,  6  +  6  =  27,  that  is,  ©-7  =  7-0, 

See  Klein-Fricke,  vol.  i,  p.  70. 
See  Klein-Fricke,  vol.  i,  p.  75. 

Many  others  will  be  found  in  Holzmiiller's  treatise,  already  cited,  which  contains  ample 
inces  to  the  literature  of  the  subject. 

For  the  succeeding  properties,  see  Klein,  Math.  Ann.,  t.  xiv,  pp.  120  —  124,  ib.,  t.  xxi, 
70—173;  Poincare,  Acta  Moth.,  t.  i,  pp.  1—6;  Klein  -Fricke,  Elliptische  Modulfunctionen, 
pp  163  et  seq.  They  are  developed  geometrically  by  Mobius,  Ges.  Werke,  t.  ii,  pp.  189—204, 
217.  243—314. 
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and  therefore  the  new  w-locus  will  be  obtained  from  the  old  ^-locus  by 
turning  the  plane  through  two  right  angles  round  the  line  7  through  the 
origin,  and  inverting  the  displaced  locus  relative  to  the  origin.  The  first 
of  these  processes  is  a  reflexion  in  the  line  7 ;  and  therefore  the  geometrical 
change  represented  by  wz  =  p  is  a  combination  of  reflexion  and  inversion. 

A  straight  line  not  through  the  origin  and  a  circle  through  the  origin  are 
corresponding  inverses ;  a  circle  not  through  the  origin  inverts  into  another 
circle  not  through  the  origin,  and  it  may  invert  into  itself;  and  so  on. 

Taking  now  the  general  form,  we  have 

ad  —  bo 


G 

or  transforming  the  origins  to  the  points  -  and in  the  w-  and  the  '^-planes 

c  c 

respectively,  and  denoting —  by  p.,  we  have  WZ  —  p,  that  is,  the  former 

c 

case.  Hence,  to  find  the  w-locus  which  is  obtained  through  the  transforma- 
tion of  a  2 -locus  by  the  general  relation,  we  must  transfer  the  origin  to  — , 

C 

turn  the  plane  through  two  right  angles  round  a  line  through  the  new  origin 
whose  angular  coordinate  is  \  arg.  (  — ,; —  1 ,  invert  the  locus  in  the  displaced 

\       C"       / 

/ )  f1  —  tin 

position  with  a  constant  of  inversion  equal  to —   ,  and  then  displace  the 

G 

origin  to  the  point  —  -' .     Hence  a  circle  will  be  changed  into  a  circle  by  a 
c 

homographic  transformation  unless  it  be  changed  into  a  straight  line ;  and 
a  straight  line  will  be  changed  into  a  circle  by  a  homographic  transformation 
unless  it  be  changed  into  a  straight  line. 

The  result   can  also  be  obtained  analytically  as  follows ;    the  formula-1 
relating  to  the  circle  will  be  useful  subsequently. 

A  circle,  whose  centre  is  the  point  (a,  /3)  and  whose  radius  is  r,  can  be 
expressed  in  the  form 

(z—a-  /3i)  (z0  -  a  +  fti)  =  r", 

or  zz0  +  6z  +  0<,Zo  +  7=0, 

where  —  9  —  a  —  (3i,  —  00  =  a  +  /3i,  7  =  $#0  —  r".  Conversely,  this  equation 
represents  a  circle,  when  6  and  00  are  conjugate  imaginaries  and  7  is  real ; 
;<.„  „„„,!_„„  •  ^j.  4.i,~  ^^,-,4-  i  /a  i  a  "\  i,,v/j  a  \  .-.^  ;±c,  v.,,,-K,-,t,  •;«  foa  _.i«- 


—  yc0a, 


Here  B'  and  7'  are  real,  and  &  and  #„'  are  conjugate  imaginaries;  therefore 
the  equation  between,  w  and  wn  represents  a  circle. 

Ex.  1.     A  circle,  of  radius  r  and  centre  at  the  point  (e,  /),  in  the  s-plane  is  transformed 
into  a  circle  in  the  w-plane,  by  the  homographic  substitution 

az  +  b 


•shew  that  the  radius  of  the  new  circle  is 

ad—  be 

where  A  =  (crcos/3  +  e)2  +  (o-sin/3+/)2-?<25 

and  <r,  /3  are  the  modulus  and  the  argument  respectively  of  - .    Find  the  coordinates  of 

c 

the  centre  of  the  w-circle. 

Ex.  2.  The  inverse  of  a  point  P,  with  regard  to  a  circle,  is  Q ;  and  the  inverse  of  ty, 
with  regard  to  any  other  circle  is  R.  Prove  that  the  complex  variables  of  P  and  21  are 
connected  by  a  homographic  relation 


Moreover,  since  there  are  three  independent  constants  in  the  general 
homographic  transformation,  they  may  be  chosen  so  as  to  transform  any  three 
assigned  ^-points  into  any  three  assigned  w-points.  And  three  points  on  a 
circle  uniquely  determine  a  circle :  hence  any  circle  can  be  transformed  into 
any  other  circle  (or  into  itself)  by  a  properly  chosen  homographic  transforma- 
tion. The  choice  of  transformation  can  be  made  in  an  infinite  number  of  ways  : 
for  three  points  on  the  circle  can  be  chosen  in  an  infinite  number  of  ways. 

A  relation  which  changes  the  three  points  z1}  zz>  zs  into  the  three  points 
wlt  w2,  «/3  is  evidently 

(w  -  M/a)  (w2  -  ws}  _  (z  -  fr)  Q2  -  z,) 
(w  -  w2)  (u\  -  w,)  ~(z-  z^  (zl  -~z3)' 

Hence  this  equation,  or  any  one  of  the  other  five  forms  of  changing  the  three 
points  zl}  z»,  zs  into  the  three  points  wl}  w2,  m,  in  any  order  of  correspondence, 
is  a  homographic  transformation  changing  the  circle  through  z1}  zz,  zs  into  the 
circle  through  wlf  w2,  ws. 


w  =  —     into  two  others  cutting  at  the  same  angle.    Hence*  a  plane  crescent, 
of  any  angle,  can  be  transformed  into  any  other  crescent,  of  the  same  angle. 

The  expression  of  homographic  transformations  can  be  modified,  so  as  to 
exhibit  a  form  which  is  important  for  such  transformations  as  are  periodic. 

If  we  assume  that  w  and  z  are  two  points  in  the  same  plane,  then  there 
will  in  general  be  two  different  points  which  are  unaltered  by  the  transforma- 
tion ;  they  are  called  the  fixed  (or  double)  points  of  the  transformation. 
These  fixed  points  are  evidently  given  by  the  quadratic  equation 

_  au  +  b 
cu,+  d3 

uilcliTJ   IS.  Ow"  "*~  I  Cv  """"  tv )   \>v  """"  C/  •"•"  \J» 

Let  the  points  be  a  and  /3,  and  let  M  denote  (d  —  a)"  +  46c ;  then 

T,  i 

2c«  =  a  —  d  +  M*,     2c/3  =  a  —  d  —  Jf -. 

If,  then,  the  points  be  distinct,  we  have 

w.—  a  _  (z  —  a)  (a  —  ca)  _  „  z  —  a 

on       i   /•?         ( ty  ar,_   /•?!  1/1  i...i.i_  f* l*\  \  <y    -      /3 

ct/          AJ         \  &  ^^  r*J  /  V  v/*J  /  &         /*J 

,                                         rr     a  —  ca     a  +  d  —  M" 
where  K  — —  — x  , 

a  -  c/3     a  +  d  +  M'~ 

and  therefore  (  J~K  +  —.=  )  =    -,--  -J-  . 

\  \/KJ      ad -be 

The  quantity  K  is  called  the  multiplier  of  the  substitution. 

If  there  be  a  ^-curve  in  the  plane  passing  through  a,  the  w-curve  which 
arises1  from  it  through  the  linear  substitution  also  passes  through  a.  To  find 
the  angle  at  which  the  ^-curve  and  the  w-curve  intersect,  we  have  w  =  a  -f-  §w, 
z=a-ir$z:  and  then 


so  that  the  angle  between  the  tangents  to  the  w-curve  and  the  #-curve  is  the 
argument  of  K.  Similarly,  if  a  £-curve  pass  through  /?,  the  angle  between 
the  tangents  to  the  ^-curve  and  the  w-curve  is  the  argument  of  K. 

The  form  of  the  substitution  now  obtained  evidently  admits  of  reapplica- 
tion ;  if  zn  be  the  variable  after  the  substitution  has  been  applied  n  times,  (so 
that  ZQ  =  z,  z-i  =  w),  we  have 


JLQ     UllOiU    Zift  =  #    CUJ.U     U1JLCJL  UJAJJL  C     UIJLfctU    Xi       —  JL 


(a  +  dj*  =  4  (ad!  —  be)  cos2  —  , 

where  s  is  any  integer  different  from  zero  and  prime  to  n;  K  cannot  be 
purely  jeal,  and,  in  general,  M  is  not  a  real  positive  quantity.  The 
various  substitutions  that  arise  through  different  values  of  s  are  so  related 
that,  if  points  zl}  zz,  ...,  zn  be  given  by  the  continued  application  of  one 
substitution  through  its  period,  the  same  points  are  given  in  a  different 
cyclical  order  by  the  continued  application  of  the  other  substitution  through 
its  period. 

Note  The  formula  in  the  text  may  be  regarded  as  giving  the  nth  power  of  a  substi- 
tution. The  forrn  of  the  substitution  obtained  is  equally  effective  for  giving  the  nth  root 
of  a  substitution  :  all  that  is  necessary  is  to  express  K  in  the  form  p</1,  and  the  7ith 
root  is  then 

zi  —  a       ,     , 


Ex.  1.     The  value  of  zn  has  been  given  by  Gayley  in  the  form 


obtain  this  expression. 

Ex.  2.  Periodic  substitutions  can  be  applied,  in  connection  with  Kirchhoff's  result 
that  a  plane  crescent  can  be  transformed  into  another  plane  crescent  of  the  same  angle  ; 
the  plane  can  be  divided  into  a  limited  number  of  regions  when  the  angle  of  the  crescent 
is  commensurable  with  TT. 

Let  A  ODD  A  bo  a  circle  of  radius  unity,  having  its  centre  at  the  origin  :  draw  the 
diameter  AB  along  the  axis  of  y.  Then  the  serni-circle  AGB  can  be  regarded  as  a  plane 
orescent,  of  angle  ^ir  ;  and  the  semi-circle  ABD  as  another,  of  the  same  angle.  Hence 
they  can  be  transformed  into  one  another. 

We  can  effect  the  transformation  most  simply  by  taking  A  (=i}  and  B(=  —i)  as  the 
fixed  points  of  the  substitution,  which  then  has  the  form 


z+i 

The  line  AB  for  the  w-curve  is  traiasformed  from  the  s-circular  arc  AGB:  these  curves 
cut  at  an  angle  ^TT,  which  is  therefore  the  argument  of  K.  Considerations  of  symmetry 
shew  that  the  z-point  G  on  the  axis  of  x  can  be  transformed  into  the  w-origin,  so  that 


whence  K=i,  so  that  the  substitution  is 

w  —  i.z  — 


ine  figure  i^ng.  yi;  snews  toe  enec^  m 
a  period.  The  first  application  changes  the  interior  of  AGE  A  into  the  interior  of  ABDA  : 
by  a  second  application,  the  latter  area  is  transformed  into  the  area  on  the  positive  side  of 
the  axis  of  y  lying  without  the  semi-circle  ADB ;  by  a  third  application,  the  latter  area  is 


transformed  into  the  area  on  the  negative  side  of  the  axis  of  y  lying  without  the  semi- 
circle AGE;  and  by  a  fourth .  application,  completing  the  period,  the  latter  area  is 
transformed  into  the  interior  of  ACBA,  the  initial  area. 

The  other  lines  in  the  figure  correspond  in  the  respective  areas. 
Ex.  3.     Prove  that  the  substitution 


is  periodic  of  order  six ;  express  it  in  canonical  form  ;  and  trace  the  geometrical  effect  of 
the  application  of  the  successive  powers  of  the  substitution  upon 

(i)     the  straight  line  joining  ?'  and  -  i ; 

(ii)    the  semi-circle  on  the  last  line  lying  to  the  right  of  the  axis  of  y. 

Ex.  4.     Shew  that,  if  the  plane  crescent  of  Ex.  2  have  an  angle  of  -IT  instead  of 

yi 

^TT  but  still  have  +i  and  -  i  for  its  angular  points,  then  the  substitution 

z+t 

If)  =z 

1    -/"' 
1  —  6-0 


9  7. 

in  terms  of  ®u-  <&e;  where  ®u  is  Weierstrass's  elliptic  function  formed  with  2  and  —  .  lop;  - 

•m        u 


.    ,  I   .      fls-p\          1  ,      /IN 

aw  periods,  u—  —  .  log    --  -   ,  c=—  .log    ••-  ) 

1  TT  l      b\az-a/'         Trt     &W 


« 

Determine  the  geometric  meaning  of  the  transformation  ^7^?=[-)  fLZ^':  an(j 

2  -  a       \a/    z  —  a 
effect  upon  the  function 


and  state  tlie  relation  connecting  this  function  with  $u  above. 

(Math.  Trip.,  Part  II.,  1893.) 

259.  Homographic  substitutions  are  divided  into  various  classes,  according 
to  the  fixed  points  and  the  value  of  the  multiplier.  As  the  quantities  a,  b, 
cy  d  c,an  be  modified,  by  the  association  of  an  arbitrary  factor  with  each  of 
them  without  altering  the  substitution,  we  may  assume  that  ad  —  be  =  1 ; 
\ve  shall  suppose  that  all  substitutions  are  taken  in  such  a  form  that  their 
•  coefficients  satisfy  this  relation.  Figures  which,  by  them,  are  transformed 
into  one  another  are  called  congruent  figures. 

If  the  fixed  points  of  the  substitution  coincide,  it  is  called*  a  parabolic 
substitution. 

There  are  three  classes  of  substitutions,  which  have  distinct  fixed  points. 

If  the  multiplier  be  a  real  positive  quantity,  the  substitution  is  called 
hyperbolic. 

If  the  multiplier  have  its  modulus  equal  to  unity  and  its  argument 
different  from  zero,  it  is  called  elliptic. 

If  the  multiplier  have  its  modulus  different  from  unity  and  its  argument 
different  from  zero,  it  is  called  loxodromic. 

These  definitions  apply  to  all  substitutions,  whether  their  coefficients  be 
real  or  be  complex  constants;  when  we  consider  only  those  substitutions, 
which  have  real  coefficients,  only  the  first  three  classes  occur.  Such  sub- 
stitutions are  often  called  real. 

The  quadratic  equation,  which  determines  the  common  points  of  a  real 
substitution,  has  its  coefficients  real ;  according  as  the  roots  of  the  quadratic 

*  All  these  names  are  due  to  Klein  :  I.e.,  p.  605,  note. 


IT         '   JT  *  t/  jf  X  i7 "  ' 

rf  .  a      ,r      .T:r 

2;  +  -  =  ic  +  it/       w =  A  + 1  y 

c  J  c 

which  imply  a  transference  of  the  respective  origins  along  the  respective  axes 
of  real  quantity ;  and  then 

y      ,v        ad— 1)0      1 

A.  +  II  —  ~  _..-— 

c-       ,v  +  ly 


Y  1 

so  that  —  =  ---,-,-•„  -----  ,.-  . 

y      C'(a;~+y-) 

The  axes  of  as  and  of  X  have  been  unaltered  by  any  of  the  changes  made  in 
the  substitution  ;  and  Y,  y  have  the  same  sign  and  vanish  together  ;  hence 
the  effect  of  a  real  transformation  is  to  conserve  the  axis  of  real  quantities,  by 
transforming  the  half  of  the  2-plane  above  the  axis  of  IK  into  the  half  of  the 
w-plane  above  the  axis  of  X. 

A.  real  transformation,  which  changes  z  into  w,  also  changes  ZQ  into  wt) 
(these  being  conjugate  complexes).  A  circle,  having  its  centre  on  the 
axis  of  x  and  passing  through  a,  13,  passes  through  «„,  {3a  also:  hence  a 
transformation,  which  changes  a  circle  through  a,  J3  with  its  centre  on 
the  axis  of  x  into  one  through  y,  8  with  its  centre  on  the  axis  of  X,  is 

z  —  a.    j3  —  «,,  _  w  —  7     8  —  TO 
z—  a0  '  /3  —  a.      w  —  y0'  S  —  <y  ' 


Ex.  1.     Shew  that,  if  this  circle,  through  a,  /3,  a0,  /3(),  cut  the  axis  of  x  in  A  and  7c, 
ere  h  lies 
than  1,  then 


where  h  lies  in  /3/30  find  k  in  aau,  and  if  [a/3]  denote  -  —  7.^  —  !,  a  real  quantity  greater 

Cl  ~*~  /t     o  ""•"  /i 


(«-«o)(g-ftO 


JEiv.  2.     Prove  that  the  magnification  at  any  point,  by  a  real  substitution,  is  Yjy. 

(Poincare.) 

Ex.  3.     Any  ^-circle,  having  its  centre  on  the  axis  of  x,  is  transformed  by  a  real 
substitution  into  a  w-circle,  having  its  centre  on  the  axis  of  A". 

Ex.  4.     Obtain  the  real  transformation,  which  makes  three  points  s  =  a,  /3,  y  on  the 
real  axis  correspond  to  the  three  points  ?y=0,  1,  <x>  ,  in  the  form 

3-0/3-7 

nl\  -  _  __    '    __  • 

w  —  -         -  . 

2  —  -v  n  —  n 


straight  lines  are  drawn  towards  +QO  from  this  point,  just  above  and  just  below  the  real 
axis,  and  practically  coinciding  with  that  axis. 

Draw  the  figures  in  the  z-plane  which  arise  from  this  figure  by  the  respective  substitu- 
tions 

w--      1—         1         z~l         * 

Let  the  classes  of  real  substitutions  be  considered  in  order. 

(i)  For. real  parabolic  substitutions,  the  quadratic  has  equal  roots:  let 
their  common  value  be  a,  necessarily  a  real  quantity,  so  that  the  fixed  points 
of  the  substitution  coalesce  into  one  on  the  axis  of  as.  The  quantity  M  is 
then  zero,  so  that  (d  +  of  =  4  We  may,  without  loss  of  generality,  take 
d  +  a  =  2.  If  both  origins  be  removed  to  the  point  a,  then,  in  the  new 
form,  zero  is  a  repeated  root  of  the  quadratic,  so  that  6  =  0,  and  a  —  d  =  0. 
Hence  a  —  d  =  "i,  and  the  real  substitution  is 


w  =  • 


cz 


xl,     .    •     * 

that  is*  —  =-  +  c. 

w     z 


The  equations  of  transformation  of  real  coordinates  are 


x 


y  _  a?  +  y" 

x -  c (X*  +  7a) =  Y=XT+T- 


Ex.  1.  A  ^-circle  passing  through  the  origin  is  transformed,  by  a  real  parabolic 
substitution  having  the  origin  for  its  common  point,  into  a  w-circle,  passing  through  the 
origin  and  touching  the  z-circle :  and  a  2-circle,  touching  the  axis  of  x  at  the  origin,  is 
transformed  into  itself. 

Ex.  2,  Let  A  be  a  circle  touching  the  axis  of  x  at  the  origin  :  and  let  c0  be  the 
extremity  of  its  diameter  through  the  origin.  Let  a  real  parabolic  substitution,  having 
the  origin  for  its  common  point,  transform  c0  into  cls  c{  into  c2,  c2  into  c3,  and  so  on  :  all 
these  points  being  on  the  circumference  of  A. 

Prove  that  the  radii  of  the  successive  circles,  which  have  their  centres  on  the  axis  of  x 
and  pass  through  the  origin  and  c1}  the  origin  and  c2,  ...  respectively,  are  in  harmonic 
progression,  and  that,  if  these  circles  be  denoted  by  GI,  C2,  ...,  then  Ck  is  the  locus  of  all 
points  ck  arising  through  different  initial  circumferences  A. 

Ex.  3.     What  is  the  effect  of  the  inverse  substitution,  applied  as  in  Ex.  2  ? 

Ex.  4..  Shew  that,  if  a  curve  of  finite  length  be  drawn  so  as  to  be  nowhere  infini- 
tesimally  near  the  axis  of  x,  it  can  cut  only  a  finite  number  of  the  circles  C  in  Ex.  2. 


nence  M  is  negative,  so  wiat 

(d  -  a)2  +  46c  <  0, 

or  (d  +  of  <  4  (ad!  -  bo)  <  4.  ' 

The  value  of  K  ,  by  using  the  relation  ad  —  be  =  1  ,  is 

K=%  [(a  +  d)2-  2  -  1  (a  +  d)  (4  -  (a  +  d)*fy 

It  is  easy  to  see  that  |  K  \  =  1  and  that  its  argument  is  cos"1  1|  (a  +  dj  —  1},  so 
that,  if  this  angle  be  denoted  by  cr,  we  have 

K  =  e™, 

shewing  that  the  substitution  is  elliptic. 

It  is  evident  that,  if  z  descri  be  a  circle  through  a  and  J5,  its  centre  being 
therefore  on  the  axis  of  x,  then  w  also  describes  a  circle  through  a  and  /3 
cutting  the  ^-circle  at  an  angle  cr.  The  two  curves  together  make  a  plane 
crescent  of  angle  a-  having  a,  /3  for  its  angular  points. 

Ex.  Shew  that  a  real  elliptic  substitution  transforms  into  itself  any  circumference, 
which  has  its  centre  on  a/3  produced  and  cuts  the  lin.e  a/3  harmonically.  (Poincare.) 

(iii)  For  real  hyperbolic  substitutions,  the  roots  of  the  quadratic  are  real 
and  different  ;  hence  the  fixed  points  of  the  substitution  are  two  (different) 
points  on  the  axis  of  x.  The  quantity  M  is  positive,  so  that 

(a  +  d}"  >  4  : 

we  may  evidently  take  a  +  d  >  2.     Moreover  K  is  real  and  positive,  shewing 
that  the  substitution  is  hyperbolic. 

Taking  one  of  the  fixed  points  for  origin  and  denoting  by  /  the  distance 
of  the  other,  we  have  0  and  /  as  the  roots  of 

au  +  b 
u  =  --  —j  , 
GU  +  a 

with  the  conditions  ad-bc  =  l,  a  +  d>  2.     Hence  b  =  0,  a  -  d  =  cf,  ad  =  1, 

^  =  d  '  ^ien  ^  *s  S1'6^61"  or  ig  less  tnan  1  According  as  cf  is  positive  or  is 

negative.     We  shall  take  K  >  1  as  the  normal  case  ;   and   then  the   sub- 
stitution is 

az 


w  =  -----  -T  , 

cz  +  d 


with  a  >  1  >  d,  a  +  d  >  2,  ad  =  1. 

Ex.  1.     A  2-curve   is  drawn  t.Vivnno-li 


and  /  for  its  fixed  points,  transform  c0  into  Cj,  Cj  into  c2,  c2  into  c3,  and  so  on  :  all  these 
points  being  on  the  circumference  of  A. 

Shew  that  the  radius  of  a  circle  Cn,  having  its  centre  on  the  axis  of  x  and  passing 
through  cn  and  the  origin,  is 


^J  an  -  dn  '' 

«o  that  Cn  is  the  locus  of  all  the  points  cn  arising  through  different  initial  circumferences 
A  .     What  is  the  limit  towards  which  Cn  tends  as  n  becomes  infinitely  great  1 

Ex.  3.  -Apply  the  inverse  substitution,  as  in  Ex.  2,  to  obtain  the  corresponding  result 
tand  the  corresponding  limit. 

Ex.  4.  Prove  that  a  curve  of  finite  length  will  meet  an  infinite  number,  or  only  a 
finite  number,  of  the  circles  Cn,  according  as  it  meets  or  does  not  meet  the  circle  having 
the  line  joining  the  common  points  of  the  substitution  for  diameter. 

(Note.    All  these  results  are  due  to  Poincare.) 

It  follows,  from  what  precede^,  that  no  real  substitution  can  be  loxodromic  ; 
for,  when  the  multiplier  of  a  real  substitution  is  not  real,  its  modulus  is 
unity. 

It  is  not  difficult  to  prove  that  when  a  substitution,  with'  complex 
coefficients  'a,  b,  c,  d,  is  parabolic,  elliptic,  or  hyperbolic,  then  a  +  d  is 
either  purely  real  or  purely  imaginary.  In  all  other  cases,  the  substitution 
is  loxodromic. 

Any  loxodromic  substitution  can  be  expressed  in  the  form 

w~~a  _  TT  z~  a 
w^p  ~      J^S  :  ' 

the  coefficients  of  the  quadratic  determining  a  and  /3  are  generally  not  real, 
and  the  multiplier  K,  denned  by 

2JT  =  (a  +  c£)2  -  2  -  (a  +  d}  {(a  +  d)2  -  4}*, 
is  a  complex  quantity  such  that,  if 

K  =  peiu>, 
where  p  and  w  are  real,  then  p  is  not  equal  to  unity  and  a  is  not  zero. 

Ex.  Shew  that,  if  a,  b,  c,  d  are  real  or  complex  integers  and  ad  -bo  is  equal  to  1  or  z, 
the  only  possible  elliptic  substitutions  are  periodic  of  order  2,  3,  or  6  :  and  construct  an 
example  of  each.  (Math.  Trip.,  Part  II.,  1898.) 

260.  Further,  it  is  important  to  notice  one  property,  possessed  by  elliptic 
substitutions  and  not  by  those  of  the  other  classes  :  viz.  an  elliptic  substitution 
is  either  periodic  or  infinitesimal. 

Any  elliptic  substitution  of  which  a  and  0  are  the  distinct  fixed  points, 
fthev  are  coniu.2Ute  imaoinaries\  can  be  put  into  the  form 


where  1  jKT  |  =  1  :  let  if  =  eof.     Then  the  with  power  of  the  substitution  is 

wm  -  a  _  2_-  «  e1Hflt. 
wm-/3     *-£ 

Now  if  0  be  commensurable  with'2-Tr,  so  that 

0/2-rr  = 
then,  taking  m  =  /A,  we  have 


—  a 


that  is, 

or  the  substitution  is  periodic. 

But  if  0  be  not  commensurable  with  27r,  then,  by  proper  choice  of  m,  the 
argument  mO  can  be  made  to  differ  from  an  integral  multiple  of  2vr  by  a  very 
small  quantity.  For  we  expand  O/^TT  as  an  infinite  continued  fraction  :  let 
pfq,  p'jq'  be  two  consecutive  couvergents,  so  that  p'q  -  ptf  =  ±  1.  We  have 


-        whereO<X<l, 
2-rr      q          \q       q 


q 

where  1  17  <  1,  that  is,  q8  -  ^p-rr  =  Z-rrr)  -  , 

where  77,  being  real,  is  numerically  less  than  1.    .Hence,  taking  m  =  q,  we 
have 


q 

where,  by  making  #  large,  we  can  neglect  all  terms  of  the  expansion  after  the 

second.     Then 

(z  —  a)  (z  —  /3)  27T?;  . 

w(,  —  z—  -----  -=  -  -----  i, 

a  -  /3  q 

that  is,  by  taking  a  series  of  values  of  q  sufficiently  large,  we  can,  for  every 
value  of  z  find  a  value  of  w  differing  only  by  an  infinitesimal  amount  from 
the  value  of  z.  Such  a  substitution  is  called  infinitesimal  ;  and  thus  the 
proposition  is  established. 

But  no  parabolic  and  no  hyperbolic  substitution  is  infinitesimal  in  the 
sense  of  the  definition.     For  in  the  case  of  a  parabolic  substitution  we  have 

1  1 


"where  X  is  a  real  quantity  which  differs  from  1.  No  value  of  q  gives  wq 
nearly  equal  to  z  for  every  value  of  z :  hence  the  substitution  is  not  infini- 
"besimal.  And  it  is  not  substitutionally  periodic. 

Similarly,  a  loxodromic  substitution  is  not  periodic,  and  is  not  infini- 
tesimal. 

Hence  it  follows  that,  in  dealing  with  groups  of  substitutions  of  the  kind 
above  indicated,  viz.  discontinuous,  all  the  elliptic  transformations  which  occur 
rm(,st  be  substitutionally  periodic  :  for  all  other  elliptic  transformations  are 
infinitesimal.  It  is  easy  to  see,  from  the  above  equations,  that  the  effect  of 
an  unlimited  repetition  of  a  parabolic  substitution  is  to  make  the  variable 
ultimately  coincide  with  the  fixed  point  of  the  substitution ;  and  that  the 
effect  of  an  unlimited  repetition  of  a  hyperbolic  substitution  is  to  make  the 
variable  ultimately  coincide  with  one  of  the  fixed  points  of  the  substi- 
tution. These  common  points  are  called  the  essential  singularities  of  the 
x-espective  substitutions. 

261.  It  has  been  proved  (§  258)  that  a  linear  relation  between  two 
variables  can  be  geometrically  represented  as  an  inversion  with  regard  to  a 
circle,  followed  by  a  reflexion  at  a  straight  line.  The  linear  relation  can  be 
associated  with  a  double  inversion  by  the  following  proposition*,  due  to 
[Poincare : — 

When  the  inverse  of  a  point  P  with  regard  to  a  circle  is  inverted  with 
regard  to  another  circle  into  a  point  Q,  the  complex  variables  of  P  and  Q  are 
connected  by  a  lineo-linear  relation. 

Let  z  be  the  variable  of  P,  u,  that  of  its  inverse  with  regard  to  the  first 
circle  of  centre/  and  radius  r;  let  w  be  the  variable  of  Q,  and  let  the  second 
circle  have  its  centre  at  g  and  its  radius  s.  Then,  since  inversion  leaves  the 
vectorial  angles  unaltered,  we  have 


for  the  first  inversion,  and 

(w  -  g}  (•«„  -  i/o)  =  s- 
for  the  second.     From  the  former,  it  follows  that 

-      -f—  u0  —jo, 


r"  s2 

and  therefore  --  -—  -,,-f  '  -     =^°  ~ 

leading  to  W  =  ^LL^ 

z  +  o 


*  Acta  Math.,  t.  iii,  (1883),  p.  51. 


rsa  =  g  v/o  -  yo) 


This  proves  the  proposition. 

Moreover,  as  the  quantities  /,  g,  r,  s  are  limited  by  no  relations,  and  as, 
on  account  of  the  relation  aS  —  fiy  =  1,  there  are  substantially  only  three 
equations  to  determine  them  in  terms  of  a,  /3,  7,  <$,  it  follows  at  once  that  the 
lineo-linear  -relation  can  be  obtained  in  an  infinite  number  of  ways  by  a  pair  of 
inversions,  and  therefore  in  an  infinite  number  of  -ways  by  an  even  number  of 
inversions. 

Again,  taking  the  two  circles  used  in  the  above  proof,  we  have 
rs  (a  +  S  ±  2)  =  (r  ±  «)•  -  (/-  g)  (/„  -  #„) 
=  (r±s)--d\ 

where  d  is  the  distance  between  the  centres  of  the  circles.  Hence  a  +  & 
is  real,  and  the  substitution  cannot  be  loxodromic.  Moreover,  if  the  circles 
touch,  the  substitution  is  parabolic;  if  they  intersect,  it  is  elliptic;  if  they 
do  not  intersect,  it  is  hyperbolic. 

Eliminating  r  and  s  between  the  equations  which  determine  a,  /3,  7,  8,  we 
find 


so  that,  when  one  centre  is  chosen  arbitrarily,  the  other  centre  is  connected 
with  it  by  the  linear  substitution*. 

Ex.  1.  Shew  that,  if  /and  g  lie  on  the  axis  of  real  quantities,  so  that  the  substitution 
is  real,  then 

''2  =  (/-  X)  (/-  p.),        *  =  (3  -  X)  (g  -  p,\ 
where  X  and  p,  are  the  fixed  points  of  the  .substitution. 

Hence  prove  that,  if  two  real  substitutions  be  given,  it  is  generally  possible  to 
determine  three  circles  1,  2,  3,  such  that  the  substitutions  are  equivalent  to  successive 
inversions  at  1  and  2  and  at  1  and  3  respectively..  Discuss  the  reality  of  those  circles. 

(Buraside.) 

Ex.  2.  Shew  that,  if  a  loxodromic  substitution  be  represented  in  the  preceding 
geometrical  manner,  at  least  four  inversions  are  necessary.  (Burnaido.) 

This  geometrical  aspect  of  the  lineo-linear  relation  as  a  double  inversion 
will  be  found  convenient,  when  the  relation  is  generalised  from  a  connection 
between  the  variables  of  two  points  in  a  r>lane  into  a  cormp.H-.frm 


NOTE. 

SOME   APPLICATIONS   OF   CONFORMAL  REPRESENTATION   TO 
MATHEMATICAL  PHYSICS.         » 

IT  may  be  useful  to  give  instances  of  the  manner  in  which  the  analysis 
arising  in  the  theory  of  conformal  representation  is  used  in  some  branches 
of  applied  mathematics.  The  branches  selected  are  merely  typical;  they 
are  not  exhaustive.  In  -each  instance,  the  account  is  at  once  elementary  and 
introductory  ;  for  the  fuller  development,  recourse  may  be  had  to  the  respec- 
tive authorities  mentioned. 

I.     Hydrodynamics. 

A.  The  simplest  applications  arise  in  connection  with  the  irrotational 
steady  motion  of  a  uniform  incompressible  fluid  in  two  dimensions.  It  is 
thereby  implied  that  the  motion  is  the  same  in  all  planes  parallel  to  one 
particular  plane ;  and  this  plane  is  taken  to  be  the  plane  of  x,  y,  that  is,  the 
^-plane. 

Let  p  and  q  denote  the  component  velocities  at  any  point  as,  y  of  the 
fluid,  parallel  to  the  axes  of  as  and  y  respectively.  When  there  is  a  velocity 
potential,  let  it  be  denoted  by  u;  then 

_     du  du 

P==~dx'     2  =  ~fy'. 
The  equation  of  continuity  is 

dP  ,  ?£_o- 

•S'        T^  -i        —         3 

ox     dy 
that  is,  the  velocity  potential  u  satisfies  the  equation 

d"u     dhi  __  „ 

•:T~9  ~^~  ~r~^>  =  "' 

oar     oy 

The  analysis  in  §  10  shews  that  there  exists  a  function  v,  associated  with 
the  function  u,  and  uniquely  determinate  (save  as  to  an  additive  constant) 
by  the  relations 

dv  _     du       dv  _  du 

das         dy'      dy     dx' 

These  functions  are  such  that,  when  w  denotes  u  +  iv  and  z  denotes  x  +  iy, 
then  a  functional  relation  exists  between  w  and  z,  the  only  other  quantities 


dx.  _  dy 

or,  what  is  its  equivalent, 

qdx  —  pdy  =  0. 

In  terms  of  the  function  v,  this  equation  becomes 

dv  ,       dv  ,       „ 

r-  dx  +  =-  dy  =  0  ; 
ox         dy 

consequently,  the  stream  lines  are  given  by  the  relation 

v  =  constant. 

As  the  stream  line  is  the  direction  of  the  velocity  at  every  point  along  its 
course,  it  follows  that  there  is  no  flux  of  the  liquid  across  a  stream  line. 
Thus  it  is  possible  to  consider 

v  =  some  particular  constant 

as  a  rigid  wall  along  which  the  frictionless  fluid  flows  ;  and  then  the  stream 
lines  of  the  fluid  in  such  a  motion  are  given  by  v  =  constant. 
Moreover,  we  know  that  v  satisfies  the  differential  equation 

?5u9H>_o 

•5    ~>    i    o ""»  —  '•'• 

ox*     ay~ 
When  expressed  in  terms  of  p  and  q,  this  equation  is 

da     dy       ' 

an  equation  which  is  the  analytical  expression  of  the  property  that  the 
motion  is  irrotational. 

It  thus  appears  that,  when  we  have  a  relation  between  complex  variables 
w  and  z  in  the  form 

u  +  iv  =  w  =/(*)  =  /  (a?  +  iy\ 

we  can  take  u  as  the  velocity  potential  and  v  as  the  stream  line  function  for 
the  type  of  fluid  motion  considered.  The  relations  between  the  functions 
u  and  v  are  an  analytical  statement  of  the  property  that  the  equipotential 
lines  and  the  stream  lines  are  orthogonal  to  one  another. 

Let  V  denote  the  resultant  velocity  at  the  point  x,  y,  so  that 

fdu\" 


\ox 
Now  (§  8) 

dw  _  dw  __  du      .dv  _ du 
consequently, 


Thus 
and 


dw' 


where  </>  is  the  angle  between  the  direction  of  the  velocity  and  the  axis  of  x. 
(The  introduction  of  the  use  of  the  symbol  £  is  due  to  Kirchhoff.) 

Further,  if  P  denote  the  pressure  at  any  point  and  if  p   denote  the 
(constant)  density,  we  have 

P 

—  I-  P2  +  qz  —  constant 
p 

everywhere.  Thus  the  surfaces  of  constant  pressure  are  surfaces  of  constant 
velocity  ;  in  particular,  a  free  surface  (such  as  a  surface  between  air  and 
water)  is  a  surface  of  constant  velocity  in  the  kind  of  motion  under  con- 
sideration. 

Some  examples  will  now  be  taken,  very  briefly,  to  illustrate  the  foregoing 
s  batements. 

Ex.  l.    Let 

iv  =  az, 
where  a  is  a  real  constant.     Then 

u=ax,        v  =  ay. 

In  the  fluid  motion  the  velocity  is  constant,  and  equal  to  a  ;  the  stream  lines  arc  parallel 
to  the  axis  of  x  ;  and  so  the  Motionless  fluid  can  be  regarded  as  flowing  with  constant 
velocity  between  two  parallel  walls. 

Ex.  2.     Let 


where  a  and  o  are  -real  constants.     Then 


v  =  c   ?•-  —    sin  5, 


when  polar  coordinates  are  used. 

The  stream  lines  are  given  by  v  =  constant.     In  particular,  the  stream  line  v  —  0.  when 
traced,  is  the  axis  of  x  from  x=<x>  to  x  =  a:  corresponding  to  5  =  0  ;    then  the  semi-circle, 


regards  tiie  velocity,  wo  nave 


(II  \ 

l-~cos  20) , 
rt  j 


HO  that 

At  an  infinite  distance 

so  that  the  velocity  of  the  fluid  towards  infinity  is  constant  and  is  parallel  to  the  straight 
wall. 

Ex.  3.     Let 

fin  example  constructed  by  Hohnholt/*,  who  was  the  pioneer  in  this  line  of  investigation. 
Then 

,V=U  +  GU  cos  v,        y=v  +  (i11  sin  ?>. 

The  stream  lino  ?;  =  TT  gives  y  =  7r  for  all  values  of  ?/.  We  then  have  x~u  —  etl  ;  as  v. 
varies  from  -  co  to  0,  the  variable  x  varies  from  -co  to  - 1  ;  and  as  u  continues  its 
variation  from  0  to  -fee,  the  variable  x  varies  from  —1  to  —oo:  that  is,  the  complete 
variation  of  u  from  -co  to  +00  requires  a  duplicated  variation  of  the  part  of  the  axis 
of  A-,  from  —  co  to  —  1  in  the  first  place,  and  then  from  -  1  to  —  QO  in  the  second  place. 

Similarly  for  the  stream  line  v=  -jr.  We  have  the  line  //=  —  ?r,  for  all  values  of  u. 
The  range  of  ;c  is  the  same  an  for  the  stream  line  v~ir. 

The  stream  line  v  —  0,  symmetrically  situated  between  these  two  stream  lines  v  —  ir 
and  #=  -  TT,  allows  the  full  variation  of ,?;  from  +00  to  —  oo . 

As  regards  the  velocity,  we  have 
that  is, 


_  1  +  GH  cos  v  —  i(2H  sin  v 

~ 
so  that 


_. 

cos  v     en  sin  v     1  +  2e™  cos  v  +  eia  ' 

Between  V  —  TT  and  v—Q,  obviously  q  is  negative;  so  that,  in  that  range,  the  flow  is 
towards  the  axis  of  y.  between  V—-TT  and  •v  =  01  obviously  q  is  '  positive  ;  so  that,  in 
that  range,  the  floAv  is  again  towards  the  axis  of  y. 

We  have  the  case  of  a  fluid  flowing  in  all  directions  along  the  proper  stream  lines  into 
a  canal  bounded  by  the  walls  y  =  ir  and  y=  -  TT,  in  the  direction  of  the  range  from  .1:=  -  1 
to  x  —  -  oo  ,  symmetrically  with  respect  to  the  plane  y=0. 

Ex.  4.     Discuss  similarly  the  hydrodyuamical  interpretation  of  the  relations  :— 
(i)     w  =  as2:  (ii)     s  =*aw%  ; 

(iii)    w  =  a,  cosh  z  ;  (iv)     s  =  a  cosh  w  ; 


3r  assigned,  functional  relations  between  w  and  z.  We  shall  now  sketch, 
ery  briefly,  a  constructive  process  which  leads  to  the  functional  relations 
Appropriate  to  many  propounded  problems  in  the  two-dimensional  irrotational 
notion  of  a  perfect  fluid. 

Reverting  to  the  symbol  £,  we  have 

f  =_  — 
f~     dw 


/here  V  is  the  velocity  at  any  place  and  <£  is  the  inclination  of  the  stream 
Lne  to  the  axis  of  as.  Now  £  itself  is  a  complex  variable  ;  so,  in  association* 
/ith  the  £-plane  and  the  w-plane,  we  shall  find  it  convenient  to  consider  a 
-plane. 

We  have  seen  that,  when  we  have  a  free  surface  in  the  w-plane,  it  is  a 
urface  along  which  the  velocity  is  constant.  Without  loss  of  generality, 
ye  can  take  unity  as  this  velocity  —  it  is  only  an  assumption  as  to  the  unit 
if  time.  Thus  a  free  surface  in  the  w-plane  gives  a  circle  of  radius  unity  in 
he  £-plane. 

The  moving  fluid,  where  it  has  not  a  free  surface,  is  bounded  (in  the 
jroblems  to  be  considered)  by  plane  walls.  All  of  these  are  represented  in 
he  w-plane  by  the  equation  v  =  constant  ;  that  is,  by  a  succession  of  lines 
jarallel  to  the  real  axis  in  that  plane.  Along  these  plane  walls  the  direction 
if  flow  is  straight  ;  and  so  $  is  constant,  that  is,  the  corresponding  lines  in 
he  £"-plane  are  the  radii  of  the  circle  of  radius  unity  which  represents  the 
ree  surface  in  the  w-plane.  We  thus  have  a  figure  in  the  £-plane. 

Next,  introduce  another  complex  variable  £",  defined  by  the  equation 


hen  £"  =  log  -y  +  i<f>, 

o  that  we  have  another  figure  in  another  plane,  the  £'-plane.  The  circle 
T  =  I  in  the  £-plane  becomes  part  of  the  £'-axis  of  imaginary  quantities, 
diich  accordingly  corresponds  to  the  free  surface  in  the  motion,  given  in  the 
y-plane  by  a  particular  line  v  =  constant.  To  the  radial  lines  $  =  constant 
n  the  £-plane,  correspond  straight  lines  in  the  £'-plane  parallel  to  the  real 
,xis  in  that  plane,  that  is,  by  general  lines  v  —  constant. 


the  £  -plane. 

Finally,  this  result  is  achieved  by  making  the  figures  in  the  w  -plane  and 
in  the  £'-plane  respectively  to  be  represented  upon  one  and  the  same  half  of 
another  plane  of  a  final  complex  variable  t,  the  boundary  in  each  representation 
being  transformed  into  the  real  axis  in  the  i-plane. 

We  thus  have  a  succession  of  planes  of  complex  variables,  conformally 
represented  each  upon  the  next  and  therefore  all  upon  one  another.  There 
is  the  ,2-plane,  the  original  plane  of  motion  of  the  fluid.  There  is  the 
w-plane,  giving  the  velocity  potential  and  the  stream  line  function  of  the 
motion.  There  are  the  £-plane,  relatively  unimportant,  and  the  £'-plane 
(where  £"  =  log  £),  giving  the  magnitude  and  the  direction  of  the  velocity  of 
the  fluid.  And  there  is  the  i-plane,  on  the  same  positive  half  of  •which 
both  the  variables  f  and  w  are  represented.  In  these  final  representations 
we  have  some  relations  of  the  types 


and  so,  eliminating  t  we  have  a  relation 

£'  =/(«>), 

that  is,  a  relation 

,      /    dz\      ,.,   N 

log   —  7—   =  f(w\ 

h  J  v    ' 


which,  on  integration,  gives  the  connection  between  the  variables  z  and  w. 

The  hydrodynamical  problem  can  thus  be  made  to  depend  upon  the 
solution  of  the  associated  problem  in  conforinal  representation.  The  examples 
of  the  latter,  which  have  been  given  already,  can  be  used  to  solve  some  of 
the  hydrodynamical  problems  which  arise  :  one  further  illustration  must 
suffice  here. 

Ex.  Imagine  a  fluid  moving  .symmetrically  between  two  parallel  walls  inserted  into  a 
relatively  infinite  quantity  of  the  fluid,  so  as  to  form  a  sort  of  jot  coming  o\it  between 
the  walls.  We  shall  assume  these  to  have  their  ends  in  a  line  perpendicular  to  their 
direction. 

Then  in  the  g-plune,  we  have  between  the  walls  a  fluid  moving  along  the  canal  sym- 
metrically with  respect  to  the  middle  line  and  outside  the  canal  so  as  to  siipply  the  canal. 
The  boundary  of  the  fluid  is  made  up  of  the  sides  of  the  two  walls  in  the  fluid  and  the 
double  free  surface  within  the  canal,  the  two  free  surfaces  being  symmetrical  with  respect 
to  the  middle  line. 

In  the  f  -plane,  we  have 


so  thfi.t  thn  bounrhvrv  formed  l>v  one  wall  un  to  its  extremity  is  erivcm  bv  r/i  —  0.  tbn.-i-,  is   bv 


=  70  ; 

Lz.  it  is  two  lines  parallel  to  the  axis  of  real  quantities  given  by  0  =  0  and  0  =  2?r, 
sgether  with  the  part  of  the  axis  of  imaginary  quantities  intercepted  between  these 
nes. 

The  representation  of  this  bounded  area  upon  the  half  of  the  f  -plane  is  (§  269,  p.  673) 
iven  by 


r,  adapting  the  scale  and  settling  the  origin,  we  can  take 

£'=2  cosh"1^ 

Vhen  £'  ranges  along  the  line  0  =  0  from  the  origin  to  oc,  t  ranges  from  1  to  co  along  its 
3al  axis.  When  £'  ranges  along  the  line  0  =  2ir  from  the  axis  of  imaginary  quantities  to 
Trinity,  t  ranges  from  —1  to  —  oo  along  its  real  axis.  When  f  ranges  along  the  axis  of 
riaginary  quantities  from  77'  =  0  to  7/  =  2rr,  t  ranges  from  1  to  —1  along  its  real  axis. 

Now  for  the  w-plane,  let  the  breadth  of  the  jet  towards  its  issue  (that  is,  at  a  great 
iwtance  from  the  extremities  of  the  walls  where  the  jet  enters  the  canal)  be  26  ;  so  that 
ne  free  surface  is  given  by  v  =  6,  and  the  other  by  v=  —b.  Let  the  velocity  potential 
urve  through  the  finite  extremities  of  the  walls  be  w  =  0.  •  We  have  in  general  (§  269, 
-.  673) 


Lt  the  place  corresponding  to  the  extremity  of  the  lower  wall,  we  have 

in  =  Q--ib; 
nd  at  the  place  corresponding  to  the  extremity  of  the  upper  wall,  we  have 

w=0  +  ib. 
-Tence 

26 

70  =  --  log  t  —  ib. 

TT 

Jonsequeutly,  the  relation  between  s  and  w  is  given  by  the  elimination  of  t  between  the 
\vo  equations 

log  ^  =  £'  =  2  cosh-1/) 
*  dw     *  •       | 

w  =  —  log  t  —  ib 
ir  J 

LH  a  matter  of  fact,  it  is  more  convenient  to  keep  the  two  equations  and  not  eliminate  t. 
Along  the  free  stream  line,  we  have  V=l,  and  so 

&,/,,- 
dw~ 
.r  writing  0  =  0~|-7r,  we  have 

dz  _  si,  _ 

~7       -  ^         J 

aw  •  ' 

cmsequently  along  that  stream  line  we  have 

id  =  2  cosh"1  1, 
,ncl  therefore 


__  _ 

—  TT-  =     I    JU  —    "| 

?s  on 

so  that  we  can  take 

?t  ==  -  a. 


Thus  the  equation  of  the  free  stream  line  is 
Further,  we  have 


2  — log  HOC -1-0. 


p  —  ?'</  (lw 

along  the  stream  line,  because  jt>'-  +  y2=l  ;  so 

p  =  -  cos  0,         i/—  —  sin  0, 
and  therefore  0  is  the  inclination  to  the  axis  of  ,v  of  the  tangent  to  the  stream  line. 

The  foregoing  equation  is  therefore  the  intrinsic  equation  of  the  free  stream  line.     It 
is  easy  to  prove  that  the  equivalent  Cartesian  equations  of  the  line  are 

#  =  2-  (sinH0-log  sec  A0) 


taking  the  origin  at  the  finite  extremity  of  the  wall.  As  6  ranges  from  0  to  tr,  x  ranges 
from  0  to  -co,  and  y  ranges  from  0  to  b,  that  i.s,  //  =  h  gives  the  asymptotic  distance 
between  the  free  stream  line  and  the  nearer  wall. 

Similarly  for  the  other  free  stream  line  and  the  other  wall.  Thus,  as  the  breadth  of 
the  issuing  jet  is  2/>,  the  distance  between  the  walls  i»\l)  +  2?)  +  b,  that  is,  4fr.  Thus  the 
breadth  of  the  issuing  jet  in  one-half  the  distance  between  the  parallel  walls,  a  result  first 
stated  approximately  by  Borda  in  1766  and  first  proved  by  Holmholtx;  in  '1868. 

For  a  full  discussion  of  many  similar  applications  of  the  theory  of  .conformal  repre- 
sentation to  the  irrotational  motion  of  a  liquid  in  two  dimensions,  reference  may  be 
made  to  Lamb's  Hydrodynamics  (4th  cd.),  ch.  iv.  Some  later  investigations  are  due 
to  J.  G.  Leathern,  Phil  Trans.  (1915),  pp.  439—487,  and  Proa.  Land.  Math.  800.,  Ser.  2, 
vol.  xvi,  (1917),  pp.  140 — 149;  he  gives  some  further  references. 

II.     Electrostatics. 

0.     In  all  the  space  free  from  electric  charges  in  a  planar  electrostatic 
field,  the  electric  potential  v  satisfies  the  equation 

d*v      d"v      « 

5-7;  +  s-;  =  0. 

dx-     oy- 
The  equipotential  lines  are  given  by 

v  =  constant. 
The  component  of  electric  force  in  any  direction  is 

dv 


ox         oy 

The  direction  of  the  line  of  electric  force  at  any  point  is  given  by  the 

equation 

,     //    dv\       ,     //    dv\ 
dso  /  -  5-    =  dy  /  [  -  ;r-  )  , 
/  \    daoj       J  I  \    dyj 

that  is,  by 

dv  7       dv  j 

—  ax  —  7-  dy  =  0. 

dy         dso    J 

The  left-hand  side  is  a  perfect  differential,  because 


_  __ 

dy  \dy       doc  \    dso 

denoting  it  by  du,  we  have 

du  _  dv      du  _     dv 

dso     dy'    dy         doo' 
Eliminating  v,  we  have 

d2u     d~u     n 
_  j_  ___  —  0  • 

^     o      I      O     o  -  V  ) 

osar     ay 
and  the  lines  of  electric  force  are  given  by 

u  —  constant. 

Alike  from  the  physical  properties,  and  from  these  mathematical  expressions 
for  equipotential  lines  and  from  the  lines  of  electric  force,  it  follows  that  the 
two  sets  of  lines  are  orthogonal  to  one  another  at  every  common  point. 

It  thus  follows  from  former  investigations  (§  8)  that,  if  w  =  u  +  iv  and 
z  =  so  +  iy, 

•w  =  some  function  of  z  =f(z). 

The  electric  intensity  at  any  point  is 

(toy     /(toy)* 
dx)  +  (dy) 
that  is,  it  is  equal  to 

dw 
dz 

corresponding  to  the  velocity  in  the  hydrodynamical  problem  and  to  the 
magnification  in  the  conformation  problem.  Further,  v  =  constant  along 
any  conductor  ;  thus,  by  Coulomb's  law,  if  a-  is  the  surface  density  of  electrifi- 
cation at  any  place  on  the  plane  conductor, 


Thus  the  analysis  is  the  same  throughout  for  the  various  classes  of 
problems.  We  have  interpretations  in  the  various  vocabularies  of  the 
different  subjects  of  applied  mathematics.  We  shall  therefore  deal  very 
briefly  with  a  few  quite  simple  examples. 

Ex.  1.    Let 

10=3*; 

then  we  have  the  equipotcntial  lines  given  by 

in  polar  coordinates,  with  the  equivalent  equation 

in  Cartesian  coordinates.     They  are  a  family  of  coaxial  and  uonfocal  parabolas. 

In  particular,  when  v=0,  we  have  0  =  0  from  iu  =  ao  to  x—Q  ;  and  then  B  —  ^  from 
A'=0  to  £=oo.  Thus  wo  have  an  infinitely  thin  conductor,  in  tho  form  of  a  straight  lino 
stretching  along  the  axis  of  real  quantities  from  tho  origin  to  infinity.  Tho  surface 
density  of  electrification  on  this  conductor  at  a  distance  d  from  tho  origin  is 


The  lines  of  electric  force,  given  by 

u  =  ?-a  cos  i  6  =  constant, 
are  represented  in  Cartesian  coordinates  by  tho  equation 

4?t'-  (up  —  .  •>;)=.'/"  ; 

that  is,  they  are  a  family  of  coaxial  and  confocal  parabolas,  orthogonal  to  the  former 
family. 

Ex.  2.     Let 

iu—Htt\~lz. 
We  have  (Ex.  6,  g  257) 

.v—  sin  u  cosh  v,        7/=co.s  u  sinh  i>. 

The  equipotential  lines  v  =  constant  are  given  by  the  equation 

fl&  ?,a 

___  .  ____  !_..-.••  .......  _  i 

votp/iv     .sinVttf       ' 
a  family  of  confocal  ellipses. 

In  particular,  when  ?;  =  0,  x  ranges  from  +1  to  -  1  on  tho  positive  side  and  on  the 
negative  side  along  the  real  axis.  Thus  there  is  an  infinitely  thin  conductor  in  tho  form 
of  the  straight  line  between  —1  and  -f  1  on  the  axis  of  real  quantities.  The  surface 
density  of  electrification  on  the  conductor  at  a  distance  G  from  the  middle  is 


The  lines  of  electric  force  are  given  by 


(iv)  z —f 
(v)  w  = 
(vi)  e*= 

or  a  full  discussion  of  the  application  of  the  theory  of  conformal  representation  to 
:al  problems  in  electrostatics,  reference  should  be  made  to  Sir  J.  J.  Thomson's  Recent 
trchas  in  Electricity  and  Magnetism,  ch.  iii ;  and  to  the  treatise  by  J.  H.  Jeans,  The 
ematical  Theory  of  Electricity  and  Magnetism. 

III.     Conduction  of  Heat. 

'.').  The  same  analysis  can  be  used  for  the  discussion  of  any  number  of 
dimensional  problems  in  conduction  of  heat  when  the  temperature  is 
:ly :  that  is,  when  the  temperature  varies  from  place  to  place  in  the 
e  of  the  two  dimensions,  while  at  every  place  it  is  independent  of  the 

[Tor  purposes  of  illustration,  we  shall  assume  that  the  conductivity  K  is 
tant.  The  temperature  at  any  point  will  be  denoted  by  v ;  so  the  flux 
eat  at  a  point  perpendicular  to  the  axis  of  a?  is 

f  -~Kdv 
/a"     Kdx' 

at  a  point  perpendicular  to  the  axis  of  y  is  • 

f=-K- 

I     O       -t»          .-v  . 

•'-  dy 

condition  that  there  is  neither  gain  nor  loss  of  heat  at  any  place  is 

9A,^_o 

_ — \--~~  —  u, 
ox     cy 

is,  K  being  constant, 

?LU+^=0 
da?     df 

curves  across  Avhich  there  is  no  flux  of  heat — they  may  be  called  lines  of 
— are  given  by 

dx  _  dy 

J~7*' 

IS, 

civ  j  dv  7  A 
5-  da;  -  5-  dy  =  0. 
3y  das  J 

inse 


dec     dy'     dy        dx' 

and  therefore 

d'2u     cPu  __  „ 

da?     <ty2 

Once,  more,  we  have  the  same  equations  as  before.  We  know  that  u+  iv  can 
be  expressed  as  a  function  of  x  +  iy  ;  so,  writing  w  =  u  +  iv  and  z  =  x  +  iy,  and 
taking 

w  =/(«), 

where  f  is  any  functional  form,  we  can  interpret  the  analytical  relation  as  a 
result  in  a  steady  temperature  problem  in  the  conduction  of  heat,  by  taking 
the  lines 

v  =  constant 

as  the  isothermal  lines,  and  the  lines 

u  =  constant 
as  the  lines  of  flow.     The  total  flux  of  heat  at  any  point  is 


dy 
that  is,  it  is 

-,,.  dw 

dz  ,' 

Ex.  1.     Oonsidei*  the  rolation 

e""'  =  i'cot 

where  a  is  a  real  constant.     We  have 


Thus 

.  2(;-2"  sin  2.« 
- 


,        ,  sin  2.i? 
=  tan~1  -.-  T-S"  > 


and 


As  regards  the  isothermal  lines  given  by  v  =  constant,  we  have  v  =  0  when  x=0  so  long 
as  y  is  not  zero,  and  v  =  Q  when  x  =  ^ir  so  long  as  ?/  is  not  zero.     When  ?/  =  0  and  x  ranges 


sinh  2y=a  sin  %x, 
for  parametric  values  of  a  ;  and  the  lines  of  flow  are  given  by 

cosh  2y  =  $  cos  2x, 
for  parametric  values  of  /3. 

The  actual  flux  of  heat  at  any  place  is 


ZK     _1 

«     sin  22 | 

a    cosh  2?/  —  cos  2.^ ' 
This  re.sult,  in  substance,  was  first  given  by  Fourier*. 

Ex.  2.     We  shall  use  the  property  of  conformal  representation  to  change  this  solution 
of  a  given  problem  into  the  solution  of  another  problem.     The  relation  was 

The  relation  2'=  -  cos  2z  gives 

x'  =  —  cos  2x  cosh  2y,        y' = sin  2x  sinh  2?/. 

When  the  range  of  x  is  given  by  0^.x^.-^ir  and  of  y  is  given  by  0^?y,  y'  is  always 
positive  or  zero,  and  #'  ranges  from  -  oo  to  +QO  .  Thus  the  opeu  half- infinite  rectangular 
plane  bounded  by  0  <  x  ^  kir,  0  ^.y,  is  represented  upon  the  positive  half  of  the  a'-plane. 

The  relation 


gives  (p.  619,  Ex.  13)  a  representation  of  the  positive  half  of  the  s'-plane  upon  the  interior 
of  a  circle,  of  radius  unity  and  centre  the  origin,  in  the  s"  -plane. 

Accordingly,  we  seek  the  relation  between  the  original  w  and  this  final  z"  ;  it  is  easily 
found  to  be 


l-iz" 

AVith  this  relation,  we  have  (a  being  real) 

.  .     .      - 

2a  (u  +  1»)  =  log  ---  T 

v         '       ° 

and  therefore    . 


The  isothermal  lines  are  given  by  v  =  constant.  "We  have  y  =  0  when  x"2+y'"2  —  1  =  0  so 
long  as  x"  is  not  /ero.  When  x"  =  0  and  x'"2+y"z-  I  is  not  zero,  so  that  y"  can  range  from 
_  co  to  —  l  and  from  1  to  +  co  ,  then  v  =  7r/4a.  And  when  #"  is  not  zero  within  the  boundary 
limits,  \vc  take  x"  positive.  We  thus  have  an  infinite  half-plane  with  a  semi-circular 
boss,  of  radius  unity  on  the  positive  side  of  the  half-plane.  The  boss  is  maintained  at 
temperature  zero  :  the  rest  of  the  boundary  of  the  infinite  plane  is  maintained  at  tem- 

perature TT  14:0,. 


surface  of  which  is  another  circular  cylinder  kept  at  temperature  unity,  the  two  axes  being 
parallel. 

Ex.  5.    Apply  the  transformation 

«"  =  a"r/tt 

to  obtain  the  steady  temperature  within  a  sector  of  a  circle,  bounded  by  radii  (9  =  0  and 
6  =  a  which  are  kept  at  temperature  zero,  and  a  circular  arc  given  by  ?•=!  between  these 
radii  kept  at  temperature  unity. 

Note.  Very  special  cases  as  regards  "the  boundary  temperatures  have 
been  taken.  When  any  problem  has  been  solved  for  a  more  general  assign- 
ment of  temperature  along  a  boundary,  then  any  number  of  problems  can 
be  solved  for  steady  temperatures  in  a  plane  limited  by  other  boundaries 
conformally  representable  upon  the  first.  For  a  number  of  applications, 
reference  may  be  made  to  Christoffel  *,  Mathieuf,  arid 

*  See  reference  in  foot-note,  p.  (56(5. 

t  Cours  de  2)hyaique  mathSmatiqiie,  cli.  iii. 

t  Fourier's  series  and  integrals,  ch.  xiii. 


CHAPTER  XX. 

CONFORMAL   REPRESENTATION:    GENERAL  THEORY. 

262.  IN  Gauss's  solution  of  the  problem  of  the  conformal  representation 
of  surfaces  there  is  a  want  of  determinateness.  On  the  one  hand,  there  is  an 
element  arbitrary  in  character,  viz.,  the  form  of  the  function;  on  the  other 
hand,  no  limitation  to  any  part  of  either  surface,  as  an  area  to  be  represented, 
has  been  assigned.  And  when,  in  particular,  the  solution  is  applied  to  two 
planes,  then,  corresponding  to  any  curve  given  in  one  of  the  planes,  a  curve 
or  curves  in  the  other  can  be  obtained,  partially  dependent  on  the  form 
of  functional  relation  assumed,  different  curves  being  obtained  for  different 
forms  of  functional  relation. 

But  now  a  converse  question  suggests  itself.  Suppose  a  curve  given  also  in 
the  second  plane  :  can  a  function  be  determined,  so  that  this  curve  corresponds 
to  the  given  curve  in  the  first  plane  and  at  the  same  time  the  conformal 
similarity  of  the  bounded  areas  is  preserved,  with  unique  correspondence 
of  points  within  the  respective  areas  ?  in  fact,  does  the  conformal  corre- 
spondence of  two  arbitrarily  assigned  areas  lead  to  conditions  which  can 
be  satisfied  by  the  possibilities  contained  in  the  arbitrariness  of  a  functional 
relation  ?  And,  if  the  solution  be  possible,  how  far  is  it  determinate  ? 

An  initial  simplification  can  be  made.  If  the  areas  in  the  planes, 
conformally  similar,  be  T  and  R,  and  if  there  be  an  area  S  in  a  third  plane 
conformally  similar  to  T,  then  S  and  R  are  also  conformally  similar  to  one 
another,  whatever  S  may  be.  Hence,  choosing  some  form  for  S,  it  will 
be  sufficient  to  investigate  the  question  for  T  and  that  chosen  form.  The 
simplest  of  closed  curves  is  the  circle,  which  will  therefore  be  taken  as  S : 
and  the  natural  point  within  a  circle  to  be  taken  as  a  point  of  reference  is  its 
centre- 
Two  further  limitations  will  be  made.  It  will  be  assumed  that  the  plane 


connection  with  the  proof  of  the  existence-theorem.  This  limitation,  ini 
assumed  by  Schwarz  in  his  early  investigations  f  on  conformal  represent 
of  plane  surfaces,  is  not  necessary :  and  Schwarz  himself  has  shewn J  tha 
problem  can  be  solved  when  the  boundary  of  the  area  T  is  any  closed  cc 
curve  in  one  sheet.  The  question  is,  however,  sufficiently  general  foi 
purpose  in  the  form  adopted. 

Then,  with  these  limitations  and  assumptions,  Riemann's  theorem 
the  conformation  of  a  given  curve  with  some  other  curve  is  effective 
follows : — 

Any  simply  connected  part  of  a  plane  bounded  by  a  curve  T  can  alwa 
conformally  represented  on  the  area  of  a.  circle,  the  two  areas  having 
elements  similar  to  one  another;  the  centre  of  the  circle  can  be  mad 
homoloc/ue  of  any  point  00  within  T,  and  any  point  on  the  circumference  <. 
circle  can  be  made  the  homologue  of  any  point  0'  on  the  boundary  of  T 
conformal  representation  is  then  uniquely  and  completely  determinate. 

263.  We  may  evidently  take  the  radius  of  the  circle  to  be  unity, 
circle  of  any  other  radius  can  be  obtained  with  similar  properties  mere 
constant  magnification.  Let  w  be  the  variable  for  the  plane  of  the  cir 
the  variable  for  the  plane  of  the  curve  T\  and  let 

log  w  =  I  —  m  +  ni. 

Evidently  n  will  be  determined  by  m  (save  as  to  an  additive  constant 
m  +  ni  is  a  function  of  z :  and  therefore  we  need  only  to  consider  m. 

At  the  centre  of  the  circle  the  modulus  of  to  is  zero,  that  is,  em  is 
hence  m  must  be  —  GO  for  the  centre  of  the  circle,  that  is,  for  (say)  2  =  2^  i; 

At  the  boundary  of  the  circle  the  modulus  of  w  is  unity,  that  is, 
unity :  hence  m  must  be  0  along  the  circumference  of  the  circle,  that  is, 
the  boundary  of  T. 

Moreover,  the  correspondence  of  points  is,  by  hypothesis,  unique  fo 
areas  considered :  and  therefore,  as  em  and  n  are  the  polar  coordinates  o 
point  in  the  copy  and  as  m  is  entirely  real,  m  is  a  one-valued  fun< 
which  within  T  is  to  be  everywhere  finite  and  continuous  except  on 
the  point  z%.  Hence,  so  far  as  concerns  m,  the  conditions  are  : — 

(i)     m  must  be  the  real  part  of  some  function  of  z : 
(ii)    m  must  be  —  oo  at  some  arbitrary  point  z0 : 

*  A  curve  is  said  to  be  art  analytical  curve  (§  2(55)  when  the  coordinates  of  any  poinl 
can  be  expressed  as  an  analytical  function  I'S  84)  of  a  real  parameter. 


(iv)    for  all  points,  except  z0,  within  T,  m  must  be  one-valued,  finite  and 
continuous. 


Now  since  m  +  ni  =  logw  =  \ogjR  +  i®,  the  negatively  infinite  value  of  m 
it  #0  arises  through  the  logarithm  of  a  vanishing  quantity;  and  therefore,  in 
ilie  vicinity  of  za,  the  condition  (ii)  will  be  satisfied  by  having  some  constant 
nultiple  of  log  (z  —  z0)  as  the  most  important  term  in  m  +  ni  ;  and  the  rest  of 
}he  expansion  in  the  vicinity  of  z$  can  be  expressed  in  the  form  p(z  —  z0),  an 
.ntegral  series  of  positive  powers  of  z—  ZQ,  because  m  is  to  be  finite  and 
3ontinuous.  Hence,  in  the  vicinity  of  z0,  we  have 

log  w  =  m  +  ni  =  -  log  (z  —  z0)  +p(z  —  z0\ 

where  A,  is  some  constant.     This  includes  the  most  general  form  :   for  the 
form  of  any  other  function  for  m  +  ni  is 

-  log  {(z  -  z,}  g  (z  -  z0)}  +  P  (z  -  z,), 

where  g  is  any  function  not  vanishing  when  z  =  z0  :  and  this  form  is  easily 
3xpressed  in  the  form  adopted.     Hence 


Since  w  is  one-  valued,  we  must  have  X  the  reciprocal  of  an  integer  ;  and 
since  the  area  bounded  by  T  is  simply  connected  and  one-sheeted  we  must 
have  z—  zn  a  one-  valued  function  of  w.  Hence  \  =  1  ;  and  therefore,  in  the 
vicinity  of  z0, 

w  =  (z—z0)  ev(z~z»], 

a  form  which  is  not  necessarily  valid  beyond  the  immediate  vicinity  of  ZQ, 
for  p  (z  —  ZQ)  might  be  a  diverging  series  at  the  boundary.  Thus,  assuming 
that  p  (z  —  z0)  is  0  when  z  —  zn,  we  have,  in  the  immediate  vicinity  of  ZQ, 

m  +  ni  =  log  (z  —  z0), 
a  form  which  satisfies  the  second  of  the  above  conditions. 

It  now  appears  that  the  quantity  m.must  be  determined  by  the  con- 
ditions :  — 

(i)     it  must  be  the  real  part  of  a  function  of  z,  that  is,  it  must  satisfy 
the  equation  V2m  =  0  : 

(ii)     along  the  boundary  of  the  curve  T,  it  must  have  the  value  zero  : 
(iii)    at  all  points,  except  z0,  in  the  area  bounded  by  T,  m  must  be 


bounded  by.  T  conformally  represented  on  the  circle  in  the  w-plane. 

264.  The  investigations,  connected  with  the  proof  of  the  existenc 
theorem,  shewed  that  a  function  exists  for  any  simply  connected  bonndc 
area,  if  it  satisfy  the  conditions,  (1)  of  acquiring  assigned  values  along  tl 
boundary,  (2)  of  acquiring  assigned  infinities  at  specified  points  within  tl 
area,  (3)  of  being  everywhere,  except  at  these  specified  points,  uniform,  finit 
and  continuous,  together  with  its  differential  coefficients  of  the  first  arid  tl 
second  order,  (4)  of  satisfying  V2;t  =  0  everywhere  in  the  interior,  except 
the  infinities.  Such  a  function  is  uniquely  determinate. 

But  the  preceding  conditions  assigned  to  m  are  precisely  the  conditioi 
which  determine  uniquely  the  existence  of  the  function  :  hence  the  functi( 
m   exists   and   is   uniquely   determinate.     And    thence   the   function  w 
determinate. 

It  thus  appears  that  any  simply  connected  bounded  area  can  be  conformal 
represented  on  the  area  of  a  circle,  with  a  unique  correspondence  of  points 
the  areas,  so  that  the  centre  of  the  circle  can  be  'made  the  homologue  of  t 
internal  point  of  the  bounded  area. 

"  An  assumption  was  made,  in  passing  from  the  equation 

w  =  (z  —  z0)  ep  (Z~Z(>] 

to  the  equation  which  determines  the  infinity  of  in,  viz.  that,  when  z  =  . 
the  value  of  y>  (z  —  £„)  is  0.  If  the  value  of  p  (z  —  z0)  when  z  —  z0  be  sor 
constant  other  than  zero,  then  there  is  no  substantial  change  in  the  conditioi 
instead  of  having  the  infinity  of  TO  actually  equal  to  log|^  —  z0\,  the  n< 
condition  is  that  m  is  infinite  in  the  same  way  as  log|^  —  z0\,  and  then 
constant  factor  must  be  associated  with  w.  A  constant  factor  may  also  ari 
through  the  circumstance  that  ti  is  determined  by  m,  save  as  to  an  additi 
constant,  say  7  :  hence  the  form  of  w  —  em+ni  will  be 

=  Au. 


Since  displacement  in  the  plane  makes  no  essential  change,  we  may  ta 
a  form  w  =  Au  +  B,  Avhere  now  the  conformal  transformation  given  by  w 
over  any  circle  in  its  plane,  the  one  given  by  u  being  over  a  particular  circ 
centre  the  origin  and  radius  unity. 

The  conformation  for  w  is  derived  from  that  for  u  by  three  operations  :- 
(i)     displacement  of  the  origin  to  the  point  —  B/A  : 


in  completely  determined. 

This  determination  of  A',  B,  7  is  a  determination  by  very  special  con- 
ions,  which  are  not  of  the  essence  of  the  conformal  representation :  and 
Before  the  apparent  generality  for  the  present  case  should  arise  in  the 
ilysis.  Now,  if  w  =  Au  +  B,  we  have 


d    .      fdw\}       d  f,      fdv\] 
i-iloer  -r-  h  =  -r--Uog   -7-   r  > 
iz  \    Q\dz/}      dz  (    °\dz}} 


dz 

ich   is   the    same  for  the  two  forms ;   and  therefore  the  function  to  be 
',ght  is 


en  the  area  included  by  C  is  to  be  represented  on  a  circle  so  that  a  given 
Int  internal  to  0  shall  Jiave  the  centre  of  the  circle  as  its  homologue. 
.e  arbitrary  constants,  that  arise  when  w  is  thence  determined,  are  given 
special  conditions  as  above. 

Again,  if  the  conformation  be  merely  desired  as  a  representation  of  the 
trea  bounded  by  the  analytical  curve  C  on  the  area  of  a  circle  in  the 
plane  (without  the  specification  of  an  internal  point  being  the  homologue 
the  centre),  there  will  be  a  further  apparent  generality  in  the  form  of  the 
iction.  From  what  was  proved  in  §  258,  a  circle  in  the  M-plane  is  trans- 
•med  into  a  circle  in  the  w-plane  by  a  substitution  of  the  form 

Au+B 


Cu  +  D' 

that,  if  u  be  a  special  function,  w  will  be  the  more  general  function  giving 
desired  conformal  representation ;  and,  without  loss  of  this  generality,  we 
ly  assume  AD-BO=  I.  Using  {w,  z]  to  denote 

dw 


at  is,  —7 —  |  ( — r  )  , 

w       *  \w  J 

lied  the  Schwarzian  derivative  by  Cayley*,  we  have 

{w,  z]  =  {u,  z], 

*  Camb.  Phil.  Trans.,  vol.  xiii,  (1879),  p.  5,    Coll.  Math.  Papers,  vol.  xi,  p.  148  ;    for  its 
jperties,  see  the  memoir  just  quoted,  and  my  Treatise  on  Differential  Equations,  pp.  106 — 108. 
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nought  is 

[w,  z], 

when  the  area  included  by  the  analytical  curve  C  is  to  be  conformally  repre- 
sented on  a  circle.  The  (three)  arbitrary  constants,  that  arise  when  w  is 
thence  determined,  are  obtained  by  special  conditions. 

These  two  remarks  will  be  useful  when  the  transforming  equation  is 
being  derived  for  particular  cases,  because  they  indicate  the  character  of  the 
initial  equation  to  be  obtained :  but  the  importance  of  the  investigation  is 
the  general  inference  that  the  conformal  representation  of  an  area  bounded 
by  an  analytical  curve  on  the  area  of  a  circle  is  possible,  though,  as  the  proof 
depends  on  the  existence-theorem,  no  indication  is  given  of  the  form  of 
the  function  that  secures  the  representation. 

Further,  it  may  be  remarked  that  it  is  often  convenient  to  represent  a 
jz-area  on  a  ^-half-plane  instead  of  on  a  w-circle  as  the  space  of  reference. 
This  is,  of  course,  justifiable,  because  there  is  an  equation  of  unique  trans- 
formation between  the  circular  area  and  the  half-plane ;  it  has  been  given 

(Ex.  18,  §  257).     Moreover,  a  further  change,  given  by  u'  =  -        ,,  is  still 

C£6  "T*  Cv 

possible :  for,  when  a,  b,  c,  d  are  real,  this  transformation  changes  the  half- 
plane  into  itself,  and  these  real  constants  can  be  obtained  by  making  points 
p,  q,  r  on  the  axis  change  into  three  points,  say  0,  1,  oo ,  respectively — the 

transformation  then  being 

,     u—pq—r 

1}  I  ^.a.  J-  •*• 

Ut    —  ~       •         ~  . 

u  —  r  q  —  p 

265.  Before  discussing  the  particular  forms  just  indicated,  we  shall 
indicate  a  method  for  the  derivation  of  a  relation  that  secures  conformal 
representation  of  an  area  bounded  by  a  given  curve  C. 

Let*  the  curve  C  be  an  analytical  curve,  in  the  sense  that  the  coordinates 
no  and  y  can  be  expressed  as  functions  of  a  real  parameter,  say  of  u,  so  that 
we  havu  tc  —p  (u},  y  =  q  (w) ;  then 

s  =  x  4-  iy  —p  +  iq  =  ^>  (u). 
If  for  u  we  substitute  w  —  u  +  w,  we  have 

z  =  </>  (iu) ; 

and  the  curve  G  is  described  by  z,  when  w  moves  along  the  axis  of  real 
quantities  in  its  plane. 

When  the  equation  x +  iy  =  <j)(u  + iv)  is  resolved  into  two  equations 
involving  real  quantities  only,  of  the  form  x  =  A,  («,  v'),  y  =  /ct  (u,  v),  then  the 
eliminations  of  v  and  of  u  respectively  lead  to  curves  of  the  form 

"\lr  (.T.   11   i/.\  ==  0       'v  dr.    11   vA  =  0. 
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which  are  orthogonal  trajectories  of  one  another  when  u  and  v  are  treated  as 
parameters.  Evidently  %  (GO,  y,Q)  =  Q  is  the  equation  of  C  :  also 

X  (u,  0)  =  p,       /*  (u,  Q)  =  q. 

So  far  as  the  representation  of  the  area  bounded  by  G  on  a  half-plane  is 
concerned,  we  can  replace  w  by  an  arbitrary  function  of  Z(=X  +  i  F)  with 
real  coefficients  :  for  then,  when  Y=  0,  we  have  w=f(X)  and 

x=p{f(X}},     y  -?{/(*)}, 

which  lead  to  the  equation  of  G  as  before,  for  all  values  of  /.  This  arbi- 
trariness in  character  is  merely  a  repetition  of  the  arbitrariness  left  in 
Gauss's  solution  of  the  original  problem. 

Now  let  the  w-plane  be  divided  into  infinitesimal  squares  with  sides 
parallel  and  perpendicular  to  the  axis  of  real  quantities.  Then  the  area 
bounded  by  G  is  similarly  divided,  though,  as  the  magnification  is  not  every- 
where the  same,  the  squares  into  which  the  area  is  divided  are  not  equal  to 
one  another.  The  successive  lines  parallel  to  the  axis  of  u  are  homologous 
with  successive  curves  in  the  area,  the  one  nearest  to  that  axis  being  the 
curve  consecutive  to  G.  Similarly,  if  the  ^-plane  be  divided. 

Conversely,  if  a  curve  consecutive  to  G,  say  G',  be  arbitrarily  chosen,  then 
the  space  of  infinitesimal  breadth  between  G  and  G'  can  be  divided  up  into 
infinitesimal  squares.  Suppose  the  normal  to  G  at  a  point  L  meet  G'  in  L'  : 
along  G  take  LM=LL',  and  let  the  normal  to  G  at  M  meet  G'  in  M'  \  along 
C  take  MN=MM',  and  let  the  normal  to  G  at  N  meet  G1  in  N':  and  so  on. 
Proceeding  from  G'  with  L'M',  M'N',  ...  as  sides  of  infinitesimal  squares,  we 
can  obtain  the  next  consecutive  curve  G",  and  so  on;  the  whole  area  bounded 
by  G  may  then  be  divided  up  into  an  infinitude  of  squares.  It  thus  appears 
that  the  arbitrary  choice  of  a  curve  consecutive  to  G  completely  determines 
the  division  of  the  whole  area  into  infinitesimal  squares,  that  is,  it  is  a 
geometrical  equivalent  of  the  analytical  assumption  of  a  functional  form 
which,  once  made,  determines  the  whole  division. 

Next,  we  shall  shew  how  the  form  f  of  the  function  can  be  determined 
so  as  to  make  the  curve  consecutive  to  G  a  given  curve.  As  above,  the 
curve  G  is  given  by  the  elimination  of  a  (real)  parameter  between 

x  =  p  (u),      y  =  q(u); 
and  the  representation  is  obtained  by  taking 

as  +  iy  =  z=p(w)  +  iq  (w)  =  p  {/(£)}  +  iq 
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to  an  infinitesimal  value  of  Y  is  the  curve  G'.     Taking  u—f(X))  where  u 
and  X  are  real,  we  have,  for  the  infinitesimal  value  of  T} 


, 
so  that 


i    q(u) 

du    , 


dashes  denoting  differentiation  with  regard  to  u.     This  is  to  be  the  same 
as  the  curve  G',  given  by  the  equations 

x  •=  p  +  eP,     y  —  q  +  eQ. 

Hence  the  (real)  parameter  6  in  the  latter  differs  from  u  only  by  an  infini- 
tesimal quantity  :  let  it  be  u  -  p,  so  that  we  have 


the  terms  involving  products  of  e  and  p  being  neglected,  because  they  are 
of  at  least  the  second  order.     Hence 


whence  /A  (p/2  +  q")  =  e  (Ppr  +  Qq'), 

and 


Now  e  is  a  real  infinitesimal  constant,  as  is  also  Y  for  the  present  purpose  : 
so  that  we  may  take  e  =  A  Y,  where  A  is  a  finite  real  constant  :  and  A  may 
have  any  value  assigned  to  it,  because  variations  in  the  assumed  value 
merely  correspond  to  constant  magnification  of  the  ^-plane,  which  makes 
no  difference  to  the  division  of  the  area  bounded  by  G.  Thus 


f     0/2  _|_  Q  '2 

and  therefore  AX  =    -—=.  —  ~-»  du, 

j  p'Q  -  q  P 

the  inversion  of  which  gives  u=f(X)  and  therefore  w=f(Z),  the  form 
required. 


dX} 
where  ds  is  an  arc  measured  along  the  curve  G. 

Ex.  1.  As  an  illustration*,  let  Cite  an  ellipse  x2/a2+y2/b2=l  and  let  C"  be  an  interior 
eonfocal  ellipse  of  semi-axes  a—  a,  b  —  fi,  where  a  and  /S  are  infiniteaimally  small  ;  so  that, 
since 

(a-a)2-(&-/3)2  =  a2~&a=c2, 

jo  n 

we  have  aa=bjB=ce  say;  then  the  semi-axes  of  C"  are  a  —  e,  &-  ,-e.     We  have 


,  •,    , 
so  that 


PC  f-L  Q 

—  —  Cos  u.        u=  —- 
a  b 

.  ,r      /"a?;  7       a& 
^4  A  =  I  —  du  =  —  u. 
J  c  c 


or,  taking  A  =  —  ,  we  have  X=u  aud  therefore  Z=w.     Hence  the  equation  of  transform  - 

,.  .  C  » 

ation  is 

z—x+iy  =  a  cosZ+ib  sin  Z; 

or,  if  a=ccosh  F0,  6  =  csinh  F0,  and  if  Y'  denote  T0—  Ir,  the  equation  is 

2  =  c  cos  (X  +iY')  =  c  cos  ,2"'. 

The  curves,  corresponding  to  parallels  to  the  axes,  are  the  double  system  of  eonfocal 
conies.  * 

Ex.  2.    When  the  curve  C  is  a  parabola,  with  the  origin  as  focus  and  the  axis  of  real 
quantities  as  its  axis,  and  C"  is  an  external  eonfocal  coaxial  parabola,  the  relation  is 


substantially  the  same  relation  as  in  Ex.  9,  §  257. 

Ex.  3.  When  C  is  a  circle  with  its  centre  on  the  axis  of  real  quantities  and  C"  is 
an  interior  circle,  having  its  centre  also  on  the  axis  but  not  coinciding  with  that  of  C,  the 
circles  being  such  that  the  axis  of  imaginary  quantities  is  their  radical  axis,  the  relation 
can  be  taken  in  the  form 

z=  c  tan  Z.  (Beltrami  ;  Cayley.) 

Note.  Although,  in  the  examples  just  considered,  the  successive  curves 
G  ultimately  converge  to  a  curve  of  zero  area  (either  a  point  or  a  line),  so 
that  the  whole  of  the  included  area  is  transformed,  yet  this  convergence 
is  not  always  a  possibility,  when  a  consecutive  to  G  is  assigned  arbitrarily. 
There  will  then  be  a  limit  to  the  ultimate  curve  of  the  series,  so  that  the 
representation  ceases  to  be  effective  beyond  that  limit.  The  limitation 

C$  v 

may  arise,  either  through  the  occurrence  of  zero  or  of  infinite  values  of  -^ 

for  areas  and  not  merely  for  isolated  points,  or  through  the  occurrence  of 
branch-points  for  the  transforming  function.  In  either  case,  the  uniqueness 
of  the  representation  ceases. 


then  we  can  take 

a=p  =  2a  (1  +  cos  %)  cosw,        y  =  <i 

where  evidently  w=#  along  the  curve.     Lot  the  con.secutive  curve  be  given  by 

x=  -a,f  +  2a(l  +  e)  (1  +  cos  M')  cos  u',        y=2a(l+f)  (l-f-costt')sin  u', 
so  that,  to  determine  X,  we  assume  P=  —  a+2a  (1  +  cos  u)  cos  «,   Q  =  '2a  (1+cos  «)  sin?{, 
for  u'  -u=  -p.  a  small  quantity. 

"We  have  jt/a  +  </'2  =  16«2  cos2  £M, 


and  then,  .proceeding  as  before  and  choosing  A  of  the  text  as  equal  to  —  -J,  (which  implies 
that  e  is  negative  and  therefore  that  the  interior  area  is  taken),  we  find 


therefore  Z=w.     Thus  the  cardioid  itself  and  the  consecutive  curves  are  given  by 

s  —p  +  ?'</  =  2a  (1  +  COH  %)  G 
To  trace  the  curves,  corresponding  to  lines  parallel  to  the  axes  of  JT  and  J7",  we  have 


Hence,  multiplying,  we  have 

'f = 4a#      (cos  \  Z  cos  \  Z^ 

=  2«<T  3  (cosh  F+  cos  A') ; 
and,  dividing,  we  have 

iff      ix  cos-i-^T 


_ 

~       cos 


,  I    .  •  i  (X  -  0)  _  cos  i  X  cosh  i  F  +  ?'  si  n  i  JT  sinh  -i-  F 

cos-i-A't'oshill-F—  i  sin-i-A^ainh  -iF' 
and  therefore 

tan  $  ( Jf  -  0)  =  tan  £  A'  tan  h  £  F. 
Moreover,  we  have 


which  vanishes  when  Z=-n  (2^  +  1),  that  is,  at  the  point  Ar=(2?i  +  l)w3  F=0;  whence  the 
cusp  of  the  cardioid  is  a  singularity  in  the  representation. 

When  F=0,  then  X=6  and  ?-=2«  (1  +  cos 0),  which  is  the  cardioid;  when  F  is  very 
small  and  is  expressed  in  circular  measure,  then 

tan  | (X- 0)=4Ftan  £ JT, 

or  Ar=<9+Ftani<9, 

so  that  r 

It  is  easy  to  verify  that 

agreeing  with  the  former  result. 


fall  «.{rr  ••  A/J;      tnnh  f,  }' ; 
lhi*ri'i'i*n*  tan  \t)     •'     ' 


;»-f  «»f  ;i  jiarulmla,     An«l  wlnMj  i"  vari«"<  frnni  t   fi»  o, /J  varii-s  frniu  <Hn  .W. 
Srn.utlly,  when  /     A",  i»<  Miaf   }'    H,  w<-  have  ,V     /',  atnl  fh'-u 

r    ;!<f   1  j  n.sfJ;: 

,  win-is  A*  saricw  lV"lu  ?.rr  <•«       .W,  f'  varii-.s  fri'iu  \tr  iu  —  Arc. 
TlunlSy,  wlji-u  /^         ^Tt'f/l',  ui-  luivc  A*      —J,rr,  >"i  thai. 

litti  'Irr  |  ,'./'       taJih  .\  }", 

•»««•••  f:uj.U?     •»••    }, 

hat,  an    }*  vju-ii-n  iVmii  "  f>i  /  ,  (I  varif  .  iV"lit  —  Irr  i"  ".      Ami  lh<'U 


' 


Ihi'l'  part  <>!'  tin-  :..utn%  jiaralmla  it:*  ln'Turi'. 

I.ar.lly,  wln'U    }'  !•••  inliiiiti'  an>l  ,V  vitric:*  IVmn       (  tn  i-  '(  ,  \vi«  lia 

hill  :'.  ;  A'      ?»•      ton  .1  A', 

hat  ()  ii;  ami  thru  /•>  n,  in  I'HVi-t  tin*  jminl.  nf  thi'  jihiiif  rurrc^inniUii^  tn  fin-  |u>ini, 
nlinily  in  tin*  /.  -  jil.uir. 

\Vi«  fhtf=  itlilain  a  tii'iij'i'  in  I  hi*  ...jilaui*  Af><"/>,(  I'MiTi's'iniulhi!',  In  ihf  .<irij»  in  flu' 
bur:  fhr  liDnmlary  »•>  partly  a  jiaj-almla  /),\/i,  i>i'  f'ni-ii.  n  ;iinl  a\i?*  O.I,  ,-iniJ  p.irtly 
inlii>iil  with  n  fur  ru'>|i  tin'  invcr.-^*  nf  I  In*  paralmla  with  i*i'i;afil  t"  a  riivlf  "n  (hi1 
[•»  rci-tutu  tttt  as  diaiui'tiT;  (hi*  aiir,!!"*  at  /*'  utnl  f>  arc  rii-hl. 

-f- 

•f 


V       Aw-: 


TII  frai't*  tin*  (livi:.iiin  iif  tin-  sji;ir<'  ln»I.Wi'i'U  thr  axi's  nf  tin*  canliniil  ami  nf  111'1  J'JilMlmla 
•t'.'i|iiiiidiii!';  tn  tin*  tlivisiiin  nf  tin*  j>lanc  slrip  inln  small  squari-s,  \vc  can  jirm-i'i'il  as 


or,  it  11= ap,  uieii  p=i-t-c' 

]  — c 
and  tan  £  (A -0)  =  ::—--_  tan-£A', 

JL  "i  C 

sin  10 

so  that  c=--, /v    Us ' 

sin  ^/l  —  -goj 

cos  |0          sin  |0       1 
and  therefore  ^  -  ^-^  =  ^^^  -  -^  , 

HO  that  c  cos  X=  pi  cos  ^0-1,        c  sin  A'=  pi  sin  i0, 

from  which  the  curves,  corresponding  to  c= constant  and  to  A"=  constant,  are  at  once 
obtained.  They  are  exhibited  in  the  figure,  the  whole  of  the  internal  space  being 
divisible. 

By  combination  with  the  transformation,  which  (Ex.  18,  §  257)  represents  a  strip  of 
the  foregoing  kind  on  a  circle,  the  relation  can  be  obtained,  leading  to  the  representation 
of  the  figure  on  a  circle. 

Ex.  5.  Shew  that,  if  a  straight  line  be  drawn  from  the  cusp  to  the  point  r=a,  (9  =  0, 
HO  as  to  prevent  z  from  passing  round  2—0  or  z=a,  then  the  area  bounded  by  the  cardioid 
and  this  line  can  be  represented,  on  a  strip  of  the  w-planc  given  by  T=0,  Ir=co, 
A%=  —  TT,  A"=+TT,  by  the  equation 

iw~log  {(z/a$  -  1}.  (Burnside.) 

Ex.  6.  In  the  same- way,  treating  the  curve  (the  Cis.soid  of  Diocles)  (2r  — ,v)y2  =  A'3, 
and  taking  the  equations 

'  "    cos  u  ' 

as  defining  the  points  on  the  curve,  AVO  may  assume  the  consecutive  curve  defined  by  the 
equations 

X  =  e  +  (2?-  —  e)  sin'2  u,         II  =  (2r  —  e) " -1  , 

^          '  '        •'     x          '  cos  Mj 

another  cissoid  with  the  same  asymptote.  Proceeding  as  before,  we  find  the  value  of  X 
to  be  tan  n  +  -^  tan^  u,  on  taking  ./I  =  —  if  r. 

The  relation,  which  changes  the  cissoidal  arc  into  the  axis  of  A"  and  a  consecutive 
cissoidal  arc  into  a  lino  parallel  to  the  axis  of  X  at  an  infinitesimal  distance  from  it, 

is  then 

sinaw  wi 
cos  w      ' 

where  the  relation  between  w  and  Z  is 

Z=  tan  w  +  JJ.T  tan3  w. 

Note.  The  method  is  applicable  to  any  curve,  whose  equation  can  be  expressed  in  the 
form  '<=/(0) :  a  first  transformation  is 

z=f(w}ewi. 
The  determination  of  w  in  terms  of  Z  depends  upon  the  character  of  the  consecutive 


plane,  the  conformation  is  only  effective  for  parts  of  the  included  areas,  in 
ich  the  magnification,  if  it  is  not  uniform,  becomes  zero  or  infinite  only  at 
lated  points,  and  in  which  no  branch-points  of  the  transforming  relation 
,ur.  The  immediate  vicinity  of  a  curve  C  is  conformable  with  the 
tnediate  vicinity  of  a  corresponding  curve  S,  arbitrarily  chosen  limits 
ng  assigned  for  the  vicinity. 

But,  as  remarked  by  Cayley*,  when  a  curve  is  given,  then  the  con- 
utive  curve  can  be  so  chosen  that  the  whole  included  area  is  conformable 
)h  the  whole  corresponding  area  in  the  .Z-plane.  For  a  circle  canTbe  thus 
presented,  the  ultimate  limit  of  the  squares  when  consecutive  curves  are 
istructecl  being  then  a  point  :  this  can  be  expressed  by  saying  that  the 
.a  can  be  contracted  into  a  point.  For  instance,  the  relation 

z(w  +  l]  +  i(w-l)  =  0 

nsforms  the  ^-half-plane  into  the  area  included  by  a  w-circle  of  radius 
ity.  The  lines  parallel  to  the  axis  of  x  are  internal  circles  all  touching 
3  another  at  the  point  (—1,  0)  :  and  the  lines  parallel  to  the  axis  of  y  are 
sles  orthogonal  to  these,  having  their  centres  on  a  line  parallel  to  the  axis 

T  and  all  touching  at  the  point  (—  1,  0).  Similarly  for  the  contraction  of 
y  circle,  by  making  it  one  of  two  systems  of  orthogonal  circles  :  the  form  of 
5  necessary  equation  is  obtained  as  above  by  taking  the  next  circle  of  the 
ae  system  as  the  consecutive  curve  :  and  a  circle  can  thus  be  contracted  to 

centre  (the  infinitesimal  squares  being  bounded  by  concentric  circles  and 
radii)  when  the  u/-circle  is  derived  from  a  strip  of  the  ^-half-plane  by  the 
ation  w  =  eiz.  Such  a  contraction  of  a  circle  is  unique. 

But,  by  Riemann's  theorem,  it  is  known  that  the  area  of  a  given 
ilytical  curve  can  be  conformally  represented  on  the  area  of  a  given 
cle,  so  that  a  given  internal  point  is  the  homologue  of  the  centre  and 
given  point  on  the  curve  is  the  homologue  of  a  given  point  on.  the 
eumference  of  the  circle  :  and  that  the  representation  is  unique.  Hence 
folloAvs  that,  when  an  analytical  curve  C  is  given,  a  consecutive  curve 

can  be  chosen  in  such  a  manner  as  to  secure  that  the  construction  of 
)  whole  series  of  consecutive  curves  by  infinitesimal  squares  will  make 
)  curve  C  contract  into  an  assigned  point  t- 

267.  The  areas,  already  considered  in  special  examples,  have  been 
iinded  by  one  or  by  two  analytical  curves  :  we  shall  now  consider  two 
jcial  forms  of  areas  bounded  by  a  number  of  portions  of  analytical  curves. 
ese  areas  are  (i)  the  area  included  within  a  convex  rectilinear  polygon, 


,1  I  J          1     1  1  f          '  -] 
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bounded  by  three  circular  arcs.  For  the  sake  of  analytical  simplicity,  the 
former  will  be  conformally  represented  on  the  half-plane,  the  transformation 
to  the  circle  being  immediate  by  means  of  the  results  of  §  257. 

In  regard  to  the  representation*  of  the  rectilinear  polygon,  convex  in 
the  sense  that  its  sides  do  not  cross,  we  shall  take  the  case  corresponding 
to  the  first  of  the  two  forms  of  §  264  ;  it  will  be  assumed  that  the  origin  in 
the  w-plnrie  is  left  unspecified  and  that  the  magnification  is  subject  to  an 
unspecified  increase,  constant  over  the  plane.  Our  purpose,  therefore,  is  to 
represent  the  w-area  included  by  a  polygon  on  the  half  of  the  ^-plane  ;  the 
boundary  of  thu  polygonal  area  in  the  w-plane  is  to  be  transformed  into  the 
axis  of  real  quantities  in  the  ^-plane. 

It.  follows,  from.  Schwarz's  continuation-theorem  (§  36),  that  a  function 
defined  for  a  region  in  the  positive  half  of  a  plane  and  acquiring  continuous 
real  values  for  continuous  real  values  of  the  argument  can  be  continued 
across  the  axis  of  real  quantities  :  and  the  continuation  is  such  that  conju- 
gate values  of  the  function  correspond  to  conjugate  values  of  the  variable. 
Moreover,  the  function,  for  real  values  of  the  variable,  can  be  expanded  in 
a  converging  series  of  powers,  so  that 

w  —  w0  —  (oc  —  c]  P  (so  —  c), 

where  P  is  a  series  of  positive,  integral  powers  with  real  coefficients  that 
does  not  vanish  when  c  is  the  value  of  the  real  variable  x. 

Suppose  a  convex  polygon  given  in  the  w-plane,  the  area  included  by 
which  is  to  be  represented  on  the  0-plane,  and  the  contour  of  which  is  to  be 
represented  along  the  axis  of  x  by  means  of  a  relation  between  w  and  z. 

First,  consider  a  point  say  /3  on  the  side  Ar^Ar  which  is  not  an  angular 
point.     Then,  if  6  denote  the  inclination  of  Ar^Ar  to 
the  axis  of  u,  the  function 

(w  -  /3)  0 

is  real  when  w  lies  on  the  side  Ar^Ar:  it  changes  sign 
when  w  passes  through  /3  :  and  for  all  other  points  w, 
lying  either  in  the  interior  or  on  the  other  sides  of  the 
polygon,  it  has  the  same  properties  as  w.  Hence,  if  b  be 
a  (purely  real)  value  of  z  corresponding  to  w  =  /3,  we  have  '  Fig.  93. 

(w  -  /3)  e-*>+<>)  =  (g  -  &)  P  (z  -  &), 


because  the  magnification    -j-    is  not  to  vamsn  at  any  current  point  ;  ana, 

when  w  lies  on  the  side  ArAr-l}  then  z  =  os. 

Next,  consider  the  vicinity  of  an  angular  point  of  the  polygon.  Let  7  be 
the  coordinate  of  Ar,  let  yu-vr  be  the  internal  angle  of  the  polygon,  and  let  -^r  be 
the  inclination  of  ArAr+1  to  the  axis  of  u:  and  consider  the  function 

(w  —  y)  e-i(*+e\ 

When  w  lies  on  the  side  ArAr^  at  a  distance  d  from  Ar,  then 

w  -  7  =  de»'(T+0)} 
so  that  the  function  is  then  real  and  positive. 

When  w  lies  in  the  interior  of  the  polygon,  the  function  has  the  same 
properties  as  w,  and  its  argument  is  negative. 

When  w  lies  on  the  side  ArAr+l  at  a  distance  d'  from  Ar,  then 
iu-v  =  d'ett,  so  that  the  function  is  dV*<w+fl-*>,  that  is,  d'e'^.  Hence 


is  real  and  positive  along  the  side  Ar--iAr,  and  is  real  and  negative  along 
the  side  ArAr+1.  If  then  z=-c  be  the  value  corresponding  to  w  =  %  we 
can  expand  this  function  in  the  form  (z  —  c)  Q'  (z  —  c),  where  Q'  (z  —  c)  does 
not  vanish  for  c;  and  therefore 

(w  -  7)  e-H'+V  =  (z  -  ofR,  (z  -  c\ 
where  R  (=  Q'1*)  does  not  vanish  for  z  —  c. 

These  forms  assume  that  neither  6  nor  c  is  infinite.  The  point  on  the 
boundary  of  the  polygon  (if  there  be  one),  corresponding  to  as  =  oo  ,  can  be 
obtained  as  follows.  We  form  a  new  representation  of  the  .z-plane  given  by 

*?=»-!, 

which  conformally  represents  the  upper  half  of  the  .s-plane  on  itself:  and 
then,  on  the  assumption  that  such  point  at  infinity  does  not  correspond 
to  an  angular  point  of  the  polygon,  we  have  £  =  0  corresponding  to  an 
ordinary  point  of  the  boundary,  so  that 


where  Q  does  not  vanish  when  2  =  oo  . 

If  an  angular  point,  at  which  /ATT  is  the  internal  angle  of  the  polygon, 
has  its  homologue  at  infinity,  a  similar  argument  shews  that,  in  its  immediate 
vicinity,  the  transformation  is 


siaerea,  corresponding  EO  points  on  une  axis  or  x. 

We  now  consider  points  in  the  interior.  If  w'  be  such  an  interior  point 
and  z  be  the  corresponding  £-point,  then 

w  —  w'  —  (z  —  z'}  S  (z  —  z"), 

where  S  does  not  vanish  for  z  =  z1,  because  at  every  point  ->-  -  must  be  different 

from  zero :  for  otherwise  the  magnification  from  a  part  of  the  #-plane  to  a 
part  in  the  interior  of  the  polygon  would  be  zero  and  the  representation 
would  be  ineffective. 

Now  in  the  present  case,  just  as  in  the  first  case  suggested  in  §  264,  it  is 
manifest  that,  if  a  particular  function  w'  give  a  required  representation,  then 
Aw'  +  B,  where  \A  =1,  will  give  the  same  w-polygon  displaced  to  a  new 
origin  and  turned  through  an  angle  a,  =  arg.  A,  that  is,  no  change  will  be  made 
in  the  size  or  in  the  shape  of  the  polygon,  its  position  and  orientation  in  the 
w-plane  not  being  essential.  Hence  the  function  to  be  obtained  may  be 
expected  to  occur  in  the  form  w  =  Aw'-{-B]  hence 

dw  _   ,  dwf 

'dz          dz  ' 

and  therefore  log  -y-  =  log  eia  H-  log  -y— , 

4.1    ,.  ^  A      dw\      d'f,      dw'\ 

so  that  -j-    log  -r-  I  =  -y-    log    .-  - ) . 

dz  \    °  dzj     dz  \    °  dz  / 

Thus,  in  representing  a  figure  bounded  by  straight  lines,  the  function  to  be 
obtained  is 


d   f,      fdw\] 

=  -y-    1  log      -7-   }  [•  . 

dz  (   °  \dz  ]} 


Now  in  the  vicinity  of  a  boundary-point  /3,  not  being  an  angular  point 
and  corresponding  to  a  finite  value  of  z,  we  have 


and  therefore  Z=Pl(z  —  b), 

having  z  =  b  for  an  ordinary  point. 

For  a  boundary-point  @',  not  being  an  angular  point  and  corresponding 
to  an  infinite  value  of  z  on  the  real  axis,  we  have 

w  —  8'  =  6*0+0')  -  i 


id  therefore  Z  =  ^—  ^  +  Rl(z-  c), 


z  —  c 


here  Rl  has  z  —  c  for  an  ordinary  point. 

In  the  vicinity  of  an  angular   point  7',  corresponding  to   a  place  at 
fmity  on  the  real  axis,  we  have 


7- 

£J   =   


here  Rl  is  not  zero  when  z  =  co  .     Thus  Z  vanishes  at  such  a  point. 

Lastly,  for  a  point  w'  in  the  interior  of  the  polygon,  we  have 

w  —  w'  —  (z "—  z'~)  S  (z  —  z'), 
id  therefore  Z  =  Si  (z  —  z'}, 

iving  z  —  z  for  an  ordinary  point. 

Hence  Z,  considered  as  a  function  of  z,  has  the  following  properties : — 

It  is  an  analytical  function  of  z,  real  for  all  real  values  of  its  argument, 
and  zero  when  x  is  infinite : 

It  has  a  finite  number  of  accidental  singularities  each  of  the  first  order 
and  all  of  them  isolated  points  on  the  axis  of  x\  and  at  all  other 
points  on  one  side  of  the  plane  it  is  uniform,  finite  and  continuous, 
having  (except  at  the  singularities)  real  continuous  values  for  real 
continuous  values  of  its  argument. 

he  function  Z  can  therefore  be  continued  across  the  axis  of  x,  conjugate 
ilues  of  the  function  corresponding  to  conjugate  values  of  the  variable:  and 
3  properties  make  it,  by  §  48,  a  rational  ineromorphic  function  of  z. 

Let  a,  6,  c,  . . . ,  I  be  the  points  (all  in  the  finite  part  of  the  plane)  on  the 
:is  of  x  corresponding  to  the  angular  points  of  the  polygon,  and  let 

RTT,  /JTT,  777-,  . . . ,  \TT 
5  the  internal  angles  of  the  polygon  at  the  respective  points. 

The  residues  at  these  points  are  a— 1,  /3  —  1,  7  —  1, . . . ,  X  —  1  respectively  ; 
,  after  §  48,  we  consider  the  function  W  given  by 

Tir      r,      f«  —  1      /3  - 1      7—1  A-  —  1) 

I/I/     'f  I  t      '  I       *  I  I         . V 


values  oi  z  we  nave 


where  T  (  -  )  is  finite  for  large  values  of  z.     But 
\z  I 

2  (TT  —  «TT)  =  sum  of  the  external  angles  of  the  polygon 

.        =  2-7T, 

so  that  S  («  -  1)  =  -  2. 

Thus  W  is  zero  of  the  second  order  when  z  =  <x>  . 

If  an  angular  point  of  the  polygon  corresponds  to  #  =  oo  ,  then  for  large 
values  of  z  we  have 


where.  T{-}  is  finite  for  large  values  of  .z.     But  now 
W 

(TT  —  /XTT)  +  S  (TT  -  cwr)  =  sum  of  the  external  angles  of  the  polygon 

so  that  1  —  /w.  +  2  (1  -  a)  =  -  2, 

that  is,  /A+  1  +  2  (a  —  1)  =  0. 

Thus  If"  is  zero  of  the  second  order  when  z  =  oo  . 

Consequently  W  has  no  pole  anywhere  in  the  2-plane ;  so  it  is  a  constant. 
At  infinity,  W  is  zero,  so  that  this  constant  is  zero.     Hence  we  have 

d  L      fdw\]      a  —  1  A,  —  1 


and  each  of  the  quantities  a,  /3,  ...,  X  is  less  than  2.     This  equation*,  when 
integrated,  gives 

w  =  Cf(z-  a)"-3  (z  -  b)?-1  ...(z-  l}^  dz  +  G', 

where  G  and  G'  are  arbitrary  constants,  determinate  from  the  position  of 
the  polygonf. 

It  is  to  be  noted  that,  when  no  angular  point  of  the  w-polygon  has  its 
homologue  at  infinity,  the  relation 

2(«-l)  =  -2 

is  satisfied ;  and  that  this  relation  does  not  hold  when  an  angular  point  of 
the  w-polygon.  has  its  homologue  at  infinity. 

The  final  expression  for  w  in  terms  of  z  is  commonly  called  the  Schwarz- 
Christoffel  transformation. 


268.  It  may  be  remarked,  first;  that  any  three  of  the  real  quantities 
',,  b,  c,  ...,  I  can  be  chosen  arbitrarily,  subject  to  the  restrictions  that  the 
loints  a,  b,  c,  ...,  I  follow  in  the  same  order  along  the  axis  of  so  as  the  angular 
loints  of  the  polygon  and  that  no  one  of  the  remaining  points  passes  to 
nfinity.  For  if  three  definite  points,  say  a,  b,  c,  have  been  chosen,  they  can, 
>y  a  real  substitution 


rhere  p,  q,  r,  s  are  real  quantities  satisfying  ps  —  gr  =  I,  be  changed  into 
ither  three,  say  a,  b',  c'  :  and  then,  substituting 


,  - 

*       K- 


,nd  using  the  relation  S  (a  —  1)  =  —  2, 

TO  have  w  =  Tf(£  -  a')"-1  (£  -  bj-1  ...(?-  Z')*"1  d£  +  C', 

vhere    F   is  a   new  constant.     By  the   real   substitution,  the   axis  of  real 

[uantities  is  preserved  :   and   thus  the   new  form  equally  effects  the  con- 

brinal  representation  of  the  polygon. 

But,  secondly,  it  is  to  be  remarked  that  when  three  of  the  points  on  the 
ixis  of  x  are  thus  chosen,  the  remainder  are  then  determinate  in  terms  of 
.hem  and  of  the  constants  of  the  polygon. 

269.  The  simplest  example  is  that  of  a  triangle  of  angles  air,  @TT,  773-,  so 
;hat 


a  particular  function  determining  the  conformal  representation  of  this 
.y-triangle  on  the  half  2-plane  is 

dz 


w  =    -,- 


(z  -  a)1-"  (z  -  b)1-?  (z  -  c)1-*  ' 
jo  that  ™  =  (*  -  a)1-"  (z  -  b)^  (z  -  c)1^ , 

\,  differential  equation  of  the  first  order*. 

•  For  general  values  of  a,  /3,  7,  which  are  rational  fractions,  the  integral- 
function  w  is  an  Abelian  transcendent  of  some  class  which  is  greater  than  1 : 
md  then,  after  §§  110,  239,  z  is.no  longer  a  definite  function  of  w,  and  the 
Dath  of  integration  must  be  specified  for  complete  definition  of  the  function. 

If  a=0,  the  only  instance  when  the 'integral  is  a  uniform  function  of  w 


If  no  one  of  the  quantities  a,  ft,  7  be  zero,  then  on  account  of  the  condition 
7  =  l,  the  only  cases  when  the  integral  gives  z  as  a  uniform  function 
of  w  are  as  follows  :  — 

(I)  «  =  !•,  /3=J,  7  =  J'>  an  equilateral  triangle  : 

(II)  «  =  -|,  P  —  \,  7  =  ^;  an  isosceles  right-angled  triangle  : 

(III)     «  =  ^  ,  fi  =  $,  7  =  tj  ;  a  right-angled  triangle,  with  one  angle  equal 

to  |TT. 

In  each  of  these  cases  z  is  a  uniform  doubly-periodic  function  of  w  ;  and 
after  arranging  the  constants  of  integration,  the  respective  relations  are 

(I)  7  =  P», 

& 

where  the  invariants  g2,  gs  are  =  0,  4  ; 

(II)  jrt-i-PM 
where  the  invariants  g2,  gs  are  =  —  4,  0  ; 

(HI)  TTi  ->•(»>• 

where  the  invariants  g%,  gs  are  0,  4. 

The  integral  expressions  for  these  cases  were  given  by  Love*,  who  also 
discussed  a  further  case,  (due  to  Schwarz),  in  which  z  occurs  as  a  two-valued 
doubly-periodic  function  of  w.  The  triangle  is  then  isosceles  with  an  angle 
of  -|7T,  the  values  of  a,  /3,  7  being  a  =  f,  /8  =  £,7  =  £;  the  relation  is 


where  the  invariants  g2  and  g3  are  0,  4. 

The  example  next  in  point  of  simplicity  is  furnished  by  a  quadrilateral, 
in  particular  by  a  rectangle  :  then 


When  no  one  of  the  homologues  of  the  angular  points  is  at  infinity  on 
the  real  axis  in  the  2-plane,  the  general  form  is 


so  that  z  is  a  doubly-periodic  function  of  z. 

*  Amer.  Journ.  of  Math.,  vol.  xi,  (1889),  pp.  158  _  171. 


so  that  again  z  is  a  doubly-periodic  function  of  z. 

When  two  of  the  homologues  of  the  angular  points  are  at  infinity — and 
there  cannot  be  more  than  two — then  after  the  explanations  of  §  267,  the 
form  of  relation  is 


dz\   °  dzj     z  —  b     z  —  c' 

We  shall  consider  the  last  form  at  once.  There  are  two  alternatives 
according  as  b  and  c  are  distinct  or  as  they  coincide.  When  they  are  distinct, 
we  take  6  =  +  l,  c  =  —  1 ;  when  they  coincide,  we  take  b  —  c  =  0. 

For  the  first  case,  we  easily  find 

dz       ,   T, 

7    -f   JJ 

*  - i)4 
=  A  cosh"1  z  +  B. 

Dropping  the  constant  B  (which  only  affects  the  origin  in  the  ?u-plane), 
we  have 

,  w 
z  =  cosh  -j  , 

and  we  shall  take  A  real.     Thus 

,     U  1)  .    ,     U     .       V 

x  —  cosh  -r  cos  -r ,     ?/  =  smh  -r  sin  —r ; 

A  zl    3        v  A  A    ' 

jfl.  A  xl  jfi 

the  upper  half  of  the  #-plane  is  conformally  represented  upon  the  interior  of 
a  strip  in  the  w-plane  bounded  by  the  lines  v  =  0,  v  =  7rA,  and  the  part  of 
u  =  0  between  these  two  lines. 

For  the  second  case,  we  have 

d  A      dw 


and  so  we  easily  find 

w  —  A  log  z  +  B. 

Again  dropping  the  constant  B  and  taking  A  real,  we  have 


1  - 

=  eA  cos  -j  ,     y  =  eA  sin  -j  ; 


the  upper  half  of  the  ^-plane  is  conformally  represented  upon  the  interior  of 
the  strip  in  the  w-plane  bounded  by  the  lines  v  —  0,  v  =  IT  A. 

Passing  now  to  the  general  form,  we  shall  first  suppose  that  the  rectangle 


infinity,  and  us  -  .1,  0,  1  are  the  homologues  of  the  other  three,  we  have  the 
relation  between  w  and  z  in  the  form 


w  =  CJ{z(z-l)(z  + 
=  (7 


4- 


{*(*-!))* 

C  and  C'   being  dependent  upon  the  position  and  the.  magnitude  of  the 
w-square. 

Again,  the  half  s-plano  is  transformed  (§  257,  Ex.  1.3)  into  the  interior  of 
a  ^-circle,  of  radius  1.  and  centre  the  origin,  by  the  relation 


Then  except  as  to  a  constant  factor,  which  can  bo  absorbed  in  0,  the  integral 
in  tu  changes  to 


dZ 
(1  -  Z*$ 


so  that,  by  the  relation. 


o(1  -#')" 

the  interior  of  a  ^-circle,  centre  the  origin  and  radius  1,  is  the  con  formal 
representation  of  the  interior  of  some 
square  in  the  ]'Jr-plaiie.    Denoting  by  - — -L  IB 

I'1       d,v 
//the integral      — -~~ — ;,  ,  so  that  2£ 


d 


Fig.  1)4. 


is  the  length  of  adiagonal,  the  angular 

points  of  the  square  are  D,  A,  II,  C 

on  the  axes  of  reference :  and  these 

become  d,  a,  b,  c  on  the  circumference 

of  the  circle.     They  correspond   to  —1,  0,   l,oo    on  the  axis  of  :>•  in  the 

representation  on  tho  half-plane. 

Ex.  Shew  that  tho  area  outside  a  square  in  the  '//'-piano  can  bo  conloriually  repre- 
sented on  the  interior  of  a  circle  in  tho  s-pluno,  centre  tho  origin  and  radiu.s  unity,  by  tho 
equation 


the  s-origin  corresponding  to  the  infinitely  distant  part  of  the  ?/'-plano.  (Sohwara.) 


corresponding  to  the  angular  points  of  the  rectangle  when  it  is  represented 
on  the  half-plane.     We  thus  have 


W  =  GI  {(i  -  z*)  (i  -  kw)}-  *dz  +  cf. 

If  the  rectangle  be  taken  so  that  its  angular  points  are  a,  a  +  2bi,  —  a  +  2bi, 
—  a  in  order,  these  corresponding  to  I,  j- ,  —  j ,  —  1  respectively,  then  we  have 


so  that  the  relation  is 

-  K  =  f*  {(1  -  s2)  (1  -  fcfc8)-  *  dz, 

a         Jo 

i.i  K'     2b 

n/nd  then  ->-?  =  —  • 

K      a  ' 

_a*6 
•whence  q  =  e    * , 

•where  q  is  the  usual  Jacobian  constant :  this  equation  determines  the  relation 
between  the  shape  of  the  rectangle  and  the  magnitude  of  k. 

In  the  particular  case  when  the  rectangle  is  a  square,  we  have  b  =  a  and 

K'  1  - 

so  q  =  e~27r,  or  -=?  =  2 :  and  therefore  *  k  =  3  —  V&  or  T  =  3  +  V8.     The  differ- 
A  /c 

eiice  from  the  preceding  representation  of  the  square  is  that,  there,  the  point 
&  =  i  was  the  homologue  of  the  centre  of  the  square,  whereas  now,  as  may 
easily  be  proved,  the  point  2  =  i'(V2  +  1)  is  the  homologue  of  the  centre. 

Ex.     Discuss  the  transformation 

fs  1  _^ 

10=1     ~>  (1  -  ^  cos  a  +  ^    '2  ^0) 

7  i  2" 

sliewing  that  the  perimeter  of  a  rectangle  in  the  w-plane  is  transformed  into  the  circum- 
ference of  a  circle  in  the  z-plane.  Discuss  also  the  correspondence  of  the  areas  bounded 
"by  these  perimeters. 

But  in  the  case  of  a  quadrilateral,  in  which  such  symmetrical  forms  are 
obviously  not  possible,  and,  in  the  case  of  any  convex  polygon,  only  three  points 

r-»«i.n  lio  folrrwi  .ii'l-iif vnrilir  rm  t.Vio  a.via  nf  v  •    f.lio  most  •na.'hiirsi.l  tVirpp  •nmirhs  f,n  tsn.kfi 


( where  yu-<  I ),  t,he  equal  ion  fur  eoni'onnal  representation  ,',-«• 

is 

ll*=x<'n  +  t", 

where  ;tlw 

/'"  i'~  «  ,  A 

//,   -:  I    £«  '  (I  -  r  )fl  '  (  1  -  p:)v  '  tl:  «  |    #rk,  say.  i^ 

./  ii  i< 

If  l.he  •WMiritfin  he  taknt  a.|,  A,  an«l  ih«'  n-al  axis  aiong  vl /A  wi-  havi 


beinjj  t,hc  equations  for  the  four  angular  points.  They  delennine  only  three 
qnnnl.ities  (,',  (!',  ft,  so  that  they  coexist  in  virtue  of  a  relation,  whieh  is  in 
eHee.t  the  relation  ho(,\veen  the  sides  and  the  angles  ol' a  quadrilateral. 

An  equation  to  determine  ft,  is 


the  second  equal-ion  serves  to  determine  TY,  hecailse  (''       0. 

The.  equation  iletentiiniiu;  /*  can    he 
terms  <il'  the  liypo-i'fjjcoiiielrie,  MericM. 

Let      c'""     A,  so  that  the  eipiation  is 


'Pln>  ('ipialion  ili'lcnniniiif;  /i  c:in    l»c   nioiliiii'd  as  fnllnws*,  :.u  tin  f"  ln»  i-vpn'r. -cil  in 
iiiH  ni'  l.lui  licri'diiiclric,  Ncrii'.M. 


Now  to  compare  these  int.e^nil.s  \vit.ln  the  ilclinile  inte;;ral.M   wliieli  arc  Milufitnis  i>\'  the 
tliHeve.nt.ia,!  (>i|iia.tji)n  of  the  hypi'vueometric  nerirs,  we  take 

"      I     7<         ft'     ii i         y     <«  -I  $•> 

HI)  that  .V.  ,«•"'   '(i  ..,-;.y'  "'   '(i-/^  ". 

And  «'>(>.-:  |,        y    ft'    •  n,        «'-i-l     y.    -2    y    n--,-i    iV-n, 

NO  thai,  as  /i<  I,   the  definite  integral   is  liniie  at  all   the  critical   points. 

*  .For  the  imiily,  liotl  relations  in  reference  to  (he  ileliniti'  inti'ijiuln,  «ee  (iuni'siit,  "  Snr 
IV'ijuation  iHlTerciiticlIe  liin''niro  inii  aditii't  pour  inti'-i^'iile  la  nr»ie  hyjiiTirroini'lriinie,"  Ann, 
ilt>  T KI'.  iViD-ui.  \')/n  •i.m-'  SIi'.i-  i  v  /t.Mwn  Miitini  i.«  -i  !.!•>•  ..,,.)  r..,.  ii< !..•: i.,.i ti... 


=r(a)r(/3) 
i 


*F(y-p,  i-p,  y-a'- 

\ 


, 

^ 


n-o^np  a    .  s  r  («)  r  (/3)     _  w(p-  1?  r  (/3)  r  (y)          ^^+Y)r  (y)  r  (5) 

Hence  (X-ij-  _  __ 


__4.  ______     2 

if          «-  _  (-ff)  r(a+g)r(y)r(i-a) 

dfl/1--j8'-i)    r(y+S)r(i-d)r(/3)' 

r(7)r(i-a) 
~ 


then 

Substituting,  we  have 


r(r+S)  '~     r(a+/3)        " 

By  using  properties  of  the  Gamma  functions,  the  coefficient  of  F4  can  be  proved  equal  to 

e™      r(/3)r(y)f,   .     ,       „  -    0   ,         e"asiny77-     T  (/3)  T  (y) 

—  -  ---  -    —  ~~       m  (a  +/3)  TT  -  a  sin  /STT  }  =  -----  .-  —  L  c  —-- 
v        ;  J  r        r 


and  the  coefficient  of  Fa  can  be  proved*  equal  to 

oTsir^r  T(  +8}  ^sin  (a+/3+r)7r~asin  (£+7)  ir}=~-^ 

Moreover 


-a,  1-/31,  2-y',  ^}, 

-a'>  1-/3',  y'-a'-/3'  +  l,   I-/*}: 


so  that 

sotbat  '    F 

and  therefore  an  equation  to  determine  /x  is 

F{y,   1-q,  y  +  §,  At}          C  r(/3)r(y  +  d) 


angles  A  and  C  each  equal  to  an,  and  its  .ingle  B  equal  to  /3vr  ;  prove  that  it  can  be 
uonformally  represented  upon  the  positive  half  of  the  s-plane  by  the  relation 

to  jl  ^~:  (1  -A-2)""1  dx^  f  V'1  (1  -z*)a~ldz. 
Jo  Jo 

(Math.  Trip.,  Part  II.,  1895.) 

.Ex.  2.  A  regular  polygon  of  n  .sides,  in  the  w-plane,  has  its  centre  at  the  origin 
and  one  angular  point  on  the  axis  of  real  quantities  at  a  distance  unity  from  the  origin. 
Shew  that  its  interior  is  conformally  represented  on  the  interior  of  a  circle,  of  radius 
unity  and  centre  the  origin,  in  the  c-plane  by  means  of  the  relation 


ri  _2  /•*  _2 

|       (I  -  xn]  n  dx=  \    (l-a'»)  «cfe.  (Schwara.) 

Jo  J» 


Ex.  3.  A  plane  non-reentrant  hexagon  ABCDEF  is  symmetrical  about  its  diagonal 
AD:  prove  that  the  enclosed  area  can  be  conformally  represented  \ipon  a  half-plane, 
so  that  the  angular  points  correspond  to  points  oc,  —1,  —  ^  0,  p,  1  on  the  real  axis, 
provided  p.  is  determined  by  the  equation 


[1 
Jo 


where  the  variable  6  is  real  throughout  the  two  ranges  of  integration,  b  and  c  are  the 
sides  AB  and  BC  respectively,  and  air,  @TT,  yir  are  the  internal  angles  A,  B,  G  respectively. 

(Trinity  Fellowship,  1898.) 

270.  It  is  natural  to  consider  the  form  which  the  relation  assumes  when 
we  pass  from  the  convex  polygon  to  a  convex  curve,  by  making  the  number 
of  sides  of  the  polygon  increase  without  limit.  The  external  angle  between 
two  consecutive  tangents  being  denoted  by  dty,  and  the  internal  angle  of  the 
polygon  at  the  point  of  intersection  of  the  tangents  being  £TT,  we  have 


TT  —    nr  = 


so  that  £_l  =  _ 

7T 


Let  x  be  the  point  on  the  axis  of  real  quantities,  which  corresponds  to  this 
angular  point  of  the  polygon  ;  then  the  limiting  form  of  the  relation 

d  I,      div\     ^  a~l 

__    f  1  __    1  —      >     __ 


dz  \    5  dz  J     ~"  z  —  a 


cZ 


05-2  \      "  d^y  7T  J  Z  —  X' 

ft\  \K  thfi  Tim'nt  on   thn  r^al   axis  in   the  ^-nlane  corrftannnfliiif/-  to 


incl  its  cniei  use  is  to  construct  curves  such  that  the  contour  is  conlormally 
•epresented,  according  to  any  assigned  law,  along-  the  axis  of  real  quantities 
n  the  £-plane.  The  utility  of  the  form  is  thus  limited  :  the  relation  is  not 
ivailable  for  the  construction  of  a  function  by  which  a  given  convex  area  in 
;he  w-plane  can  be  conformally  represented  on  the  half  of  the  2-plane*. 

Ex.     Let  .r  =  tan -i  •*//•:   then  taking  the  integral  from  —  IT  to  +TT,  we  have 

dw\         1 

' 

dz 


The  integral  on  the  right-hand  aide  is 
^      d<l> 


o    s  -  tan  c/j      J  ^  v  z  +  tan 


=  9S   . 

0    2-  —  tan'-*  c/> 


i    _    j i  , 

-?/     ??"+(si7J     J 


and  thcvefove 

,      dw 
log 


dz  V    h  dz 

which,  on  t'urfchor  integration,  leads  to  the  ordinary  expression  for  a  cirdc  on  a  half- 
plane. 

271.  In.  regard  to  the  conformal  representation  on  the  half  of  the 
^-plane  of  figures  in  the  to-plane  bounded  by  circular  arcs,  we  proceed  "f 
in  a  manner  similar  to  that  adopted  for  the  conformal  representation  of 
rectilinear  polygons. 

*  See  Chriatoffcl,  0<Ht.  Nachr.,  (1870),  pp.  283—298. 

f  Tor  the  succeeding  invostigations  the  following  authorities  may  be  consulted  : — 

Schwara,  Ges.  Wcrlte,  i.  ii,  pp.  7K— 80,  221— '259. 

Cayley,  Cumli.  Phil.  Trans.,  vol.  xiii,  (1879),  pp.  5 — 08;   Coll.  Math.  Papers,  vol.  xi, 
pp.  148—21(5. 

Klein,  Vorlesungcn  illier  das  Ikosaedr.r,  Section  I.,  and  particularly  pp.  77,  78. 

1^..,.l,«,,,.       V'7,/r,,,.,-^    ...:..  ,'.„,.  !„   ,7.,n   ,,,,,,f,...na     4-     i       ^Ov»,1    «.l    \     v>«      K1O IXOfl 


the  2-plane  of  a  w-polygon  bounded  by  circular  arcs  and  having  assigned 
angles,  then 

Au  +  B 


where  A,  B,  C,  D  may  be  taken  subject  to  the  condition  AD  —  BG  =  1,  will 
represent  on  the  half  £-plane  another  such  polygon  with  the  same  assigned 
angles  :  for  the  hoinographic  transformation,  preserving  angles  unchanged, 
changes  circles  into  circles  or  occasionally  into  straight  lines.  Hence,  as 
in  §  264,  when  the  transforming  function  is  being  obtained,  it  is  to  be  expected 
that  it  will  be  such  as  to  admit  of  this  apparent  generality  :  and  therefore, 
since 

{w,  z]  =  [u,  z], 

where  {w,  z\  is  the  Schwarzian  derivative,  it  follows  that,  in  obtaining  the 
conformal  representation  of  a  figure  bounded  by  circular  arcs,  the  function  to 

be  constructed  is 

„      ,        .      w'"       (w"\- 
8  =  {w,,  z  =  —  -  -  4    —  r    • 
1        J      w         \w  J 

We  proceed,  as  in  the  case  of  the  rectilinear  polygon,  to  find  the  form  of 
the  appropriate  function  in  the  vicinity  of  points  of  various 
kinds.     But  one  immediate  simplification  is  possible,  which 
enables  us  to  use  some  of  the  earlier  results. 


Let  0  be  an  angular  point,  GA  and  GB  two  circular 
arcs,  one  of  which  may  be  a  straight  line  :  if  both  were 
straight  lines,  the  modification  would  be  unnecessary.  In- 
vert the  figure  with  regard  to  the  other  point  of  intersection 
of  GA  and  GB  :  the  two  circles  invert  into  straight  lines  cutting  at  the  same 
angle  /JLTT.  Take  the  reflexion  of  the  inverted  figure  in  the  axis  of  imaginary 
quantities  :  and  make  any  displacement  parallel  to  the  axis  of  real  quantities  : 
if  W  be  the  new  variable,  the  relation  between  w  and  W  is  of  the  form 


cW  +  d~    ' 
where  ad  —  be  —  1  ;  and  therefore 

(F,*}  =  [W,4 

Consider  the  function  for  the  IT-plane.  Let  T  be  the  point  corresponding 
to  0,  an  angular  point  of  the  polygon,  having  z  =  c  as  its  'homologue  on  the 
axis  of  x,  account  being  taken  of  the  possibility  of  having  c  =  oo  ;  let  ft  be  any 
point  on  either  of  the  straight  lines  corresponding  to  a  point  on  the  contour 


dW 
then  log  -y-  =  const.  +  log  Pl  (z  —  l>\ 

so  that  {F,*}=P9  (*-&), 

where  Po  is  an  integral  function  of  z  —  b,  converging  for  sufficiently  small 
values  of    z  —  b  . 

For  the  vicinity  of  /3',  we  have  similarly 


.,  dW         1        l 

then 

z 


and  therefore  {  W,  z} 


where  Q2  is  finite,  for  z  =  GO  . 

In  the  vicinity  of  the  angular  point  T,  having  a  finite  point  on  the  axis  of 
.x  for  its  homologue,  we  have 

W  -  T  =  e'dr+fl)  («  _ 

and,  proceeding  as  before,  we  find  that 
.  I'M  --*?  + 


where  (7,,  depends  on  the  coefficients  in  the  series  R  (z  -  c). 

But  if  the  angular  point  T  have  the  point  at  infinity  on  the  axis  of  x  for 
its  homologue,  we  have 


then,  proceeding  as  before,  we  find  that 


have 

W  -  W  =  0  -  /)  S(z-  z'\ 

and  then  {  W,  z}  =  S2  (z  -  z'). 

Hence  {  W,  z],  considered  as  a  function  of  2,  has  the  following  properties  :  — 

(i)  It  is  an  analytical  function  of  z,  real  for  all  real  values  of  the 
argument  z  ;  and  if  as  —  oo  do  not  correspond  to  an  angular 
point  of  the  polygon,  then  for  very  large  values  of  z 


where  Qz  is  finite  when  z  =  oo  . 

(ii)  It  has  a  finite  number  of  accidental  singularities,  all  of  them 
isolated  points  on  the  axis  of  x  :  and  at  all  other  points  on  one 
side  of  the  plane  it  is  uniform,  -finite,  and  continuous,  having 
(except  at  the  accidental  singularities)  real  continuous  values 
for  real  continuous  values  of  its  argument.  Its  form  near  the 
singularities,  and  its  form  for  infinitely  large  values  of  2,  it 
z=  oo  be  the  homologue  of  an  angular  point,  are  given  above. 

Hence  {W,  z}  can  bo  continued  across  the  axis  of  as,  conjugate  values  of 
{W,  z}  corresponding  to  conjugate  values  of  z  :  and  thus  its  properties  make 
it  a  rational  meromorphic  function  of  z. 

Two  cases  have  to  be  considered. 

First,  let  the  angular  points  of  the  polygon  have  their  hornologues  at 
finite  distances  from  the  ^-origin,  say,  at  a,  b,  ...,  I  :  and  let  arr,  firr,  ...,  XTT  be 
the  internal  angles  of  the  polygon  at  the  vertices.  Then 

A  "]     _  /y2 

f  W    y\  —  V      •  -  __  1^     ~      —  - 

}      }}     .     &  f  -i—  t  Iff  *—l     ,  ~       . 

1     '    J          a  —  a      2     (z  -  a,)2 

has  no  infinity  in  the  plane  ;  it  is  a  uniform  analytical  function  of  z>  and 
must  therefore  be  a  constant,  which,  by  the  value  at  z  =  oo  ,  is  seen  to  be 
zero.  Hence 

r-^  =  2  J  (z\ 


z  —  a      " 
the  summation  being  for  the  homologues  of  all  the  angular  points  of  the 


lave,  on  equating  coefficients  of  z~l,  z~\  z~'\ 


0  =  5U0a2  +  2a  (1  -  a2), 
bions  among  the  constants  of  the  problem. 

Secondly,  let  one  angular  point,  say  a,  of  the  polygon  have  its  horaologue 
he  axis  of  x  at  infinity,  and  let  OLTT  be  the  internal  angle  at  a  :  and  let  the 
Lologues  of  the  others  be  b,  ...,  k,  I,  the  internal  angles  of  the  polygon 
ig  /STT,  .  .  .  ,  KTT,  A/TT.  Then  the  function 


no  infinity  in  the  plane  :  it  is  a  uniform  analytical  function  of  z,  and 
it  therefore  be  a  constant,  say  M  ;  thus 


1 
z-o 

,  when  s  ia  very  large,  we  have 


uise  x  —  oo  is  the  homologue  of  the  vertex  a  of  the.  polygon,  the  angle 

•e  being   avr;    also,   2M-)   is  finite  when  2  =  00.     Hence,  expanding  in 
\zj 

rers  of  :  and  comparing  coefficients,  we  have 


hat  W'l-^^r27^ 

;re  the  summation  is  for  the  homologues  of  all  the  angular  points  other 

ti  a,  and  the  constants  are  subject  to  the  two  conditions 


The  form  of  the  function.  {  W,  z\  is  thus  obtained  for  the  two  cases,  the 
r.vr  Tvi.incr  Homr>.\vhn,t  inoro,  airmile  than  tho  former:  and  the  exact  expansion 


Jr      Jr        i7 

the  equation 


the  quotient  of  which  is  equal  to  the  quotient  of  two  solutions  of 

^1+77=0 
dx°~  +  ' 

cZP 
where  I=Q—  -,  --  P-,  being  the  invariant  of  the  equation  for  linear  trans- 

formation of  the  dependent  variable,  and  where  Y/y  =  e$p<Jx,  then  the  equation 
satisfied  by  s,  =  y\ly»,  is 

{s,~ic}  =  27. 

Hence  for  the  present  case,  if  we  can  determine  two  independent  solutions 
Z:  and  Z2  of  the,  equation 


for  the  first  case,  or  two  independent  solutions  of  the  equation 

d-Z 


(*)  =  o 

L(/<S 

for  the  second  case,  then 


is  the  general  solution  of  the  equation 

(F,  4=2J»or  27(0), 

and  therefore  is  the  function  by  which  the  curvilinear  w-polygon  is  conform- 
ally  represented  on  the  ^-half-plane. 

273.  As  a  first  example,  consider  the  w-area  between  two  circular  arcs 
which  cut  at  an  angle  A/TT.  The  ^-origin  can  be  conveniently  taken  as  thu 
homologue  of  one  of  the  angular  points,  and  the  ^-point  at  infinity  along  thu 
axis  of  x  as  the  homologue  of  the  other.  Then  we  have 


provided  .  A  =  0,  A  .  0  =  |(1  -  \a)  -  \  (1  -  A,2), 

both  of  which  conditions  are  satisfied  by  A  =  0  ;  and  so 


1  —  \-  „ 

d*  +  *"#-"^ 

so  that  %!  =.  Z^Q+VI     Zz  — 

and  therefore  the  general  solution  for  W  is 

,rr     azx  +  b 


The  (three)  arbitrary  constants  can  be  determined  by  making  £  =  0  and 
z  =  oo  correspond  to  the  angular  points  of  the  crescent,  and  the  direction  of 
the  line  Z-=ZQ  (which  is  the  axis  of  as)  correspond  to  one  of  the  circles,  the 
other  of  the  circles  being  then  determinate. 

If  the  w-circles  intersect  in  -  i  (the  homologue  of  the  ^-origin)  and  +  i 
(the  homologue  of  ac  =  oo ),  arid  if  the  centre  of  one  of  the  circles  be  at  the 
point  (cot  a,  0),  then  the  relation  is 


w  — 


—  ce~" 


where  c  is  an  arbitrary  constant,  equivalent  to  the  possible  constant  magnifi- 
cation of  the  £-plane  without  affecting  the  conformal  representation :  it  can 
be  determined  by  fixing  homologous  points  on  the  contour  of  the  crescent. 

More  generally,  if  the  ^/-circles  intersect  in  v^  and  Wn,  respectively  homo- 
logous to  z  —  Q  and  z—  oo  ,  then 


.w 


is  the  form  of  the  relation. 

Evidently  a  segment  of  a  circle;  is  a  special  case. 

274.  Next,  consider  a  triangle  in  the  w-plane  formed  by  three  circular 
arcs  and  let  the  internal  angles  be  XTT,  /ATT,  VTT.  The  homo- 
logue of  one  of  the  angular  points,  say  of  that  at  ^TT,  can  be 
taken  at  z  =  co ;  of  one,  say  of  that  at  XTT,  at  the  ^-origin ; 
and  of  the  other,  say  of  that  at  wrr,  at  a  point  z—\\  all  on 
the  axis  of  so.  Then  we  have 


5 


Fig.  97. 


where  the  constants  B  and  C  are  subject  to  the  relations 

#+(7=0, 

J5.0  +  C.  1.  =-Hl  -^)  -i  (1  ~V)  -  i  (1 
so  that  -  J3  =  0 -  ^  (VJ  -  yu-  +  v"  -  I), 


But  I(z}  is  the  invariant  of  the  differential  equation  of  the  hypergeometric 
series  * 

}zdZ         a/3      „     . 


rt  iyr 2  y    (    \       _         tyf\  W  ly  y   (   |      _         /y\ 

\AJ&  &  ^  j,         x&  ^  tv^-         X&  ^  i  ~—  ,i  ^ 

provided  X2  =  (1  —  7)2,     /i2  =  (a  —  /3)2,     y2  =  (7  —  a  —  /3)2 ; 

so  that,  if  Z-i  and  ^2  be  two  particular  solutions  of  this  equation,  the  function 
which  gives  the  conformal  representation  of  the  w-triangle  on  the  ^-half- 
plane  is 


The  transforming  function  thus  depends  upon  the  solution  of  the  differential 
equation  of  the  hypergeometric  series,  and  for  general  values  of  X,  p,  v 
which  are  >  0  <  1  we  shall  obtain  merely  general  values  of  a,  /9,  7 ;  hence 
the  transforming  function  will  be.  obtained  as  a  quotient  of  two  particular 
solutions  of  the  equation  of  the  series.  Now  according  to  the  magnitude  of 
\z\,  these  solutions,  which  are  in  the  form  of  infinite  series,  change:  and  thus 
we  have  w  equal  to  an  analytical  function  of  z,  which  has  different  branches 
in  different  parts  of  the  plane.  « 

The  distribution  of  the  values  z  =  0,  1,  oo  as  the  homologues  of  the  three 
angular  points  was  an  arbitrary  selection  of  one  among  six  possible  arrange- 
ments, which  change  into  one  another  by  the  following  scheme : — 


1      7 
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The  quantities  in  the  first  row  are  the  homographic  substitutions,  conserving 
the  positive  half-plane  and  interchanging  the  arrangements. 

These  substitutions  are  the  functions  of  z  subsidiary  to  the  derivation  of 
Rummer's  set  of  24  particular  solutions  of  the  equation  of  the  hypergeometric 
series. 

Kx.     Take  the  case  when  two  of  the  angles  of  the  triangle  are  right,  way  v  =  -k,  /*=o, 
X  =  -  .     Then,  when  n  i»  finite  t,  n  transforming  relation  is 


the  respective  cases  the  general  relations,  establishing  the  conformal  representation,  are 


and 


— ,— ,  =  log 
cw  +  d        & 


1  — (l- 


D' 


Fig.  98. 


The  three  circles,  arcs  of  which  form  the  triangle,  divide  the  whole  of  the 
w-plane  into  eight  triangles  which  can  be  arranged 
in  four  pairs,  each  pair  having  angles  of  the  same 
magnitude.     Thus 

D,  D'  have  angles  \TT,  fj,jr,  VTT. 

A,  A'    Xw,  (1-/*)7T,  (I-I/)TT, 

B,  B'      (1  -  A.)  7T,  //7T,  (1-Z/)7T, 

and  (7,  G'    (1  ~\}ir,  (l-^vr,  VTT  ; 

and  when  any  one  of  the  triangles  is  given,  it 

determines  the  remaining  seven.     It  is  convenient 

to  choose  the  particular  pair  which  has  the  sum  of  its  angles  not  greater 

than  the  sum  for  any  of  the  others.     A  triangle  of  the  selected  pair  is  called 

the  reduced  triangle*;   let  it  be  the  triangle  D.      Let  STT  be  this  smallest 

sum,  so  that  S  =  X  +  p>  H-  v  ;  as  the  sum  of  the  angles  in  each  of  the  other 

pairs  of  triangles  is  equal  to,  or  greater  than,  STT,  WQ  have 

4$7r  <  sums  for  pairs  A,  B,  C,  D 
<  GTT, 

so  that  &  <  i|- ,  that  is,  \  +  /j,  +  v  <  f.     (The  only  case  of  exception  arises  when 
all  the  four  sums  are  equal  to  one  another ;  and  then  A,  =  //.=  v  =  ^.) 

We  have  already,  in  part,  considered  the  case  in  which  X  +  //,  +  v  =  1. 
For,  when  this  equation  holds,  inversion  with  the  other  point  having  \rr  for 
its  angle  as  centre  of  inversion,  changes f  D  into  a  triangle  bounded  by 
straight  lines  and  having  XTT,  /ATT,  VTT  as  its  angles ;  and  therefore,  in  that 
case,  the  problem  is  merely  a  special  instance  of  the  representation  of  a 
w-rectilinear  polygon  on  the  ^-half-plane. 

But  there  is  a  very  important  difference  between  the  cases  for  which 
X  +  p,  +  v  <  1.  arid  those  for  which  X  +  /i  +  v  >  1 :  in  the  former,  the  ortho- 
gonal circle  (having  its  centre  at  the  radical  centre  of  the  three  circles)  is  real, 
and  in  the  latter  it  is  imaginary.  The  cases  must  be  treated  separately. 


VVJ.UIIULIU  J.u 


the  orthogonal  circle*.    Let  inversion  with  regard  to  the  angular  point  A/7rin 

A  take  place  :  then  the  new  triangle  is  bounded  by  two  straight  lines  cutting 

at  an  angle  A/TT  and  by  a  circular  arc  cutting  them  at 

angles  pir  and  VJT  respectively,  the  convex  side  of  the 

arc  being  turned  towards  the  straight  angle.     The 

new  orthogonal  circle  is  the  inverse  of  the  old  and  its 

centre  is  A,  the  angular  point  at  A.TT  ;  its  radius  is  the 

tangent  from  A  to  the  arc  OB,  and  therefore  it  com- 

pletely includes  the  triangle  ABC.  <lg' 

The  homologue  of  A  is,  as  before,  taken  to  be  the  ^-origin  0,  that  of  C  to 
be  the  point  2=1,  say  c,  and  that  of  B  to  be  z  =  co  on  the  axis  of  so,  say  b  for 
+  oo  and  b'  for  —  co  . 

s 

Suppose  that  we  have  a  representation  of  the  triangle  on  the  positive 
half-plane  of  z.  The  function  {w,  z\  can  be  continued  across  the  axis  of  as 
into  a  negative  half-plane,  if  the  passage  be  over  a  part  of  that  axis,  where 
the  function  is  real  and  continuous,  that  is,  if  the  passage  bo  over  Oc,  or  over 
cb,  or  over  b'O;  and  therefore  w  is  defined  for  the  whole  plane  by  {w,  z}  =  2/(>)) 
its  branch-points  being  0,  c.,  b.  Any  branch  on  the  other  side,  say  w1}  will 
give,  on  the  negative  half-plane,  a  representation  of  a  triangle  having  the 
same  angles,  bounded  by  circular  arcs  orthogonal  to  the  same  circle,  and 
having  0,  c,  b  for  the  homologues  of  its  angular  points.  Thus  if  the  con- 
tinuation be  over  cb,  the  new  w-triangle  has  CB  common  with  the  old,  and 
the  angular  point  A'  lies  beyond  CB  from  A. 

To  obtain  the  new  triangle  A'CB  geometrically,  it  is  sufficient  to  invert 
the  triangle  ACB,  with  regard  to  the  centre  of  the  circular  arc  CB.  This 
inversion  leaves  CB  unaltered;  it  gives  a  circular  arc  CA'  instead  of  GA 
and  a  circular  arc  BA  instead  of  BA  :  the  angles  of  A'CB  are  the  same  as 
those  of  ACB.  Since  the  orthogonal  circle  of  ACB  cuts  GB  at  right  angles 
and  CB  is  inverted  into  itself,  the  orthogonal  circle  is  inverted  into  itself; 
therefore  the  triangle  A'CB  has  the  same  orthogonal  circle  as  the  triangle 
AGB. 

The  branch  iul,  by  passing  back  across  the  axis  round  a  branch-point  into 
the  positive  half-plane,  leads  to  a  new  branch  w2,  which  gives  in  that  half-plane 
a  representation  of  a  triangle,  again  having  the  angles  A/TT,  /ATT,  vir  and  having 
0,  c,  b  for  the  homologues  of  its  angular  points.  Thus  if  the  pussagi;  be 
over  Oc,  the  new  w-triangle  has  A'C  common  with  A'CB  and  the  angular 
point  B"  lies  on  the  side  of  CA'  remote  from  B  :  but  if  the  passage  bo 


H/Aia  ui  iu  uu  mie  uuucu,  we  uui/auj.  eacn  nine  a  new  w-criangie,  naving  one  side 
common  with  the  preceding  triangle  and  obtained  by  inversion  with  respect 
to  the  centre  of  that  common  side  :  and  for  each  triangle  we  obtain  a  new 
branch  of  the  function  w,  the  branch-points  being  0,  1,  oo  .  If,  by  means  of 
sections  such  as  Hermite's  (§  103),  we  exclude  all  the  axis  of  x  except  the  part 
between  two  branch-points,  the  function  is  uniform  over  the  whole  plane  thus 
bounded. 

All  these  triangles  lie  within  the  orthogonal  circle,  and  they  gradually 
approach  its  circumference  :  but  as  the  centres  of  inversion  always  turn  that 
circle  into  itself,  while  the  sides  of  the  triangle  are  orthogonal  to  it,  they  do 
not  actually  reach  the  circumference.  The  orthogonal  circle  forms  a  natural 
limit  (§81)  to  the  part  of  the  w-plane  thus  obtained. 

Ex.     Show  that  .all  the  inversions,  necessary  to  obtain  the  complete  system  of  triangles, 
can  be  obtained  by  combinations  of  inversions  in  the  three  circles  of  the  original  triangle. 

(Burnside.) 

Each  of  the  triangles,  thus  formed  in  successive  alternation,  gives  a 
w-region  conformally  represented  on  one  half  or  on  the  other  of  the  ^-plane. 
If,  then,  the  original  triangle  be  combined  with  the  first  triangle  that  is 
conformally  represented  on  the  negative  half-plane,  every  other  similar 
combination  may  be  regarded  as  a  symmetrical  repetition  of  that  initial 
combination:  each  of  them  can  be'  conformally  represented  upon  the  whole 
of  the  £-plane,  with  appropriate  barriers  along  the  axis  of  as. 

The  number  of  the  triangles  is  infinite,  and  with  each  of  them  a  branch 
of  the  function  w  is  associated:  hence  the  integral  relation  between  w 
and  z  which  is  equivalent  to  the  differential  relation  {w,  z]  =  2/  (z},  when 
v  <1,  is  transcendental  in  w. 


In  the  construction  of  the  successive  triangles,  the  successive  sides  passing 
through  any  point,  such  as  G,  make  the  same  angle  each  with  its  predecessor  : 
and  therefore,  the  repetition  of  the  operation  will  give  rise  to  a  number  of 
triangles  at  0  each  having  the  same  angle  XTT. 

If  X  be  incommensurable,  then  no  finite  number  of  operations  will  lead  to 
the  initial  triangle:  each  operation  gives  a  new  position  for  the  homologous 
side  and  ultimately  the  w-plane  in  this  vicinity  is  covered  an  infinite  number 
of  times,  that  is,  we  can  regard  the  w-surface  as  made  up  of  an  infinite 
number  of  connected  sheets. 

If  \  be  commensurable,  let  it  be  equal  to  l/lf,  where  I  and  I'  are  finite 
integers,  prime  to  each  other.  When  I  is  odd,  2Z'  triangles  will  fill  up  the 
w-snacc  immediately  round  C,  and  the  C2,l'+  l)th  triangle  is  the  same  as  the 


nrst :  but  the  space  has  been  covered  I  times  since  21  XTT  =  2i7r,  that  is,  in  the 
vicinity  of  G  we  can  regard  the  w-surface  as  made  up  of  I  connected  sheets. 
When  I  is  even  (and  therefore  I'  odd),  I'  triangles  will  fill  up  the  space  round 
C  completely,  but  the  (l'+  l)th  triangle  is  not  the  same  as  the  first :  it  is 
necessary  to  fill  up  the  space  round  C  again,  and  the  (2Z'+l)th  triangle  is 
the  same  as  at  first ;  the  space  has  then  been  covered  I  times,  so  that  again 
the  w-surface  can  be  regarded  as  made  up  of  I  connected  sheets.  The 
simplest  case  is  evidently  that  in  which  A,  is  the  reciprocal  of  an  integer,  so 
that  I  =  1 ;  and  the  w-surface  must  be  regarded  as  single-sheeted. 

Similar  considerations  arise  according  to  the  values  of  p  and  of  v. 

If  then  either  X,  ^,  or  v  be  incommensurable,  the  number  of  w-sheets  is 
unlimited,  that  is,  z  as  a  function  of  w  has  an  infinite  number  of  values,  or  the 
equation  between  z  and  w  is  transcendental  in  z.  Hence,  when  \  -f  //•  +  v  <  1 
and  either  X  or  //,  or  v  is  incommensurable,  the  integral  relation  between  w  and 
2,  which  is-  equivalent  to  the  differential  relation  [w,  2}  ='2,1  (z),  is  transcend- 
ental both  in  w  and  in  z. 

If  all  the  quantities  X,  /u,,  v  be  commensurable,  the  simplest  case  of  all 
arises  when  they  are  the  reciprocals  of  integers*.  Then  z  is  a  uniform 
transcendental  function  of  w,  satisfying  the  equation 


or,  making  z  the  dependent  and  w  the  independent  variable,  we  have  the 
result : — 

A  function  z  that  satisfies  the  equation 


____ 
dws  dw     >J  \dwz   J 
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where  I,  m,  n  are  integers,  such  that  j -\ h  -  <  1,  is  a  uniform  transcendental 

u          iiL         ft, 

function  of  w. 

» 
Restricting  ourselves  to  this  case,  merely  for  simplicity  of  explanation, 

it  is  easy  to  see  that  the  whole  of  the  space  within  the  orthogonal  circle  is 
divided  up  into  triangles,  with  angles  XTT,  /ATT,  vir  bounded  by  circular  arcs 

*  The  cases,  when  X,  /JL,  v  are  commensurable  with  one  another  hut  are  not,  each  of  them, 
the  reciprocals  of  integers,  have  not  jret  heen  fully  investigated.  In  an  earlier  edition  of  this 
work  (2nd  edn.,  p.  654),  a  theorem  was  stated  which  by  a  special  example-was  proved  to  be 


space  external  to  the  circle  with  the  internal  space,  the  whole  of  the  outside 
space  is  similarly  divided.     Moreover,  it  has  been  seen  that  every  triangle 

can  be  obtained  from  any  one  by  some  substitution  of  the  form  wr  =  -r —      r 


crw  +  dr ' 

therefore  the  division  of  the  interior  of  the  circle  into  triangles  is  that 
which  is  considered,  in  the  next  chapter,  for  the  more  general  case  of  division 
into  polygons,  the  orthogonal  circle  of  the  present  case  being  then  the 
'  fundamental '  circle.  The  uniform  transcendental  function  of  w  is  therefore 
automorphic :  the  infinite  group  of  substitutions  is  that  which  serves  to 
transform  a  single  triangle  into  the  infinite  number  of  triangles  within  the 
circle*. 

One  or  two  special  cases  need  merely  be  mentioned. 

If  any  one  of  the  three  quantities  \,  JA,  v  be  zero  and  if  \  +  /JL  +  H  is 
not  equal  to  unity,  the  triangle  can  be  included  under  the  general  case 
just  treated.  For  let  A,  =  0,  and  suppose  that  fj,  4-  v  is  not  greater  than  unity  : 
if  jj,  +  v  were  greater  than  unity,  the  triangle  would  be  a  particular  instance 
of  the  class  about  to  be  discussed.  The  division,  of  the  area  within  the 
(real)  orthogonal  circle  is  of  the  same  general  character  as  before :  a 
particular  illustration  is  provided  by  the  division  appropriate  to  the 
elliptic  modular-functions,  for  which  //,=  £,  i>  =  &  (§  284).  When  two 
triangles,  one  of  which  is  obtained  from  the  other  by  continuation  in  the 
£-plane  across  the.  axis  of  real  variables,  are  combined,  they  give  a  w-space 
(corresponding  to  the  whole  of  the  z-plane)  for  which  A.  =  0,  /j,'  =  ^,  v  =  ^. 
Since  the  orthogonal  circle  is  real,  it  forms  a  natural  limit  to  these  spaces ; 
when  it  is  transformed  into  the  axis  of  real  variables  in  the  iw-plane  by 
a  homographic  substitution,  the  positive  half  of  the  w-plane  is  divided  as 
in  figure  10K  (p.  723). 

The  extreme  case  of  the  present  class,  for  which  X  +  /A  +  Z/  is  less  than 
unity,  is  given  by  A,  =  0,  //,  =  (),  ;'  =  0:  the  triangle  is  then  the  area  between 
three  circles  which  touch  one  another.  Reverting  to  the  differential  equa- 
tion of  the  hypcrgoornetric  series,  we  have  7  =  1,  a  =  /?  =  ijr ;  the  equation  is 

&Z      1-2*   dZ__  _  J        ^=() 
dz-      2(1—  z}  dz     z  (1  —  z}  ' 

which  is  the  differential  equation  of  the  Jacobian  quarter-periods  in  elliptic 
functions  with  modulus  equal  to  z*.  If 

f^71" 

''  =  I      {1  —  ( 1  —  z}  sin-  <j5>}~  d<p, 
J  o 


K 

aK+b 
or,  more  generally,  w  =          r 


a  relation  between  w  and  z  which  gives  the  conformal  representation  of  the 
w-triangle  upon  the  ^-half-plane. 

276.  We  now  pass  to  the  consideration  of  the  case  in  which  the  triangle 
with  angles  Xvr,  //,TT,  vrr  has  no  real  orthogonal  circle  :  the  other  associated 
triangles  have  therefore  not  a  real  orthogonal  circle.  In  this  case,  the  sum 
of  the  angles  of  the  triangle  is  greater  than  TT,  so  that  we  have 

X  +  fjL  +  v  >  1  from  the  pair  D  and  D', 

—  \  +  /j,+  v<  1  from  the  pair  A  and  A', 

\  —  //,  +  v  <  1  from  the  pair  B  and  J5'5 

\  +  ^  —  v  <  1  from  the  pair  G  and  G', 

as  the  conditions  which  attach  to  the  quantities  X,,  //,,  v.    As  before,  we  invert 

with  respect  to  the  angular  point  A.TT  in  A:   then  the  new  triangle  D  is 

bounded  by  two  straight  lines  and  a  circle,  the 

intersection  of  the  lines  being  in  the  interior  of  the 

circle,  because  the  orthogonal  circle  is  imaginary. 

Let  d  be  distance  of  L  from  the  centre  of  the 

circle,  6  the  angle  OLN,  r  the  radius  of  the  circle  : 

then 

d  sin  9  =  —  r  cos  I-TT,     d  sin  (\vr  —  0)  =  —  r  cos  /JLTT, 

which  determine  d  and  6.    Let  R2  =  r"  —  d-,  so  that 
iR  is  the  radius  of  the  (imaginary)  orthogonal  circle. 

With  L  as  centre  and  radius  equal  to  R  describe  a  sphere  :  let  P  be 
the  extremity  of  the  radius  through  L  perpendicular  to  the  plane  Then  P 
can  be  taken  as  the  centre  for  projecting  the  plane  on  the  sphere  stereo- 
graphical  ly*  ;  so  that,  if  Q  be  a  point  on  the  plane,  Q'  its  projection  on 
the  sphere,  PQ  .  PQ'  =  2E2.  The  projection  of  LN  is  a  great  circle  through 
P,  the  projection  of  LM  is  another  great  circle  through  P  inclined  at  XTT 
to  the  former  :  and  since  PO  is  equal  to  the  radius  of  the,  plane  circle,  so 
that  its  diameter  subtends  a  right  angle  at  P,  the  stereographic  projection 
of  that  plane  circle  is  a  great  circle  on  the  sphere,  making  angles  wrr  and 
/ATT  with  the  former  great  circles.  There  is  thus,  on  the  sphere,  a  triangle 
hnnnrlwl  hv  arns  nf  orpn.t;  rvirrVlps  that  is.  a  snhfin'r-al  trin.ncrlp  in  f.liP  mvlinnrxr 


represented  on  the  ^-half-plane,  its  angular  points  L,  N,  M  finding  their 
homologues  in  z  =  0,  1,  oo  respectively. 

Just  as  in  the  former  case,  the  successive  passages,  backwards  and 
forwards  across  the  ,0-axis,  give  in  the  w-plane  new  triangles  with  angles 
\TT,  /J.TT,  VTT,  all  with  the  same  imaginary  orthogonal  circle  of  radius  iR  and 
centre  L  :  each  of  these,  when  stereograph  ically  projected  on  the  sphere 
with  P  as  the  centre,  becomes  a  spherical  triangle  of  angles  A.TT,  ^TT,  VTT 
bounded  by  arcs  of  great  circles,  every  triangle  having  one  side  common 
with  its  predecessor:  and  the  triangles  are  equal  in  area. 

Moreover,  the  triangles  thus  obtained  correspond  alternately  to  the 
positive  half  and  the  negative  half  of  the  ^-plane  :  and  it  is  convenient  to 
consider  two  such  contiguous  triangles,  connected  with  the  variable  w,  as 
a  single  combination  for  the  purposes  of  division  of  the  spherical  surface, 
each  combination  corresponding  to  the  whole  of  the.  ^-plane. 

The  repetition  of  the  analytical  process  leads  to  the  distribution  of  the 
surface  of  the  sphere  into  such  triangles  :  and  the  nature  of  the  analytical 
relation  between  w  and  z  depends  on  the  nature  of  this  distribution. 

If  _A,,  ya,  or  v  be  incommensurable,  then  the  number  of  triangles  is 
infinite,  so  that  the  relation  is  transcendental  in  10  :  and  the  surface  of 
the  sphere  is  covered  an  infinite  number  of  times;  that  is,'  corresponding 
to  z  there  is  an  infinite  number  of  sheets,  so  that  the  relation  is  tran- 
scendental in  z.  Thus,  when  A,  +  /ti  +  v  is  greater  than  1  and  any  one  of 
the  three  quantities  X,  p,  v  is  incommensurable,  the  integral  relation 
between  w  and  z,  which  is  equivalent  to 


is  transcendental  both  in  w  and  in  z. 

.If  the  quantities  X,  p,  v  be  commensurable,  the  simplest  possible  cases 
arise  in  connection  with  the  division  of  the  surface  by  the  central  planes 
associated  with  the  inscribed  regular  solids.  These  planes  give  the  divisions 
into  triangles,  which  are  equiangular  with  one  another. 

First,  suppose  that  the  spherical  surface  is  divided  completely  and 
covered  only  once  by  the  two  sets  of  triangles,  corresponding  to  the  tipper 
half  and  the  lower  half  of  the  ^-plane  respectively.  One  of  the  acts,  say 
N  in  number,  will  occupy  one  half  of  the  surface  in  the  aggregate  :  and 
similarly  for  the  other  set,  also  N  in  number.  Hence 

R'-  (\  +  /A  +  v  —  1)  TT  =  the  area  of  a  triangle 


omer  nan  TO  wie  otner  sen.     xience  TT  -=-  A.TT  is  an  integer,  uaau  is,  A,  is  uue 

reciprocal  of  an  integer,  say  y .     Similarly  for  /A,  which  must  be  of  the  form 

L 

1  1 

—  ;  and  for  v,  which  must  be  of  the  form  - ;  where  m  and  n  are  integers. 
m  n 

Thus 

1      _!      1_1=_2 

L      m     n  N' 

The  only  possible  solutions  of  this  equation  are 

(I.)*    A,  =  |-,     //.  =  !•,     ft  =  any  integer,  JV  =  2;i ; 

(II)     \  =  £,     M=^     V  =  J  ,  tf=12; 

(IV.)     \  =  ^,     /i=i,     7/  =  i  ,  .ZV"=24.; 

(VI)     X  =  £,     n  =  %>     *  =  &  ,  #=60. 

277.  In  each  of  these  cases  there  is  a  finite  number  of  triangles :  with 
each  triangle  a  branch  of  w  is  associated,  so  that  there  is  only  a  finite  number 
of  branches  of  w :  the  sphere  is  covered  only  once,  and  therefore  there  is  only 
a  single  2-sheet.  Hence  the  integral  relation  between  w  and  z  is  of  the  first 
degree  in  z :  and  it  is  polynomial  in  w,  of  degrees  2?i,  12,  24,  60  respectively. 

The  regular  solids,  with  which  these  sets  of  triangles  are  respectively 
associated,  are  easily  discerned. 

I.  We  have  \,  p,  z/  =  -£,  ^,  -.     The  solid  is  a  double  pyramid,  having 

<  d 

its  summits  at  the  two  poles  of  the  sphere :  the 
common  base  is  an  equatorial  polygon  of  2n  sides : 
the  sides  of  the  various  triangles,  in  the  division  of 
the  sphere,  are  made  by  the  half-meridians  of  longi- 
tude, through  the  angular  points  of  the  polygon  from 
the  respective  poles  to  the  equator,  and  by  arcs  of 
the  equator  subtended  by  the  sides  of  the  polygon, 

II.  We  have  X,  p,  z>  =  £,  £,  -r-     The  solid  is  the 
tetrahedron;  and  the  division  of  the  surface  of  the 
sphere,  by  the  planes  of  symmetry  of  the  solid,  into 

24  triangles,  12  of  each  set,  is  indicated,  in  fig.  102,  on  the  (visible)  half  of 
the  sphere,  the  other  (in visible)  half  of  the  sphere  being  the  reflexion,  through 
the  plane  of  the  paper,  of  the  visible  half. 

*  The  reason  for  the  adoption  of  these  numbers  to  distinguish  the  cases  will  appear  later, 


centre.  JLI  aesirea,  tne  summits  ot  tne 
ahedron  may  be  taken  at  F :  the  centres 
he  faces  are  then  T. 

Each  of  the  angles  at  T  is  ^TT:    each  of 
angles  at  F  is  JTT:  each  of  the  angles  at 

The  shaded  triangles  (only  six  of   which 

visible,    being    half    of    the    aggregate) 
•espond  to  one  half  of  the  .z-plane;  and 

unshaded    triangles    correspond    to    the  S 

3r  half  of  the  #-plane.  Fig-  i«2. 

IV.  We  have  \  p,,  v  =  ^,  1(,  £.  The  solid  is  the  cube  or  the  octahedron, 
sse  two  solids  can  be  placed  so  as  to  have  the  same  planes  of  symmetry, 
making  the  centres  of  the  eight  faces  of  the  octahedron  to  be  the  summits 
ihe  cube.  In  the  figure  (fig.  103),  the  points  0  are  the  summits  of  the 
ihedron  :  the  points  C  are  the  summits  of  the  cube  and  the  centres  of 
faces  of  the  octahedron :  and  the  points  S  are  the  middle  points  of  the 
es  :  all  projected  from  the  centre  of  the  sphere. 

The  shaded  triangles  (the  visible  twelve  being  one  half  of  the  aggregate) 
•espond  to  one  half  of  the  3-plane  ;  the  unshaded  triangles  correspond  to 
other  half  of  the  5-plane. 


Each  of  the  angles  at  0  is  JTT  :  each  of  the  angles  at  C  is  }{TT  :  each  of 
angles  at  S  is  ^TT;  and  it  may  be  noted  that  the  triangles  COG  are  the 
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ill  the  present  triangle  COG  being  the  point  S  in  a  triangle  STF,  and  the 
two  points  G  being  the  points  F  and  T  in  the  former  figure  (fig.  102). 

VI.     We  have  X,  /i,  v  =*$,$,%. 


DIB 


The  solid  is  the  icosahedron  or  the  dodecahedron.  These  two  solids  can 
be  placed  so  as  to  have  the  same  planes  of  symmetry,  by  making  the  centres 
of  the  twenty  faces  of  the  icosahedron  the  vertices  of  the  dodecahedron.  In 
the  figure  (fig.  104)  the  vertices  of  the  icosahedron  are  the  points  /:  those 
of  the  dodecahedron  are  the  points  D  :  and  the  middle  points  of  the  edges 
are  the  points  S.  The  shaded  triangles  (the  visible  thirty,  six  in  each  lime 
through  the  vertex  of  the  iposahedron,  being  one  half  of  their  aggregate) 
correspond  to  one  half  of  the  z-plane :  the  unshaded  triangles,  equal  in 
number  and  similarly  distributed,  correspond  to  the  other  half  of  the  z-plane. 
The  angles  at  the  vertices  I  of  the  icosahedron  are  ^TT  ;  those  at  the  vertices 
D  of  the  dodecahedron  are  \ir  \  and  those  at  the  middle  points  S  of  the  edges 
(the  same  for  both  solids)  are  ^-TT. 


le  spherical  surface  on  the  equatorial  plane,  the  south  pole  being  the  pole 
-  projection.  If  X,  Y,  Z  be  the  coordinates  of  the  point  on  the  spherical 
irface,  the  racfius  being  unity,  then 


_ 

W/    —  —         ,_  r»        • 

l+Z 

or  a  point  in  longitude  I  and    latitude  \TT  —  8,  we    have  X  =  cos  /  sin  S, 
'=  sin  I  sin  S,  Z  =  cos  B  :  so  that,  if  preferable,  another  form  for  w  is 

w  =  eil  tan  |8. 

In  our  preceding  investigation,  the  angle  at  A.TT  was  made  to  correspond 
ith  £  =  0,  that  at  VTT  with  2=1,  that  at  {MTT  with  z  =  co  . 

Case  I.     We  take  A,  =  -   /*  =  i  z/  =  i. 

n          2 

For  the  angular  points  /J,TT  we  have  S  =  \TT  ;  £  =  0,  —  -  ,  —  ,  .  .  .  ,  each  point 

longing  to  two  triangles  of  the  same  set,  that  is,  triangles  represented  on 
le  same  half  of  the  plane  :  thus  the  various  v;-points  in  the  plane  arc 


r  r  =  0,  1, . . . ,  n  —  1,  each  occurring  twice.     Hence  £  =  oo  ,  when  the  function 

n-l  ?_?/,, 

II  (w~en    )'- 

r=0 

mishes,  that  is,  z=  oo  ,  when  (M"  —  I)2  vanishes. 

For  the  angular  points  VTT,  we  have  S  =  i-7r;    £=  — .  — ,  —  ,  ....   each 

n-   n      n 

)int  belonging  to  two  triangles  of  the  same  set :  thus  the  various  w-points 
the  plane  are 

r  ?•  =  0,  1,  . ..,  n  -  1,  each  occurring  twice.     Hence  z  —  1,  when  the  function 

n~\  —t9      T\ 

II  [w  —  eH         }- 

wishes,  that  is,  z  —  1,  when  (w11  +  I)2  vanishes. 
Now  z  is  a  uniform  function  of  w :  hence  we  can  take 
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w  —  co  (corresponding  to  the  common  vertex  XTT  at  the  South  pole),  z  vanishes, 
as  required.     The  relation  is  often  expressed  in  the  equivalent  form 

z  :  z  -  1  :  1  =  -  4>wn  :  -  (w11  +  I)2  :  (wn  -  I)2, 

which  gives  the  conformation  on  the  half  ^-plane  of  a  tu-triangle  bounded  by 
circular  arcs,  the  angles  being  -,  %TT,  ^TT.     The  simplest  case  is  that  in 

i\i 

7T 

which  the  triangle  is  a  sector  of  a  circle  with  an  angle  -  at  the  centre. 
The  preceding  relation  is  a  solution  of  the  equation 


If  we  choose  A,  =  -A-.  it  =  A,  v  =  —  \  so  that  z  =  Q  when  (w"  +  l)2  vanishes, 

*  *  n 

^  =  00  when  (wn—  I)2  vanishes,  and-#  =  l   when  wn  vanishes,  the  relation 
establishing  the  conformal  representation  is 

z  :  z  —  1  :  1  =  (wn  +  I)2  :  4>wn  :  (w11  —  I)2. 
This  relation  is  a  solution  of  the  equation 


//.  We  take  \  =  \  ',  so  that  ^  =  0  must  give  the  points  >S',  each  of 
them  twice,  since  there  are  two  triangles  of  the  same  set  at  S:  //.  =  ;,-  (and 
these  are  taken  at  T),  so  that  2  —  00  must  give  the  points  T,  each  of  tlicm 
thrice :  and  v  =  J  (and  these  are  taken  at  F),  so  that  z  =  1  must  give  the 
points  F,  each  of  them  thrice. 

Taking  the  plane  of  the  paper  as  the  meridian  from  which  longitudes  are 
measured,  the  coordinates  of  the  four  w-points  in  the  plane,  corresponding  to 
T  by  stereographic  projection,  are 


.ce  2=  1,  when 

(w*+2wV3-l)3 

shes. 

Fhe  coordinates  of  the  six  points  corresponding  to  S  are  0,  e      .    l  (for 
),  1,  2,  3)  and  oo  :  hence  z  =  0,  when 

w-  (w1  +  I)2 
.shes. 

Moreover,  z  is  a  uniform  function  of  w :  and  therefore 


constant  multiplier  on  the  right-hand  side  being  determined  as  unity  by 
relation  between  the  points  8  and  the  value  #  =  0. 

Ihe  relation  is  often  expressed  in  the  equivalent  form 
:  2  —  I  :  1  =  12  \/3  w-  (w*  +  1)" :  (wj  +  2w"  \/3  —  I)8  :  —  (w'J  —  2w-  ^3  —  I)2. 

ives  the  conformation  on  the  ^-half-plane  of  a  triangle  in  the  w-plane, 
tided  by  circular  arcs,  the  angles  of  the  triangle 


rhe  simplest  case  is  that  of  a  portion  cut  out  _„-''' 

sector  of  a  circle  of  central  angle  30°,  by  the  .-''' 

and  two  lines  at  right  angles  to  one  another     "": - 

metrical  with  respect  to  the  arc.  •Flg'  105- 

[t  has  been  assumed  that  the  plane  of  the  paper  is  the  meridian. 
ther  convenient  meridian  to  take  is  one  which  passes  through  a  point 
L  the  equator :  in  that  case,  the  preceding  analysis  applies  if  a  rotation 
ugh  an  angle  -^TT  be  made.  The  effect  of  this  rotation  is  to  give  the  new 
a,ble  W  for  any  point  in  the  form 

in 

W  =  we4, 

lat  w2  =  —  iWs.     The  relation  then  takes  the  form 
-1:1 
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The  lines  by  which  the  w-plane  is  divided  into  triangles,  each  conformally 
represented  on  one  or  other  half  of  the  2-plane,  are  determined  by  z  =  z6, 
that  is,  by 


Ws(w4+  ~         W02  (W<?  +  I)2 

The  figure  is  the  stereograph]  c  projection  of  the  division  of  the  sphere,  and 
it  can  be  obtained  as  in  §  257  (Ex.  20,  Ex.  23). 

Case  IV.  We  take  X  =  ^,  so  that  #=0  must  give  the  eight  points  C; 
each  is  given  three  times,  because  at  C  there  are  three  triangles  of  the  same 
set  :  we  take  v  =  £,  so  that  z  —  1  must  give  the  six  points  0,  each  four  times  : 
and  ft  =  %,  so  that  2  =  00  must  give  the  twelve  points  S,  each  of  them  twice. 

We  take  the  plane  of  the  paper  as  the  meridian.  The  points  0  are  0,  1, 
i,  —  1,  —  i,  co  ;  each  four  times.  Hence  2  =  1,  when  the  function 

[w(w*-I}Y 
vanishes. 

+  1  +  i 
The  points  0  are  the  eight  points     ~     ~-  •   :  the  product  of  the  eight 

i  v  <j  —  i 
corresponding  factors  is 

w8  +  14ii>4  +  1  : 


and  each  occurs  thrice,  so  that  z  =  0,  when  the  function 

Oe  +  14w4  +  I)3 
vanishes. 

The  points  S  are  (i)  the  four  points  —  ~  —  --  in  the  plane  of  the  paper, 

+  v  2t  —  1 

giving  a  corresponding,  product 

w4  -  6w2  +  1  : 

4-  i 
(ii)  the  four  points  7—75  —  =-  in  the  meridian  plane,  perpendicular  to  the 

+  \l  2i  —  ~  J. 

plane  of  the  paper,  giving  a  corresponding  product 

w4*  +  Qw"  +  1  : 


—     )' 

and  (iii)  the  four  points  e4         ,  (for  r  =  0,  1,  2,  3),  in  the  equator,  giving  a 
corresponding  product 


tne  constant  multiplier  Demg  determined  as  unity,  by  taking  account  ol  the 
value  unity  for  z  :  and 


The  relation  can  be  expressed  in  the  equivalent  form 
z:z-I  :l  =  (w8  +  14w*  +  I)3  :  108'io4  (w4  -  I)4  :  (w3 


I)2. 


It  gives  the  conformation  on  half  of  the  s-plane  of  a  w-triangle  bounded  by 
circular  arcs  and  having  its  angles  equal  to  ^TT,  \TT,  ^TT  respectively. 

The  lines,  by  which  the  ?i>-plane  is  divided  into  the  triangles,  are  given 
by  z  =  z0,  that  is,  by 


I)4 


w04(w04-  I)4 


Fig.  106. 


The  division  is  indicated  in  fig.  106,  being  the  stereographic  projection  of 
the  divided  spherical  surface  of  fig.  103,  with  respect  to  the  south  pole, 
taken  to  be  diametrically  opposite  to  the  central  point  0. 


frr          TIT 


each  01  them  twice. 

Let  an  edge  of  the  icosahedron  subtend  an  angle  6  at  the  centre  of  the 
sphere:  then  its  length  is  2rsin-|-$.  Also,  five  edges  are  the  sides  of  a 
pentagon  inscribed  in  a  small  circle,  distant  6  from  a  summit  :  hence  the 
radius  of  this  circle  is  r  sin  Q  and  the  length  of  the  edge  is  2?'  sin  0sin^7r. 
so  that 

2  sin  \  6  =  2  sin  6  sin  ITT, 

whence  tan  \Q  =  \  (\/5  —  1),     cot  \Q  =  ^  (*/5  +  1). 


Let  a  denote  ew.  Then  the  value  of  w  corresponding  to  the  north  pole  / 
is  0  ;  the  values  of  w  for  the  projections  on  the  equatorial  plane  of  the  five 
points  J  nearest  the  north  pole  are 

t«in£0,     aatan£0,     a4  ban  %8,     «8tan£0,     «8tan£0: 

the  values  of  w  for  the  projections  on  the  equatorial  plane  of  the  five  points  / 
nearest  the  south  pole  are 

a!'coU-0: 


and  for  projection  of  the  south  pole  the  value  of  w  is  infinity.     The  product 
of  the  corresponding  factors  is 

4  4 

w  ,  II  (w-a2)'tan£#)  .  n  (w  -  a-r+1cot£#)  .  1 

r=0  i-=<) 


=  w  (w«  -  tanfi  $0)  (iur>  +  cot"  |-  6) 
=  w  (ww  +  llw5-  1), 

after  substitution.     Each  point  /  occurs  five  times  ;  and  therefore  z  =  l,  when 

the  function 

w5  (ww  +  llw5  -  l)fi 

vanishes. 

The  points  D  lie  by  fives  on  four  small  circles  with  the  diameter  through 
the  north  pole  and  the  south  pole  for  axis.  The  polar  distance  of  the  small 
circle  nearest  the  north  pole  is  tan  8  =  3  —  \/5,  and  of  the  circle  next  to  it  is 
tan  8'  =  3  +  V5,  so  that 


.       .,     Vl5"-6V5-l          ,      ,,,     V15  "+675-1 

tan  i  8  = s T-- ,         tan  %  b  = 5-7—7-= • 

o  -  V5  *  3  +  V° 

The  function  corresponding  to  the  projections  of  the  five  points  nearest  the 
north  pole  is 


=  VJ,     W11C11     UJ.1C    J.U1H-.U1UU. 


{(wr>  +  tan"  £8)  OD  -  cot5  IS)  (w5  +  tan5  £8')  (w5  -  cot5  ^S7)}8, 

vanishes,   that   is,   when   O20  -  228?^in  +  494w10  +  22Sw5  +  1)3,  which   is   the 
•educed  form  of  the  preceding  product,  vanishes. 


Fig.  107. 

The  points  S  lie  by  tens  on  the  equator,  b}'  fives  on  four  small  circles 
having  the  polar  axis  for  their  axis.  Proceeding  in  the  same  way  with  the 
products  for  their  projections,  it  is  found  that  z-  oo  ,  when  the  function 

[wsa  +  I  +  522™G  («/-" - 1)  -  lOOOow;10  (ww  +  I)]2 
vanishes. 
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(ww  -  22Swin  +  494w'°  -f  22  Sty5  4-  ]  V 
- 


2= 


\w™  4  1  4  522to8  (w-°  -  1)  -  10005?/;10  (w10  4  I)}2 ' 
the  constant  factor  being  found  to   be  unity,  through  the  value  of  1  —  z 

which  is     1  —  z  = 


[w'M  +  1  4-  522wn  (Va  -  1)  -  1  OOOoo-10  (w™  +  1)}"  ' 

These  relations  give  the  conformal  representation  on  half  of  the  2-plane  of  a 
•w-  triangle,  bounded  by  circular  arcs  and  having  angles  -^TT,  $TT,  \ir. 

The  lines,  by  which  the  w-plane  is  divided  into  the  triangles,  are  given 
by  Z  =  ZQ)  that  is,  by 


n  4  228w5  4-  l)s  _  (^_ 
17!)"  ~  wf(w<p  "+IlM'oB"-  1)5"  ' 

The  division  is  indicated  in  figure  107,  which  is  the  stereographic  projection  *  of 
the  divided  spherical  surface  of  figure  104,  with  J]2  as  the  pole  of  projection. 

279.  The  preceding  are  all  the  cases,  in  which  simultaneously  z  is  a 
uniform  function  of  w,  and  w  is  an  algebraical  function  of  z  :  they  arise  when 
the  surface  of  the  sphere  has  been  completely  covered  once  with  the  two  sets 
of  triangles  corresponding  to  the  upper  half  and  the  lower  half  of  the  .sr-plane. 

But  an  inspection  of  the  figures  at  once  shews  that  they  are  not  the 
only  cases  to  be  considered,  if  the  surface  of  the  sphere  may  be  covered 
more  than  once. 

In  the  configuration  arising  through  the  double-pyramid,  the  surface  of 
the  sphere  will  be  covered  completely  and  exactly  m  times,  if  the  angles  at 
the  poles  be  ZniTr/n,  where  m  is  prime  to  n.     The  corresponding   relation' 
between  ^u  and  z  is  obtained  from  the  simpler  form  by  changing  n  into  nftn. 

In  the  tetrahedral  configuration  (fig.  102)  the  surface  of  the  sphere  will 
be  exactly  and  completely  covered  twice  by  triangles  FFT  (or  by  triangles 
TTF,  it  being  evident  that  these  give  substantially  the  same  division  of  the 
surface).  The  relation  between  w  and  z  will  then  be  of  the  same  degree, 
12,  as  before  in  w,  for  the  number  of  different  triangles  in  the  two  w-sheets 
is  still  twelve  of  each  kind  :  because  there  are  two  -w-sheets  corresponding 
to  the  single  2-plane,  that  relation  will  be  of  the  second  degree  in  z.  The 


uau  completely  covered  twice  by  triangles  ULIU.     me  relation 
itween  w  and  2  will  be  of  degree  24  in  w  and  degree  2  in  z  :  and  the  values 

o  o 

1  the  angles  are  determined  by 

(V.)     X,/*,i;=§>i,i. 

Similarly,  a  number  of  cases  are  obtainable  from  the  icosahedral  configu- 
,tion,  in  the  following  forms  : 


(VII.)     X, 

(VIII.)     X3 

(IX.) 

(X.) 

(XL) 

(XII.) 

(XIII.) 

(XIV.) 
(XV.) 


.L,  -?f  with  triangles  such  as 


1,1 


X, 


X, 


x, 
x, 


ther  cases  appear  to  arise  :  but  they  can  be  included  in  the  foregoing, 
y  taking  that  supplemental  triangle  which  has  the  smallest  area.  Thus, 
iparently,  I^DJW  would  be  a  suitable  triangle,  with  X,  ^,  v  —  §,  f,  \:  it  is 
splaced  by  I^D^T^,  an  example  of  case  (X.)  above. 

These,  with  the  preceding  cases  numbered*  (I.),  (H.),  (IV.),  (VI.),  form 
le  complete  set  of  distinct  ways  of  appropriate  division  of  the  surface 
:'  the  sphere. 

It  is  not  proposed  to  consider  these  cases  here  :  full  discussion  will  be 
•und  in  the  references  already  given.  The  nature,  however,  of  the  relation, 
hicli  is  always  of  the  form 


here  /  and  F  are  rational  functions,  may  be  obtained  for  any  particular 
ise  without  difficulty.     Thus,  for  (III.),  we  -have 

1-*     *-*    i-*  +  * 
-  ""  ~ 


heri 

z  :  1  -  z  :  1  =  -  1  2  V3  wa 
Again,  if  . 


I)2  : 


V3  -  l)s  : 


so  that  X  =  £,  z>  =  f,  /"•=«"•     Hence  the  relation 


=  -  12  V3  w2  (w4  +  I)2  :  (X  +  2wa  V3  -  l)a  :  (w4  -  2w2  V3  -  l)l! 

gives  the  conformation  of  triangles  bounded  by  circular  arcs  and  having 
angles  -^TT,  \TT,  f  TT.  ' 

The  foregoing  are  the  only  cases,  for  \  +  /JL+  v>1,  in  which  the  integral 
relation  between  w  and  2  is  rational  both  in  w  and  in  z. 

In  all  other  cases  in  which  \,  /JL,  v  are  commensurable,  this  integral 
relation  is  rational  in  z  and  transcendental  in  w. 

It  is  to  be  noticed,  in  anticipation  of  Chapter  •  XXII.,  that,  since  every 
triangle  in  any  of  the  divisions  of  the  spherical  surface,  or  of  the  plane, 
can  be  transformed  into  another  triangle,  the  functions  which  occur  in 
these  integral  relations  are  functions  characterised  by  a  group  of  substi- 
tutions. When  the  functions  are  rational,  the  groups  are  finite,  and 
the  functions  are  then  the  polyhedral  functions  :  when  the  functions  are 
transcendental,  the  groups  are  infinite,  and  the  functions  are  then,  of  the, 
general  automorphic  type. 

The  case  in  which  X  +  //,  +  v  =  1  has  already  been  considered  :  the  spherical 
representation  is  no  longer  effective,  for  the  radius  of  the  sphere  becomes 
infinite  and  the  triangle  is  a  plane  rectilinear  triangle.  The  equation  may 
still  be  used  in  the  form 


with  the  condition  X  +  //,  +  z/  =  l.     A  special  solution  of  the  equation  is  then 
given  by 


leading  to  the  result  of  §  268,  the  homologue  of  the  angular  point  ^TT  being 

at  z  —  oo  . 

280.     It  is  often  possible  by  the  preceding  methods  to  obtain  a  relation 
between  complex  variables  that  will  represent  a  given  curve  in  one  plane  on 


relation  tor  an  arbitrary  curve  or  a  lamily  01  curves.  JtJut  in  one  case,  at  any 
rate,  it  is  possible  to  give  an  indication  of  the  limitations  on  the  functional 
form  of  the  relation. 

Let  there  be  a  family  of  plane  algebraical  curves,  determined  as  potential 
curves  by  a  variable  parameter*:  and  let  their  equation  be 


where  'u  is  the  variable  parameter,  which,  when  it  is  expressed  in  terms  of  as 
and  y  by  means  of  the  equation,  satisfies  the  potential-equation 


Since  u  is  a  potential,  it  is  the  real  part  of  a  function  w  of  a;  +  iy :  and  the 
lines  u=  constant  are  parallel  straight  lines  in  the  w-plane.  It  therefore 
appears  that-  the  functional  relation  between  w  and  z  must  represent  the 
w-plane  conformably  on  the  #-plane,  so  that  the  series  of  parallel  lines  in  the 
one  plane  is  represented  by  a  family  of  algebraical  curves  in  the  other :  let 
the  relation,  which  effects  this  transformation,  be 

%(*,™)  =  0. 

Let  the  algebraical  curve,  which  corresponds  to  some  particular  value  of  u, 
say  w  =  0,  be 

which  in  general  is  not  a  straight  line.  Let  a  new  complex  f  be  determined 
by  the  equation 

/(&   --^-O: 


this  equation  is  algebraical,  and  therefore  f  can  be  regarded  as  a  function  of 
w,  say  i/r  (w),  between  which  and  z,  regarded  as  a  function  of  w,  say  </>  (w\ 
there  is  an  algebraical  equation. 

Now  when,  u  =  0,  z  describes  the  curve 

/0»,y)-0: 

hence  at  least  one  branch  of  the  function  £,  defined  by 


*  Such  curves  are  often  called  i»o thermal,  after  Lame.  The  discussion  of  the  possible  func- 
tional relations,  that  lead  to  algebraical  isothermal  curves,  is  due  to  Schwarz,  Gi>s.  Werke.,  t.  ii, 
pp.  '260—2(58:  see  also  Hans  Meyer,  "  Ueber  die  von  geraden  Liuien  uud  von  Kege!  solan  t  ten 


can  be  taken  as  equal  to  x  when  u  =  0,  that  is,  there  is  one  branch,  of  the 
function  £  which  is  purely  real  when  w  is  purely  imaginary. 

The  curves  in  the  ^-plane  are  algebraical :  when  this  plane  is  conformally 
represented  on  the  £-plane  by  the  foregoing  branch,  which  is  an  algebraical 
function  of  z,  the  new  curves  in  the  £-plane  are  algebraical  curves,  also 
determined  as  potential  curves  by  the  variable  parameter  u.  And  the  £-curve 
corresponding  to  u  =  0  ia  (the  whole  or  a  part  of)  the  axis  of  real  quantities. 
In  order  that  the  conformal  representation  may  be  effected  by  the  functions, 
they  must  allow  of  continuous  variation :  hence  lines  on  opposite  sides  of 
u  =  0  correspond  to  lines  on  opposite  sides  of  the  axis  of  real  quantities.  The 
functional  relation  between  £=  f  +  irj  and  w  =  u  +  iv  is  therefore  such  that 

£  +  iri  =  ty  (u  +  iv), 
£  —  177  =  A/T  (—  u  +  iv). 

The  equation  of  the  ^-curves,  which  are  obtained  from  varying  values  of 
u,  is  algebraical :  and  therefore,  when  we  substitute  in  it  for  £  and  97  their 
values  in  terms  of  -^  (u  +  iv)  and  ty  (—  u  +  iv),  we  obtain  an  algebraical 
equation  between  ty  (u  +  iv)  and  ty  (—  u  +•  iv),  the  coefficients  of  which  are 
functions  of  u  though  not  necessarily  rational  functions  of  u.  Let  6  —  —  1u  ; 
and  let  fa,  fa  denote  ^(w),  -^(w  +  d)  respectively;  then  the  equation  can 
be  represented  in  the  form 

ff(fa,fa,8)  =  0, 
rational  in  fa  and  ty3,  but  not  necessarily  rational  in  Q. 

Because  the  functions  allow  continuous  variation,  we  can  expand  fa  in 
powers  of  0 :  hence 


=  0. 


When  this  equation j  which  is  satisfied  for  all  values  of  w  and  of  0,  where 
w  and  8  are  independent  of  one  another,  is  arranged  in  powers  of  0,  the 
coefficients  of  the  various  powers  of  9  must  vanish  separately.  The  coefficient 
independent  of  6,  when  equated  to  zero,  can  only  lead  to  an  identity,  for  it 
will  obviously  involve  only  fa  :  any  non-evanescent  equation  would  determine 
fa  as  a  constant.  Similarly,  the  coefficient  of  every  power  of  d,  which 
involves  none  of  the  derivatives  of  fa,,  must  vanish  identically.  The  co- 
efficient of  the  lowest  power  of  d,  which  does  not  vanish  identically,  involves 

I/TJJ,  -^~2   and   constants:    but,   because   the    equation    g  (fa,  fa,  6}  —  0    is 


stants. 

The  coefficient  of  the  next  power  of  9  will  involve    T-  -  ,  and  so  on  for  the 

A  dw 

'ers  in  succession.     Instead  of  using-  the  equations,  obtained  by  making 
se   coefficients   vanish,  to  deduce  an   algebraical    equation   between   -V/A. 

any  one  of  its  derivatives,  we  use  /i  =  0.     Thus  for  --~.  the  equation 

div*  ^ 

ild  be  obtained  by  eliminating  \^/  between  the  (algebraical)  equations 


so  for  others. 
Returning  now  to  the  equation 


which,  as  it  is  rational  in  ^2  and  ^r.j,  only  a  limited  number  of  co- 
dents,  say  Jc,  are  functions  of  6,  we  can  remove  these  coefficients  as 
:>AVS.  Let  k  —  1  differentiations  with  regard  to  w  be  effected  :  the  resulting 
ations,  with  #  =  0,  are  sufficient  to  determine  these  k  coefficients  ration- 
•  in  terms  of  ^o,  ^;t  and  their  derivatives.  But  the  coefficients  are 
ctions  of  0  only  and  do  not  depend  upon  w  :  hence  the  values  obtained  for 
in  must  be.  the  same  whatever  value  be  assigned  to  w.  Let,  then,  a  zero 
ie  be  assigned:  ^  and  its  derivatives  become  constants;  ^  becomes 
(•)),  say  \jrl}  and  all  its  derivatives  become  derivatives  of  -x^  ;  so  that  the 
fh'cients  can  be  rationally  expressed  in  terms  of  ^  and  its  derivatives. 
ten  these  values  are  substituted  in  #  =  0,  it  takes  the  form 


lonal  in  each  of  the  quantities  involved.  But  between  ^  and  each 
its  derivatives  there  subsists  an  algebraical  equation  with  constant  co- 
rients:  by  means  of  these  equations,  all  the  derivatives  of  ^  can  be 
ninated  from  #1  =  0,  and  the  final  form  is  then  an  algebraical  equation 


olving  only  constant  coefficients.     But 


therefore  the  function  ^  (w)  possesses  an  algebraical  addition-theorem. 
Now  ^  (w)  and  4>  (to)  are  connected  by  the  algebraical  equation 


wtiicli  can  give  famiiies  of  aLgeoraicai  curves  in  me  z-piane  as  me  conformed 
equivalent  of  the  parallel  lines,  u  =  constant,  in  the  w-plane,  are  such  that  z 
is  connected  by  an  algebraical  equation  either  with  w,  or  with  a  simply -periodic 
function  of  w,  or  with  a  doubly-periodic  function  of  w. 

There  are  three  sets  of  fundamental  systems,  as  Schwarz  calls  them,  of 
algebraical  curves  determined  as  potential  curves  by  a  variable  parameter: 
they  are  curves  such  that  all  the  others  can  be  derived  from  them  solely  by 
algebraical  functions. 

The  first  set  is  fundamental  for  the  case  when  z  is  an  algebraical  function 

of  w  :  it  is  given  by 

u  =  constant, 

being  a  series  of  parallel  straight  lines. 

The  second  set  is  fundamental  for  the  case  when  z  is  an  algebraical 
function  of  e*w ',  if  W  denote  e^",  then  z  is  an  algebraical  function  of  W,  and 
all  the  associated  curves  in  the  #-pIane  are  confonnal  representations  of  the 
algebraical  curves  in  the  W- plane.  If  a  =  a  +  /?{,  where  a  and  &  are  real, 
then 

(a-  +  /32)  u  =  ±a  log  (X3  +  F2)  +  /3  tan-1  -^  , 

a  relation  which  can  lead  to  algebraical  curves  in  the  IF-plane  only  if  a  or 
&  Be  zero.  If  a  be  zero,  then  //,  is  a  pure  imaginary,  and  the  H^-curves  are 
straight  lines,  concurrent  in  the  origin:  if  /?  be  zero,  then  u  is  real,  and, the 
TF-curves  are  circles  with  the  origin  for  a  common  centre.  Hence  the  set 
of  fundamental  systems  for  the  case,  when  z  is  an  algebraical  function  of  eP0, 
consists  of  an  infinite  series  of  concurrent  straight  lines  and  an  infinite  series 
of  concentric  circles,  having  for  their  common  centre  the  point  of  concurrence 
of  the  straight  lines. 

The  third  set  is  fundamental  for  the  case  when  z  is  an  algebraical  function 
of  a  doubly-periodic  function,  say,  of  sn  /j,w. 

Ex.  Prove  that  either  the  modulus  k  is  real  or  an  algebraical  transformation  of 
argument  to  another  elliptic  function  having  a  real  modulus  is  possible:  and  shew  that 
the  set  of  fundamental  curves  are  quurtics,  which  are  the  stereographic  projection  of 
confocal  sphero-c;onic,s.  (Schwarz,  Siebeck,  Caylcy.) 

We  thus  infer  that  all  families  of  algebraical  curves,  determined  as 
potential  curves  by  a  variable  parameter,  are  conformal  representations  of 


But  though  it  is  thus  proved  that  the  relation  between  z  and  w  must 
ress  z  as  an  algebraical  function  either  of  w,  or  of  e^0,  or  of  sn  /j,w,  in 
er  that  a  family  of  algebraical  curves  may  be  the  con  formal  representation 
ihe  £-plane  of  the  lines  u  =  constant  in  the  w-plano,  the  same  limitation 
s  not  apply,  if  we  take  a  single  algebraical  curve  in  the  s-plane  as  the 
formal  representation  of  a  single  line  in  the  w-plane. 

1  -  W 

Let  ««  =  •• ,T  •  then  the  lines  in  the  TF-plane,  which  correspond  to  the 

1  +  W  L  r 

allel  lines,  u  =  constant,  in  the  w-plane,  are  the  system  of  circles 


(W+u  +  l)(Wo  +  uTl)-(^ 


(u 
\v  consider  a  relation 


7T 

sre  Z  is  as  yeb  some  unspecified  function  of  z :  then 

k~  -  W  =  sn  (  —  z/  } . 

\  7T 


J    TirTir  /  ^^    rr\ 

nee  r  KK  KKO  =  sn  {        /,  }  sn 


1 

/i.1  V   71"          /  V  7T 

that,  if  W  describe  the  circle  corresponding  to  u  =  0,  we  have 

Z)  sn  ( — Z0}, 
J       V  TT       / 


3nce  —  /n=   2"vv  . 

#=sm~1.z,  and  therefore  ^'0  =  sin~1^0)  then 

=  =  2  sin  -J  (Z  +  Z,}  cos  *~-  =  (ff--l-  +  7^)  sin  £ 

I'TT  K'  „  1          ' 

(^  +  ^0)sin  ^.   =i(q  *  —  qlf)co8 


ellipse,  agreeing  with  the  result  in  §  257,  Ex.  7.     This  is  obtained  from 
i  relation 

-  fiK   .  ^   \ 

=  sn   —  sm  J  z  }  , 


l   _U  o 


n  TT 


U+l]     (          "\7T     -"J    •    U+I] 

does  not  lead  to  an  algebraical  relation  between  x  and  y  for  a  general  (non- 
zero) value  of  u.  Neither  the  conditions  of  the  earlier  proposition  nor  its 
limitations  apply  to  this  case. 

The  problem  of  determining  the  kinds  of  functional  relation  which  will 
represent  a  single  algebraical  curve  in  the  ^-plane  upon  a  single  line  of  the 
w-plane  is  wider  than  that  which  has  just  been  discussed :  it  is,  as  yet, 
unsolved. 


NOTE  ON  §  275  (see  foot-nofce,  p.  690). 

The  investigations  in  §§  276-279  shew  how  important,  in  the  development 
of  the  polyhedral  functions  connected  with  the  hypergeomotric  series,  is  the 
surface  of  a  sphere,  that  is,  a  surface  of  constant  positive  curvature.  All  the 
cases  in  which  algebraic  expression  can  arise  for  A-  +  //,  +  /.'  >  1  are  thereby 
considered. 

It  might  seem  not  improbable  that  a  corresponding  use  of  surfaces  of 
constant  negative  curvature  could  be  made  for  X  4-  //,  +  v  <  1 ;  but  the  whole 
investigation  is  much  more  difficult,  because  the  relation  between  w  and  z  is 
always  transcendental  in  one.  of  the  two  variables.  The  following  propositions 
are  worthy  of  record. 

A.  All  surfaces  of  given  constant  (negative)  curvature  are  deformable 
into  one  another,  without  stretching  or  tearing*. 
Consequently,  it  is  sufficient  to  take  any  one  of 
them  as  a  surface  of  reference ;  and  the  simplest, 
as  regards  the  geometrical  property,  appears  to  be 
the  surface  of  revolution  formed  by  the  rotation 
of  the  plane  tractrix — the  symmetrical  involute  of 
a  catenary — about  its  asymptote  which  is  the 
directrix  of  the  catenary.  The  equations  of  the 
generating  curve  f  are 

x0  =  asmcJ3,     ?/0  =  a  (cos  ^  +  log  tan  ^  $) ; 

the  range  of  </>  for  the  upper  part  of  the  (dotted) 
curve  is  TT  to  ITT,  and  for  the  lower  part  is  i-7r  to  0. 
The  curve  is  periodic  analytically,  so  far  as  con- 
cerns <£,  with  a  period  2vr;  but  geometrically  it  is 

*    A  Well-known    theOVP.m.     Oriffl'nn.Hv    <1np.    t.n    MinrHnrr     mi    t 


Jr  "  .'      ij^  "        J  Jr        •       & 

an  infinite  number  of  sheets,  real  and  imaginary. 

The  arc  sa  of  the  tractrix  from  its  vertex  is  given  by 

s0  =  a  log  cosec  9. 

The  arc  of  the  surface  of  revolution  is  given  by 

ds~  =  dsa*  +  x<?  d6- 


where 

The  surface  is  isothermal  in  terms  of  these  variables  u  and  6  ;  the  range 
of  6  is  0  to  2-7T,  and  the  range  of  u  (for  <£  between  ^TT  and  0)  is  from  1  to  oo  . 

The  area  of  the  upper  half  of  the  surface  is  the  same  as  that  of  the  lower 
half;  each  of  them 


?„  =  27ra2. 

For  the  Gaussian  measure  of  curvature  of  the  surface  of  revolution,  we  have 

p  =  —  a,  cot  (/>,     n  =  a  tan  $, 

(the  radius  of  curvature  and  the  normal  of  the  generating  curve,  and  these 
are  in  opposite  directions)  :  so  the  measure;  is  1/pn,  that  is,  —  I/a". 

Geodc'sics  on  the.  surface*,  are  given  by  the  equation 


du1     u\du)      -udu* 
the  primitive  of  which  is 

that  is,  in  the  u,  Q  plane,  the  representatives  of  the.  geodesies  are  circles 
having  their  centres  on  the  straight  line  which  is  the  axis  of  6. 

Thus,  if  we  write 

u  =  n,    8  =  %, 

the  surface  becomes 

d#  =  a~  (d£~  +  efrr) ; 

it  is  conforinally  represented  on  the  %,  97  plane ;  angles  are  conserved ;  and  its 
geodesies  are  transformed  into  circles  in  this  plane  having  their  centres  on  the 
axis  of  %. 


the  axis  of  f  and  two  lines  parallel  to  the  axis  of  77. 

B.     (This  statement  is  left  as   an  exercise,  as  well  as   the   discussion 
concerning  the  whole  range  of  the  £'-plane.)     It  should  be  proved  that,  by 


the  relation 

'=  sin' 


one  sheet  of  the  original  surface  of  revolution  is  represented  upon  half  of 
the  £"-plane  where  £= 


C.  Now,  it  is  a  known   theorem  (originally  due    to    Gauss)    that,  in 
particular,  for  the   surface   of  constant   negative   curvature*,  the   area   of 
a  geodesic  triangle  having  angles  \TT,  ^TT,  vrr,  is 

7r2a  (1  —  A,  —  /A  —  y). 

Thus  we  can  associate  the  curvilinear  triangles  in  the  original  plane,  for 
which  A,  +  //,  -f  v  <  1,  with  a  surface  of  constant  negative  curvature. 

D.  The   £,  77  plane,  or   the    £-plane,  can   be   changed   into  a  w-p!ano 
where  w  =  X  -t-  i  Y,  by  the  relation 


so  that  the  whole  of  the  interior  of  a  w-circle  of  radius  unity  can  be 
represented  on  the  upper  half  of  the  £-plane  while  the  circumference  of  the 
circle  is  transformed  into  the  axis  of  real  quantities ;  and  likewise  for  the 
exterior  of  the  w-circle  into  the  lower  half  of  the  £-plane  by  the1  same 
transformation. 

As  already  stated  (p.  690),  the  whole  subject  concerned  with  the  restriction 
A,  +  yu,  +  v  <  1  awaits  much  fuller  investigation. 

*  Gen.  Wcrke,  t.  iv,  p.  245  ;  my  Lectures  on  Differential  Geometry,  p.  161;  Carslaw's  trans- 
lation of  Bonola's  work  Non-Euclidetm  Geometry,  p.  13G. 


CHAPTER  XXI. 

GROUPS  OF  LINEAR  SUBSTITUTIONS. 

281.     Tins  properties  of  the  linear  substitution 

az  4-  b 
w  =        •-. , 
cz+  a 

considered  in  Chap.  XIX.  as  bearing  upon  the  conformal  representation  of  two 
planes,  were  discussed  solely  in  connection  with  the  geometrical  relations  of 
the  conformation  :  but  the  applications  of  these  properties  have  a  significance, 
which  is  wider  than  their  geometrical  aspect. 

The  essential  characteristic  of  singly-periodic  functions  and  of  doubly- 
periodic  functions,  each  with  additive  periodicity,  is  the  reproduction  of  the 
function  when  its  argument  is  modified  by  the  addition  of  a  constant  quantity. 
This  modification  of  argument,  uniform  and  uniquely  reversible,  is  only  a 
special  case,  of  a  more  general  modification  which  is  uniform  and  uniquely 
reversible,  viz.,  of  the  foregoing  linear  substitution.  This  substitution  may 
therefore  be  regarded  as  the  most  general  expression  of  linear  periodicity, 
in  a  wider  sense :  and  ^ill  functions,  characterised  by  the  property  in  the 
general  form  or  in  special  forms,  may  be  called  automorpkic. 

Our  immediate!  purpose  is  the  consideration  of  all  the  points  in  the 
plane,  which  can  be  derived  from  a  given  point  z  and  from  one  another  by 
making  z  subject  to  a  set  of  linear  substitutions.  The  set  may  be  either 
finite  or  infinite  in  number;  it  is  supposed  to  contain  every  substitution 
which  can  be  formed  by  combining  two  or  more  substitutions.  Such  a  set 
is  called  a  group. 

The  substitution  is  often  denoted  by  3  (z},  or  by 

az  +  b 
cz  +  d 


A  substitution  can  be  repeated;  a  convenient  symbol  for  representing 
the  substitution,  that  arises  from  n  repetitions  of  S,  is  Sn.  Hence  the  various 
integral  powers  of  S,  considered  in  §  258,  are  substitutions,  indicated  by  the 
symbols  tf2,  S3,  S*,  .... 

But  we  have  negative  powers  of  S  also.  The  definition  of  Sn(z)  is 
given  by 

$S°  (*)  =  £(*), 

so   that   *S'°  (z}  =  z   and   it   is    often   called   the   identical   substitution  :   the 
definition  of  S^  (z)  is  given  by 

3S-1  (z}  =  8°  (z)  =  z, 

so  that  8^(2)  is  a  substitution  the  inverse  of  S;  in  fact,  if  w  =  H(z)  =  -'    —  -,, 

cz  -\~  u 

_  r^T/f  -1-  n 

then  z  —  S^w  —  ----  .     And  then,  from  ft~lz,  by  repetition  we  obtain 
cw  —  a, 

8-*t8-\S~\  .... 

If  some  of  all  the  substitutions  to  which  a  variable  s  is  subject  be 
not  included  in  S  and  its  integral  powers,  then  we  have  a  new  substitution 
T  and  its  integral  powers,  positive  and  negative.  The  variable  is  then 
subject  to  combinations  of  these  substitutions  :  and,  as  two  general  linear 
substitutions  are  not  interchangeable,  that  is,  we  do  not  have  T($z)=8(Tz) 
in  general,  therefore  among  the  substitutions  to  which  z  is  subject  there 
must  occur  all  those  of  the  form 


where  a,  /S,  7,  S,  .  .  .  are  positive  or  negative  integers. 

If,  again,  there  be  other  substitutions  affecting  z,  that  are  not  included 
among  the  foregoing  set,  let  such  an  one  be  U  :  then  there  are  also  powers 
of  U  and  combinations  of  S,  T,  U  (with  integral  indices)  operating  in  any 
order:  and  so  on.  The  substitutions  S,  T,  U,  ...  are  called  fundamental  : 
the  sum  of  the  moduli  of  a,  /3,  %  S,  ...  of  any  substitution,  compounded  from 

*  Cntirs  d'Alyiibre  Kuperieuri!,  t.  ii,  Sect,  iv,  (Paris,  Gauthier-Villars). 

t  Traita  das  substitutions,  (ib.,  1870). 

£  fjnb8titut.ionent]icorie  undilire  Anwendung  auf  die  Algebra,  (Leipzig,  Toubner,  1882). 

§  Vorlcxuiigen  Hber  das  Ilcosaeder,  (ib.,  1884). 

||   Theory  of  groups  of  finite  order,  (Cambridge,  "University  Press,  2nd  e<L,  1011). 
**  Math.  Ann.,  t.  xxi,  (1883),  pp.  141  —  218,  where  referencea  to  earlier  memoira  by  Klein  are 
given. 

•|i  Acta.  Math.,  t.  i,  (1882),  pp.  1—62,  pp.  193—294;  ib.,  t.  iii,  (1883),  pp.  4',)—  92. 


giUUJJ. 

There  may  however  be  relations  among  the  substitutions  of  the  group, 
depending  on  the  fundamental  substitutions  ;  they  are,  ultimately,  relations 
among  the  fundamental  substitutions,  though  they  are  not  necessarily  the 
simplest  forms  of  those  relations.  'Hence,  as  we  may  have  a  relation  of 
the  form 

...Sa...Tb...Ue...(z}  =  z, 

the  index  of  a  composite  substitution  is  not  a  determinate  quantity,  being 
subject  to  additions  or  subtractions  of  integral  multiples  of  quantities  of  the 
form  (a)  +  (b)  +  (c)  -f-  .  .  .  ,  there  being  one  such  quantity  for  every  relation  : 

we  shall  assume  the  index  to  be  the  smallest  positive  integer  thus  obtainable. 

>• 
282.     There  are  certain  classifications  which  may  initially  be  associated 

with  such  groups,  in  view  of  the  fact  that  the  arguments  are  the  arguments 
of  uniform  automorphic  functions  satisfying  the  equation 


in  this  connection,  the  existence  of  such  functions  will  be  assumed  until  their 
explicit  expressions  have  been  obtained. 

Thus  a  group  may  contain  only  a  finite  number  of  substitutions,  that  is, 
the  fundamental  substitutions  may  lead,  by  repetitions  and  combinations,  only 
to  a  finite  number  of  substitutions.  Hence  the  fundamental  substitutions, 
and  all  their  combinations,  are  periodic  in  the  sense  of  §  260,  that  is,  they 
reproduce  the  variables  after  a  finite  number  of  repetitions. 

Or  a  group  may  contain  an  infinite  number  of  substitutions  :  these  may 
arise  either  from  a  finite  number  of  fundamental  substitutions,  or  from  an 
infinite  number.  The  latter  class  of  infinite  groups  will  not  be  considered 
in  the  present  connection,  for  a  reason  that  will  be  apparent  (p.  732,  note) 
when  we  come  to  the  graphical  representations.  It  will  therefore  be 
assumed  that  the  infinite  groups,  which  occur,  arise  through  a  finite  •number 
of  fundamental  substitutions. 

A  group  may  be  such  as  to  have  an  infinitesimal  substitution,  that  is, 
there  may  be  a  substitution  —  r,  which  gives  a  point  inrimtesimally  near 

to  z  for  every  value  of  z.  It  is  evident  there  will  them  be  other  infinitesimal 
substitutions  in  the  group  ;  such  a  group  is  said  to  be  continuous.  If  there 
be  no  infinitesimal  substitution,  then  the  group  is  said  to  be  discontinuous, 
or  discrete. 

But  among  discontinuous  groups  a  division  must  be  made.     The  definition 


718  DISCONTINUOUS   GROUPS  [282. 

of  special  points  in  the  plane  for  regions  in  the  immediate  vicinity  of  which 
there  are  infinitesimal  displacements.  Such  groups  are  called  improperly 
discontinuous  in  the  vicinity  of  such  points  :  all  other  groups  are  called 
properly  discontinuous.  For  instance,  with  the  group  of  real  substitutions 


7.2  +  < 

where  a,  /3,  7,  S  are  integers  such  that  aS-fty-  1,  it  is  easy  to  see  that,  when 
Z]  and  zz  are  real,  we  can  make  the  numerical  magnitude  of 


as  small  a  non-evanescent  quantity  as  we  please  by  proper  choice  of  a,  /3,y,S: 
thus  the  group  is  improperly  discontinuous,  because  for  real  values  of  the 
variable  it  admits  infinitesimal  transformations.  But  such  infinitesimal 
transformations  are  not  possible,  when  z  does  not  lie  on  the  axis  of  real 
quantities,  that  is,  when  z  is  complex  :  so  that,  for  all  complex  values  of 
z,  the  group  is  properly  discontinuous. 

The  various  points,  derived  from  a  single  point  by  linear  substitutions, 
will,  in  subsequent  investigations,  be  found  to  be  arguments  of  a  uniform 
function.  Continuous  groups  would  give  a  succession  of  points  infinitely 
close  together;  that  is,  for  these  points,  either  f(z)  would  be  unaltered  in 
value  for  a  line  or  a  small  area  of  points  and  therefore  constant  everywhere, 
or  else  the  point  would  be  an  essential  singularity,  as  in  §  37.  We  shall 
therefore  consider  only  discontinuous  groups. 

A  group  containing  only  a  finite  number  of  substitutions  is  easily  seen  to 
be  discontinuous  :  hence  the  groups  which  are  to  be  considered  in  the  present 
connection  are  the  discontinuous  groups  which  arise  from  a  finite  number  of 
fundamental  substitutions  *. 

The  constants   of  all  linear  substitutions  of  the  form    -  ......  ---,  are  sun- 

cz  +  d  L 

posed   subject  to   the   relation   ad  —  be  =  1.     This   condition   holds   for   all 
combinations,  if  it  hold  for  the  components  of  the  combination.     For  let 


a  -  az 


yz  +  8  '  cz  +  d  ' 

am  _  (aa  +  jBc)z  +  al)  +  jBd  _  Az  +  B 

~  " 


a  —  d      G _ b 
a"  8  =  7  =  /3 ' 

iat  is,  /S*  and  T  have  the  same  fixed  points.  They  can  be  applied  in  any 
der ;  and,  for  any  given  number  of  occurrences  of  S  and  a  given  number  of 
icurrences  of  T,  the  composite  substitution  will  give  the  same  point.  Thus 

jS  =  z  +  cu,  then  T  =  z  +  o>' ;  if  S  =  kz,  then  T  —  k'z.  The  class  of  func- 
ons,  which  have  their  argument  subject  to  interchangeable  substitutions 

the  former  category,  have  already  been,  considered :  they  are  the  periodic 
.notions  with  additive  periodicity.  The  group  is  SmT'n>,  (=  z  4-  mu>  +  mV), 
r  all  integral  values  of  w  and  of  m. 

The  latter  class  of  functions  have  what  may  be  called  a  factorial 
jriodicity,  that  is,  they  resume  their  value  when  the  argument  is  mul- 
plied  by  a  constant*. 

283.  Some  examples  have  already  been  given  of  groups  containing  a 
lite  number  of  substitutions  f,  in  the  case  of  certain  periodic  elliptic 
ibstitutions.  The  effect  of  such  substitutions  is  (p.  628)  to  change  a 
•escent-shaped  part  of  the  plane  having  its  angles  at  the  (conjugate)  fixed 
.)ints  of  the  substitution  into  consecutive  crescent-shaped  parts :  and  so  to 
)ver  the  whole  plane  in  the  passage  of  a  substitution  through  the  elements 
mstituting  its  period.  They  form  the  simplest  discontinuous  group — in 
iat  they  have  only  one  fundamental  substitution  and  only  a  finite  number 
?  derived  substitutions. 

The  groups  which  are  next  in  point  of  simplicity  are  those  with  only 
vo  substitutions  that  are  fundamental  and  only  a  finite  number  that 
:e  composite.  Both  of  the  fundamental  substitutions  must  be  periodic, 
id  therefore  elliptic,  by  §  260.  Taking  one  of  these  groups  as  an  example, 

*  Functions  having  this  property  are  discussed  by  Piucherle,  "  Sullc  funaioui  monodronie 
renti  un1  equazione  carat teristioa,"  Rend.  1st.  Lamb.,  Ser.  2,  t.  xii,  (1879),  pp.  536 — fi42.  See 
so  lluuHcnberger's  Tlieorie  der  periodischen  Functioned,  (Leipzig,  Tenbner,  1884):  iu  particular, 
action  VI. 

t  The  complete  theory  of  finite  groups  of  linear  substitutions  is  discus&ed,  partly  in  its 
jometrical  relation  with  polyhedral  functions,  by  Klein,  Math.  Ann.,  t  ix,  (1876),  pp.  183—188, 
nd,  in  its  algebraical  aspect,  by  Gordan,  Math.  Ann.,  t.  xii,  (1877),  pp.  28 — 46.  A  reference 
>  these  memoirs  will  shew  that  the  previous  chapter  contains  all  the  essentially  distinct  finite 
coups  of  linear  substitutions. 


periodic  01  me  second  oraer  :  ID  is  evidently 


w  —    z  =  -  . 
z 

The  other  has  ~  and  oo  as  its  fixed  points,  and  .  it  is  periodic  of  the  second 

Z 

order  :  it  is  evidently 

w  =  Tz=I-z. 

Evidently  8*2  =  2,  T2z  =  z,  (S  =  S~\  T=T~l),  so  that  we  have  already  all  the 
powers  of  the  fundamental  substitutions  taken  separately. 

But  it  is  necessary  to  combine  them.     We  have  Uz  =  STz  =  =  -  ,  a  new 
substitution  :  and  then 

7  —   1 

772-,  _  _  _  _        /TV  _  ,, 

U      &    -  3  LJ      6    -    At  , 

z 
so  that  U  is  periodic  of  the  third  order.     Again 

r  —  1 


which  is  not  a  new  substitution,  for  Vz  =  U"z :  and  it  is  easy  to  see  that  there 
is  only  one  other  substitution,  which  may  be  taken  to  be  either  TUz  or  SVz: 
it  gives 

TUz=8Vz=  — -,  , 
z  —  1 

again  periodic  of  the  second  order. 

Hence  the  group  consists  of  the  six  substitutions  for  z  given  by 

1  1  2-1  Z 

'2'  '    1  —  2'          2  2  —  1  ' 

taking  account  of  the  identical  substitution. 

These  finite  discontinuous  groups  are  of  importance  in  the  theory  of 
polyhedral  functions  :  to  some  of  their  properties  we  shall  return  later. 

Next,  and  as  the  last  special  illustration  fqr  the  present,  we  form  a 
discontinuous  group  with  two  fundamental  substitutions  but  containing  an 
infinite  number  of  composite*  substitutions.  As  one  of  the  two  that  are 
fundamental,  we  take 

__1 

2  ' 

which  is  elliptic  and  periodic  of  the  second  order.     As  the  other,  we  take 

w  =  82  =  z  +  I, 


Evidently  Tzz  =  zt  so  that  T  =  T~* :  and  Smz  =  z  +  m,  where  m  is  any 
iger.  Then  all  the  composite  substitutions  are  either  of  the  form 
'PTSnTSmz  or  of  the  form  ...Si>TSnTSmTz,  both  of  these  being  included 

'Z  -I-  &  * 

-j ,  where  a,b,c,d  are  integers, -such,  that  ad  — be  =  I. 

Z  ~T~  CL 

Vx.     Prove  the  converse — that  the  substitution  ; .  where  a.  b.  c.  d  are  integers 

cz  +  d 

i  that  ad—bc=l,  is  compounded  of  the  substitutions  £  and  T. 

This  group,  again,  is  of  the  utmost  importance :  it  arises  in  the  theory  of 
elliptic  modular-functions.  As  with  the  polyhedral  groups,  the  general 
mssion  of  the  properties  will  be  deferred  :  but  it  is  advantageous  to 
juss  one  of  its  properties  now,  because  it  forms  a  convenient  introduction 
and  illustration  of,  the  corresponding  part  of  the  theory  of  groups  of 
.eral  substitutions. 

284.  In  the  discussion  of  the  functions  with  additive  periodicity,  it  was 
nd  convenient  to  divide  the  plane  into  an  infinite  number  of  regions  such 
t  a  region  was  changed  into  some  other  region  when  to  every  point  of  the 
ner  was  applied  a  transformation  of  the  form  z  +  mw  +  ra'w',  that  is,  a 
istitution :  and  the  regions  were  so  chosen  that  no  two  homologous  points, 
t  is,  points  connected  by  a  substitution,  were  within  one  region,  and  each 
ion  contained  one  point  homologous  with  an  assigned  point  in  any  region 
'eference. 

Similarly,  in  the  case  when  the  variable  is  subject  to  the  substitutions  of 
infinite  group,  it  is  convenient  to  divide  the  plane  into  an  infinite  number 
regions ;  each  region  is  to  be  associated  with  a  substitution  which,  applied 
bhe  points  of  a  region  of  reference,  gives  all  the  points  of  the  region,  and 
h  region  is  to  contain  one  and  only  one  point  derived  from  a  given  point 
the  substitutions  of  the  group.  It  is  a  condition  that  the  complete  plane 
;o  be  covered  once  and  only  once  by  the  aggregate  of  the  regions. 

When  the  discontinuous  group  has  only  the  two  fundamental  substitutions, 
=  z  4-  1.  and  Tz  —  — : ,  the  division  of  the  plane  is  easy :  the  difficulty  of 

iermining  an  initial  region  of  reference  is  slight,  relatively  to  that  which 
j  to  be  overcome  in  more  general  groups*. 

The  ordinates  of  z  and  w  (=  Sz)  are  positive  together  or  negative  together ; 
I  similarly  for  the  ordinates  of  z  and  w  (=  Tz) :  so  that  it  will  suffice  to 
ide  the  half-plane  on  the  positive  side  of  the  axis  of  real  quantities. 

For  the  repetitions  of  the  substitution  S,  it  is  evidently  sufficient  to  divide 


space  bounded  by  the  conditions 


1 

2' 


It  is  sufficient  to  prove  that  any  point  in  this  region  when  subjected  to  a 

az  +  b 
substitution  of  the  group,  necessarily  of  the  form -, ,  where  a,  b,  c,  d  are 

CZ  ~r  Cu 

integers  such  that   ad  —  bc  =  l,  is  transformed  to  some  point  without  the 
region,  and  that  the  aggregate  of  the  regions  covers  the  half-plane. 

If  c  be  0,  then  a  —  1  =  d  and  the  transformation  is  only  some  power  of  S, 
which  transforms  the  point  out  of  the  region. 

If  c  be  +  1,  then,  since  ad— be  —  1,  we  have 

1 


w  —  a  = 


7, 

z  +  d 


a  and  d  being  integers.  For  any  point  z  within  the  region,  z  +  d\,  which  is 
the  distance,  of  the  point  from  some  point  0,  +.  1,  ±  2,  ...  on  the  axis  of  x,  is 
>  1  :  hence 

\w  —  a\  <  1, 

that  is,  the  distance  of  w  from  some  point  0,  +  1,  ±  2,  ...  on  the  axis  is  <  1, 
and  therefore  the  transformed  point  is  without  the  region. 

j  if  c  be  —  1. 
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If  c|  be  >  1,  then 
As  z  is  within  the  region, 

so  that 


Hence  the  distance  of  w  from  some  point  0,  + 1,  +  2,  . . .  on  the  axis  of  x 
is  <  \  A/3,  that  is,  the  transformed  point  is  without  the  region. 

The  exceptions  are  points  on  the  boundary  of  the  region.  The  boundary 
x  =  —  -|-  is  transformed  by  S  to  as  —  +  \  :  the  boundary  op  -\-if  —  \  is  trans- 
formed by  T  into  itself:  but  all  other  points  are  transformed  into  others 
without  the  region. 


digram  (Kg.  108)  gives  P-  of  the  di™»  ot  the 

plane  ,nto  region,   the  »WJ*  on*  —  d  ^each^  &  « 
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diagram 


It  Wil!  be  noticed  that  in  one 
and  rar-  the  region  can  be  constructed  either 
T  applied  to  ST.     It  therefore  follows  that 

**  =  8-1T&*- 


Hence 


ojtOjt,  .zo.iO.iO,  me  seveum  uemg  uue  same  aa  une  ursi  anu 
the  above  relation. 

By  means  of  this  relation  it  will  be  found  possible  to  identify  the  non- 
unique  significations  of  the  various  regions.  At  each  point  there  are  six 
regions  thus  circulating  always,  either  in  the  form  ®S,  ®ST,  ®STS,  ...  or  in 
the  form  ©T,  ®TS,  ®TST, ....  And  by  successive  transformations,  the  space 
towards  the  axis  of  x  is  distributed  into  regions. 

The  decision  of  the  region  to  which  a  boundary  should  be  assigned  will 
be  made  later  in  the  general  investigation ;  it  will  prove  a  convenient  step 
towards  the  grouping  of  edges  of  a  region  in  conjugate  pairs. 

Note.  It  may  be  proved  in  the  same  way  that,  for  any  discontinuous 
group  of  substitutions,  the  plane  of  the  variable  can  be  divided  into  regions 
of  a  similar  character.  As  will  subsequently  appear,  there  is  considerable 
freedom  of  choice  of  an  initial  region  of  reference,  which  may  be  called  a 
fundamental  region. 

285.  We  now  pass  to  the  consideration  of  the  more  general  discontinuous 
groups,  based  on  the  composition  of  a  finite  number  of  fundamental  substitu- 
tions. By  means  of  these  groups  and  in  connection  with  them,  the  plane  of 
the  variable  can  be  divided  into  .regions,  one  corresponding  to  each  substitu- 
tion of  the  group.  The  regions  are  said  to  be  congruent  to  one  another : 
the  infinite  series  of  points,  one  in  each  of  the  congruent  regions,  which  arise 
from  z  when  all  the  substitutions  of  the  group  are  applied  to  z,  are  said  to 
be  corresponding  or  homologous  points :  and  the  point  in  jR0  of  the  series  is 
the  irreducible  point  of  the  series.  As  remarked  before,  the  correspondence 
between  two  regions  is  uniform :  interiors  transform  to  interiors,  boundaries 
to  boundaries. 

Two  regions  are  said*  to  be  contiguous,  when  a  part  of  their  boundaries  is 
common  to  both.  Each  region,  lying  entirely  in  the  finite  part  of  the  plane, 
is  closed :  the  boundary  is  made  up  of  a  succession  of  lines  which  may  for 
convenience  be  called  edges,  and  the  meeting-point  of  two  edges  may  for  con- 
venience be  called  a  corner. 

Such  a  group,  when  all  the  substitutions  are  real,  is  called |  Fuchsian, 
by  Poincar6 ;  the  preceding  example  will  furnish  a  simple  illustration,  useful 
for  occasional  reference.  All  the  substitutions  are  of  the  form 


>up  of  real  substitutions  is  given,  and  that  it  is  known  independently  to 
a  discontinuous  group:  we  proceed  to  consider  the  characteristic  properties 
the  associated  division  of  the  plane,  which  is  to  be  covered  once  and  only 
;e  by  the  aggregate  of  the  regions.  The  fundamental  region  is  denoted 
Ru:  the  region,  which  results  when  the  substitution  fm(z]  is  applied 
the  points  of  R0,  will  be  denoted  by  jRm. 

So  long  as  we  deal  with  real  substitutions,  it  is  sufficient  to  divide  the 
f-plane  above  the  axis  of  x  into  regions :  and  this  axis  may  be  looked  upon 
a  boundary  of  the  plane.  Since  the  group  is  infinite,  the  division  into 
ions  must  extend  in  all  directions  in  the  plane  to  its  finite  or  infinite 
indaries :  for  we  should  otherwise  have  infinitesimal  transformations.  Thus 
i  edge  of  a  region  is  either  the  edge  of  a  contiguous  region,  and  then  it  is 
i  to  be  of  the  first  kind ;  or  it  is  a  part  of  the  boundary  of  the  plane,  that 
in  the  present  case  it  is  a  part  of  the  axis  of  x :  and  then  it  is  said  to  be  of 
i  second  kind.  Since  all  real  substitutions  transform  a  point  above  the  axis 
TO  into  another  point  above  the  axis  of  x,  it  follows  that  all  edges  congruent 
ih  an  edge  of  the  first  kind  (an  edge  lying  off  the  axis  of  ao)  themselves 
off  the  axis  of  as,  that  is,  are  of  the  first  kind :  and  similarly  all  edges  con- 
Lent  with  an  edge  of  the  second  kind  are  themselves  of  the  second  kind. 

The  corners,  being  the  extremities  of  the  edges,  are  of  three,  categories. 
a  corner  be  an  extremity  of  two  edges  of  the  first  kind  and  not  on  the 
s  of  as,  then  it  is  of  the  first  category :  and  the  infinite  series  of  corners 
nologous  with  it  are  of  the  first  category.  If  it  be  common  to  two 
fes  of  the  first  kind  and  lie  on  the  axis  of  x,  then  it  is  of  the  second 
3gory :  and  the  infinite  series  of  corners  homologous  with  it  are  of  the 
snd  category.  If  it  be  common  to  two  edges,  one  of  the  first  and  one  of 
second  kind,  it  is  of  the  third  category;  of  course  it  lies  on  the  axis 
x  and  the  infinite  series  of  corners  homologous  with  it  are  of  the  third 
3gory.  We  do  not  consider  two  edges  of  the  second  kind  as  meeting: 
y  would,  in  such  a  case,  be  regarded  as  a  single  edge. 

Each  edge  of  the  first  kind  belongs  to  two  regions.  We  do  not  assign 
h  an  edge  to  either  of  the  regions,  but  we  use  this  community  of 
ion  to  range  edges  as  follows.  Let  the  edge  be  Ep,  common  to  R0 
.  Rv ;  then,  making  the  substitution  inverse  to  fp  (z),  say  j^"1  (z),  Rp 
omes  RU,  R0  becomes  R_p,  and  Ep  becomes  /^(Ep),  which  is  necessarily 
edge  of  the  first  kind  and  is  common  to  the  new  regions  R-.p  and  R0, 
t  is,  it  is  an  edge  of  R0.  Let  it  be  Ep' :  then  Ep  and  Ep'  may  be 
same  or  they  may  be  different. 


a  given  edge  of  that  region. 

If  Ep  and  Ep'  be  the  same,  then  the  substitution  transforms  Ep  into 
itself :  hence  some  point  on  Ep  must  be  transformed  into  itself.  As  the  edge 
is  of  the  first  kind  so  that  the  point  is  above  the  axis  of  X,  the  substitution 
is  elliptic  and  has  this  point  as  the  fixed  point  of  the  substitution  in 
the  positive  half-plane.  The  two  parts  of  Ep  can  be  regarded  as  two 
edges :  and  the  common  point  as  the  corner,  evidently  of  the  first  category. 
Because  the  directions  of  the  edges  measured  away  from  the  point  are 
inclined  at  an  angle  TT,  it  follows  that  the  multiplier  of  the  elliptic  sub- 
stitution is  eni,  or  —  1.  An  illustration  of  this  occurs  in  the  special 
example  of  §  284,  where  the  circular  boundary  of  the  initial  region  of 
reference  is  changed  into  itself  by  the  fundamental  substitution  wz  =  —  1, 

that  is, 

w  —  i  _     z  —  i 
w  +  i         z  +  i' 

Hence  the  edges  of  the  first  kind  are  even  in  number  and  can  be  arranged 
in  conjugate  pairs. 

Further,  a  point  on  an  edge  of  the  first  kind  is  transformed  into  a 
point  on  the  conjugate  edge — uniquely,  unless  the  point  be  a  corner,  when 
it  belongs  to  two  edges.  Hence  points  on  edges  of  the  first  kind  other  than 
corners  correspond  in  pairs. 

An  edge  of  the  second  kind  is  transformed  into  one  of  the  second  kind, 
but  belonging  to  a  different  polygon:  there  is  no  correspondence  between 
points  on  edges  of  the  second  kind  belonging  to  the  same  polygon. 

Each  corner,  as  the  point  common  to  two  edges,  belongs  to  at  least  three 
regions.  As  a  point  of  one  edge,  it  will  have  as  its  homologue  an  extremity 
of  the  conjugate  edge  :  as  a  point  of  another  edge,  it  will  have  as  its  homologue 
an  extremity  of  the  edge  conjugate  to  that  other :  and  these  homologues  may 
be  the  same  or  they  may  be  different.  Hence  several  corners  of  a  given 
region  may  be  homologous :  the  set  of  homologous  corners  of  a  given  region  is 
called  a  cycle.  Since  points  of  a  series  homologous  with  a  given  point  all 
belong  to  one  category,  it  is  convenient  to  arrange  the  cycles  in  connection 
with  the  categories  of  the  component  parts. 

The  number  of  edges  of  the  first  kind  is  even,  say  2n :  and  they  can  be 
arranged  in  pairs  of  conjugates,  say  E1}  En+l ;  Ez>  En+2 ;  ....  Then  since  En+p 
is  the  conjugate  of  Ep,  and  fn+p  (z)  is  the  substitution  which  changes  RQ  into 
jfiL.^.  fmjL<n(z}  is  a  substitution  chaneriner  En  into  $„._!.„.  After  the  nrecedine- 


I/O    uy    uiie  OUUSUIULIUIUII  jp  \z  j.      jiivcry  region  will 

ruent  to  jS^  :  if  Ri  be  one  such  region,  then  the  region,  on  bhe  other  side 
tat  line  and  having  that  line  for  an  edge  (the  edge  is,  for  that  other 
>n,  the  congruent  of  the  conjugate  of  Ep),  is  obtainable  from  R0  by  the 
bitution  ff  {fp(z}}.  We  thus  have  an  easy  method  of  determining  the 
bitution  to  be  associated  with  the  region,  by  considering  the  edges  which 
crossed  in  passing  to  the  region  :  and,  conversely,  when  the  substitutions 
Associated  with  the  regions,  the  correspondence  of  the  edges  is  known. 

Ls  in  the  special  example,  there  are  relations  among  the  fundamental 
titutions.  The  simplest  mode  of  determining  them  is  to  describe  a  small 
it  round  each  corner  of  R(]  in  succession  :  in  the  description  of  the  circuit, 
symbol  of  each  new  region  can  be  derived  by  a  knowledge  of  the  edge  last 
.ed  and  when  the  circuit  is  closed  the  last  symbol  is  the  symbol  also  of  Rn, 
iat  a  relation  is  obtained. 

186.     The  only  limitations  as  yet  assigned  to  the  initial  region  (and  there- 

to each  of  the  regions)  of  the  plane  are  (i)  that  it  contains  only  one  point 

ologous  with  z,  and  (ii)  that  the  even  number  of  edges  of  the  first  kind 

be  arranged  in  congruent  conjugate  pairs.     But  now, 

out  detracting  from  the  generality  of  the  division,  we 

modify  the  initial  region  in  such  a  way  that  all  the 

s  of  the  first  kind  are  arcs  of  -circles  with  their  centres 

le  axis  of  .*.     For  let  G.  ..AFB.  .  .DGG  be  a  region  with 

)  and  A  FB  for  conjugate  edges  ;  join  GD  by  an  arc  of 

cle  CED  with  its  centre  on  the  axis  of  sc  :  and  apply  to 

)  the  substitution  inverse  to  that  which  gives  the  region 

hich  E  lies  :  let  AHB  be  the  result,  being  also  (§  258) 

,rc  of  a  circle  with  its  centre  on  the  axis  of  as.     Then  the  part  AFBHA, 

S'0,  is  transformed  to  CG-DEC,  say  $,/,  by  the  substitution  which  causes  a 

ige  from  RQ  across  GGD  into  another  region  :  every  point  in  $„  has  a 

ologue  in  $„'  :  and  there  is,  by  the  hypothesis  that  R0  is  the  initial  region, 

omologue  in  R0  of  a  point  in  &n  except  the  point  itself.    If,  then,  we  take 

f  $0  from  .Ko  arid  add  $0',  we  have  a  new  region 


utisfies  all  the  conditions  which  apply  to  the  regions  so  far  obtained  :  there 
o  point  in  M0'  homologous  with  a  point  in  it,  and  the  conjugate  edges 
)  and  AFB  are  replaced  by  conjugate  edges  GED,  AHB  congruent 


edges  are  circles  having  their  centres  on  the  axis  of  OB. 

Proceeding  in  this  way  with  each  pair  of  conjugate  edges  that  are  not 
arcs  of  circles  having  their  centres  on  the  axis  of  x,  and  replacing  it  by  a  pair 
of  conjugate  edges  congruent  by  the  same  substitution  and  consisting  of 
arcs  of  circles  having  their  centres  on  the  axis  of  x,  we  ultimately  obtain  a 
region  in  which  all  the  edges  of  the  first  kind  are  arcs  of  circles  having  their 
centres  on  the  axis  of  as.  These  can,  of  course,  be  arranged  in  conjugate  pairs, 
congruent  by  the  assigned  fundamental  substitutions.  Straight  lines  perpen- 
dicular to  the  axis  of  as  count  as  circles  with  centres  at  x  =  oo  on  that  axis : 
all  other  straight  lines,  not  being  parts  of  the  axis  of  os}  can  be  replaced  by 
circles. 

The  edges  of  the  second  kind  are  left  unaltered. 

A  region,  thus  bounded,  is  called  a  normal  polygon. 

Further,  this  normal  polygon  may  be  taken  convex,  that  is,  edges  do  not 
cross  one  another.  If  the  preceding  reduction  of  a  region  to  the  form  of 
a  normal  polygon  should  lead  to  a  cross  polygon,  then,  as  is  usual  in 
dealing  with  the  area  of  such  cross  figures,  part  of  the  area  is  to  be 
considered  negative :  and  therefore,  for  every  point  in  this  negative  part, 
there  must  be  two  points  in  the  positive  part.  Hence, 
in  the  positive  part,  there  are 

(i)  points,  none  of  which  has  a  homologue  in 
the  negative  part,  or  in  the  positive 
part  except  itself:  their  aggregate  gives 
a  normal  polygon  Q  : 

(ii)  two  -sets  of  points,  each  set  of  which  consists 
of  the  homologues  of  points  in  the  nega- 
tive part,  and  makes  up  a  positive  normal 
polygon;  let  the  polygons  be  2\  and  T».  us'  ' 

The  negative  part  is  a  normal  polygon  T,  to  which  2^  and  Tz  are  each  congruent. 

We  now  change  R  by  adding  a  normal  polygon  T  and  subtracting  a 
normal  polygon  T^ :  thus  for  the  new  region  we  have  a  positive  (that  is,  a 
convex)  polygon  Q,  and  a  positive  (convex)  polygon  T2.  No  point  in  Q  has  a 
homologue  in  1\:  hence  Tz  and  Q  together  make  up  a  region  such  that 
homologues  of  all  points  within  it  lie  outside :  this  region  is  a  normal 
polygon,  and  it  is  convex.  Hence  we  may  take  as  the  initial  region  of 
reference  a  normal  convex  polygon,  that  is,  a  convex  polygon  bounded  by  arcs  of 
circles  having  their  centres  on  the  axis  of  x,  or  by  portions  of  the  axis  of  x :  the 


severed :  and  there  are  no  gaps  between  a  bounding  edge  and  the  homo- 
le  of  the  conjugate  bounding  edge.  The  only  curves,  which  satisfy  this 
iition  of  leaving  no  gaps,  and  which  are  of  the  same  character  after  any 
iber  of  linear  transformations,  are  circles  and  straight  lines. 

287.  We  have  seen  that  two  (or  more  than  two)  corners  of  a  convex 
fgoh  may  be  homologous:  it  is  __ 

r   necessary   to   arrange   all    the         /"""^  B  tT 

lers  in  their  cycles.     Let  AB  and       A 
be  two    conjugate    edges   of  a 

mal  polygon,  and   let  -j  be 


substitution  which  changes  AB  Fig.  in. 

•  ED ;  then,  as  usual,  we  have 

a  _     ad  — be     1     _      1     1 

c  G 

i    x  /        a\  f       d\ 

hat  arg.  (w  —  -   +  arg.  [z  +  -  )  =  TT. 

&  \        c/         &  V       c) 

s  at  once  shews  that,  whatever  be  the  value  of—  and  of  —  ,  the  points  A, 

C  G 

re  homologous,  and  likewise  the  points  B,  D.  Hence  to  obtain  a  corner 
lologous  to  a  given  corner  we  start  from  the  corner,  describe  the  edge  of 
polygon  beginning  there,  then  describe  in  the  same  direction*  the  conju- 
j  edge :  the  extremity  of  that  edge  is  a  homologous  corner. 

The  process  may  now  be  reapplied,  beginning  with  the  last  point ;  and  it 
be  continued,  each  stage  adding  one  point  to  the  cycle,  until  we  either 
irn  to  the  initial  point  or  until  we  are  met  by  an  edge  of  the  second  kind, 
the  former  case  we  have  a  completed  cycle,  which  may  be  regarded  as  a 
ed  cycle.  In  the  latter  case  we  can  proceed  no  further,  as  edges  of  the 
md  kind  are  not  ranged  in  conjugate  pairs ;  but,  resuming  at  the  initial 
it  we  apply  the  process  with  a  description  in  the  reverse  direction  until 
a,gain  arrive  at  an  edge  of  the  second  kind :  again  we  have  a  cycle,  which 
r  be  regarded  as  an  open  cycle. 

In  the  case  of  a  closed  cycle,  if  one  of  the  included  points  be  of  the  first 

sgory,  then  all  the  points  are  of  the  first  category :  the  cycle  itself  is  then 

to  be  of  the  first  category.     If  one  of  the  points  be  of  the  second  category, 

i  since  no  edge  of  the  second  kind  is  met  in  the  description,  all  the  edges 
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and  being  the  intersections  of  edges  of  the  first  kind,  are  of  the  second 
category  :   the  cycle  itself  is  then  said  to  be  of  the  second  category. 

Open  cycles  will  contain  points  of  the  third  category :  they  may  also 
contain  points  of  the  second  category,  because  points  both  of  the  second  and 
of  the  third  categories  lie  on  the  axis  of  as,  and  homology  of  the  points  does 
not  imply  conjugacy  of  all  edges  of  which  they  are  extremities.  Such  cycles 
are  said  to  be  of  the  third  category. 

It  thus  appears  that  the  cycles  can  be  derived  when  the  arrangement  in 
conjugate  pairs  of  edges  of  the  first  kind  is  given ;  and  it  is  easy  to  see  that 
the  number  of  open  cycles  is  equal  to  the  number  of  edges  of  the  second 
kind. 

We  may  take  one  or  two  examples.  For  a  quadrilateral,  in  which 
the  conjugate  pairs  are  1,  4 ;  2,  3 — the  numbers  being 
as  in  the  figure — we  have  by  the  above  process  A,  AB, 
DA,  A  :  that  is,  A  is  a  cycle  by  itself.  Then  B,  BO,  CD, 
D,  DA,  AB,  B:  that  is,  B  and  D  form  a  cycle ;  and  then 
G,  CD,  BC,  C,  that  is,  G  is  a  cycle  by  itself.  The  cycles 
are  therefore  three,  namely,  A  ;  B,  D ;  C.' 

For  a  hexagon,  in  which  the  conjugate  pairs  are  1,  5 ;  2,  4;  3,  6,  the 
cycles  are  two,  namely,  A,  F,  D,  G  and  B,  E.  If  the  conjugate  pairs*  be 


Fig.  113. 

1,  6;  2,  5  ;  3,  4,  the  cycles  are  four,  namely,  A;  B,  F;  G,  E;  D.  If  the 
conjugate  pairs  be  1,  4;  2,  5;  3,  6,  the  cycles  are  two,  namely,  A,  C,  E\ 
B,  D,  F. 

For  a  pentagon,  with  one  edge  of  the  second  kind  as  in  the  figure  and 


having  1,  3;    4,   5   as  the  conjugate  pairs,  the   cycles  are   three,  namely, 
E\    A,  D]   B,  G;   the  last  being  open  and  of  the  third  category. 

For  a  quadrilateral  as  in  the  figure,  having  three  corners  on  the  axis  of  sc 
and  1,  2 ;  3,  4  as  the  arrangement  of  its  conjugate 
pairs,  the  cycles  are  D;.  A,  G\   E\   the  last  two 
being  of  the  second  category. 

We  have  now  to  consider  the  angles  of  the 
polygons  taken  internally.  It  is  evident  that  at 
any  corner  of  the  second  category,  the  angle  is 
zero,  for  it  is  the  angle  between  two  circles  meeting 
on  their  line  of  centres ;  and  that  at  any  corner  of 
the  third  category  the  angle  is  right.  There  therefore  remain  only  the 
angles  at  corners  of  the  first  category.  Let  Alt  A2,  ...,  An  be  the  corners 
in  a  cycle  of  the  first  category  and  denote  the  angles  by  the  same  letters. 

Since  Al  and  Az  are  homologous  corners,  they  are  extremities  of  conjugate 
edges.  Apply  to  the  plane,  in  the  vicinity  of  Az,  the  substitution  which 
changes  the  edge  ending  in  Aa  to  its  conjugate  ending  in  Al :  then  the 
point  AZ  is  transferred  to  the  point  A^  one  edge  at  Az  coincides  with  its 
conjugate  at  A-±  and  the  other  edge  at  A2  makes  an.  angle 
AZ  with  it,  because  of  the  substitution  which  conserves 
angles.  The  latter  edge  was  the  edge  which  followed  Az 
in  the  cycle  for  the  derivation  of  Aa:  we  take  its  conju- 
gate ending  in  Aa,  and  treat  these  and  the  points  A»  and  Pjg>  116- 
A3  as  before  for  A1  and  As  and  their  conjugate  edges,  namely,  by  using  the 
substitutions  transforming  conjugate  edges  and  passing  from  Aa  to  J.2  and 
then  those  from  As  to  A-^. 

Proceeding  in  this  way  round  the  cycle,  we  shall  have 

(1)  a  series  of  lines  at  the  point,  each  line  between  two  angles  being 

one  of  the  conjugate  edges  on  which  the  two  corners  lie : 

(2)  the  angles  corresponding  to  the  corners  taken  in  cyclical  order. 
Hence  after  n  such  operations  we  shall  again  reach  an  angle  A^     If  the  edge 
do  not  coincide  with  the  first  edge,  we  repeat  the  set  of  n  operations :  and 
so  on. 

Now  all  these  substitutions  lead  to  the  construction  of  the  various  regions 
meeting  in  A,  which  are  to  occupy  all  the  plane  round  A,  and  no  two  of 
which  are  to  contain  a  point  which  does  not  lie  on  an  edge.  Hence 
after  the  completion  of  some  set  of  operations,  say  the  pih  set,  the 
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Further,  if  q  be  the  number  of  polygons  at  A,  we  have 

np  =  g. 

COROLLARY  1.  For  a  cycle  of  the  'Second  category  —  it  is  a  closed  cycle  — 
both  p  and  q  are  infinite. 

The  cycle  contains  only  a  finite  number  of  corners,  because  the  polygon 
has  only  a  finite  number*  of  edges  :  as  each  corner  is  of  the  second  category, 
the  angle  is  zero  :  and  therefore  the  repetition  of  the  set  of  operations  can  be 
effected  without  limit.  Hence  p  is  infinite  ;  and,  as  n  polygons  at  a  corner 
are  given  by  each  set  of  operations,  the  number  q  of  polygons  is  infinite. 

COROLLARY  2.  Corresponding  to  every  cycle  of  the  first  category,  there  is 
a  relation  among  the  fundamental  substitutions  of  the  group. 

Let  /ia  be  the  substitution  interchanging  the  conjugate  edges  through  ^x 
and  Az\  /23  the  substitution  interchanging  the  conjugate  edges  through  A» 
and  Ay  ;  and  so  on.  Let  U  denote 

yi2      -/23      'JM       ••••Jn—i,n      \Z)  ] 

then 


For  U  is  the  substitution  which  reproduces  the  polygon  with  the  angle 
A-L  at  A!  ;  and  this  substitution  is  easily  seen,  after  the  preceding  explanation, 
to  be  periodic  of  order  p.  Moreover,  this  substitution  U  is  elliptic. 

288.     The  .following  characteristics  of  the  fundamental  region  have  now 
been  obtained  : 

(i)  It  is  a  convex  polygon,  the  edges  of  which  are  either  arcs 
of  circles  with  their  centres  on  the  axis  of  as  or  are  portions 
of  the  axis  of  as  : 

(ii)  The  edges  of  the  former  kind  are  even  in  number  and  can  be 
arranged  in  conjugate  pairs  :  there  is  a  substitution  for  which. 
the  edges  of  a  conjugate  pair  are  congruent;  if  this  sub- 
stitution change  one  edge  a  of  the  pair  into  a',  it  changes 
the  given  region  into  the  region  on  the  other  side  of  a': 

(Hi)  The  corners  of  the  polygon  can  be  arranged  in  cycles  of  one  or 
other  of  three  categories  : 

*    Tf  tlm  YMivYvVinv  Via  i-nfinit.a    t.V\A  ndrroa  mnat  V\p  infirnt.PHi-mn.l  in  Ip.ncrtYi    nnlpBB  fclifl  •nnrimflt.ov  r»f 


eacn  01  une  angles  at  corners  in  a  cycie  01  tne  tmra  category 
is  right :  the  sum  of  the  angles  at  corners  in  a  cycle  of  the 
first  category  is  a  submultiple  of  2-Tr. 

:  there  be  an  infinite  discontinuous  group  of  substitutions,  such  that  its 
.damental  substitutions  are  characterised  by  the  occurrence  of  the  fore- 
ng  properties  in  the  edges  and  the  angles  of  the  geometrically  associated 
•ion :  and  let  the  whole  group  of  substitutions  be  applied  to  the  region. 

Then  the  half-plane  on  the  positive  side  of  the  axis  of  x  is  covered:  no 
•t  is  covered  more  than  once,  and  no  part  is  unassigned  to  regions.  It  is 
;y  to  see  in  a  general  way  how  this  given  condition  is  satisfied  by  the 
ious  properties  of  the  regions.  Since  the  edges  of  the  first  kind  in 
}  initial  region  can  be  arranged  in  conjugate  pairs,  it  is  so  with  those 
£es  in  every  region :  and  the  substitution,  which  makes  them  congruent, 
,kes  one  of  them  to  coincide  with  the  homologue  of  the  other  for  the 
:ghbouring  region,  so  that  no  part  is  unassigned.  No  part  is  covered 
ice,  for  the  initial  region  is  a  normal  convex  polygon  and  therefore  every 
fion  is  a  normal  convex  polygon :  the  edges  are  homologous  from  region  to 
fion,  and  form  a  common  boundary.  The  angle  of  intersection  with  a 
rcn  arc  is  sufficient  to  fix  the  edge  of  the  consecutive  polygon :  for  an  arc 
a  circle,  making  on  one  side  an  assigned  angle  with  a  given  arc  and  having 
centre  on  the  axis,  is  unique.  At  every  corner  of  any  polygon,  there  will 
a  number  of  polygons :  the  corners  which  coincide  there  are,  for  the 
ierent  polygons,  the  corners  homologous  with  a  cycle  in  the  original 
jion :  and  the  angles  belonging  to  those  corners  fill  up,  either  alone  or 
,er  an  exact  number  of  repetitions,  the  full  angle  round  the  point. 

We  have  seen  that  the  substitution,  which  passes  from  a  polygon  at  a 
int  to  the  same  polygon,  after  n  polygons,  reproduces  the  angular  point 
the  same  time  as  it  reproduces  the  polygon;  the  point  is  a  fixed  point 
an  elliptic  substitution.  Similarly,  if  the  point  belong  to  a  cycle  of  the 
iond  category,  n  is  infinite  and  the  substitution  does  not  change  the  point, 
lich  is  therefore  a  fixed  point  of  the  substitution ;  as  the  fixed  point  is  on 
e  axis,  the  substitution  is  parabolic  (§  292). 

The  preceding  are  the  essential  properties  of  the  regions,  which  are 
fficient  for  the  division  of  the  half-plane  when  a  group  is  given,  and 
crefore  by  reflexion  through  the  axis  of  x,  they  are  sufficient-  for  the 
vision  of  the  other  half-plane. 

The  position  of  corners  of  the  first  category,  and  the  orientation  of  edges 
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occurs  'when  a  fundamental  region,  with  properties  appropriate  for  the 
division  of  the  half-plane,  is  given  :  it  is  the  determination  of  the  group. 
The  fundamental  substitutions  of  the  group  are  those  which  transform  an  edge 
into  its  conjugate,  and  they  are  to  be  real  —  conditions  which,  by  §  258, 
are  sufficient  for  their  construction.  The  whole  group  of  substitutions  is 
obtained  by  combining  those  that  are  fundamental.  The  complete  division 
of  the  half-plane  is  effected,  by  applying  to  each  polygon  in  succession  the 
series  of  fundamental  substitutions  and  of  their  first  inverses. 

It  is  evident  that  a  given  division  of  the  plane  into  regions  determines 
the  group  uniquely  :  but,  as  has  already  been  seen  in  the  general  ex- 
planation, the  existence  of  a  group  with  the  requisite  properties  does  not 
imply  a  unique  division  of  the  plane. 

As  an  example,  let  the  fundamental  substitutions  be  required  wheu  a  quadrilateral  as 
in  Fig.  112,  having  1,  2  ;  3,  4  for  the  conjugate  pairs  of  edges,  is  given  as  a  fundamental 
region.  Tho  cycles  of  the  corners  are  B;  D  ;  A,  C;  so  that 


=  3,  A  =0; 


where  Z,  m,  n  are  integer's. 

The  simplest  e.'ise  has  already  been  treated,  §  284:  there,  1=2,  m 
the  region  is  a  triangle,  really  a  quadrilateral  with  two 
edges  as  conterminous  arcs  of  the  same  circle.  We.  shall 
therefore  suppose  this  case  excluded ;  we  take  the  case 
next  in  point  of  simplicity,  viz.  Z  =  2,  A  —  G.  Then  AD 
and  BG  are  conterminous  arcs  of  one  circle :  we  shall 
take  the  centre  of  this  circle  to  be  the  origin,  its  radius 
unity  and  B  on  the  axis  of  y ;  then  B  is  a  fixed  point 
of  the  substitution,  which  changes  AB  into  BG.  The 

substitution  is 
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it  is  one  of  the  two  fundamental  substitutions. 


Fig.  117. 


Evidently  A=—  ,  ADB  —  —.     Let  Ebe  the  centre  of  the  circle  AD,  and  p  its  radius: 
J         n  m  >         r 


then  OAE=-. 
n  ' 
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whence 
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the  negative  sign  of  the  radical  corresponding  to  the  case  when  D  lies  below  ABC.    The 
radius  o  must  be  real  and  therefore 


w  j-s  lur  its  nxeu  points:  tnese  pomes  are  3:1/5  sin  —  .      J.UB  a,rgiuneiiu  ui 
altiplier  is  — ,  being  the  angle  ADC :  hence  the  substitution  is 


w-^p  sin  —  z  -  ip  sin 

r        m  m 

tv  +  ipsm—  z+ipsin  — 
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rich  reduces  to 


acre  p  has  the  value  given  by  the  above  equation. 
This  substitution,  and  the  substitution  w—  --,  are  the  fundamental  substitutions  of 

Z 

e  group.     The  special  illustration  in  §  284  gives 
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771=00,  p  =  oo,  %=3,  p  sin2  —  =  2  cos  —  =  1  ; 
'  r        '          '  r         m  ?i 

IB  special  form  therefore  is 


Taking  cos—  =  «,  cos-  =6,  A  =  (a2  +  62-l)^,  we  have   p  (l-aa)  =  Z)  +  A  ;    the   second 
0         ?«,       '         % 

.iidamental  .substitution  is 

W  =  kz=.~ 

(A  - 

)  is  easy  to  see  that 

r->=l,  5«=1, 

here  ?72=  —  ;   the  complete  figure  can  be  constructed  as  in  §  284. 

z 

An  interesting  figure  occurs  for  m=4,  n=6. 

In  the  same  way  it  may  bo  proved  that,  if  an  elliptic  substitution  have  re    l  for  its 
mimon  points  and  20  for  the  argument  of  its  multiplier,  its  expression  is 

Az  +  B 


,     sin(0-e)  „       sine          „        1  sin  9  -sin  (0  +  0) 

here  A=    --~>        ^^'        ^-'  ^"""  ' 


Taking  now  the  more  general  case  where  B  =  -j-  ,  Z>  =  —  ,  A  +  C=  —  ,  let  B  (in 

gure  112)  be  the  point  b/\  and  4  the  point  a<f-\   Then  the  substitution  which  transforms 
(B  into  EC  is  the  above,  when  <9=/3,  r=Z>,  0=^,  so  that,  if  C  be  ceyl, 


Similarly,  two  more  relations  will  arise  out  of  the  substitution  which  transforms  CD 
into  DA.  And  three  relations  are  given  by  the  conditions  that  the  sum  of  the  angles  at 
A  and  C  is  an  aliquot  part  of  27r,  and  that  each  of  the  angles  B  and  D  is  an  aliquot  part 

Of    27T. 

290.     All  the  substitutions  hitherto  considered  have  been  real  :  we  now 
pass  to  the  consideration  of  those  which  have  complex  coefficients.     Let 


<yz  +  8 

be  such  an  one,  supposed  discontinuous  :  then  the  effect  on  a  point  is  obtained 
by  displacing  the  origin,  inverting  with  respect  to  the  new  position,  reflecting 
through  a  line  inclined  to  the  axis  of  x  at  some  angle,  and  again  displacing 
the  origin.  The  displacements  of  the  origins  do  not  alter  the  character  of 
relations  of  points,  lines,  and  curves  :  so  that  the  essential  parts  of  the 
transformation  are  an  inversion  and  a  reflexion. 

Let  a  group  of  real  substitutions  of  the  character  considered  in  the 
preceding  sections  be  transformed  by  the  foregoing  single  complex  substitu- 
tion :  a  new  group 
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will  thus  be  derived.     The  geometrical  representation  is  obtained  through 
transforming  the  old  geometrical  representation  by  the  substitution 


*)> 


so  that  the  new  group  is  discontinuous. 

The  original  group  left  the  axis  of  oc  unchanged,  that  is,  the  line  z  = 
was  unchanged ;  hence  the  substitutions 


az  +  ft        jz  +  B 

•  +  B '      az  +  ft 


will   leave   unchanged    the    line   which    is    congruent   with    z  =  z0   by   the 
substitution  I ^ ,  z } .     This  line  is 


>.]  CIRCLE  737 

s  a  circle,  being  the  inverse  of  a  line  ;  it  is  unaltered  by  the  substitutions 
}he  new  group,  and  it  is  therefore  called*  the  fundamental  circle  of  this 
up.  The  group  is  still  called  Fuchsian  (p.  740,  note). 

The  half-planes  on  the  two  sides  of  the  axis  of  x  are  transformed  into  the 
•  parts  of  the  plane  which  lie  within  and  without  the  fundamental  circle 
Dectively  :  let  the  positive  half-plane  be  transformed  into  the  part  within 
circle. 

With  the  group  of  real  substitutions,  points  lying  above  the  axis  of  x 
transformed  into  points  also  lying  above  the  axis  of  x,  and  points  below 
)  points  below  :  hence  with  the  new  group,  points  within  the  fundamental 
le  are  transformed  into  points  also  within  the  circle,  and  points  without 
)  points  without. 

The  division  of  the  half-plane  into  curvilinear  polygons  is  changed  into  a 
ision  of  the  part  within  the  circle  into  curvilinear  polygons.  The  sides  of 
polygons  either  are  circles  having  their  centres  on  the  axis  of  on,  that  is, 
bing  the  axis  orthogonally,  or  they  are  parts  of  the  axis  of  as:  hence  the 
;s  of  the  polygons  in  the  division  of  the  circle  either  are  arcs  of  circles 
bing  the  fundamental  circle  orthogonally  or  they  are  arcs  of  the  funda- 
ital  circle. 

The  division  of  the  part  of  the  plane  without  the  circle  is  the  trans- 
nation  of  the  half-plane  below  the  axis  of  a;,  which  is  a  mere  reflexion 
.he  axis  of  as  of  the  half-plane  above  :  thus  the  division  is  characterised  by 
same  properties  as  characterise  the  division  of  the  part  within  the 
damental  circle.  But  when  the  division  of  the  part  within  the  circle 
yiven,  the  actual  division  of  the  part  without  it  can  be  more  easily 
ained  by  inversion  with  the  centre  of  the  fundamental  circle  as  centre 
.  its  radius  as  radius  of  inversion. 

This  process  is  justified  by  the  proposition  that  conjugate  complexes  are 

isformed  by  the  substitution  (  --  *.,z}  into  points  which  are  the  in- 
J  r 
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•jes  of  one  another  with  regard  to  the  fundamental  circle.  For  a  system 
circles  can  be  drawn  through  two  conjugate  complexes,  cutting  the  real 
i  orthogonally  :  when  the  transformation  is  applied,  we  have  a  system  of 
les,  orthogonal  to  the  fundamental  circle  and  passing  through  the  two 
•esponding  points.  The  latter  are  therefore  inverses  with  regard  to  the 
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so  that 
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Fig.  118. 


Thus  p  and  q  are  inverses  of  each  other, 
relative  to  r  and  with  the  radius  of  the 
fundamental  circle  as  radius.  Transference 
of  origin  and  reflexion  in  a  straight  line  do 
not  alter  these  properties  :  and  therefore  p 
and  q,  the  transformations  of  the  conjugate 
P  and  Q,  are  inverses  of  one  another  with  regard  to  the  fundamental  circle. 

Hence  with  the  present  group,  constructed  from  an  infinite  discontinuous 
group  of  real  substitutions  transformed  by  a  single  complex  substitution,  the 
fundamental  circle  has  the  same  importance  as  the  axis  of  real  quantities 
in  the  group  of  real  substitutions.  It  is  of  finite  radius,  which  will  be  taken 
to  be  unity  :  its  centre  will  be  taken  to  be  the  origin.  The  area  within  it  is 
divided  into  regions  congruent  with  one  another  by  the  substitutions  of  the 
group  :  the  whole  of  the  area  is  covered  by  the  polygons,  but  no  part  is 
covered  more  than  once. 

All  the  points,  homologous  with  a  given  point  z  within  the  circle,  lie 
within  the  circle  :  each  polygon  contains  only  one  of  such  a  seb  of  homologous 
points. 

The  angular  points  of  a  polygon  can  be  arranged  in  cycles  which  arc. 
of  three  categories.  The  sum  of  the  angles  ab  points  in  a  cycle  of  the  first 
category  is  unchanged  by  the  substitution  ;  it  is  equal  to  an  aliquot  part  of 
STT.  At  points  in  a  cycle,  of  the  second  category  each  angle  is  zero  :  at  points 
in  a  cycle  of  the  third  category  each  angle  is  right. 

In  fact,  all  the  properties  obtained  for  the  division  of  the  plane  into 
polygons  now  hold  for  the  division  of  the  circle  into  polygons  associated 
with  the  group 

OiZ+fi 


yz  +  8 

provided  we  make  the  changes  that  are  consequent  on  the  transformation  of 
the  axis  of  x  into  the  fundamental  circle. 


t  has  been  proved  that  inverse  points  with  respect  to  the  circle  correspond  to  conjugate 
plexes;  hence  w  =  0  and  zt>  =  co  correspond  to  two  conjugate  complexes,  say  X  and  X0, 
therefore 

z-\ 

W  =  K  

2~Xo  ^ 

re  |  K  |  =  1  because  the  radius  of  the  fundamental  circle  is  to  be  unity.  The  presence 
lis  factor  K  is  equivalent  to  a  rotation  of  the  «>-plane  about  the  origin.  As  the  origin 
ic  centre  of  the  fundamental  circle,  the  circle  is  unaltered  by  such  a  change :  and 
efore,  without  affecting  the  generality  of  the  substitution,  we  may  take  K  =  l,  so  that 

z-X 

M= 

"  —  AO 

re  X  is  an  arbitrary  complex  constant.  The  substitution  is  not  in  its  canonical  form, 
jh  however  can  at  once  be  deduced. 

291.  It  has  been  seen,  in  §  260,  that,  when  any  real  substitution  is  para- 
c  or  hyperbolic,  then  practically  an  infinite  number  of  points  coincide 
\\  the  fixed  point  when  the  substitution  is  repeated  indefinitely,  whatever 
the  point  z  initially  subjected  to  the  transformation;  this  fixed  point  lies 
the  axis  of  x,  and  is  called  an  essential  singularity  of  the  substitution, 
en  we  consider  such  points  in  reference  to  automorphic  functions,  which 
such  as  to  resume  their  value  when  their  argument  is  subjected  to 
linear  substitutions  of  the  group,  then  at  such  a  point  the  function 
imes  the  value  which  it  had  at  the  point  initially  transformed ;  that  is, 
the  immediate  vicinity  of  such  a  fixed  point  of  the  substitution,  the 
ction  acquires  any  number  of  different  values :  such  a  point  is  an  essential 
jularity  of  the  function.  Hence  the  essential  singularities  of  the  group 
the  essential  singularities  of  the.  corresponding  function. 

Now  all  the  essential  singularities  of  a  discontinuous  group  lie  on  the 
3  of  x  when  the  group  is  real ;  the  line  may  be  or  may  not  be  a  con- 
.ious  line  of  essential  singularity.  If,  for  example,  x  be  any  such  point 
the  group  of  §§  283,  284  which  is  characteristic  of  elliptic  niodular- 
ctions,  then  all  the  others  for  that  group  are  given  by 

ax  +  b 
cx  +  d' 

3re  a,  b,  c,  d  are  integers,  subject  to  the  condition  ad  —  be  —  I:  and 
refore  all  the  essential  singularities  are  given  by  rational  linear  trans- 
nations.  For  points  on  the  real  axis,  this  group  is  improperly  dis- 
timious :  and  therefore  for  tjhis  group  the  axis  of  x  is  a  line  of  essential 
jjularity. 


cumierence  is  or  is  noii  a  line  01  essential   singularity  lor   wie 

the  group*,  according  as  the  group  is  properly  or  improperly  discontinuous 

for  the  circle. 

Ex.    Shew  that  for  all  figures,  congruent  to  a  closed  simply  connected  figure  by  the 

transformation 

az  +  c 


where  a,  a0  and  c,  cu  are  conjugate  constants  such  that  aa0  —  ee()  =  l,  the  quantities 

j^[\dz  [[rdrdd 


where  z=rel6,  are  invariable.  (Poincare.) 

Let  ABO  be  a  triangle,  having  for  its  sides  arcs  of  circles  that  are  orthogonal  to  the 
fundamental  circle  of  the  substitution ;  and  denote  by  a,  6,  c  the  quantity  L  for  the  three 
sides  respectively.  Prove  that 

cosh  c  =  cosh  a  cosh  5  —  sinh  a  sinh  b  cos  C.  (Kapteyn.) 

292.  It  is  convenient  to  divide  the  groups  into  families,  the  discrimin- 
ation adopted  by  Poincare  being  made  according  to  the  categories  of  cycles  of 
angular  points  in  the  polygons  into  which  the  group  divides  the  plane.  The 
group  is  of  the 

1st  family,  if  the  polygon  have  cycles  of  the    .      1st          category  only, 

2nd 2nd          , 

3rd  3rd          , 

4th  2nd  and  3rd  , 

5th  : 1st  and  3rd  , 

6th  1st  and  2nd  , 

7th  all  three  categories. 

Thus  in  the  polygons  associated  with  groups  of  the  1st;  the  2nd,  and  the  6th 
families,  all  the  edges  are  of  the  first  kind ;  in  the  polygons  associated  with 
groups  of  the  remaining  families,  edges  of  the  second  kind  occur. 

A  subdivision  of  some  of  the  families  is  possible.  It  has  been  proved  that 
the  sum  of  the  angles  in  a  cycle  of  the  first  category  is  a  submultiple  of  27T. 
If  the  sum  is  actually  27iythe  cycle  is  said  to  belong  to  the  first  sub-category: 
if  it  be  less  than  '2rr  (being  necessarily  a  submultiple),  the  cycle  is  said  to 
belong  to  the  second  sub-category.  And  then,  if  all  the  cycles  of  the  polygon 
belong  to  the  first  sub-category,  the  group  is  said  to  belong  to  the  first  order 
in  the  first  family:  if  the  polygon  have  any  cycle  belonging  to  the  second 
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t  of  families,  Poincare  divided  the  cycles  of  the  second  category  into 
js  of  two  sub-categories,  according  as  the  substitution  is  parabolic  or 
irbolic:  but  Klein  proved*  that  there  are  no  cycles  for  hyperbolic 
titutions,  and  therefore  the  division  is  unnecessary.  The  families  of 
ps,  the  polygons  associated  with  which  have  cycles  of  the  second 
?ory,  are  the  second,  the  fourth,  the  sixth  and  the  seventh. 

Dhere  is  one  very  marked  difference  between  the  set  of  families,  con- 
ig  of  the  first,  the  second  and  the  sixth,  and  the  set  constituted  by 
remainder. 

^0  polygon  associated  with  a  real  group  in  the  former  set  has  an  edge  of 
second  kind :  and  therefore  the  only  points  on  the  axis  taken  account  of 
IG  division  of  the  plane  are  the  essential  singularities  of  the  group, 
domain  of  any  ordinary  point  on  the  axis  in  the  vicinity  of  each  of  the 
itial  singularities  is  infinitesimal :  and  therefore  the  axis  of  a;  is  taken 
int  of  in  the  division  of  the  piano  only  in  so  far  as  it  contains  essential 
.ilarities  of  the  group  and  the  functions.  This,  of  course,  applies  equally 
le  transformed  configuration  in  which  the  conserved  line  is  the  fun  da-. 
bal  circle :  and  therefore,  in  the  division  of  the  area  of  the  circle,  its 
.inference  is  taken  account  of  only  in  so  far  as  it  contains  essential 
.ilarities  of  the  groups  and  the  functions. 

kit  each  polygon  associated  with  a  real  group  in  the  second  set  of 
lies  has  an  edge  of  the  second  kind:  the  groups  still  have  all  their 
itial  singularities  on  the  axis  of  ao  (or  on  the  fundamental  circle) 
at  least  some  of  these  are  isolated  points ;  so  that  the  domain  of  an 
lary  point  on  the  axis  is  not  infinitesimal.  Hence  parts  of  the  axis  of 
•  of  the  circumference  of  the  fundamental  circle)  fall  into  the  division  of 
Bounded  space. 

193.  There  is  a  method  of  ranging  groups  which  is  of  importance  in 
ection  with  the  automorphic  functions  determined  by  them. 

?he  upper  half  of  the  plane  of  representation  has  been  divided  into 
ilinear  polygons ;  it  is  evident  that  the  reflexion  of  the  division,  in  the 
of  real  quantities,  is  the  division  of  the  lower  half  of  the  plane.  Let  the 
^on  of  reference  in  the  upper  half  be  JR0  and  in  the  lower  half  be  R0', 
:ned  from  M0  by  reflexion  in  the  axis  of  real  quantities.  Then,  if  fche 
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group  belong  to  the  set,  which  includes  the  first,  the  second  and  the  sixth 
families,  R0  and  R0'  do  not  meet  except  at  those  isolated  points,  which  are 
polygonal  corners  of  the  second  category.  But  if  the  group  belong  to  the 
set  which  includes  the  remaining  families,  then  R0  and  RJ  are  contiguous 
along  all  edges  of  the  second  kind,  and  they  may  be  contiguous  also  at 
isolated  points  as  before. 

In  the  former  case  R0  and  R0'  may  be  regarded  as  distinct  spaces, 
each  fundamental  for  its  own  half-plane.  Let  R0  have  2?i  edges  which  can 
be  arranged  in  n  conjugate  pairs,  and  let  q  be  the  number  of  cycles  all 
of  which  are  closed ;  each  point  in  one  edge  corresponds  to  a  single  point  in 
the  conjugate  edge.  Let  the  surface  included  by  the  polygon  R0  be  deformed  • 
and  stretched  in  such  a  manner  that  conjugate  edges  are  made  to  coincide  by 
the  coincidence  of  corresponding  points.  A  closed  surface  is  obtained.  For 
each  pair  of  edges  in  the  polygon  there  is  a  lino  on  the  surface,  and  for  each 
cycle  in  the  polygon  there  is  a  point  on  the  surface  in  which  lines  meet ;  and 
the  linos  make  up  a  single  curvilinear  polygon  occupying  the  whole,  surface. 
The  process  is  reversible ;  and  therefore  the  connectivity  of  the  surface  is  an 
integer  which  may  properly  be  associated  with  the  fundamental  polygon. 

When  two  consecutive  edges  are  conjugate,  their  common  corner  is  a 
cycle  by  itself.  The  line,  made  up  of  these  two  edges  after  the  deformation, 
ends  in  the  common  corner  which  has  become  an  isolated  point ;  this  line 
can  be  obliterated  without  changing  the  connectivity.  The  obliteration 
annuls  two  edges  and  one  cycle  of  the  original  polygon  :  that  is,  it  diminishes 
n  by  unity  and  q  by  unity.  Let  there  be  r  such  pairs  of  consecutive  edges. 
The  deformed  surface  is  now  occupied  by  a  single  polygon,  with  n  —  r  sides 
and  q  —  r  angular  points ;  so  that,  if  its  connectivity  be  2JV  + 1 ,  we  have 

(§  165) 

2^  =  2  +  (n  -  r)  -  1  -  (q-r) 

=  n  +  l—q. 
The  group  is  said  to  be  of  genus  N. 

In  the  latter  case,  the  combination  of  RQ  and  Ru'  may  be  regarded  as 
a  single  region,  fundamental  for  the  whole  plane.  Let  R^  have  2n  edges  of 
the  first  kind  and  TO  of  the  second  kind,  and  let  q  be  the  number  of  closed 
cycles :  the  number  of  open  cycles  is  in.  Then  RQ'  has  In  edges  of  the  first 
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L  in  enuier  polygon,  a  line  is  Downed  on  tne  surrace  ;  so  tnat  zn  lines  are 
i  obtained,  n  from  R0  and  n  from  R0'.  Each  of  the  common  edges  of  the 
nd  kind  is  a  line  on  the  surface,  so  that  m  lines  are  thus  obtained.  The 
1  number  of  lines  is  therefore  2n  +  in.  For  each  of  the  closed  cycles 
e  is  a  point  on  the  surface  in  which  lines,  obtained  through  the  deform  - 
a  of  edges  of  the  first  kind,  meet:  their  number  is  2g,  each  of  the 
gons  providing  q  of  them.  For  each  of  the  open  cycles  there  is  a  point 
he  surface  in  which  one  of  the  m  lines  divides  one  of  the  n  lines  arising 
ugh  RQ  from  the  corresponding  line  arising  through  Rn'  :  the  number  of 
e  points  is  m.  The  total  number  of  points  is  therefore  2g  +  m. 

rhe  total  number  of  polygons  on  the  surface  is  2.  Hence,  if  the  con- 
ivity  be  2N  +  1,  we  have  (§  165) 

-2N  =  2  +  2n  +  m  -  (2g  +  w)  -  2 


group  is  said  to  be  of  genus  N. 

Phus  for  the  generating  quadrilateral  in  figure  112  (p.  730),  the  genus  of 
group  is  zero  when  the  arrangement  of  the  conjugate  pairs  is  1,  2  ;  3,  4  : 

it  is  unity  when  the  arrangement  of  the  pairs  is  1,  3  ;  2,  4.  For  the 
crating  hexagon  in  figure  113  (p.  730),  the  genus  of  the  group  is  zero  when 
arrangement  of  the  conjugate  pairs  is  1,  6;  2,  5;  3,  4:  and  it  is  unity 
n  the  arrangement  of  the  pairs  is  1,  4  ;  2,  5  ;  3,  0'.  For  the  generating 
bagon  in  figure  114  (p.  730),  the  genus  of  the  group  is  zero  when  the 
.ngement  of  the  conjugate  pairs  is  1,  3  ;  4,  5  :  and  it  is  two  when  the 
.ngement  of  the  pairs  is  L,  4;  3,  5.  For  a  generating  polygon,  bounded 
2n  semi-circles  each  without,  all  the  others  and  by  the  portions  of  the 

of  IK,  the  number  of  closed  cycles  is  zero:  hence  N=n. 

294.  In  all  the  groups,  which  load  to  a  division  of  a  half-plane  or  of  a 
le  into  polygons,  the  substitutions  have  real  coefficients  or  are  composed 
•eal  substitutions  and  a  single  substitution  with  complex  coefficients  : 
thus  the  variation  i'n  the  complex  part  of  the  coefficients  in  the  group  is 
3tly  limited.  We  now  proceed  to  consider  groups  of  substitutions 


.  ,2l  . 

vhich  the  coefficients  are  complex  in  the  most  general  manner :   such 
rps,  when  properly  discontinuous,  are  called  Kleinian,  by  Poincare'. 


axis  an  angle  TT  —  2  arg.  7.  The  only  line  left  unaltered  by  these  processes  is 
one  which  makes  an  angle  £TT  —  arg.  7  with  the  real  axis  and  passes  through 
the  point ;  and  the  final  displacement  to  the  point  a./y  will  in  general  displace 
this  line.  Moreover,  arg.  7  is  not  the  same  for  all  substitutions ;  there  is 
therefore  no  straight  line  thus  conserved  common  to  the  group. 

Similar  considerations  shew  that  there  is  no  fundamental  circle  for  the 
group,  persisting  rmtransformed  through  all  the  substitutions. 

Hence  the  Kleinian  groups  conserve  no  fundamental  line  and  no  funda- 
mental circle :  when  they  are  used  to  divide  the  plane,  the  result  cannot  be 
similar  to  that  secured  by  the  Fuchsian  groups.  As  will  now  be  proved, 
they  can  be  used  to  give  relations  between  positions  in  space,  as  well  as 
relations  between  positions  merely  in  a  plane. 

The  lineo-linear  relation  between  two  complex  variables,  expressed  as  a 
linear  substitution,  has  been  proved  (§  261)  to  be  the  algebraical  equivalent 
of  any  even  number  of  inversions  with  regard  to  circles  in  the  plane  of  the 
variables.  This  analytical  relation,  when  developed  in  its  geometrical  aspect, 
can  be  made  subservient  to  the  correlation  of  points  in  space. 

Let  spheres  be  constructed  which  have,  as  their  equatorial  circles,  the 
circles  in  the  system  of  inversions  just  indicated  :  let  inversions  be  now  carried 
out  with  regard  to  these  spheres,  instead  of  merely  with  regard  to  their 
equatorial  circles.  It  is  evident  that  the  consequent  relations  between  points 
in  the  plane  of  the  variable  z  are  the  same  as  when  inversion  is  carried  out 
with  regard  to  the  circles  :  but  now  there  is  a  unique  transformation  of  points 
that  do  not  lie  in  the  plane.  Moreover,  the  transformation  possesses  the 
character  of  conformal  representation,  for  it  conserves  angles  and  it  secures 
the  similarity  of  infinitesimal  figures :  points  lying  above  the  piano  of  z 
invert  into  points  lying  above  the  plane  of  z,  so  that  the  plane  of  z  is 
common  to  all  these  spherical  inversions  and  therefore  common  to  the  sub- 
stitutions, the  analytical  expression  of  which  is  to  "be  associated  with  the 
geometrical  operation ;  and  a  sphere,  having  its  centre  in  the  plane  of  the 
complex  z  is  transformed-  into  another  sphere,  having  its  centre  in  that  plane, 
so  that  the  equatorial  circles  correspond  to  one  another. 

Through  any  point  P  in  space,  let  an  arbitrary  sphere  be  drawn,  having 
its  centre  in  the  plane  of  the  complex  variable,  say,  that  of  the  coordinates 
£,  97.  It  will  be  transformed,  by  the  various  inversions  indicated,  into  another 
sphere,  having  its  centre  also  in  the  plane  of  £,  77  and  passing  through  the 
point  Q  obtained  from  P  as  the  result  of  all  the  inversions ;  and  the  equatorial 


or  £'2  +  r;'9  -i-  £'2  -  2af  -  2617'  +  k  =  0. 

Hence,  if  Q  be  determined  by 


this  equation  is  p'-  +  h0z  +  hzj  4-  k  =  0, 

where  -  h,  —  h0  =  a  +  ib,  a-  ib  respectively.     The  equatorial  circle;  of  this 
sphere  is  evidently  given  by  %  =  0,  HO  that  its  equation  is 

/V  +  hog'  +  Jtisa  +k  =  0; 
this  circle  can  be  obtained  from  the  equatorial  circle  of  the  sphere  through  P 

by  the  substitution  /  =  ---  /T.     Hence  the  latter  circle,  by  S  258,  is  given  by 
<  J  *  °  J 


zzn  (oux0  +  hHa.y0  +  ha0y  +  ky%}  +  ZQ  (att/3  +  h0{3 

+  z  (a/3,,  +  liA  +  7t/907  +  Mo)  +  £&  +  ^o/5S«  +  h/3,8  +  kSS,  =  0  ; 
and  therefore  the  equation  of  the  sphere  through  P  is 


2  (a/30  +  7j0aS0  +  /i/3n7  +  foyS,,)  +  /3/30  +  /<,,/3S0  +  Aj808  +  /cSS0  =  0. 


The  quantities  h,  h(],  k  are  arbitrary  quantities,  subject  to  only  the  single 
condition  that  the  sphere  passes  through  the  point  Q:  there  is  no  other 
relation  that  connects  them.  Hence  the  equation  of  the  sphere  through  P 
must,  as  a  condition  attaching  to  the  quantities  A,  hn,  k,  be  substantially  the 
equivalent  of  the  former  condition  given  by  the  equation  of  the  sphere 
through  Q.  In  order  that  these  two  equations  may  be  the  same  for  h,  h0,  k} 
the  variables  p-,  z,  z0'  of  the  point  Q  and  those  of  P,  being  p2,  z,  #()}  must  give 
practically  the  same  coefficients  of  h,  h0,  k  in  the  two  equations,  and  therefore 


These  are  evidently  the  equations  which  express  the  variables  of  a  point  Q  in 
space  in  terms  of  the  variables  of  the  point  P,  when  it  is  derived  from  P  by 
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£      P277o  +  £070^  +  £7§o  +  &&V  ' 
which  may  be  combined  with  the  preceding  equations  of  the  substitution. 

Also,  the  magnification  for  a  single  inversion  is  dsjds,  or  n/r,  where  ')\ 
and  r  are  the  distances  of  the  arcs  from  the  centre  of  the  sphere  relative  to 
which  the  inversion  is  effected.  But  rjr  =  ^/f,  where  &  and  £  are  the 
heights  of  the  arcs  above  the  equatorial  plane  ;  hence  the  magnification  is 
£/£,  for  a  single  inversion.  For  the  next  inversion  it  is  £y£i,  and  therefore  it 
is  ^j/f  for  the  two  together  ;  and  so  on.  Hence  the  final  magnification  m 
for  the  whole  transformation  is 


__  _____ 

£277o  +  (7*  +  8)  (70*0  + 


a  quantity  that  diminishes  as  the  region  recedes  from  the  equatorial  piano. 

It  is  justifiable  to  regard  the  equations  obtained  as  merely  the  generalisa- 
tion of  the  substitution  :  they  actually  include  the  substitution  in  its  original 
application  to  plane  variables.  When  the  variables  are  restricted  to  the  plane 
°f  j  i,  we  have  2  =  zz,  and  therefore 


,  _  zz0a<y0  +  Zofija  +  za0  •+  /0  _  az  + 

+  2o7oS  +  ^7^0  +  SSo     7^  +  8  ' 


on  the  removal  of  the  factor  %z0  +  S0  common  to  the  numerator  and  the 
denominator;  and  £"  vanishes  when  ^=0.  The  uniqueness  of  the  result  is 
an  a  posteriori  justification  of  the  initial  assumption  that  one  and  the  same 
point  Q  is  derived  from  P,  whatever  be  the  inversions  that  are  equivalent  to 
the  linear  substitution. 

Ex.  1.     Let  an  elliptic  substitution  have  u  and  v  as  its  fixed  points. 

Draw  two  circles  in  the  plane,  passing  through  u  and  v  and  intersecting  at  an  angle 
equal  to  half  the  argument  of  the  multiplier.  The  transformation  of  the  plane,  caused  by 
the  substitution,  is  equivalent  to  inversions  at  these  circles  ;  the  corresponding  transforma- 
tion of  the  space  above  the  plane  is  equivalent  to  inversions  at  the  .spheres,  having  thewo 
circles  as  equatorial  circles.  It  therefore  follows  that  every  point  on  the  lino  of  intersection 
of  the  .spheres  remains  unchanged  :  hence  when  a  Kleinian  substitution  is  elliptic,  uvery 
point  on  tka  circle,  in  a  plane  perpendicular  to  t/ie  plane  of  x,  y  and  having  the  line  joining 
the  common  points  of  the  substitution  as  its  diameter,  is  unchanged  by  the  substitution. 
Poincare"  calls  this  circle  0  the  double  (or  fixed")  circle  of  the  elliptic  substitution. 

Ex.  2.     Prove  that,  when  a  Kleinian  substitution  is  hyperbolic,  the  only  points  in 


uuuiouuir  to  me  piuiie  x,  y  aim  navmg  as  ius  diameter  tne  une  joining  tne  common 
ts  of  the  substitution,  is  transformed  into  itself,  but  that  the  only  points  on  the 
imference  left  unchanged  are  the  common  points. 

Hx.  4.  Obtain  the  corresponding  properties  of  the  substitution  when  it  is  parabolic. 
All  these  results  are  due  to  Poineare.) 

295.  The  process  of  obtaining  the  division  of  the  ^-plane  by  means  of 
inian  groups  is  similar  to  that  adopted  for  Fuchsian  groups,  except 
b  now  there  is  no  axis  of  real  quantities  or  no  fundamental  circle 
served  in  that  plane  during  the  substitutions:  and  thus  the  whole 
ie  is  distributed.  The  polygons  will  be  bounded  by  arcs  of  circles  as 
)re:  but  a  polygon  will  not  necessarily  be  simply  connected.  Multiple 
nectivity  has  already  arisen  in  connection  with  real  groups  of  the  third 
lly  by  taking  the  plane  on  both  sides  of  the  axis. 

As  there  are  no  edges  of  the  second  kind  for  polygons  determined  by 
inian  groups,  the  only  cycles  of  corners  of  polygons  are  closed  cycles ; 
A0,  A1}  ...,  AU-T.  in  order  be  such  a  cycle  in  a  polygon  Rn.  Bound  AQ 
iribe  a  small  curve,  and  let  the  successive  polygons  along  this  curve  be 
jRj,  ...,  Rn-i,  Rn,  ....  The  corner  A0  belongs  to  each  of  these  polygons: 
jn  considered  as  belonging  to  Rm,  it  will  in  that  polygon  be  the  homologue 
4m  as  belonging  to  R0,  if  m  <  n;  but,  as  belonging  to  Rn,  it  will,  in  that 
/gon,  be  the  homologue  of  A0  as  belonging  to  R(}.  Hence  the  substitution, 
ch  changes  Rn  into  Rn,  has  A0  for  a  fixed  point. 

This  substitution  may  be  either  elliptic  or  parabolic,  (but  not  hyperbolic, 
32) :  that  it  cannot  be  loxodromic  may  be  seen  as  follows.  Let  pelu>  be 

multiplier,  where  (§  259)  p  is  not  unity  and  <a  is  not  zero :  and  let 
denote  the'  aggregate  of  polygons  R0,  R1}  ...,  Rn-i>  ^  the  aggregate 

...,  R-M-I,  and  so  on.  Then  2}0  is  changed  to  2ls  Sj  to  2)2,  and  so  on, 
the  substitution.  Let  p  be  an  integer  such  that  pay  ^  2?r ;  then,  when 

substitution  has  been  applied  p  times,  the  aggregate  of  the  polygons 
lp,  and  it  will  cover  the  whole  or  part  of  one  of  the  aggregates  20,  2Z,  — 
},  because  pp  is  not  unity,  2P  does  not  coincide  with  that  aggregate  or  the 
t  of  that  aggregate :  the  substitution  is  not  then  properly  discontinuous, 
trary  to  the  definition  of  the  group.  Hence  there  is  no  loxodromic 
stitution  in  the  group.  If  the  substitution  be  elliptic,  the  sum  of  the 
;les  of  the  cycle  must  be  a  submultiple  of  2vr ;  when  it  is  parabolic,  each 
;le  of  the  cycle  is  zero. 

In  the  generalised  equations  whereby  points  of  space  are  transformed 
)  one  another,  the  plane  of  x,  y  is  conserved  throughout :  it  is  natural 
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The  boundaries  of  regions  are  either  portions  of  spheres,  having  their 
centres  in  the  plane  of  as,  y,  or  they  are  portions  of  that  plane:  the 
regions  are  called  polyhedral,  and  such  boundaries  are  called  faces.  If  the 
face  is  spherical,  it  is  said  to  be  of  the  first  kind  :  if  it  is  a  portion  of 
the  plane  of  x,  y,  it  is  said  to  be  of  the  second  kind.  Faces  of  the 
second  kind,  being  in  the  plane  of  as,  y  and  transformed  into  one  another, 
are  polygons  bounded  by  arcs  of  circles. 

The  intersections  of  faces  are  edges.  Again,  an  edge  is  of  the  first 
kind,  when  it  is  the  intersection  of  two  faces  of  the  first  kind  :  it  is  of 
the  second  kind,  when  it  is  the  intersection  of  a  face  of  the  first  kind 
with  one  of  the  second  kind.  An  edge  of  the  second  kind  is  a  circular 
arc  in  the  plane  of  x,  y  :  an  edge  of  the  first  kind,  being  the  intersection 
of  two  spheres  with  their  centres  in  the  plane  of  x,  y,  is  a  circular  arc, 
which  lies  in  a  plane  perpendicular  to  the  plane  of  .*,  y  and  has  its 
centre  in  that  plane. 

The  extremities  of  the  edges  are  corners  of  the  polyhedra.  They  are 
of  three  categories  : 

(i)     those  which  are  above  the  plane  of  as,  y  and  are   the   common 
extremities  of  at  least  three  edges  of  the  first  kind  : 

(ii)    those  which  lie  in  the  plane  of  oc,  y  and  are  the  common  extremities 

of  at  least  three  edges  of  the  first  kind  : 
(iii)   those  which  lie  in  the  plane  of  x,  y  and  are  the  common  extremities 

of  at  least  one  edge  of  the  first  kind  and  of  at  least  two  edges  of 

the  second  kind. 

Moreover,  points  at  which  two  faces  touch  can  be  regarded  as  isolated  corners, 
the  edges  of  which  they  are  the  intersections  not  being  in  evidence. 

Faces  of  a  polyhedron,  which  are  of  the  first  kind,  are  conjugate  in  pairs: 
two  conjugate  faces  are  congruent  by  a  fundamental  substitution  of  the  group. 

Edges  of  the  first  kind,  being  the  limits  of  the  faces,  arrange  themselves 
in  cycles,  in  the  same  way  as  the  angles  of  a  polygon  in  the  division  of  the 
plane.  If  E0,  E1}  ,..,  En-i  be  the  n  edges  in  a  cycle,  the  number  of  regions 
which  have  an  edge  in  E0  is  a  multiple  of  n:  and  the  sum  of  the  dihedral 
angles  at  the  edges  in  a  cycle  (the  dihedral  angle  at  an  edge  being  the 
constant  angle  between  the  faces,  which  intersect  along  the  edge)  is  a 
submultiple  of  27r. 
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fundamental  polyhedron  P0  to  possess  n  faces  of  the  second  kind,  say  Fn> 
FW,  •••,  Fm.  Every  congruent  polyhedron  will  then  have  n  faces  of  the 
second  kind;  let  those  of  Ps  be  Fal,  Fs.2)  ...,  Fgn.  Every  point  in  the  plane 
of  x,  y  belongs  to  some  one  of  the  complete  set  of  faces  of  the  second  kind  : 
arid,  except  for  certain  singular  points  and  certain  singular  lines,  no  point 
belongs  to  more  than  one  face,  for  the  proper  discontinuity  of  the  group 
requires  that  no  point  of  space  belongs  to  more  than  one  polyhedron. 

Then  the  plane  of  sa,  y  is  divided  into  n  regions,  say  Dl}  D2,  .  ..,  Dn  ;  each 
of  these  regions  is  composed  of  an  infinite  number  of  polygons,  consisting  of 
the  polygonal  faces  F.  Thus  Dr  is  composed  of  F^,  FIr,  F.2r,  ...  ;  and  these 
polygonal  areas  are  such  that  the  substitution  8a  transforms  For  into  Fsr. 
Hence  it  appears  that,  by  a  Kleinian  group,  the  whole  plane  is  divided  into 
a  finite  number  of  regions  ;  and  that  each  region  is  divided  into  an  infinite 
number  of  polygons,  which  are  congruent  to  one  another  by  the  substitutions 
of  the  group. 

296.  The  preceding  groups  of  substitutions,  that  have  complex  co- 
efficients, have  been  assumed  to  be  properly  discontinuous. 

Ex.  Prove  that,  if  any  group  of  substitutions  with  complex  coefficients  bo  improperly 
discontinuous,  it  is  improperly  discontinuous  only  for  points  in  the  plane  of  w,  y. 

(Poincarc.) 

One  of  the  simplest  and  most  important  of  the  improperly  discontinuous 
groups  of  substitutions,  is  that  compounded  from  the  three  fundamental 
substitutions 

' 


z 


where  i  has  the  ordinary  meaning.     All  the  substitutions  are  easily  proved  to 
be  of  the  form 


where  «S  —  /3y=  1,  and  a,  /3,  7,  8  are  complex  integers,  that  is,  are  represented 
by  m  +  ni,  where  m  and  n  are  integers.  This  is  the  evident  generalisation  of 
the  modular-function  group  :  consequently  there  is  at  once  a  suggested 
generalisation  to  a  polyhedron  of  reference,  bounded  by 


which  will  thus  have  one  spherical  and  four  (accidentally)  plane  faces. 

The  following  method  of  consideration  of  the  points  included  by  the 


from ^ ,  into  another  point  of  the  region,  say  %',  rf,  £".     Then  we  have 

jz  +  o 

i>£>~i     i>*7>-|,     £2  +  ??2+£2>l. 

From  the  last,  it  follows  that  £  >  -^ :  and  similarly  for  f ' .  77',  £',  by  the 

\/ji 

hypothesis  that  the  point  is  in  the  region.     Now 

?'  1  1 


1 7  £  |2  +  1 7^  +  &  |a ' 
and  therefore  !/(££' )  =  j  7 12  +     |  72  +  8 12. 


Hence,  as  £  and  £'  are  both  >  — ,  we  have  kl2  <  2:   so  that,  because  7  is 

V-6 

a  complex  integer,  we  have 

7  =  0,     ±  1,  %  ±  i, 
as  the  only  possible  cases. 

If  7  =  0,  then  since  «8  —  ^87  =  1,  we  have  aS  =  1  and  a,  8  are  complex 
integers:   thus  either 

,~        k  or  "~     *k  or   "~ 
)  =  -!)  6  =  -^J  6  = 

For  the  first  of  these  sub-cases  we  have,  from  the  equations  of  the  substitu- 
tion, 

where  /3  is  a  complex  integer :  if  the  new  point  lie  within  the  region,  then 
/3  =  0,  and  we  have 

which  is  merely  an  identity. 

For  the  second,  we  have  z'  =  z  —  /3 :  leading  to  the  same  result. 
For  the  third,  we  have,  since  S0  =  i, 


But  as  ]  £'  ,  !  r}'  ,  |  f  |,  |  T?  |  are  all  less  than  -J,  we  have  /3  =  0,  and  so 

£'  =  -!,  V  — <?;   and  f=£ 

For  the  fourth  case,  we  have 

/  =  _  g  -i  ^ 

leadinsf  to  the  same  result  as  the  third.     Hence,  if  n/  =  0.  tl-m  onlv  nm'nt, 


)f  the  two  quantities  £  and  £"',  one  will  be  not  greater  than  the  other  :  we 
hoose  £  to  he  that  one  and  consider  the  accordingly  associated  substitution*. 
Phus  Zl£'^l,p*>l,  and  so 


0, 


8  On  S 


n  0  _ 

lay  £0  -  +  *  —  +  -  -  <  0. 

7        To      7  To 
§ 
STow  |T|  =  1,  so  that  -  is  of  the  form  p  +  iq,  where  p  and  q  are  integers  :  thus 

ve  have 

p"  +  q"  +  Zp%  +  2qr]  <  0, 

,vhich  is  impossible  because  2|  <  1,  2??  <  1. 

Hence  it  follows  that  within  the  region  there  are  only  two  equivalent 
points,  derived  by  the  generalised  equations  from  the  substitution 

,      iw 
_»=-.; 

and  that  all  points  within  the  region  can  be  arranged  in  equivalent  pairs 

£  77,  f    and     -  £  -  17,  £ 

If  the  region  be  symmetrically  divided  into  two,  so  that  the  boundaries  of 
a  new  region  are 


then  no  point  within  the  new  region  is  equivalent  to  any  other  point  in  the 
region  f.  As  in  the  division  of  the  plane  by  the  modular  group,  it  is  easy 
to  see  that  the  whole  space  above  the  plane  of  £  vj  is  divided  by  the  group  : 
therefore  the  region  is  a  polyhedron  of  reference  for  the  group  composed  of  the 
fundamental  substitutions  S,  T,  V. 

The  preceding  substitutions,  with  complex  integers  for  coefficients,  are  of  uae  in  appli- 
cations to  the  discussion  of  binary,  quadratic  forms  in  the  theory  of  numbers.  The  special 
division  of  all  space  corresponds,  of  course,  to  the  character  of  the  coefficients  in  the 
substitutions  :  other  divisions  for  similar  groups  are  possible,  as  is  proved  in  Poiucarc's 
memoir  already  quoted. 


an  imaginary  spnere  instead  ot  a  real  plane  as  in  romcare  s  theory. 

Ex.     Shew  that,  for  the  infinite  group  composed  of  the  fundamental  substitutions 

2'=---,       2'' 
3 

where  e  is  a  primitive  cube  root  of  unity,  a  fundamental  region  for  the  division  of  space 
above  the  plane  of  z,  corresponding  to  the  generalised  equations  of  the  group,  is  a  sym- 
metrical third  of.  the  polyhedron  extending  to  infinity  above  the  sphere 

p  +  rf  +  p^l, 
and  bounded  by  the  sphere  and  the  six  planes  , 

2|=±1,     £  +  W3=±l,     f-W3=±l-  (Bianchi.)     ' 


*  "  Sur  les  substitutions  orthogonales  et  lea  divisions  regulieres  de  1'espace,"  Ann.  dc  VEc. 
Norm.  Sup.,  3mo  Ser.,  t.  vi,  (1889),  pp.  9—102.  See  also  Schonflies,  Math.  Ann.,  t.  xxxiv,  (1889), 
pp.  172  —  203  :  other  references  are  given  in  these  papers. 


CHAPTER  XXII. 

AUTOMORPHIC  FUNCTIONS. 

297.  As  was  stated  in  the  course  of  the  preceding  chapter,  we  are 
ing  the  most  general  form  of  the  arguments  of  functions  which  secures 
property  of  periodicity.  The  transformation  of  the  arguments  of  trigo- 
etrical  and  of  elliptic  functions,  which  secures  this  property,  is  merely  a 
ial  case  of  a  linear  substitution  :  and  thus  the  automorphic  functions  to 
iscussed  are  such  as  identically  satisfy  the  equation 


re  Si  is  any  one  of  an  assigned  group  of  linear  substitutions  of  which  only 
ite  number  are  fundamental. 

"arious  references  to  authorities  will  be  given  in  the  present  chapter,  in  connection 
illustrative  examples  of  automorphic  functions  :  but  it  is,  of  course,  beyond  the  scope 
ie  present  treatise,  dealing  only  with  the  generalities  of  the  theory  of  functions,  to 
•  into  any  detailed  development  of  the  properties  of  special  classes  of  automorphic 
;ions  such  as,  for  instance,  those  commonly  called  polyhedral  and  those  commonly 
i  elliptic-modular.  Automorphic  functions,  of  types  less  special  than  those  just 
;ioned,  are  called  Fuch&ian  -functions  by  Poincare",  when  they  are  determined  in 
siation  with  a  JFuchsian  group  of  substitutions,  and  Kleinian  functions,  when  they 
ietermined  in  association  with  a  JKloinian  group  :  as  our  purpose  is  to  provide  only 
itroduction  to  the  theory,  the  more  general  term  automorphic  will  be  adopted. 

'he  establishment  of  the  general  classes  of  automorphic  functions  is  effected  by 
caru  in  his  memoirs  in  the  early  volumes  of  the  A  eta  Mathematica,  and  by  Klein  in 
nemoir  in  the  21st  volume  of  the  'Mathematisc/ie  Annalen:  these  have  been  already 
ed  (p.  716,  note)  :  and  Poincard  gives  various  historical  notes*  on  the  earlier  scattered 
rrences  of  automorphic  functions  aud  discontinuous  groups.  Other  memoirs  that  may 
ansulted  with  advantage  arc  those  of  Von  Mangoldtf,  Weber  J,  Schottky§;  Stahl]), 

Acta  Math.,  t.  i,  pp.  61,  62,  293:  ib.,  t.  iii,  p.  92.  Poiucare''s  memoirs  occur  in  the  first, 
,  fourth  and  fifth  volumes  of  this  journal:  a  great  part  of  the  later  memoirs  is  devoted  to 
application  to  linear  differential  equations. 


reference  may  be  made  to  the  comprehensive  treatise**  by  Jbncke  and  ivlein. 

298.     We  shall  first  consider  functions  associated  with  finite  discrete 
groups  of  linear  substitutions. 

There  is  a  group  of  six  substitutions 

1  1         z-l         z__ 

1    £ '  '    1  —  z'       z     "  z~  1 ' 

which  (§  283)  is  complete,      Forming  expressions  z  —  x,  z ,  z  —  (1  —  #), 

1              or  ~~  1              cc 
z  — ,  z ,  z =  and  multiplying  them  together,  we  can  express 

J_  — "  CO  00  SG  ~~~*  JL 

then'  product  in  the  form 


so  that  4(s)  =      ~.j.. 

(.s2  — .z)2 

is  a  function  of  #  which  is  unaltered  by  any  of  the  transformations  of  its 
variable  given  by  the  six  substitutions  of  the  group.  The  function  is  well 
known,  being  connected  with  the  six  anharmonic  ratios  of  four  points  in  a 
line  which  can  all  be  expressed  in  terms  of  any  one  of  them  by  means  of  the 
substitutions. 

Another  illustration  of  a  finite  discrete  group  has  already  been  furnished 
in  the  periodic  elliptic  transformation  of  §  258,  whereby  a  crescent  of 
the  plane  with  its  angle  a  submultiple  of  2?r  was  successively  transformed, 
ultimately  returning  to  itself:  so  that  the  whole  plane  is  divided  into  portions 
equal  in  number  to  the  periodic  order  of  the  substitution. 

If  a  stereo  graphic  projection  of  the  plane  be  made  with  regard  to  any 
external  point,  we  shall  have  the  whole  sphere  divided  into  a  number  of 
triangles,  each  bounded  by  two  small  circles  and  cutting  at  the  same  angle. 
By  choice  of  centre  of  projection,  the  common  corners  of  the  crescents  can  be 
projected  into  the  extremities  of  a  diameter  of  the  sphere :  and  then  each  of 
the  crescents  is  projected  into  a  lime.  The  effect  of  a  substitution  on  the 
crescent  is  changed  into  a  rotation  round  the  diameter  joining  the  vertices 
of  a  lune  through  an  angle  equal  to  the  angle  of  the  lune. 

299.  This  is  merely  one  particular  illustration  of  a  general  correspondence 
between  spherical  rotations  and  plane  homographies,  as  we  now  proceed  to 
shew.  The  general  correspondence  is  based  upon  the  following  proposition" 
due  to  Cayley : — 

*  Crelle,  t.  cv,  (1889),  pp.  181—232. 


,  _(d  +  ic)  z  —  (b  —  ia) 
~  (&••+  iayz~+~(d  -  ic)  ' 
'e  a,  b,  c,  d  are  real  quantities. 

dotation  about  a  given  diameter  through  an  assigned  angle  gives  a 
ue  position  for  the  displaced  point  :  and  stereographic  projection,  which 
conformal  operation  in  that  it  preserves  angles,  also  gives  a  unique  point 
le  projection  of  a  given  point.  Hence  taking  the  stereographic  projec- 
on  a  plane  of  the  original  position  and  the  displaced  position  of  a  point 
he  sphere,  they  will  be  uniquely  related  :  that  is,  their  complex  variables 
lonnected  by  a  lineo-linear  relation,  which  thus  leads  to  a  linear  substitu- 
for  the  plane-transformation  corresponding  to  the  spherical  rotation. 

SFow  the  extremities  of  the  axis  are  unaltered  by  the  rotation  ;  hence  the 
sctions  of  these  points  are  the  fixed  points  of  the  substitution.  If  the 
ts  be  £,  77,  £  and  —  £,  —  97,  —  £,  on  a  sphere  of  radius  unity,  and  if  the 
^n  of  projection  be  the  north  pole  of  the  sphere,  the  fixed  points  of  the 
titution  are 

%  +  ir>   and 
l_f    ancl 

mt  the  substitution  is  of  the  form 


[etermme  the  multiplier  K,  we  take  a  point  P  very  near  G,  one  extremity 
te  axis  :  let  P'  be  the  position  after  the  rotation,  s'o  that  GP'  =  CP.  Then, 
le  stereographic  projection,  the  small  arcs  which  correspond  to  GP  and 

are  equal  in  length,  and  they  are  inclined  at  an  angle  a.     Hence  the 

&  -i_  i^/fl 
iplier  K  is  eia  :  for  when  z,  and  therefore  /,  is  nearly  equal  to  —  -•  •  ---'-  ,  a 

I  point  of  the  substitution,  the  magnification  is  |  K  \  and  the  angular 
lacement  is  the  argument  of  K,  which  is  a. 

inserting  the  value  of  K,  solving  for  z'  and  using  the  condition 
<rf  -f  £2  =  1}  we  have 

f_(d  +  ic)  z  —  (I  —  ia) 
Z  =  (b  +  ic^+^(d  -  ic)  ' 

re  a  =  f  sin  |«,     &  =  77  sin  -^a,     c  =  %  sin  ^a,     d  =  cos  ^a, 

iat  a?  +  I2  4-  c2  +  dz  =  1. 


The  proposition*  is  thus  proved. 

When  the  axis  of  rotation  is  the  diameter  perpendicular  to  the  plane,  we 

have,  by  §  256, 

z  =  far**1*,        z'  =  &?-*+*<*+«>, 

so  that  z  =  zeia, 

agreeing  with  the  above  result  by  taking  £=0  =  17,  £=1,  so  that  a  =  0=b, 

c  =  sin  %a,  d  =  cos  £«. 

It  should  be  noted  that  the  formula  gives  two  different  sets  of  coefficients 
for  a  single  rotation :  for  the  effect  of  the  rotation  is  unaltered  when  it  is 
increased  by  27r,  a  change  in  a  which  leads  to  the  other  signs  for  all  the 
constants  a,  b,  o,  d. 

It  thus  appears  that  the  rotation  of  a  sphere  about  a  diameter  interchanges 
pairs  of  points  on  the  surface,  the  stereographic  projections  of  which  on  the 
plane  of  the  equator  are  connected  by  an  elliptic  linear  substitution :  hence, 
in  the  one  case  as  in  the  other,  the  substitution  is  periodic  when  a,  the 
argument  of  the  multiplier  and  the  angle  of  rotation,  is  a  submultiple  of  Sir. 

In  the  discussion  of  functions  related  in  their  arguments  to  these  linear 
substitutions,  it  proves  to  be  convenient  to  deal  with  homogeneous  variables, 
so  that  the  algebraic  forms  which  arise  can  be  connected  with  the  theory  of 
invariants.  We  take  zzz  =  ^ :  the  formulae  of  transformation  may  then  be 
represented  by  the  equations 

z±  =  K  (az^  +  @zz),     Z2'  ==  re  (7^  4-  &Z2), 

for  the  substitution  z1  =  (az  +  j3)/(yz  4-  8).  As  we  are  about  to  deal  with 
invariantive  functions  of  position  dependent  upon  rotations,  it  is  important 
to  have  the  determinant  of  homogeneous  transformation  equal  to  unity. 
This  can  be  secured  only  if  K  —  +  1  or  if  K  =  —  1 :  the  two  values  correspond 
to  the  two  sets  of  coefficients  obtained  in  connection  with  the  rotation. 
Hence,  in  the  present  case,  the  formulse  of  homogeneous  transformation  are 

Zi  =  (d  +  ic)  Zi  —  (b  —  ia}  zz,    zz'  =  (6  +  ia)  zl  +  (d  —  ic)  z2) 
where  a2  4-  &2  4-  c2  4-  d2,  being  the  determinant  of  the  substitution,  =  1 ;  every 
rotation  leads  to  two  pairs  of  these  homogeneous  equations  f.     Each  pair  of 
equations  will  be  regarded  as  giving  a  homogeneous  substitution. 

Moreover,  rotations  can  be  compounded :  and  this  composition  is,  in  the 
analytical  expression  of  stereographically  projected  points,  subject  to  the  same 
algebraic  laws  as  is  the  composition  of  linear  substitutions.  If,  then,  there 

*  Cayley,  Math.  Ann.,  i.  xv,  (1879),  pp.  238—240;  Klein's  Vorlesungen  ttber  das  Ucomeder, 
pp.  32—34. 

t  The  succeeding  account  of  the  polyhedral  functions  is  based  on  Klein's  investigations,  which 


roup,  then  there  will  be  associated  with  it  a  complete  group  of  linear 
omogeneous  substitutions.  The  groups  are  finite  together,  the  number  of 
lembers  in  the  group  of  homogeneous  substitutions  being  double  of  the 
umber  in  the  group  of  rotations :  and  the  substitutions  can  be  arranged  in 
airs  so  that  each  pair  is  associated  with  one  rotation. 

300.  Such  groups  of  rotations  arise  in  connection  with  the  regular  solids. 
<et  the  sphere,  which  circumscribes  such  a  solid,  be  of  radius  unity :  and  let 
le  edges  of  the  solid  be  projected  from  the  centre  of  the  sphere  into  arcs  of 
reat  circles  on  the  surface.  Then  the  faces  of  the  polyhedron  will  be  repre- 
jnted  on  the  surface  of  the  sphere  by  closed  curvilinear  figures,  the  angular 
oints  of  which  are  summits  of  the  polyhedron.  There  are  rotations,  of  proper 
lagnitude,  about  diameters  properly  chosen,  which  displace  the  polyhedron 
ito  coincidence  (but  not  identity)  with  itself,  and  so  reproduce  the  above- 
lentioned  division  of  the  surface  of  the  sphere  :  when  all  such  rotations  have 
een  determined,  they  form  a  group  which  may  be  called  the  group  of  the 
)lid.  Each  such  rotation  gives  rise  to  two  homogeneous  substitutions,  so 
lat  there  will  thence  be  derived  a  finite  group  of  discrete  substitutions: 
id  as  these  are  connected  with  the  stereographic  projection  of  the  sphere, 
ley  are  evidently  the  group  of  substitutions  which  transform  into  one 
lother  the  divisions  of  the  plane  obtained  by  taking  the  stereographic 
rejection  of  the  corresponding  division  of  the  surface  of  the  sphere.  For 
le  construction  of  such  groups  of  substitutions,  it  will  therefore  be  sufficient 
•  obtain  the  groups  of  rotations,  considered  in  reference  to  the  surface  of 
ie  sphere. 

I.  The  Dihedral  Group.  The  simplest  case  is  that  in  which  the  solid, 
irdly  a  proper  solid,  is  composed  of  a  couple  of  coincident  regular  polygons 
'  n  sides*  :  a  reference  has  already  been  made  to  this  case.  We  suppose  the 
)lygons  to  lie  in  the  equator,  so  that  their  corners  divide  the  equator  into 
equal  parts :  one  polygon  becomes  the  upper  half  of  the  spherical  surface, 
ie  other  the  lower  half.  The  two  poles  of  the  equator,  and  the  middle 
)ints  of  the  n  arcs  of  the  equator,  are  the  corners  of  the  corresponding  solid. 

Then  the  axes,  rotations  about  which  can  bring  the  surface  into  such 
incidence  with  itself  that  its  partition  of  the  spherical  surface  is  topo- 
•aphically  the  same  in  the  new  position  as  in  the  old,  are 

(i)    the  polar  axis, 

(ii)    a  diameter  through  each  summit  on  the  equator, 

(iii)  a  diameter  through  each  middle  point  of  an  edge : 


of  — .     Thus  we  have  £  =  u  =  77,  g  =  i,  ana  tnereiore 

a  =  0  =  b,    c  =  sin  -  ,     d  =  cos  — ; 
n  n 

the  substitutions  are 

i-rrr  iirr 

for  r  =  0,  1,  ...,  n  -  1,  and 

ivr  inr 

for  the  same  values  of  r.     These  are  included  in  the  set 

iirr  iirr 

2  '  =  K~^ Z         Z  '  =  6~  n  Zn 

for  r  =  0,  1,  2,  ...,  2n— 1,  being  2?i  in  number:  the  identical  substitution  is 
included  for  the  same  reason  as  before,  when  we  associated  a  region  of 
reference  in  the  5-plane  with  the  identical  substitution. 

For  each  of  the  axes  lying  in  the  equator,  the  angle  of  rotation  is 
evidently  tr.  Let  an  angular  point  of  the  polygon,  lie  on  the  axis  of  f,  say  at 
£  =  1,  r)  =  0,  £=  0.  Then  so  far  as  concerns  (ii)  in  the  above  set,  if  we  take 

the  axis  through  the  (r  +  l)th  angular  point,  we  have  £  =  cos  — — ,  97  =  sin  — -  , 

ft  IV 

£=  0 ;  hence,  as  a  is  equal  to  IT,  we  have,  for  the  corresponding  substitutions, 

z  '  —  ie+~n~ 22      z»  —  ie~ ~Tl~ #! , 
for  r  =  0,  1,  ...,  9i-l,  and 

2j-jri  2rnj 

for  the  same  values  of  r. 

And  so  far  as  concerns  (iii)  in  the  above  set,  if  we  take  an  axis  through 
the  middle  point  of  the  rth  side,  that  is,  the  side  which  joins  the  rth  and  the 

(r+l)th  points,  then  £=cos  -— — ,  ->?  =  sin^ ,  £=0:  hence  as  a 

IV  it 

is  equal  to  TT,  we  have,  for  the  corresponding  substitutions, 

(ar-l)ir?:  (2r-l)7ri 

21f  =  ie+     n     Ss,     z^ie       n"     zl} 
for  r  =  0,  1,  ...,  n—  1,  and 


for  the  same  values  of  r. 

If  n  be  even,  the  set  of  substitutions  associated  with  (ii)  are  the  same  in 
pairs,  and  likewise  the  set  associated  with  (iii) ;  if  n  be  odd,  the  set  associated 
with  (ii)  is  the  same  as  the  set  associated  with  (iii).  Thus  in  either  case  there 
are  2w  substitutions :  and  they  are  all  included  in  the  form 


wrr 

'=e  ~™z, 


"•" 


=  0,  ...,  2w  —  1 :  and  in  the  non-homogeneous  form,  the  group  is 


zwr  e  „ 

<?'  —  a    n      ,-,         J 

g-6        Z,      Z-     z      , 

re  r  =  0,  1,  ...,  TO— 1  for  each  of  them.  The  non-homogeneous  expres- 
3  are  not  in  their  normal  form  in  which  the  determinant  of  the  coefficients 
he  numerator  and  denominator  is  unity.  Each  expression  gives  two 
ogeneous  substitutions. 

It  is  easy  geometrically  to  see  that  all  the  axes  have  been  retained :  and 
they  form  a  group,  that  is,  composition  of  rotations  about  any  two  of  the 
is  a  rotation  about  one  of  the  axes.  The  period  for  each  of  the  equatorial 

is  2 ;  the  period  for  a  rotation about  the  polar  axis  depends  on  the 

(V* 

icibility  of  - . 

J       n 

Before  passing  to  the  construction  of  the  functions  which  are  unaltered 
;he  dihedral  group  of  substitutions,  we  shall  obtain  the  tetrahedral  group 
construct  the  tetrahedral  functions,  for  the  explanations  in  regard  to  the 
idral  functions  arise  more  naturally  in  the  less  simple  case. 
[I.  The  Tetrahedral  Group.  We  take  a  regular  cube  as  in  the  figure, 
n  ABQD  is  a  tetrahedron,  A'B'C'D'  is  the  polar  tetrahedron. 

D'  A 


Fig.  119. 
Tt  is  ea,sv  to  SP.P,  that  thfi  axes  of  rotation  for  the  tetrahedron  are 


utibrciLi.eu.ro  11. 


The  latter  pass  through  the  centre  of  the  cube  and  are  perpendicular  to 
pairs  of  opposite  faces.  When  the  sphere  circumscribing  the  cube  is  drawn, 
the  three  axes  in  (ii)  intersect  the  sphere  in  six  points  which  are  the  angles 
of  a  regular  octahedron.  Thus,  though  the  axes  of  rotation  for  the  three 
solids  are  not  the  same,  the  tetrahedron,  the  cube,  and  the  octahedron  may 
be  considered  together:  in  fact,  in  the  present  arrangement  whereby  the 
surface  of  the  sphere  is  considered,  the  cube  is  merely  the  combination  of  the 
tetrahedron  and  its  polar. 

For  each  of  the  diagonals  of  the  cube,  the  necessary  angle  of  rotation 
for  the  tetrahedron  is  0  or  ITT  or  |TT  :  the  first  of  these  gives  identity,  and 
the  others  give  two  rotations  for  each  of  the  four  diagonals  of  the  cube,  so 
that  there  are  eight  in  all. 

For  each  of  the  diagonals  of  the  octahedron,  the  angle  of  rotation  for 
the  tetrahedron  is  TT:  there  are  thus  three  rotations. 

With  these  we  associate  identity.  Hence  the  number  of  rotations  for  the 
tetrahedron  is  (8  +  3  +  1  =)  12  in  all. 

There  are  two  sets  of  expressions  for  the  tetrahedron  according  to  the 
position  of  the  coordinate  axes  of  the  sphere.  One  set  arises  when  these  are 
taken  along  Ox,  Oy,  Oz,  the  diagonals  of  the  octahedron;  the  other  arises 
when  a  coordinate  plane  is  made  to  coincide  with  a  plane  of  symmetry  of  the 
tetrahedron  such  as  B'DBD'. 

Let  the  axes  be  the  diagonals  of  the  octahedron.  The  results  are 
obtainable  just  as  before,  and  so  may  now  merely  be  stated  : 

For  OB',  £  =  77  =  f  =  —  ;  when  a=  |-TT,  the  substitution  is 

•V  " 


-  = 


z  — 
and  when  a  =  |7r,  the  substitution  is 


z  = 


z—  1 


For  OA,  %  =  -  77  =  £=  -•-  ;  when  a  =  ITT,  the  substitution  is 

V" 


-  -  - 

z  —  1  ' 
and  when  a  =  &7r.  the  substitution  is 
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Por  00, -£  =  ?7  =  £=  — ;  when  a  =  f  TT,  the  substitution  is 


*+r 

when  a  =  |TT,  the  substitution  is 


for  O.Z)',  —  £  =  —  ??  =  £•:=  —  ;  when  a  =  ITT,  the  substitution  is 


when  a  =  |  TT,  the  substitution  is 

.*-! 

«•'  —  __  /i  _ 

-&     •  —  —   £»  . 

z  +  1 
*or  Occ,  ^  =  1,  ^  =  0,  ^"  =  0  and  a  =  TT  :  the  substitution  is 


"or  Oy,  Z  —  Q,  ii  =  I,  £=Q,  and  a=  TT  :  the  substitution  is 


'or  Qz,  %=0,  97  =  0,  ^"=1  and  a  =  TT  :  the  substitution  is 

/  =  -*. 
identity  is  2'=  z. 

lence  i/ie  group  of  tetrahedral  non-homogeneous  substitutions  is 

'  -  .   «-i  . 

+  —  T~-  >       ± 
~ 


,  ,  )  >  -  >  '  > 

Z  Z+I  Z  —  I         ~  2  +  1  Z  —  % 

the  aaces  of  reference  in  the  sphere  are  the  diameters  bisecting  opposite 
'~  of  the  tetrahedron.  Each  of  these  substitutions  gives  rise  to  two  homo- 
ms  substitutions,  making  24  in  all. 

'o  obtain  the  transformations  in  the  case  when  the  plane  of  xz  is  a  plane 
•mmetry  of  the  tetrahedron  passing  through  one  edge  and  bisecting  the 
site  edge,  such  as  B'DBD1  in  the  figure,  it  is  sufficient  to  rotate  the 
sding  configuration  through  an  angle  ^TT  about  the  preceding  0^-axis, 
;hen  to  construct  the  corresponding  changes  in  the  preceding  formulae. 


that  of  the  projection  of  the  displaced  point  with  the  present  axes,  and  z 
and  z  be  the  corresponding  variables  for  the  older  axes,  we  have 

l+i  „,     1  +  i  , 


.  1  —  i 

that  is,  Z=:- 


Taking  now  the  twelve  substitutions  in  the  form  of  the  last  set  and  substi- 
tuting, we  have  a  group  of  tetrahedral  non-homogeneous  substitutions  in  the 
form 


. 

~ 


when  one  of  the  coordinate  planes  is  a  plane  through  one  edge  of  the 
tetrahedron  bisecting  the  opposite  edge:  each  of  these  gives  rise  to  two 
homogeneous  substitutions,  making  24  in  all. 

301.  The  explanations,  connected  with  these  groups  of  substitutions, 
implied  that  certain  aggregates  of  points  remain  unchanged  by  the  operations 
corresponding  to  the  substitutions.  These  aggregates  are  (i)  the  summits  of 
the  tetrahedron,  (ii)  the  summits  of  the  polar  tetrahedron  —  these  two  sets 
together  make  up  the  summits  of  the  cube  :  and  (iii)  the  middle  points  of  the 
edges,  being  also  the  middle  points  of  the  edges  of  the  polar  tetrahedron  — 
this  set  forms'  the  summits  of  an  octahedron. 

When  these  points  are  stereographically  projected,  we  obtain  aggregates 
of  points  which  are  unchanged  by  the  substitutions.  We  therefore  project 
stereographically  with  the  extremity  z  of  the  axis  Oz  for  origin  of  projection: 
and  then  the  projections  of  x,  x',  y}  y',  z,  z  are  1,  —  1,  i,  —  i,  oo  ,  0,  which  arc 
the  variables  of  these  points. 

Instead  of  taking  factors  #—  1,  z  +  I,  ...,  we  shall  take  homogeneous 
forms  ZJ  —  ZQ,  Zi+zz,  zl~izz,  zl  +  izz,  z%,  zl\  the  product  of  all  these  factors 
equated  to  zero  gives  the  six  points.  This  product  is 

t  =  z^  (X4  -  224). 

•ii-  \          _  \          | 

For  the  tetrahedron  ABCD,  the  summits  A,  B,  C,  D  are  -75  ,  —  -  ,  —  ; 

V«      V"      V«J 

1  1  1  11111-1 


gives  the  stereographic  projections  of  the  four  summits  of  the  tetra- 
•on  ABGD.     This  product  is 

^  =  ^-2V^3^V  +  V- 

similarly  for  the  tetrahedron  A'B'C'D ';  the  product  of  the  factors 
ssponding  to  the  stereographic  projections  of  its  four  summits  is 

$ = ^4 + 2  V^a^  v + z2\ 

the  product  of  the  eight  points  for  the  cube  is  'MVthat  is, 

W  =  S18+14s1V  +  *a8. 

ill  these  forms  t,  <3>,  W  are,  by  their  mode  of  construction,  unchanged 
ept  as  to  a  constant  factor,  which  is  unity  in  the  present  case)  by  the 
ogeneous  substitutions  :  and  therefore  they  are  invariantive  for  the  group 
4  linear  homogeneous  substitutions,  derived  from  the  group  of  12  non- 
ogeneous  tetrahedral  substitutions.  If  M/1  be  taken  as  a  binary  quartic, 
t  CI>  is  its  Hessian  and  t  is  its  cubico variant :  the  invariants  are  numerical 
not  algebraical :  and  the  syzygy  which  subsists  among  the  system  of 
lomitants  is 

(frs -•#*  =  12  V^tt8, 

Lation  easily  obtained  by  reference  merely  to  the  expressions  for  the  forms 
M- 

Fhe  object  of  this  investigation  is  to  form  Z,  the  simplest  rational 
:tion  of  z  which  is  unaltered  by  the  group  of  substitutions.  For  this 
)ose,  it  will  evidently  be  necessary  to  form  proper  quotients  of  the 
*oing  homogeneous  forms,  of  zero  dimensions  in  zl  and  ss.  Let  R 
any  rational  function  of  z,  which  is  unaltered  by  the  tetrahedral 
ititutions.  These  substitutions  give  a  series  of  values  of  z,  for  which 
as  only  one  value :  hence  R  and  Z,  being  both  functions  of  z  and 
efore  of  one  another,  are  such  that  to  a  value  of  Z  there  is  only  one 
e  of  R,  so  that  R  is  a  rational  function  of  Z. 

tn  particular,  the  relation  between  R  and  Z  may  be  lineo-linear :  thus  Z 
sterminate  except  as. to  linear  transformations.  This  unessential  indeterm- 
eness  can  be  reinoved,  by  assigning  three  particular  conditions  to 
;rmine  the  three  constants  of  the  linear  transformation. 

Fhe  number  of  substitutions  in  the  #-group  is  12.  As  there  will  thus 
i  group  of  12  0-points  interchanged  by  the  substitutions,  the  simplest 
mal  function  of  Z  will  be  of  the  12th  degree  in  z,  and  therefore  the 
terator  and  the  denominator  of  the  fraction  for  Z,  in  their  homogeneous 
is,  are  of  the  12th  degree.  The  conditions  assigned  will  be 


aegree  ana  composed  01  me  mnc-Dions  st>, 
the  foregoing  conditions,  be  given  by 


t,  it  must,  witn 


By  means  of  the  syzygy,  we  have 

Z'.Z—  1 :1  =  'SI/"3:-  12  V—  3i2:<I>3; 

which  is  Klein's  result.     Removing  the  homogeneous  variables,  we  have 
Z  :  Z  -  1  :  1  =  (V  -  2v^~3>  +  I)8  :  -  12  V^3>  (V  -  I)2  :  (**  +  2V:r~3>  +  l)s ; 

and  then  Z  is  a  function  of  2  which  is  unaltered  by  the  group  of  12  tetra- 
hedral  substitutions  of  p.  761.  And  every  such  function  is  a  rational  function 
of  Z. 

This  is  one  form  of  the  result,  depending  upon  the  first  position  of  the 
axes.  For  the  alternate  form  it  is  necessary  merely  to  turn  the  axes  through 
an  angle  of  \ir  round  the  .z-axis,  as  was  done  in  §  300  to  obtain  the  new 
groups.  The  result  is  that  a  function  Z,  unaltered  by  the  group  of  12 
substitutions  of  p.  762,  is  given  by  • 

Z  :  Z  -  I  :  I  =  (z*  -  2  V3^2  -  I)3  :  -  12  V3*2  (V  +  I)2  :  O4  +  2>J3zz  -  I)8. 

It  still  is  of  importance  to  mark  out  the  partition  of  the  plane  corre- 
sponding to  the  groups,  in  the  same  manner  as  was  done  in  the  case  of  the 
infinite  groups  in  the  preceding  chapter.  This  partition  of  the  plane  is  the 
stereographic. projection  of  the  partition  of  the  sphere,  a  partition  effected  by 
the  planes  of  symmetry  of  the  tetrahedron.  Some  idea  of  the  division  may 
be  gathered  from  the  accompanying  figure,  which  is  merely  a  projection  on 
the  circumscribing  sphere  from  the  centre  of  the  cube.  The  great  circles 


nut,  and  the  circles  an-  equally  inclined  In  mie  another  there:  they  meet 
\vosin  the  tuitldli1  points  nf  tin-  edges  and  they  are  equally  inclined  to 
another  then1.  They  divide  the  sphere  into  iM*  triangles,  each  of  which 
t'ur  angles  .\TT,  :\7r,  -\  TT.  (Set*  ease  II.,  §  *J7.s.j 

The  corresponding  division  of  the  plane  IN  (lie  ntereographic  projection  of 
divided  surface.  Taking  .1  as  the  pule  nf  projection,  which  i,s  projected 


A" 


iifmity,  then  ,-!'is  lh»-  »iri;jui     the  ihi»-«'  ^r«'*»t  CU-CJI-M  tiimugh   ,t'  he 

•r  H|  might   lines  e.juully   »ii-hf««-tl  i>«  '«H'-  :vii»'th»-r,    tin-  other  tlir«-e  greut. 

Ir.H  hei'ouie  three  firrlei    \\ll\\   iheii    rr!»fl«'n   H(I    lh*'   llll'ee    lin«-N   eunclUTeJit 

he  origin,     The  iwc*«mpiiu\  mi^  ti^nj'*-  ^Iit-w^  the  pi"j>-t-siMU  :  the  pmnl?*  tn 

Jilitlte   hilVe    the    .HUUM*    l»-H*-it*    H.'i    the    |«*i|Ul"i   ««»    (hi-   'ijiliefe   «('   which    lhe\* 

the  project  tun-*  '  an*  I  th«-  }»!H»J»-  r«  I!IMI*  <lj4i»l«-tS  inft*  iJi  parf'i.      There  iij-e, 

•\plicit     I'tinu,  i.nly    J«    K*»li  ljMiui-r;i-n.-"»t'5   "Ul'i'ltuf  l««»r»:    l«Ul    ejtt'h   «il'   these 

lit-ell    pl'««Ve«|    (o    lltlpl)     fW"    h'»Hi»«^eneMU't    "tlll'Mlf  tlMoU'..    -.«  .    jJuit    We    l»HVe 

dlVlMoJi   ••{     the   pl;Ul«'  et,HrMj*..||dtni.,'    ?«•    til'-   "Jl    'lUlt  .!  JS  lit  »"Hf*    Hi   the  gl'otlp. 


302.       It    UMW    tr 

•   Hrt't  «lt    jM»Utl  '•)    I 

Ill     the  aii^u 


tnese  are 


e     n      ,  for  s  =  0,  1,  .  .  .  ,  n  —  1  ;  and 
(iii)    the  poles  of  the  equator  which  are  unaltered  by  each  of  the 

rotations  :  in  the  stereographic  projection,  these  are  0  and  oo  . 
Forming  the  homogeneous  products,  as  for  the  tetrahedron,  we  have,  for  (i), 

1J=z»-z?\' 

for  (ii),  V  =  z?  4-  z?  ; 

and,  for  (iii),  W  —  z^  ; 

these  functions  being  connected  by  a  relation 


Because  the  dihedral  group  contains  2?i  non-homogeneous  substitutions, 
the  rational  function  of  z,  say  Z,  must,  in  its  initial  fractional  form,  be  of 
degree  2»i  in  both  numerator  and  denominator;  and  it  must  be  constructed 
from  U,  V,  W. 

The  function  Z  becomes  fully  determinate,  if  we  assign  to  it  the  following 
conditions  : 

(i)      Z  must  vanish  at  points  corresponding  to  the  summits  of  the 

polygon, 
(ii)     Z  must  be  infinite  at  points  corresponding  to  the  poles  of  the 

equator, 
(iii)     Z  must  be  unity  at  points  corresponding  to  the  middle  points  of 

the  edges  : 
and  then  we  find 

Z:Z-l:  I  =  R(^  -  I)}2  :  R  (*»  +  I)}2  :  -  *» 

which  gives  the  simplest  rational  function  of  z  that  is  unaltered  by  the 
substitutions  of  the  dihedral  group. 

The  discussion  of  the  polyhedral  functions  will  not  be  carried  further  here  :  sufficient 
illustration  has  "been  provided  as  an  introduction  to  the  theory  which,  in  its  various 
bearings,  is  expounded  in  Klein's  suggestive  treatise  already  quoted. 

Ex.  1.  Show  that  the  anharmonic  group  of  §  298  is  substantially  the  dihedral  group 
for  n  =  3  ;  and,  by  changing  the  axes,  complete  the  identification.  (Klein.) 

Ex.  2.  An  octahedron  is  referred  to  its  diagonals  as  axes  of  reference,  and  a  partition 
of  the  surface  of  the  sphere  is  made  with  reference  to  planes  of  symmetry  and  the  axes  of 
rotations  whereby  the  figure  is  made  to  coincide  with  itself. 

Shew  that  the  number  of  these  rotations  is  24,  that  the  sphere  is  divided  into  48 
triangles,  that  the  non-homogeneous  substitutions  which  transform  into  one  another  the 
partitions  of  the  plane  obtained  from  a  stereographic  projection  are 

?,*       ..2-1-1        -..  z  —  1       .,  z  —  i 
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303;  We  now  pass  from  groups  that  are  finite  in  number  to  the 
consideration  of  functions  connected  with  groups  that  are  infinite  in 
number.  The  best  known  illustration  is  that  of  the  elliptic  modular- 
functions;  one  example  is  the  form  of  the  modulus  in  an  elliptic  integral 
as  a  function  of  the  ratio  of  the  periods  of  the  integral.  The  general 
definition  of  a  modular-function*  is  that  it  is  a  uniform  function  such  that 

an  algebraical  equation  subsists  between  •&  (  -  ^  }  and  •xWw)  where  a  8 

\ryw  +  SJ  r 

7,  B  are  integers  subject  to  the  relation  aS-/3y  =  l.     The  simplest  case  is 
that  in  which  the  two  functions  ty  are  equal. 

The  elliptic  quarter-periods  K  and  iK'  are  defined  by  the  integrals 

2/f  =  f 

' 


z  (1  -*)(!-  A2*)}"   dz={z(l-z)(l-  as)}'   dz, 

o  Jo 

2A"  =  f1  [z  (1  -  *)  (1  -  ^)r*  dz  =  f  [z  (1  -*)(!-  c'^)}"*  dz, 
Jo  Jo 

where  c  4-  o'  =  1.     The  ordinary  theory  of  elliptic  functions  gives  the  equation 


dc  do         4cc'  ' 

whatever  be  the  value  of  c.  To  consider  the  nature  of  these  quantities  as 
functions  of  c,  wu  note  that  c  =  1  is  an  infinity  of  K  and  an  ordinary  point  of 
K',  and  that  similarly  c  =  0  is  an  infinity  of  K'  and  an  ordinary  point  of  R: 
and  these  arc?  all  I/he  singular  points  in  the  finite  part  of  the  plane.  The 
value  c  =  co  miLst  also  be  considered.  All  other  values  of  c  are  ordinary 
points  for  K  and  K  '. 

For  values  of  c,  such  that  |  c|  <  1,  we  have 


so  that,  in  the  vicinity  of  the  origin, 
d     K'\  TT 


—  --  j_+_-_(-  positive  integral  powers  of  cL 

7T    (C         2  j 

Hence  in  the  vicinity  of  the  origin 


its  original  value.  Then  K  is  unchanged,  for  the  c-origin  is  not  a  singularity 
of  K. 

The  new  value  of  K'  is  evidently 

-  —  (27ri  +  logc)  +  £P(c), 

7T 

that  is,  iK'  changes  into  %K  +  iK'.  Hence,  when  c  describes  positively  a 
small  contour  round  the  origin,  the  quarter-periods  K  and  iK'  become  K  and 
*2K  +  iK'  respectively. 

In  the  same  way  from  the  equation 

K,dK_  jrdK'          TT 
K    dcf          do'  ~     4,cc" 

and  from  the  expansion  of  K'  in  powers  of  c'  when  c'  \  <  1,  we  infer  that 
when  c'  describes  positively  a  small  contour  round  its  origin,  that  is,  when  c 
describes  positively  a  small  contour  round  the  point  c  =  1,  then  iK'  is  unchanged 
and  K  changes  to  K—  SiJK'. 

It  thus  appears  that  the  quantities  K  and  iK',  regarded  as  functions  of 
the  elliptic  modulus  c,  are  subject  to  the  linear  transformations 


V  (iK')  =          iK'   ' 

without  change  of  the  quantity  c  ;  and  the  application  of  either  substitution 
is  equivalent  to  making  c  describe  a  closed  circuit  round  one  or  other  of  the 
critical  points  in  the  finite  part  of  the  plane,  the  description  being  positive  if 
the  direct  substitution  be  applied  and  negative  if  the  inverse  be  applied. 

When  these  substitutions  are  applied  any  number  of  times  —  the  index 
being  the  same  and  composed  in  the  same  way  for  K  as  for  iK'  —  then, 
denoting  the  composite  substitution  by  P,  we  have  results  of  the  form 


PiK'~(3K+a.iK'> 

where  /3  and  7  are  even  integers,  a  and  8  are  odd  integers  of  the  forms 
1  +  4<p,  1  +  4<q,  say  =  1  (mod.  4),  and,  because  the  determinant  of  U  and  that 
of  V  are  both  unity,  we  have  «S  -  ft<y  =  1  by  §  282.  These  equations  give 
the  partially  indeterminate  form  of  the  values  of  the  quarter-periods  for  an 
assigned  value  of  the  modulus  c. 

iK' 
Conversely,  we  may  regard  c  as  a  function  of  w  =  -j^-  ,  the  quotient  of 


to    the    infinite    group    of    substitutions    derived    from    the    fundamental 
substitutions 

Uw  =  w  +  2,     Vw  =  - — A  - . 
1  —  zw 

Denoting  the  function  c  hy  <£(«;),  we  have 


We  have  still  to  take  account  of  the  relation  of  iK'fK  to  c,  when  the  latter  has 
infinitely  large'  values.     For  this  purpose,  we  compare  the  differential  expressions 

k  {.v  (1  -  .»:)  (1  -  #fc)}-4  <fo, 


which  are  equal  to  one  another  if  k*x=y  and  M=l.     As  x  moves  from  0  to  1,  y  moves 
from  0  to  lc\  that  is,  from  0  to  1/Z2;  integrating  between  these  limits,  we  have 


where  A  and  A'  are  quarter-periods  with  modxilus  1  =  1  fk.    As  y  moves  from  0  to  1, 
x  moves  from  0  to  l//fc2  ;   integrating  between  those  limits,  we  have 


so  that  K/T'=-iA'. 

In  order  to  obtain  the  effect  on  K  and  iK'  of  an  infinitely  large  circuit  described 
positively  by  c,  wo  make  I  describe  a  very  small  circuit  round  its  origin  negatively.  By 
what  has  been  proved,  the  effect  of  the  latter  is  to  change  A  and  *A'  into  A  and  i'A'  —  2  A 
respectively.  Hence  the  new  value  of  Mil'  is 

-  *A'  +  2A=  k  (3i7f  '  +  2/i")  ; 
and  the  new  value  •  of  kK  is 

A  +  -i'A'  -  2  A  =  -  k  (2i  A"  +  /lT). 

Hence  if  ?«/  denote  the  new  value  of  w,  consequent  on  the  description  of  the  infinitely 
large  circuit  by  a,  wo  have 

,,.  ir, 
=  U   l  V   liv. 


No  new  fundamental  substitution  is  thus  obtained  ;  and  therefore  U,  V  are  the  only 
fundamental  substitutions  of  the  group  for  c,  regarddtl  as  a  modular-function. 

Again,  c'  is  a  rational  function  of  c  and  is  therefore  a  modular-function  : 
consequently  also  GO'  is  a  modular-function.  Being  a  rational  function  of 
c,  it  is  subject  to  the  two  substitutions  U  and  V,  which  are  characteristically 
fundamental  for  $  (w).  Now  cc'  is  unchanged  when  we  interchange  c  and  c', 
that  is,  when  we  interchange  K  and  K'  ;  so  that,  if  K^  and  iKJ  be  new 
quarter-periods  for  a  modulus  cc',  we  have 


UTw         2  +  Tw     l-2w 

so  that  V  is  compounded  of  T  and  U.  Hence  the  substitutions  for  cc', 
regarded  as  a  modular-function,  are  the  infinite  group  which  is  derived  from 
the  fundamental  substitutions 


w 


Denoting  the  modular-function  cc'  by  %  (w),  we  have 


To  obtain  the  change  in  w  caused  by  changing  c  into  c/c',  we  use  the 
differential  expression 


When  the  variable  is  transformed  by  the  equation*  (1  —  y)  (1  —  k2x)  =  l—so, 
where  A/aZ2=  —  7c2,  the  expression  becomes 

k'{sc(l-x}(l-k*x}\-%dx. 

When  y  describes  the  straight  line  from  0  to  1  continuously,  x  also 
describes  the  straight  line  from  0  to  1  continuously.  Integrating  between 
these  limits,  we  have 

A  =  k'K, 

where  A  is  a  quarter-period.  When  y  describes  the  straight  line  from  0 
to  Ijl  continuously,  x  describes  the  straight  line  from  0  to  oo  continuously, 
or,  say,  the  line  from  0  to  l//c2  and  the  line  from  l//c2  to  oo  continuously. 
Integrating  between  these  limits,  we  have 

A  +  *A'  =  k1  (K  +  iK')  +  P'  tW  [as  (1  -  so)  (1  -  fcte)}-*  dx 


on  using  the  transformation  k^xu  —  1  and  taking  account  of  the  path  described 
by  the  variable  u  :  and  therefore 

iA.'  =  k1  (K  +  iK'). 

Hence  the  change  of  modulus  from  k  to  ik/k',  which  changes  c  to  —  c/c',  gives 
the  changes  of  quarter-periods  in  the  form 

A  =  k'K,     iA.'  =  k'(K+  iK'}  ; 
and  therefore  the  new  value  of  w,  say  wl}  is 

WL  =  w  +  1  =  Sw. 

It  therefore  follows  that,  when  —  c/c'  is  regarded  as  a  modular-function 
of  the  quotient  w  of  the  quarter-periods  K  and  iK',  it  must  be  subject  to 


maamental  suDstitutions  ot   tne  innnite  group   01   transtormations   01   w, 
le  argument  of  the  modular-function  c/c'. 

As  a  last  example,  \ve  consider  the  function. 


t  is  a  rational  function  of  cc',  and  therefore  is  a  modular-function  having  the 
institutions  Tw  and   Uw.     By  §  298,  it  is  unaltered  when  we  substitute 

ft 

—  -  for  c.     It  has  just  been  proved  that  this  change  causes  a  change  of  w 

ito  w  +  l,  and  therefore  J,  as  a  modular-function,  must  be  subject  to  the 
ubstitution 


Evidently  S*w  =  w  +  2  =  Uw,  so  that  U  is  no  longer  a  fundamental  substitution 
/•hen  S  is  retained.  Hence  we  have  the  result  that  J  is  unaltered,  when  w  is 
objected  to  the  infinite  group  of  substitutions  derived  from  the  fundamental 
ubstitutions 

8w  =  w  +  l,        Tw  =  --, 

w 

o  that  we  may  write 

T     (c~  —  c  +  l);i      T,          r,        1N      T(     I 

•/=  "  J(w)=  J(w+  1)=  J~ 


?his  is  the  group  of  substitutions  considered  in  §  284:    they  are  of  the 

brm  aw  +  P   where  a,  B.  <y,  8  are  real  integers  subject  to  the  single  relation 
yw  +  b 

Those  illustrations,  in  connection  with  which  the  example  in  §  298  should  be  consulted, 
uffice  to  put  in  evidence  the  existence  of  modular-functions,  that  is,  functions  periodic 
or  infinite  groups  of  linear  sxibstitutions,  the  coefficients  of  which  are  real  integers.  The 
hcory  has  been  the  subject  of  many  investigations,  both  in  connection  with  the  modular 
quations  in  the  transformation  of  elliptic  functions  and  also  as  a  definite  set  of  functions. 
Dhe  investigations  are  due  among  others  to  Hermits,  Fuchs,  Dedekind,  Hurwita,  and 
specially  to  Klein*  ;  and  reference  must  be  made  to  their  memoirs,  or  to  Klein-Fricke's 
realise  on  elliptic  modular-functions,  or  to  Weber's  Elliptische  Functionen,  for  an  exposi- 
iou  of  the  theory. 

304.  The  method  just  adopted  for  infinite  groups  is  very  special,  being 
uiited  only  to  particular  classes  of  functions  :  in  passing  now  to  linear 
substitutions,  no  longer  limited  by  the  condition  that  their  coefficients  are 
real  integers,  we  shall  adopt  more  general  considerations.  The  chief 
purpose  of  the  investigation  will  be  to  obtain  expressions  of  functions 

£1  TCTll  TY1  ATI  f,        IS 


members  of  it,  being  of  the  form 

nr     /.  f. 
'  \Z>J'>' 


are  such  that  a  circle,  called  the  fundamental  circle,  is  unaltered  by  any  of  the 
substitutions.  This  circle  is  supposed  to  have  its  centre  at  the  origin  and 
unity  for  its  radius. 

The  interior  of  the  circle  is  divided  into  an  infinite  number  of  curvilinear 
polygons,  congruent  by  the  substitutions  of  the  group  :  each  polygon  contains 
one,  and  only  one,  of  the  points  in  the  interior  associated  by  the  substitutions 
with  a  given  point  not  on  the  boundary  of  the  polygon.  Hence  corresponding 
to  any  point  within  the  circle,  there  is  one  and  only  one  point  within  the 
fundamental  polygon,  as,  there  is  oqly  one  such  point  in  each  of  the  polygons  : 
of  these  homologous  points  the  one,  which  lies  in  the  fundamental  polygon 
of  reference,  will  be  called  the  irreducible  point.  It  is  convenient  to  speak  of 
the  zero  of  a  function,  implying  thereby  the  irreducible  zero  :  and  similarly 
for  the  singularities. 

The  part  of  the  plane,  exterior  to  the  fundamental  circle,  is  similarly 
divided  :  and  the  division  can  be  obtained  from  that  of  the  internal  area  by 
inversion  with  regard  to  the  circumference  and  the  centre  of  the  fundamental 
circle.  Hence  there  will  be  two  polygons  of  reference,  one  in  the  part  of  the 
plane  within  the  circle  and  the  other  in  the  part  without  the  circle:  and 
all  terms  used  for  the  one  can  evidently  be  used  for  the  other.  Thus  the 
irreducible  homologue  of  a  point  without  the  circle  is  in  the  outer  polygon 
of  reference  :  for  a  substitution  transforms  a  point  within  an  internal  polygon 
to  a  point  within  another  internal  polygon,  and  a  point  within  an  external 
polygon  to  a  point  within  another  external  polygon. 

Take  a  point  z  in  the  interior  of  the  circle,  and  round  it  describe  a  small 
contour  (say  for  convenience  a  circle)  so  as  not  to  cross  the  boundary  of  the 
polygon  within  which  z  lies  :  and  let  Zi  be  the  point  given  by  the  substitution 
fi  (2}.  Then  corresponding  to  this  contour  there  is,  in  each  of  the  internal 
polygons,  a  contour  which  does  not  cross  the  boundary  of  its  polygon  :  and  as 
the  first  contour  (say  00)  doe's  not  occupy  the  whole  of  its  polygon  and  as  the 
congruent  contours  do  not  intersect,  the  sum  of  the  areas  of  all  the  contours 
Gi  is  less  than  the  sum  of  the  areas  of  all  the  polygons,  that  is,  the  sum  is 
less  than  the  area  of  the  circle  and  so  it  is  finite. 

If  i*i  be  the  linear  magnification  at  Zi,  we  have 

1         _  dzi 
^~^  +       ~   dz  ' 


(zy   l  — ~  ) ,  and  therefore  —  St/yt  lies  without 

\      *yi#  ~l~  "i/ 

the  circle  :  though,  in  the  limit  of  i  infinite,  it 
may  approach  indefinitely  near  to  the  circum- 
ference*. 

Let  this  point  be  G:  and  through  G  and 
0,  the  centre  of  the  fundamental  circle,  draw 
straight  lines  passing  through  the  centre  of 
the  circular  contour.  Then  evidently 


GP*' 
and,  if  Mi  be  the  greatest  magnification,  then 

_L 

W 


so  that 


GP* 


"Pig.  122. 


Now  G  is  certainly  not  inside  the  circle,  so  that  GQ  is  not  less  than  RA  : 
thus 


GQ"        GQ  GQ  RA     RA  ' 

which  is  independent  of  the  point  G,  that  is,  of  the  particular  substitution 

AR-BN2 

fi  (z).    Denoting  I  -^-r     by  K,  we  have 
1  \JKA.J 


or 

Evidently  /^  is  finite. 

Now 

and  therefore 
so  that 


< 


=  ^  <  Mi  < 


n. 

l 


l'=0 


j-u  lias  ueeii  seen  Tjiiau   2*   u^  is  less  man  une  area  01  wie  lunaamenijaj. 
«=o 

is  therefore  finite  :  hence  the  quantity 

CO 

2    {^2+  S,;~4 
i=0 

00 

is  finite.     It  therefore  follows  that  2  pc  is  an  absolutely  converging  series. 

i  =  0 

00 

Similarly,  it  follows  that    2    /^m  is  an  absolutely  converging  series  for  all 

i-O 

integral  values  of  m  that  are  greater  than  unity*.     This  series  is  evidently 


and  the  absolute  convergence  is  established  on  the  assumption  that  z  lies 
within  the  fundamental  circle. 

Next,  let  z  lie  without  the  fundamental  circle.     If  z  coincide  with  some 
one  of  the  points  —  8^/7$,  then  the  corresponding  term  of 
the  series 


4=0 

is  infinite. 

If  it  do  not  coincide  with  any  one  of  the  points 
—  Si/7i,  let  c  be  its  distance  from  the  nearest  of  them,  so 
that 

\ry.%  4-   S-i~2m<     ry-\~-m  Q~2m 

Let  z1  be  any  point  within  the  fundamental  circle :  then 


Fig.  123. 


Now 


Hence 


,  for  any  point  within  the  circle,  so  that 


Si  "* 


, 


7* 


Only  a  limited  number  of  the  points  —  8^/7$  can  be  at  infinity.  Each  of 
the  corresponding  substitutions  gives  the  point  at  infinity  as  the  homologue 
of  —  Sj/7i  ;  and  therefore,  inverting  with  regard  to  the  fundamental  circle,  we 
have  a  number  of  homologues  of  the  origin  coinciding  with  the  origin,  equal 
to  the  number  of  the  points  —  8^/7^  at  infinity.  The  origin  is  not  a  singularity 
of  the  group,  so  that  the  number  of  homologues  of  the  origin,  coincident  with 
it,  must  be  limited. 


not  affect  its  convergence,  we  can  assign  a  superior  limit  to 
C-l.     Then 


let  it  be 


//7\2m    oo 

Thus  X  |y<*  +  Sij-2"1  <  (-  ]      S   7i/  +  S,|-2'*, 

Z  =  0  \CJ  7-  =  0 

which  is  a  finite  quantity  by  the  preceding  investigation,  for  z  is  a  point 
within  the  circle. 

Lastly,  let  z  lie  on  the  fundamental  circle.  If  it  coincide  with  one  of  the 
essential  singularities  of  the  group,  then  there  is  an  infinite  number  of  points 

—  Si/ji  which  coincide  with  it  :  and  so  there  will  be  an  infinite  number  of 
terms  in  the  series  infinite  in  value.     If  it  do  not  coincide  with  any  of  the 
essential  singularities  of  the  group,  then  there  is  a  finite  (it  may  be  small, 
but  it  is  not  infinitesimal)  limit  to  its  distance  from  the  nearest  of  the  points 

—  Si/Ji  '•  the  preceding  analysis  is  applicable,  and  the  series  converges. 

Hence,  summing  up  our  results,  we  have  :  — 

GO 

The  series  2  (7^+  S4h2'ft 

7=0 

is  an  absolutely  converging  series  for  any  point  in  the  plane,  which  is  not 
coincident  with  any  one  of  the  points  —  S^  (which  all  lie  without  the  funda- 
mental circle)  or  with  any  one  of  the  essential  singularities  of  the  assigned 
group  (which  all  lie  on  the  circumference  of  the  fundamental  circle)*. 

305.  Let  H(z)  denote  a  rational  function  of  2,  having  a  number  of 
accidental  singularities  alt  ...,  ap>  no  one  of  which  lies  on  the  fundamental 
circle  ;  and  let  it  have  no  other  singularities.  Consider  the  series 


= 


the  group  being  the  same  as  above.  If  z  do  not  coincide  with  any  of  the 
points  ttj,  ...,  ap,  or  with  any  of  the  points  homologous  with  al5  ...,  ap  by  the 
substitutions  of  the  group,  there  is  a  maximum  value,  say  M,  for  the  modulus 

of  H  with  any  of  the  arguments  —  -  ^  .     Then 
J  6 


1  =  0 
The  coefficients  a,  /S,  7,  8  of  the  substitutions  of  the  group  depend  upon  the  coefficients  of 


the  points  —  S^yi  or  with  any  of  the  essential  singularities  of  the  group. 
Hence  ©  (z)  is  an  absolutely  converging  series  for  any  value  of  z  in  the  plane 
which  does  not  coincide  with  (i)  an  accidental  singularity  of  H(z),  or  one  of 
the  points  homologous  with  these  singularities  by  the  substitutions  of  the 
group,  or  with  (ii)  any  of  the  points  —  Si/ji,  which  are  the  various  points 
homologous  with  'z  =  co  by  the  substitutions  of  the  group,  or  with  (iii)  any  of 
the  essential  singularities  of  the  group,  which  are  points  lying  on  the  funda- 
mental circle. 

All  these  points  are  singularities  of  ©  (z}. 

If  z  coincide  with  fk  (a),  and  if  /;  {/&  (z)}  =  z,  then  the  term  H  (  — ~  ) 

\yiZ  H-  b{/ 

is  infinite,  the  point  being  -an  accidental  singularity  of  H  (  ••- £-''].     The 

\rYi&  ~)~  Oi/ 

rest  of  the  series  is  then  of  the  same  nature  as  ©  (z)  in  the  more  general 
case,  and  therefore  converges.  Hence  the  point  is  an  accidental  singularity 
of  the  function  ©  (z)  of  the  same  order  as  for  H,  that  is,  the  series  of  points, 
given  by  the  accidental  singularities  of  PI  (z}  and  by  the  points  homologous 
with  them  through  the  substitutions  of  the  group,  are  accidental  singularities 
of  the  function  ©  (z}. 

In  the  same  way  it  is  easy  to  see  that  the  points  —  84/7$  are  either 
ordinary  points  or  accidental  singularities  of  ©  (z} ;  and  that  the  essential 
singularities  of  the  group  are  essential  singularities  of  ©  (z).  Hence  we 
have  the  result : — 

The  series  ©  (z)  =  I  (^z  +  8^™  H 

*=o  • 

where  the  surfimation  extends  over  the  infinite  number  of  members  of  an  assigned 
discontinuous  group,  is  a  function  of  z,  provided  the  integer  m  be>l  and  H(z) 
be  a  rational  function  of  z.  The  singularities  of  ©  are : — 

(i),  the  accidental  singularities  of  H  (z}  and  the  points  homologous 
with  them  by  the  substitutions  of  the  group  :  all  these  points  are 
accidental  singularities  of  ©  (z} ; 

(ii),  the  points  -*  Bil%;,  which  are  the  points  homologous  with  z  —  oo  by 
the  substitutions  of  the  group  :  all  these  points,  if  not  ordinary 
points  of®  (z),  are  accidental  singularities;  and 

(iii),  the  essential  singularities  of  the  group:  these  lie  on  the  fundamental 
circle  and  they  are  essential  singularities  of  ®  (z). 

If  H(z)  had  any  essential  singularity,  then  that  point  and  all  points  homo- 


t  is  Known  tnat  tue  circumierence  01  tne  mnaamentai  circle  enters  into 
ihe  division  of  the  interior  of  the  circle  (and  also  of  the  space  exterior  to 
he  circle)  only  in  so  far  as  it  contains  the  essential  singularities  of  the 
jroup.  But  if  the  group  belong  to  any  one  of  the  other  four  families, 
hen  parts  of  the  circumference  enter  into  the  division  of  both  spaces. 

In  the  former  case,  when  the  group  belongs  to  the  set  of  families, 
nade  up  of  the  first,  the  second,  and  the  sixth,  the  circumference  of  the 
'undamental  circle  is  a  line  over  which  the  series  cannot  be  continued :  it 
s  a  natural  limit  (§  81)  both  for  a  function  existing  in  the  interior  of  the 
drcle  and  for  a  function  existing  in  the  exterior  of  the  circle :  but  neither 
'unction  exists  for  points  on  the  circumference  of  the  fundamental  circle. 
Phe  series  represents  one  function  within  the  circle  and  another  function 
vithout  the  circle. 

It  has  been  proved  that  the  area  outside  the  fundamental  circle  can 
3e  derived  from  the  area  inside  that  circle,  by  inversion  with  regard  to 
ts  circumference.  Hence  a  function  of  z,  existing  only  outside  the  funda- 

nental  circle,  can  be  transformed  into  a  function  of  — ,  and  therefore  also 

z,' 

>f  - ,  existing  for  points  only  within  the  circle.      When,  therefore,  a  group 

Belongs  to  the  first,  the  second,  or  the  sixth  family,  it  is  sufficient  to  consider 
inly  the  function  defined  by  the  series  for  points  within  the  fundamental 
nrcle :  it  will  be  called  the  function  ®  (z}. 

In  the  latter  case,  when  the  group  belongs  to  the  third,  the  fourth,  the 
iffch,  or  the  seventh  families,  then  parts  of  the  circumference  enter  into  the 
livision  of  the'  plane  both  without  and  within  the  circle.  Over  these  parts 
ihe  function  can  be  continued :  and  then  the  series  represents  one  (and  only 
me)  function  in  the  two  parts  of  the  plane :  it  will  be  called  the  function  ©  (z). 

306.  The  importance  of  the  function  @  (z)  lies  in  its  pseudo-automorphic 
jharacter  for  the  substitutions  of  the  group,  as  denned  by  the  property  now 

bo  be  proved  that,  if    -    ^  be  any  one  ofth,e  substitutions  of  the  group,  then 
<yZ  T  o 


%*"+  8 


\yz  -t-  o/       2=0  \  7.3  -I-  o  / 


thus  establishing  the  pseudo-automorphic  character. 

This  function  can  evidently  be  made  subsidiary  to  the  construction  of 
functions,  which  are  automorphic  for  the  group  of  substitutions,  in  the  same 
manner  as  the  cr-function  in  Weierstrass's  theory  of  elliptic  functions  and 
the  so-called  Theta-functions  in  the  theory  of  Jacobian  and  of  Abelian 
transcendents.  But  before  we  consider  these  automorphic  functions,  it  is 
important  to  consider  the  zeros  and  the  accidental  singularities  of  a  pseudo- 
automorphic  function  such  as  ©  (z). 

On  the  supposition  that  the  function  H,  which  enters  as  the  additive 
element  into  the  composition  of  ©,  has  only  accidental  singularities,  it  has 
been  proved  that  all  the  essential  singularities  of  ©  lie  on  the  circumference 
of  the  fundamental  circle;  and  that  the  accidental  singularities  of  ©  are, 
(i)  the  points  homologous  with  the  accidental  singularities  of  H,  and 
(ii)  the  points  —  •  8^/7$,  which  all  lie  without  the  circle. 

When  the  function  H  (z)  has  one  or  more  accidental  singularities  within 
the  fundamental  circle,  then  there  is  an  irreducible  point  for  each  of  them, 
which  is  an  irreducible  accidental  singularity  of  @  (z).  Hence  in  the  case  of 
a  function  which  exists  only  within  the  circle,  the  number  of  irreducible 
accidental  singularities  is  the  same  as  the  number  of  (non-homologous)  accidental 
singularities  of  H  (z)  lying  within  the  fundamental  circle.  If,  then,  all  the 
infinities  of  the  additive  element  H  (z)  lie  without  the  fundamental  circle,  and 
if  the  function  ©  (z)  exist  only  within  the  circle,  then  ©  (z}  has  no  irreducible 
accidental  singularities  :  but,  in  particular  cases,  ifi  may  happen  that  ©  (z}  is 
then  evanescent. 

When  the  function  H(z)  has  one  or  more  accidental  singularities  without 
the  fundamental  circle,  then  there  is  an  irreducible  point  for  each  of  them, 
this  point  lying  in  the  fundamental  polygon  of  reference  in  the  space  outside 
the  circle  :  and  this  point  is  an  irreducible  accidental  .singularity  of  ©  (z), 
when  ©  (z)  exists  both  within  and  without  the  circle.  Further,  the  point 
—  Bi/ji  is  an  infinity  of  order  2m:  there  is  a  homologous  irreducible  point 
within  the  polygon  of  reference  without  the  circle,  being,  in  fact,  the 
irreducible  point  which  is  homologous  with  z  =  oo  .  Hence  taking  the  two 


H(z],  increased  by  Zm. 

307.  To  obtain  the  number  of  irreducible  zeros  we  use  the  result  of 
§  43,  Cor.  IV.,  combined  with  the  result  just  obtained  as  to  the  number  of 
irreducible  accidental  singularities.  A  convention,  similar  to  that  adopted 
in  the  case  of  the  doubly-periodic  functions  (§  115),  is  now  necessary  :  for  if 
there  be  a  zero  on  one  side  of  the  fundamental  polygon,  then  the  homologous 
point  on  the  conjugate  side  of  the  polygon  is  also  a  zero  and  of  the  same 
degree  :  in  that  case,  either  we  take  both  points  as  irreducible  zeros  and  of 
half  the  degree,  or  we  take  one  of  them  as  the  irreducible  zero  and  retain 
its  proper  degree.  Similarly,  if  a  corner  be  a  zero,  every  corner  of  the  cycle 

is  a  zero  :  so  that,  if  the  cycle  contain  \  points  and  the  sum  of  its  angles  be 

2?r 

—  ,  then  the  corner  is  common  to  X/u  polygons  ;  we  may  regard  each  of  the 
P 
corners  of  the  fundamental  polygon  in  that  cycle  as  an  irreducible  zero,  of 

degree  equal  to  its  proper  degree  divided  by  X,/t,  or  we  may  take  only  one  of 
them  and  count  its  degree  as  the  proper  degree  divided  by  p  —  the  just 
distribution  of  zeros  common  to  contiguous  polygons  being  all  that  is 
necessary  for  the  convention  —  so  that  the  number  of  zeros  to  be  associated 
with  the  area  of  each  polygon  is  the  same,  while  no  zero  is  counted  in  more 
than  its  proper  degree.  A  similar  convention  applies  to  the  singularities. 

With  this  convention,  the  excess  of  the  number  of  irreducible  zeros 
over  the  number  of  irreducible  accidental  singularities,  each  in  its  proper 
degree,  is  the  value  of 


2ir* 

taken  positively  round  the  fundamental  polygon  within  the  circle  when  the 
function  ©  (z)  exists  only  within  the  circle,  and  round  the  two  fundamental 
polygons,  within  and  without  the  circle  respectively,  when  the  function  ©  (z} 
exists  over  the  whole  plane. 

But  should  an  infinity  of  -™  .    lie  on  the  curve  along  which  integration 

extends,  (it  will  arise  through  either  a  zero  or  a  pole  of  <*)),  then,  in  order 
to  avoid  the  difficulty  in  the  integration  and  preserve  the  above  convention, 
methods  must  be  adopted  depending  upon  the  family  of  the  group. 

When  all  the  cycles  belong  to  the  first  sub-category  (§  292),  we  can 
proceed  as  follows  :  the  general  result  can  be  proved  to  hold  in  every  case. 
If  an  infinity  occur  on  a  side,  another  will  occur  on  the  conjugate  side,  the 
two  being  homologous  by  a  fundamental  substitution.  A  small  semi-circle  is 
drawn  with  the  Doint  for  centre  and  Iviner  without  the  polygon,  so  that,  when 


homologous  semi-circumference.    The  subject  of  integration  is  then  finite 

along  the  modified  sides. 

©'(» 
A  similar  process  is  adopted  when  a  corner  is  an  infinity  of  -^  .  ' .     A 

^' 
small  circular  arc  is  drawn  so  as  to  have  the  point  included  in  the  polygon 

when  the  arc  replaces  the  elements  of  the  sides  at  the  point :  the  homologous 
circular  arcs,  at  all  the  points  in  the  cycle  of  the  corner  will  exclude  all  those 
points,  also  poles,  when  they  replace  the  elements  of  the  sides  at  the  point. 
The  subject  of  integration  is  then  finite  everywhere  along  the  modified  path 
of  integration. 

First,  let  the  function  exist  only  within  the  circle.     Let  AB  be  any  side 
of  the  polygon,  A'B'  the  conjugate  side ; 
and  let 


be  the  corresponding  fundamental  substi- 
tution which  transforms  AB  into  A'B', 
so  that  £  may  be  regarded  as  the  variable 
along  A'B'. 

Then  we  have  ©  (£)  =  (yz  +  S)2m  ® 


Q   B 


Pig.  124. 


and  therefore 


,       ©'' 

dz  +  -i-r, 


But  as  z  moves  from  A  to  B,  £  moves  from  A'  to  B'  (§  287) :  and  the  latter 
is  the  negative  direction  of  description.  Hence,  with  the  given  notation,  the 
sum  of  the  parts  of  the  integral,  which  arise  through  the  two  sides  AB 

and  B'A',  is  ' 

r(Aff«\  r(     fii'm     "> 

,  for  B'A' 


-)-fdz,foT  AB+ll- 
(z) 


-s  dz,  taken  along  AB ; 


so  that,  if  E  denote  the  required  excess,  we  have 


the  new  integral  being  taken  along  those  sides  of  the  polygon  which  are 
transformed  into  their  conjugates  by  the  fundamental  substitutions  of  the 


that,  if  M  be  the  magnification  in  transforming  from  A  to  A't  and  if  <£a  be 
e  angle  through  which  a  small  arc  is  turned,  we  have  at  A 

— -.-.  =  Me***. 


(ye  +  S)2 

vidently  <j>a  is  the  excess  of  the  inclination  of  A'F,  that  is,  of  A'G'  to  the 
ne  of  real  quantities  over  the  inclination  of  AP,  that  is,  of  AC  to  that  line  : 
id  therefore  at  A 

log  (7s  +  g)  =  -  £  log  M-l:i^a. 

ince  the  whole  integral  must  prove  to  be  a  real  quantity,  we  omit  the 
arts  —  ^-  .  log  M  as  in  the  aggregate  constituting  an  evanescent  (imaginary) 
uantity  :  hence  we  have 

2^  -(-</>»  +  <£&) 

3  the'-part  corresponding  to  the  side  AB.  In  this  expression,  <j6ft  is  the  angle 
squired  to  turn  AG  into  a  direction  parallel  to  A'C',  and  </>&  is  the  angle 
squired  to  turn  QB,  that  is,  OB  into  a  direction  parallel  to  Q'B',  that  is, 
''B',  both  rotations  being  taken  positively.  Thus 

<f>a  =  incl.  A'G'  -  incl.  A  (7, 

06  =  27T  -  incl.  £0  +  incl.  J3'C"  ; 
nd  therefore 

<j>a  -  <£&  =  -  2?r  +  incl.  ^.'C"  -  incl.  FC"  +  incl.  BO-  incl.  ^16Y 

=  -27T+C1/-f  Ci, 

fhere  GJ  and  t;/  are  the  angles  AGB,  A'O'B'  respectively.  Hence,  if  we  take 
and  c'  to  be  the  external  angles  AGB,  A'C'B'  as  in  the  figure,  we  have 

c  +  GJ  =  2-jr  =  c'  4-  c/, 

,nd  therefore  <pi—  cf>a,=  c  +  cf  —  ZTT. 

.""he  part  corresponding  to  the  arc  A#  in  the  above  integral  is  therefore 


?here  are  no  sides  of  the  second  kind  in  the  path  of  integration,  because  the 
unction  is  supposed  to  exist  only  within  the  circle.  Therefore  the  whole 
ixcess  is  given  by 


then  the  angles,  such  as  c  and  c  above, 
are  internal  angles  of  the  rectilinear 
polygon  formed  by  the  straight  lines. 
The  remaining  internal  angles  of  this 
new  polygon  are  the  angles  at  which 
the  arcs  cut,  which  are  .the  angles  of 
the  curvilinear  polygon :  and  therefore 
their  sum  is  the  sum  of  the  angles  in 
the  cycles,  that  is,  the  sum  is  equal  to 


where  —  is  the  sum  of  the  angles  in 

one  of  the  cycles.  Now  let  2n  be  the  number  of  sides  'of  the  first  kind  in 
the  curvilinear  polygon,  so  that  n  is  the  number  of  fundamental  substitutions 
in  the  group :  hence  the  number  of  terms  in  the  above  summation  for  E  is 

n,  and  therefore 

m 

2?r 
Moreover,  the  rectilinear  polygon  has  4n  sides :  and  therefore  the  sum  of  the 

internal  angles  is  (4n  -  2)  TT.     But  this  sum  is  equal  to  2  (c  +  c')  +  S  —  , 

where  the  first  summation  extends  to  the  different  conjugate  pairs  and 
the  second  to  the  different  cycles :  thus 

(4w  -  2)  TT  =  2  (c  +  c')  +  277-2  - . 
Therefore  E=~  inn  +  m  (2n  —  1)  —  m2  — 


i 

—  *yyj     I    M      ______     I     __ 

—  flO    I     IV    ^^    JL 


where  the  summation  extends  over  all  the  different  cycles  in  the  fundamental 
polygon.  Hence  for  a  function,  which  is  constructed  from  the  additive 
element  H  (z)  and  exists  only  within  the  fundamental  circle  of  the  group,  the 
excess  of  the  number  of  its  irreducible  zeros  over  the  number  of  its  irreducible 
accidental  singularities  is 

(       i      K> 
m  (n  —  1  —  2 


The  number  of  irreducible  accidental  singularities  has  already  been 
obtained  ;  it  is  finite,  and  thus  the  number  of  irreducible  zeros  is  finite. 

Secondly,  let  the  function  exist  all  over  the  plane  :  then  the  irreducible 
points  are  (i)  points  lying  within  (or  on)  the  boundary  of  the  fundamental 
polygon  of  reference  within  the  fundamental  circle  and  (ii)  points  lying 
within  (or  on)  the  boundary  of  the  fundamental  polygon  of  reference  without 
the  fundamental  circle,  the  outer  polygon  being  the  inverse  of  the  inner  poly- 
gon with  regard  to  the  centre.  For  such  a  function  the  excess  of  the  number 
of  irreducible  zeros  over  the  number  of  irreducible  accidental  singularities  is 
the  integral 


taken  positively  round  the  boundaries  of  both  polygons.  We  shall  assume 
that  there  are  no  zeros  and  no  infinities  on  the  path  of  integration;  the 
result  can,  however,  be  shewn  to  be  valid  in  the  contrary  case. 

For  the  sides  of  the  internal  polygon  that  are  of  the  first  kind  the  value 
of  the  integral  is,  as  before,  equal  to 


and  for  the  sides  of  the  external  polygon  that  are  of  the  first  kind,  the  value 
is  also 


tn  in  —     — 


Let  the  value  of  the  integral  along  the  sides  of  the  second  kind  in 
the  internal  polygon  be  /.  Those  lines  are  also  sides  of  the  second  kind 
in  the  external  polygon  ;  but  they  are  described  in  the  sense  opposite  to 
that  for  the  internal  polygon,  the  integral  being  always  taken  positively: 
hence  the  value  of  the  integral  along  the  sides  of  the  second  kind  in  the 
external  polygon  is  —  /. 

Hence  the  excess  of  the  number  of  irreducible  zeros  over  the  number  of 
irreducible  accidental  singularities  of  a  function  ®  (z\  which  is  constructed 
from  the  additive  element  H  (z}  and  exists  all  over  the  plane,  is 


where  the  summation  extends  over  all  the  cycles  of  the  first  category  of  either 
(but  not  both]  of  the  fundamental  polygons  of  reference. 
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In  every  case,  this  excess  depends  only  upon 

(i)      the  parametric  integer  m,  used  in  the  construction  of  the  series : 
(ii)     the  number  of  sides,  2n,  of  the  first  kind  in  the  polygon  of 

reference : 
(iii)     the  sum  of  the  angles  in  the  cycles  of  the  first  category. 

Ex.     Prove  that  a  corner  belonging  to  a  cycle  of  the  first  category  is  in  general  a  zero 

of  order  p,  such  that 

j»=  —  m  (rnod.  /j,), 

where  27r/ju,  is  the  sum  of  the  angles  in  the  cycle :  and  discuss  the  nature  of  the  corners 
which  belong  to  cycles  of  the  remaining  categories.  (Poincare.) 

308.  We  are  now  in  a  position  to  construct  automorphic  functions,  using 
as  subsidiary  elements  the  pseudo-automorphic  functions  which  have  just 
been  considered. 

For,  if  we  take  a  couple  of  these  functions,  ®l  and  ©2,  associated  with  a 
given  infinite  group,  characterised  by  the  same  integer  m,  and  arising  through 
different  additive  elements  H  (z\  then  we  have 

e, 


<yz  -f- 

where v  is  any  one  of  the  substitutions  of  the  group ;  and  therefore 

J  •  &      r ' 


a 


+  8J 

that  is,  the  quotient  of  two  such  functions  is  automorphic.     Denoting  the 
quotient  by  Pn(z}*,  we  have 


D       (°-Z  +  A  7J      /    \ 

pn    —   £    =  pn  (2) 

\J2!+  SJ 


the  automorphic  property  being  possessed  for  each  of  the  substitutions. 

It  thus  appears  that  such  functions  exist:  their  essential  property  is 
that  of  being  reproduced  when  the  independent  variable  is  subjected  to  any 
of  the  linear  substitutions  of  the  infinite  group. 

The  foregoing  is  of  course  the  simplest  case,  adduced  at  once  to  indicate 
t,hp,  existence  of  the  functions.  Thf,  construction  can  evidentlv  bp. 


. 

lat,  provided  only  2  nq—  ^  m 


(1, 


function  is  automorphic.  If  we  agree  to  call  m,  the  integer  characteristic 
pseudo-automorphic  function,  the  degree  of  that  function,  then  the  quotient 
wo  products  of  pseudo-automorphic  functions  is  automorpliic,  provided  tli.e 
lucts  be  of  the  same  degree. 

rhere  are  evidently  two  classes  of  automorphic  functions  :  those  which 
t  all  over  the  plane,  and  those  which  exist  only  within  the  fundamental 
e.  The  classes  are  discriminated  according  to  the  composition  of  the 
itioris  from  the  subsidiary  pseudo-automorphic  functions. 

When  the  pseudo-automorphic  functions,  which  enter  into  the  composi- 
of  the  function,  exist  all.  over  the  plane,  then  the  automorphic  function 
ts  all  over  the  plane.  But  when  the  pseudo-automorphic  functions,  which 
ir  into  the  composition  of  the  .function,  exist  only  within  the  fundamental 
e,  then  the  automorphic  function  exists  only  within  the  circle. 

*x.     Consider  the  quantities  ffz  and  #3,  delined  in  §  123.     Wo  have 

'' 


o  the  double  summation  extends  over  all  positive  and  negative  integer  values  of  m{ 
ra2,  simultaneous  zeros  alone  oxcepted.     Writing  6>=»&>]/o)2,  we  liave 

Cf*)  (  ft)  }  ^=  Ov/COo        2*2j 

J^   l  l 

therefore 


Mi  —  mia  +  myy, 

use  afi-/3y=l,  wo  have 


.on  a,  /3,  y,  8  bo  integers,  subject  solely  to  tho  condition  afi-/3y  =  l,  it  follows  that,  to 
r  pair  of  integer  values  of  mi  and  m^,  there  corresponds  one  pair  (and  only  one  pair) 
tegor  values  of  MI  and  Mz ;  and  conversely.  Also,  simultaneous  xoros  for  tho  one  sot 
imultaneous  xeros  for  the  other ;  so  that 


i. =22 

+  I/a)4 


F.  F. 


50 


Similarly,  as 

g3  (M)  =  14022 
y 


we  have 


It  therefore  follows  that  ffs2ffz~s  is  automorphic  ;  and  if  we  take*1 

J:J-l:l  =  <?23  :  27^  :  9?  ~  27<7s2  (  =  A), 
then  •/  is  an  automorphic  function,  such  that 


where  a,  /3,  y,  S  are  integers  subject  to  the  condition  a8-j8y  =  l.     Evidently  </2(«)  and 
<73  (o>)  are  pseudo-aiitornorphic  for  the  group.     Taking 


where  c  +  c'  =  l,  we  have 

flT2=-  12/12  (CC'-I),      ^=-V(2  +  Cc')(c-.C'), 

A  =  16.272./x6cV2, 
so  that 

(     (1-6-  +  C2)3 

J~™  ca(l-c)«"' 
as  in  §  303,  where  other  examples  are  given. 

309.  It  is  evident  that  all  the  essential  singularities  of  an  automorphic 
function,  thus  constructed,  lie  on  the  fundamental  circle.  For  whether  the 
pseudo-automorphic  functions  exist  only  within  that  circle  or  over  the  whole 
plane,  all  their  essential  singularities  lie  on  the  circumference  :  so  that, 
whatever  be  the  constitution  of  the  various  subsidiary  pseudo-automorphic 
functions,  all  the  essential  singularities  of  the  automorphic  function  lie  on 
the  fundamental  circle. 

Next,  the  number  of  irreducible  zeros  of  an  automorphic  function  is  equal 
to  the  number  of  its  irreducible  accidental  singularities.  For  an  irreducible 
zero  of  an  automorphic  function  is  either  (i)  an  irreducible  zero  of  a  factor 
in  the  numerator  or  (ii)  an  irreducible  accidental  singularity  of  a  factor  in 
the  denominator  ;  and  similarly  with  the  irreducible  accidental  singularities 
of  the  function.  The  numerator  and  the  denominator  may  have  common 
zeros  this  will  not  affect  the  result. 


where  n  and  2  —  are  the  same  for  all  these  functions,  and 


e,/  =  nq  (n  -  1  -  2  -  )  . 

\  pi/ 


Now  the  excess  of  zeros  over  poles  in  the  denominator  becomes,  after  the 
above  explanation,  an  excess  of  poles  over  zeros  for  the  automorphic 
function  :  hence,  for  this  automorphic  function,  the  excess  of  zeros  over 
accidental  singularities  is 


=   2 

8=1 


T         v*    ••    1    /    v  -c1 

1-2  -        2  mq—  2  n 


by  the  condition    2  mq  =  2  nq.     Hence  the  number  of  irreducible  zeros  of 
0=1          (z=i 

the  automorphic  function  ia  equal  to  the  number  of  irreducible  accidental 
singularities. 

Secondly,  let  the  automorphic  function  exist  all  over  the  plane ;  then 
all  its  factors  exist  all  over  the  plane.  For  the  present  purpose,  the  sole 
analytical  difference  from  the  preceding  case  is  that  each  of  the  quantities  e 
now  has  double  its  former  value :  and  therefore  the  excess  of  the  number  of 
zeros  over  the  number  of  poles  is 

1-2-)  (  2  mq-  2   nq 

f^iJ    \q  =  l  q  =  l 

which,  as  before,  vanishes.  Hence  the  number  of  irreducible  zeros  of  the 
automorphic  function  is  equal  to  the  number  of  its  irreducible  accidental 
singularities. 

It  follows,  as  an  immediate  Corollary,  that  the  number  of  irreducible 
points  for  w/iich  an  automorphic  function  assumes  a  given  value  is  equal  to 
the  number  of  its  irreducible  accidental  singularities.  For 

Pn(z}-A, 

where  A  is  a  constant,  is  an  automorphic  function:  the  number  of  its 
irreducible  accidental  singularities  is  equal  to  the  number  of  its  irreducible 

•/f-'vnn     t.liivh    i«      it.    ia     orma.l     f.n     t.liP    YinmViAr    nf    irrPfhlP.lhlfi     mvints    for 


zeros  and  the  number  of  irreducible  accidental  singularities  of  each  of  the 
component  pseudo-automorphic  factors  is  finite,  and  there  is  only  a  finite 
.  number  of  these  factors  in  the  automorphic  function.  The  integer,  which 
represents  each  number,  will  evidently  be  as  characteristic  of  these  functions 
as  the  corresponding  integer  was  of  functions  with  linear  additive  periodicity. 

Note.  The  preceding  method,  due  to  Poincare,  of  expressing  the  pseudo- 
automorphic  functions  as  converging  infinite  series  of  functions  of  the 
variable,  is  not  the  only  method  of  obtaining  such  functions.  It  was 
shewn  that  uniform  analytical  functions  can  be  represented  either  as 
converging  series  of  powers  or  as  converging  series  of  functions  or  as 
converging  products  of  primary  factors,  not  to  mention  the  (less  useful) 
forms  intermediate  between  series  and  products.  The  representation  of 
automorphic  functions  as  infinite  products  of  primary  factors  is  considered 
in  the  memoirs  of  Voii  Mangoldt  and  Stahl,  already  referred  to  in  §  297. 

310.  Let  Pnl(z),  Pn2(z),  say  Pj  and  P2,  be  two  automorphic  functions 
with  the  same  group,  constructed  with  the  most  general  additive  elements ; 
and  let  the  number  of  irreducible  zeros  of  the  former  be  KI}  and  of  the 
latter  be  tcz. 

Then  for  an  assigned  value  of  Pl  there  are  /cx  irreducible  points :  P.>  has 
a  single  value  for  each  of  these  points,  and  therefore  it  has  /^  values  alto- 
gether for  all  the  points,  that  is,  it  has  /^  values  for  each  value  of  Pj. 
Similarly,  Pl  has  K.,  values  for  each  value  of  P2.  Hence  there  is  an  alge- 
braical relation  between  Pl  and  P2  of  degree  K«  in  Pj  and  of  degree  KI  in  P.,, 
which  may  be  expressed  in  the  form 

P12(P:,P2)  =  0. 

Let  Pn(z),  say  P,  be  any  other  uniform  automorphic  function,  having 
the  same  group  as  P2  and  P2;  and  let  K  be  the  number  of  its  irreducible 
zeros.  Then  we  have  an  algebraical  equation 

F^P.P^O, 

which  is  of  degree  «j  in  P  and  of  degree  K  in  P!  ;  and  another  equation 

P2(P,P2)  =  0, 

which  is  of  degree  «2  in  P  and  of  degree  tc  in  P2.  The  last  two  equations 
coexist,  in  virtue  of  the  relation 

#.CPi,P,)~o 

satisfied  by  P±  and  P2.  Since  Fl  =  0  =  F2  coexist,  the  ordinary  theory  of 
elimination  leads  to  the  result  that  the  uniform  function  P  can  be  expressed 
rationally  in  terms  of  Pl  and  P2,  so  that  we  have  the  theorem  that  every 


'  J  }  tj 

general  uniform  functions  of  position,  that  is,  between  two  general  auto- 
rpJdc  functions  is  of  genus  N,  where  N  is  the  genus  of  the  group*. 
It  is  now  evident  that  the  existence-theorem  and  the  whole  of  Riemann's 
:ory  of  functions  can  be  applied  to  the  present  class  of  functions,  whether 
ually  automorphic  or  only  pseudo-automorphic.  There  will  be  functions 
the  same  kinds  as  on  a  Riemann's  surface:  the  periods  will  be  linear 
nerical  multiples  of  constant  quantities  acquired  by  a  function  when  its 
;ument  moves  from  any  position  to  a  homologous  position  or  returns  to  its 
bial  position.  There  will  be  functions  everywhere  finite  on  the  surface, 
A  is,  finite  for  all  values  of  the  variable  z  except  those  which  coincide  with 
i  essential  singularities  of  the  group.  The  number  of  such  functions, 
early  independent  of  one  another,  is  N'}  and  every  such  function,  finite 
all  values  of  z  except  at  the  essential  singularities,  can  be  expressed  as 
inear  function  of  these  N  functions  with  constant  coefficients  and  (possibly) 
additive  constant.  And  so  on,  for  other  classes  of  functions  f. 

311.     Because  Pn  (z)  is  an  automorphic  function,  we  have 
d  therefore,  as  a<5  —  /3<y  =  1, 


mce,  if  ©  (z)  be  a  pseudo-automorphic  function  with  m  for  its  characteristic 
ieger,  so  that 


V 


'  have 


*  It  may  happen  that,  just  as  in  the  general  theory  of  algebraical  functions,  the  genus  of  the 
lafcion  between  two  particular  automorphic  functions  may  be  less  than  N:  thus  one  might  be 
jressed  rationally  in  terms  of  the  other.  The  theorems  are  true  for  functions  constructed  in 
s  most  general  manner  possible. 

f  The  memoirs  by  Burnside,  quoted  in  §  297,  develop  this  theory  in  full  detail  for  the  group 
.ich  has  its  (combined)  polygons  of  reference  bounded  by  2?i  circles  with  their  centres  on  the 
is  of  real  quantities,  .  the  group  being  such  that  the  peeudo-automorphic  functions  exist  over 
3  whole  plane. 
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P  and  Q  :   hence  the  general  type  of  a  pseudo-automorphic  function  with 
a  characteristic  integer  m  is 


where  /  is  a  rational  function. 

COROLLARY.     Two  automorphic  functions  P  and  Q,  belonging  to  the  same 
group,  are  connected  by  the  equation 


For  evidently  unity  is  the  characteristic  integer  of  the  first  derivative  of  an 
automorphic  function. 

This  equation  can  be  changed  to 

§=/(P,  Q), 

where  /'  is  a  rational  function  :    moreover,  P  and  Q  are  connected   by  an 
equation 


which  is  an  algebraical  rational  equation,  and  can  evidently  be  regarded  as 
an  integral  of  the  above  differential  equation  of  the  first  order,  all  trace  of 
the  variable  z  having  disappeared.  Evidently  the  form  of/  is  given  by 


A        •        j         j.-         03  +  #   ,        „  ,,-,     fOLZ  +  j3\  ,        „    ,    . 

Again,  denoting          ~  by  g,  and  Pn  (   ---^  J  by  11  (£),  we  have 


say 

n^ 

TheE  ._ 


so  that 

IT"      fTT")2  f  P"  /P'"      P" 

IT  -  i^}  =  (7"  +  S)2  L272  +  2ry  (fy^  +  S)  F  +  (^  +  S 
n"'     fn")2  rp'"     fp'/)2i* 

and  therefore         -jp-  -  f  |  -^  j-  =  (72  +  S)4     —  -  1  j_  L  I 


ne  group. 

But  between  two  automorphic  functions  of  the  same  group,  there  subsists 
algebraical  equation:  hence  there  is  an  algebraical  equation  between 
and  {P,  z]  P'~2,  that  is,  P  (2),  an  automorphic  function  of  z,  satisfies 
differential  equation  of  the  third  order,  the  degree  of  which  is  the  integer 
^resenting  the  number  of  irreducible  zeros  of  P  and  the  coefficients  of  which, 
.ere  they  are  not  derivatives  of  P,  are  functions  of  P  only  and  not  of  the 
lependent  variable. 

This  equation  can  be  differently  regarded.     Take 

yx-P*          y*  =  eP*\ 

3n  it  is  easy  to  prove  that 


frdP2     yzdPz~       P/a    ' 

.e  last  fraction  has  just  been  proved  to  be  an  automorphic  function  of  z  ; 
i  therefore  it  is'rationally  expressible  in  terms  of  P  and  any  other  general 
iction,  say  Q,  automorphic  for  the  group.  Then  y^  and  y2  are  independent 
;egrals  of  the  equation 


ere  Q  and  P  are  connected  by  the,  algebraical  equation 

F(P,Q)  =  Q. 
Conversely,  the  quotient  of  two  independent  integrals  of  the  equat 


ere  Q  and  P  are  connected  by  the  algebraical  equation 


i  be  taken  as  an  argument  of  which  P  and  Q  are  automorphic  functions  : 
>  genus  of  the  equation  F  —  0  is  the  genus  of  the  infinite  group  of  sub- 
}utions  for  which  P  and  Q  are  automorphic-*. 

Ex.  One  of  the  simplest  set  of  examples  of  automorphic  functions  is  furnished  by 
class  of  homoperiodic  functions  (§  116).  Another  set  of  such  examples  arises  in  the 
ngular  functions,  discussed  in  §  275  ;  they  are  automorphic,  for  an  infinite  group,  and 
triangles  have  a  circle  for  their  natural  limit.  A  third  set  is  furnished  by  the  polyhedral 
itions  (§§  276—279). 

As  a  last  set  of  examples,  we  may  consider  the  modular-functions  which  were  obtained 
i  special  method  in  §  303. 


First,  we  consider  them  in  illustration  of  the  algebraical  relations  between  functions 
antomorphic  for  the  same  group.  It  follows,  from  the  construction  of  the  group  and  the 
relation  of  c  to  w,  that,  in  the  division  of  the  plane  by  the  group  with  Uw  and  Vw  for  its 
fundamental  substitutions,  where 


there  is  only  a  single  point  in  each  of  the  regions  for  which  G  has  an  assigned  value  ;  hence, 
regarding  c  as  an  automorphic  function  of  w,  the  number  K  (§  310)  is  unity.  If  there  be 
any  other  function  C  of  w,  automorphic  for  this  group,  then  between  C  and  c  there  is  an 
algebraical  relation  of  degree  in  G  equal  to  the  number  «  for  c,  that  is,  of  the  first  degree 
in  C.  Hence  every  function  automorphic  for  the  group,  whose  fundamental  substitutions 
are  U  and  V,  where 

q/j 

Uw=w+2,        Vw—-  —  —  -, 
l  —  Zw 

is  a  rational  function  of  c. 

In  the  same  way,  it  can  be  inferred  that  every  function  automorphic  for  the  group, 
whose  fundamental  substitutions  are 

Uw=w'+2,       Tw=--, 
w' 

is  a  rational  function  of  cc'  ;  and  that  every  function  automorphic  for  the  group,  whose 
fundamental  substitutions  are 

Sw  =  w  +  l,       Tw=-~, 
w 

that  is,  automorphic  for  all  substitutions  of  the  form   -  -5,  where  a,  b,  c,  d  are  real 

-- 


integers,  such  that  ad~bc=l,  is  a  rational  function  of  «/=-- 7-- —        . 

•*  °  (G~l) 

Secondly,  in  illustration  of  the  general  theorem  relating  to  the  differential  equation 

of  the  third  order  which  is  characteristic  of  an  automorphic  function,  we  consider  the 

iK' 
quantity  c  as  a  function  of  the  quotient  of  the  quarter-periods.     Let  z  denote  -p-  :  then 

because  every  function,  automorphic  for  the  same  group  of  substitutions  as  c,  is  a  rational 
function  of  c,  we  have 

—  —= rational  function  of  c; 

c'2  ' 

and  therefore,  by  a  property  of  the  Schwarzian  derivative, 

{z,  c}=  —  same  rational  function  of  c. 
By  known  formulae  of  elliptic  functions,  it  is  easy  to  shew  that 


thus  vei'ifying  the  general  result. 

Similarly,  it  follows  that  j^- ,  0V,  where  6=cc',  is  a  rational  function  of  cc',  the  actual 
value  being  given  by 

&L     fi\  -  1-54  +  1602 
1/f  '     J       202(1 -40)2  ' 

n.nrl    t.Tiat.    J .7"L    ra    a    wifi/vnol    fiTn/-.4-invi    nf     T    +V.«    ,,«J.,,«1    »,«1 —    l>~: • i.__ 


the  general  theory  which  connects  automorphic  functions  with  linear 
Ejrential  equations  having  algebraic  coefficients.  This  development 
mgs  to  the  theory  of  differential  equations  rather  than  to  the  general 
Dry  of  functions:  its  exposition  must  be  reserved  for  another  place. 


Here  my  present  task  comes  to  an  end.     The  range  of  the  theory  of 

ctions  is  vast,  its  ramifications  are  many,  its  development  seems  illimit- 

i :  an  idea  of  its  freshness  and  its  magnitude  can  be  acquired  by  noting 

results,  and  appreciating  the  suggestions,  contained  in  the  memoirs  of 

mathematicians  who  are  quoted  in  the  preceding  pages. 


MISCELLANEOUS   EXAMPLES. 
I. 

1.  Find  the  curves  which  cut  orthogonally  the  family  of  curves  J'1r2rs= a,  where  r\ ,  r2,  r3 
are  the  distances  of  a  variable  point  from  three  fixed  points. 

2.  P  and  Q  are  conjugate  functions,  so  that  P+iQ  is  a  function  f(z)  of  a  complex 
variable  z—as+iy  and 


Find /(.?),  subject  to  the  condition  /(^TT)  =  O. 
3.     Evaluate  the  integral 

I        i     o ~  a  i  ™2  "^ 

J    -co  J-  ~~  • 


where  a,  6  are  real,  obtaining  the  necessary  limitation  of  the  values  of  a,  for  which  the 
integral  is  finite. 

4.  Evaluate  rigorously  the  integrals 

(1)  fl         sinadx 

(2)  Jj^fda?, 
in  which  a  may  have  any  real  value. 

State  in  each  case  the  value  or  values  of  a  for  which  the  integrals  are  discontinuous 
functions  of  a. 

5.  Prove  that,  if  a  and  &  are  real,  then 

/"  °°   sin  (x  —  a]  ,  _ 
J  -oo      x  —  a  ' 

sin  (x  —  a)  sin  (x  -  6)  ,  _     sin  (a  -  6) 


(x  -a}(x-  6)  (a  -  6) 

6.     Prove  that,  if  a  is  positive, 


o 

Justify  differentiating  the  integral  under  the  sign  of  integration  any  number  of  times 
with  respect  to  a,  and  so  obtain  the  formula 

\ 


Finally  justify  the  deduction  of  the  formula 


f°°  sin#  , 
Jo  "3*-**-! 


2r(tt)sin(-j7r?i)' 
Prove  that 


o    sinha;  (l-H-*7r)2> 

dx  _i      o 

g 


Obtain  expansions  of  the  cosine  and  sine  integrals  defined  by 

.  ,  .      fx  cos  x  .         ...      (x  sin  A-  7 
ci(a?)=l     -  rf-p,    si(a?)=l     -  dx, 

J  <x>       *'  J  0       % 

riate  for  calculation  (i)  when  A-  is  large,  and  (ii)  when  x  is  small. 

f°°  g-fcc 

?reas   I     p—  ~2  ^  ^n  *erms  °f  "t^e  cosine  integral  and  sine  integral. 


Shew  that,  if  m  is  real  and  positive, 

sin  mx      ,   __  TT  ,c 

Prove  that,  when  a  is  real  and  positive, 

COS*          ,  7Tfi~( 


By  contour  integration  (or  any  method)  prove  that 


/"  °°  1  -  COS  X          ,          TV    .  '  . 

}  _„  r(i5Tto+a)  rfa;  =  &  (e  "  cos  Y  ~  sm 

jle  y  being  the  unit  of  circular  measure. 

Prove  that,  when  n  is  even, 

,        ,  f     sinh?w;     }      r~>1,        .  f 
tan-M      ^-T-TX-  r=   2  tan-Ms 
lcosh(nH-l).rJ      r=1  [ 

Prove  that,  if  a>0,  the  value  of  the  integral 


round  three  sides  of  a  rectangle  from 

2=/£  to  Il+ni,    R+ni  to  -R  +  ni,     —Ii  +  ni  to  —,ffi, 
id  to  zero  as  R  and  ft  tend  to  oo  (?i  being  an  even  integer), 
luce,  or  otherwise  prove,  that 

/  ^  ^  i  n  a  7* 

I     tanh  (i  7r#)  -— -  ,,  c?a;  =  a  cosh  «  —  sinh  a  log  (2  sinh  a) . 
jo  "         1  +-1"" 

Prove  that,  if  a  <  1, 
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16.     Prove  that,  if  a  is  positive, 


17.     If 
obtain  the  expansion  of  -  in  powers  of  t,  in  the  form 


1     _      1          cos  a  __  tn  _     dn  +  1(sinna) 


x-a     t  sin  a     sin  a     ,l=1  (n+ 1) !  n        dan+l 
18.     By  evaluating  the  integral  (where  c  is  real) 


taken  round  a  path  which  consists  of  the  real  axis  and  a  large  semicircle,  prove  that 

I     cosh  {J(cz-xz)}dx=%Tr  (cosh  c  — i). 

Jo* 

Prove  similarly  that 

/cos  (&&*) -T-Z 5\ —  <&£=•§•  TT -ZJ)  {c  v(l  — <*  )}) 
o                       v(c  -"•#  ) 

if  0 < a <  1,  where  /0(0si+|_  +     f_  +  ...  ; 

and  shew  that  the  integral  is  equal  to  JTT  if  a  =  l,  and  is  zero  if  a>  1. 

19.  Criticise  the  following  argument : — 

"Putting  2=r  cosd—rp. ;  r2=«2  +  ?/2-|-s2,  or  =  rsin0,  the  functions  (where  n  is  a 
positive  integer) 

_L[2', 

2fT  J  0 

J_  f2" 

2w  J  c 
are  finite  over  a  unit  sphere,  and  for  OT  =  O  they  reduce  to  rn  and  r-(n+1)  respectively. 

They  must  therefore  be  equivalent  to  rnPn  (p.)  and  r-('l  +  1)Pw(/i)  respectively." 

Shew  that  the  conclusion  is  invalid  with  regard  to  the  second  integral  when  2  is 

negative:   and  give  the  correct  result. 

Prove  that,  if  the  coefficients  an  are  such  that  the  series  2  |  an  —  an  +  j.  |  is  convergent, 

then  the  series. 2aMPn(/x)  converges  uniformly  in  any  interval  for  /A  which  falls  within  the 

interval  (- 1,  +1). 

Determine  an  asymptotic  formula  for  the  sum  of  2 Pn  (u),  as  r  tends  to  1  and  u 

n-\-a 

tends  to  1. 

20.  Prove  that,  when  the  real  part  of  n  is  greater  than  —  1, 


where  Jn  (x]  is  Bessel's  Function  of  order  n  satisfying  the  ecmation 


employing  the  first  expression,  or  otherwise,  prove  the  theorem 

,70  {(,.2  +  /2  _  2»y  cos  0)^}  ==  /o  ('')  ^o  (/)  +2  S  «/„  (r)  «/„  (/)  cos  %(9. 
Prove  that 

xm  [xi'      (i  /    ^M  ^M 

27rt  J  Mtt         [I  V       «/J  wm  +  1> 
bhe  path  of  integration  encloses  the  negative  real  axis  in  the  -w-plane. 

>ve,  (i),  that 


at,  with  In(ss}=i~nJn(ix\ 
cv*2n(z)zmd& 


Bi:  n  ,  j    ^-2 

V      2~"  "  '       2      ' 


|  ?/  1  >  1,  and  the  real  parts  of  ay,  by,  are  negative  ;  and 

r<a 

imt  I  n  /m 

g  >  p,  ?i  >  m  >  -  1  . 

Shew  that 


<7fcw  (cos  6)  is  the  coefficient  of  /ik  in  the  expansion  of  (1  -  2/i  eos  6  4-  A2)  ~n  in  powers  of  k. 
ove  further  that 


c  is  any  real  positive  quantity,  the  real  part  of  n  is  greater  than  -  1  and  the  real 
of  (a±fr)2  arc  positive,  and  hence  deduce  the  addition  theorem  for 


/»   ee(«  +  t»)  27T 

/  y+^.u  &  1S  GCiual  to  n  (X  - 

xccording  as  c  is  positive  or 
)  transformation  of  a  multipl 

once  or  otherwise,  prove  that 


27T  ._. 

or 


xccording  as  c  is  positive  or  negative.     Explain  how  this  integral  may  be  employed 
)  transformation  of  a  multiple  integral  taken  through  a  limited  domain. 


, 

\l-&~w       JtJ      7  r 

_!___-  -  —.  dt-dn  —  Ttab  I 
^-Da  +  (y-)?)1!  +  /iV  ./fli^a 


dd 


,j 

the  double  integration  is  taken  for  all  values  of  &  77,  such  that  1  -  ^  -  p  is  ^  0  and 


#2  .y2        /i2 

the  positive  root  of  the  equation  1 — ---  -  —  -~ — --  — -  =  0. 


25.  If  the  contour  of  the  integral  separates  positive  and  negative  sequences  of  poles 
of  the  subject  of  integration  and  at  a  large  distance  from  the  origin  is  parallel  to  the 
imaginary  axis,  shew  that,  for  general  complex  values  of  al5  a2,  ft  and  /32)  the  integral 


is  convergent  and  equal  to 

r  (ai  +  ft)  r  (a2  +  ft)  r  (ai  +  ft,)  r  (»2  +  ft) 

r(ai+a2+ft+/32) 
Deduce,  or  obtain  independently,  Eiemann's  transformation 

^{2a,2/3;  y;  a?}  =  ^{0,^5  y;  4a>(l-a)}, 
when  y  =  a  +  /3  +  £,  £(#)<£,  |#|<1,   |  4tf  (1  -#)  |  <  1. 

26.     Give  the  definition  of  T  (z)  by  means  of  an  infinite  product  and  prove  that  it 
agrees  with  the  equation 


where  the  integral  is  taken  along  a  path  wliich  encloses  the  negative  real  axis  and  inter- 
sects the  positive  real  axis. 
Prove  that 


a—le 


where  the  phase  of  z  is  between  —  \-rr  and  +$ir. 

27.     The  generalised  Rieinann  £-  function  is  defined,  when  R  f-J  >0,  by  the  relation 


the  contour  of  the  integral  embracing  a  .straight  axis  L  from  the  origin  through  the  point 
-  to  infinity,  and  (  —  x}',~1  having  a  cross  cut  along  the  axis  L  and  being  real  when  x  is 

0) 

real  and  negative. 

Obtain  an  expression  for  the  continuation  of  the  function  for  all  finite  values  of  \a\. 
Shew  further  that,  except  for  particular  values  of  a/a  or  s,  the  equality 


---   — 
^^'          n=0    n\     [_dxn  l-sjx=mio 

exists,  and  is  asymptotic  in  Poincare's  sense  when  m  is  large. 

28.  Prove  by  contour  integration  that 

[K       irui  7          ]  v>     i  f7r  %'\ 

I     cos  -f?  log  sn  u  au  =  -  %  K  tanh  I  -r  -,—  )  . 
J  Q         A  "  \^5  A  / 

(It  may  be  assumed  that  K  and  K'  are  real  and  positive.) 

II. 

29.  Find  the  most  general  values,  for  any  path  of  integration,  of 


function 

I     Z ~  dx, 
;  o  <•-•* 

ire  the  integration  extends  along  that  axis,  is  regular  for  all  places  within  the  region 
the  axis  ;  prove  also  that,  for  two  adjacent  places  on  opposite  sides  of  the  point  k  on 
real  axis  between  0  and  1,  the  difference  of  values  of  the  function  is  2irif(k}. 

31.     A  variable  u  is  defined  as  the  integral  of  a  rational  function  of  'Z  by  the  equation 

du 
dz 


w  that  z  is  a  periodic  (but  not  uniform)  function  of  u,  and  determine  its  independent 
iods. 

32.     Within  a  closed  path  of  integration  C  in  the  plane  of  the  complex  variable  t,  the 
ction  0  (Z)  has  no  singularity,  while  f(t)  has  poles  only  ;    express  the  value  of  the 

sgral  I     -_fT-T  0  (f)  dt  in  terms  of  the  values  of  0  (i)  at  the  zeros  and  poles  of  f(f)  which 


within  C. 

If  f(t}  —  t^g  (t)  —  y  where  g(0)  —  l  and  g(t}  has  no  singularity  within  a  small  circuit 
nd  £=0,  prove  that/(i!)  has  two  zeros  (say  t  =  Xi,  #2)  within  the  circuit,  when  \y\  is 
ficiently  small.  Shew  further  that 

0  to)  +  0  to)  =  20  (0)  +  £  4«?A 


71  =  1 


are  nAH  is  the  coefficient  of  ttn~l  in  the  expansion  of  -,  -•  A(n  in  powers  of  t. 


33.     Extend  Cauchy's  Theorem  of  Residues,  so  as  to  establish  the  following  result  :  — 
If  T  be  a  simple  contour  in  the  plane  of  a  variable  t,  and  U  be  a  simple  contour  in  the 
ne  of  a  variable  M,  etc.,  and  if  n  analytic  functions  f(t,  M,  ...  z\  0  (t,  u,  ...  z)  ...,  of  the 
ariables  t,  u,  ...  z,  have  no  singularities  or  zeros  for  values  of  it,  w,  ...  z,  on  these  contours, 


i,n  integer. 

f"  e~i 

34.     Prove  that  the  integral  I  dt  is  an  analytic  function  of  x  in  any  region  from 

J  o  A'  +  ^ 


ich  the  negative  real  axis  is  excluded. 
35.     Show  that  the  integral 


1  converge  uniformly  for  a  given  domain  of  values  of  z,  provided  a  function  0  (f)  exists 

0(0 


lependont  of  z  and  such  that    I      \<f>(t)\dt  con  verges,  and 


is  always  greater 


/(',    . 
in  some  fixed  positive  quantity,  for  values  of  z  within  the  domain  and  for  values  of  t  on 

s  range  of  integration. 

Investigate  a  condition  which  depends  on  the  theory  of  uniform  convergence  and 
:>jcct  to  which  the  integral 


series ;  prove  that  if  x  be  considered  as  a  function  of  y  one  convergent  development  of 
x  reducing  to  zero  when  y=0  is  obtained  by  reversing  this  series  ;  and  if  <£(?/)  be  the 
function  arising  by  continuation  of  this  single  series,  discuss  the  question  whether 
takes  all  the  values  which  satisfy  the  equation  #=/(#). 

37.     Prove  that,  if  ai  +  a$  +  a3+...  is  convergent,  then  the  series 


represents  a  function  of  the  complex  variable  s  =  <r  +  it  which  is  analytic  throughout  any 
domain  D  lying  entirely  to  the  right  of  the  axis  of  t. 

Prove,  by  taking  an  =  (-l)n~1,  that  Riemann's  ^-function  is  analytic  for  <r>l  except 
for  a  simple  pole  at  s  =  l. 

38.     By  considering  the  expression 

n=o    n\ 


or  otherwise,  shew  that  if  x=c  be  a  singular  point  of  a  function  /(*•)  represented  in  a 
certain  region  by  an  expression  F(x]  it  may  happen,  not  only  that  F(x]  and  all  its 
differential  coefficients  are  finite  at  that  point,  but  'also  that  the  series 

S    ~FM(c}.(x~cY 
H=O  n  • 

converges  for  all  finite  values  of  x. 
39.     Prove  that  the  series 


11=1 


converges  for  all  real  values  of  #,  but  represents  a  function  which  cannot  bo  expanded  in 
positive  powers  of  x. 

Shew  further  that  when  x  lies  between  1  and  ^2  it  can  bo  expanded  in  powers  of  x 
and  x  ~  1. 

40.     If  the  triangle  formed  by  zi,  «2,  z3  does  not  enclose  the  origin  the  series 


2  2  S 

i    i    i 


is  absolutely  convergent  when  p>3. 

41.     By  considering  the  behaviour  of  both  sides  of  the  identity 

f  (*)  =/(*)  p-1-  +  —  +  ...  + 
w    •/w 


•where/(2)s(3-21)(a-a2)...(«-«n),  on  passing  round  an  oval  path  on  the  Argancl  diagram 
(or  otherwise),  prove  that  an  oval  path,  enclosing  all  the  roots  of  /(z)  =  0,  necessarily 
encloses  all  the  roots  of  f'(z)  =  0. 

42.     Shew  that  the  equations 

ex  =  ax,      &—  ax2,      ex  =  ax3, 


J      Jr  ' 

What  statement  can  be  made  for  an  essential  singularity  of  f(z)  ? 
44.     Find  for  what  values  of  z  the  series 


presents  a  naonogenic  function  of  z,  and  for  what  values  its  differential  coefficient  is 
presented  by  the  series  of  the  differential  coefficients  of  its  terms. 

45.  Rearrange  the  series 

S-J-^-H-a3*  ... 

powers  of  (a--£i),  and  find  the  value  of  z  of  greatest  modulus  on  the  circle  of  con- 
irgence  of  the  now  series,  and  the  sum  of  the  .series  for  this  value  of  z. 

46.  Investigate  the  convergence  of  the  series 


here  a  is  a  positive  integer  >1  ;  also  the  region  of  existence  and  the  singularities  of  .the 
.notion  represented  by  it. 

47.     Prove  that,  when  n  is  an  integer, 
(2  +  ix  cos  a  +  iy  sin  a)'1 


2 

m=i 


hcro 


being  equal  to  aP  +  i/'2  +  z-  and  being  treated  as  a  constant  in  the  differentiations. 
Deduce  the  expressions  for  the  2w  +  1  complete  spherical  harmonics  which  are  of 


48.     If  /•'(«),  (l>  (s\  and  •—-.-  be  o.ach  regular  functions  of  the  complex  variable  z  in  the 

J  ^  '•  ^  ^  '          <p  (z) 

icinity  of  the  origin,  shew  that 


)r  sufficiently  small  values  of  \z\. 
If  i  s  |  <  A/  ~1  —  1  ,  shew  that 


~   S 

~ 


3  .  fi  .  .  .   2?i  - 


L                                                                 n             A. 
49      If  —  is  expressed  in  the  form    2" ,  n  being   a 

r?,("+tM"£i)  -''+»"& 

uisitivo  integer,  show  that 

r      2ji  -j- 1  ~2n  + 1  2yj  H- 1 

50.     Show  that,  a,  straight  line  can  bo  drawn  in  the  plane  of  the  complex  variable]/ 
diich  divides  the  plane  into  two  regions  in  one  of  which  the  function 


i/lj  ...,on   iu   UIU.GIS   yij  •••»/»    "-"J11111   ">  given   OILLIJJ.I.J-UUUIJCUOCU.   ruyioii,   wiiiuii   u 

other  singularities  of  the  function  ;  also  f(z)  is  regular  and  has  no  zero  along  8,  the 
boundary  of  the  region  ;  and  R  (z)  is  any  function  of  z  which  is  regular  within  and  along  5. 
Prove  that 


the  integral  being  taken  along  the  contour. 

Apply  this  result  to  prove  (or  otherwise  obtain)  the  theorem  that,  if  /(2,  f)  be  a  regular 
function  of  its  arguments  within  finite  domains  round  the  respective  origins  and  if  /(«,  0) 
has  the  origin  for  a  zero  of  order  n,  then  the  equation 

/(*,  0  =  0, 

regarded  as  an  equation  in  z,  has  n  roots  which  vanish  with  f  and  which  arc  the  roots  of 
an  equation 


where  ^  ...,  £n  are  regular  functions  of  f  all  of  which  vanish  when  f  =0. 

M    1         1 

52.  By  consideration  of  the  expression  2  —  .    -  --  ,  or  in  any  other  way,  prove  that' 

11=1  n~    i  —  3 

the  function  defined  by  the  series  2  aKzn,  where  an  denotes  the  sum  of  the  reciprocals  of 

«-l 

the  squares  of  all  the  divisors  of  %,  exists  only  within  the  unit  circle  whoso  centre  is  the 
origin. 

53.  Let  <f>  (x]  be  an  analytic  function  defined  by  a  series  of  powers  of  &•,  of  unit  radius 
of  convergence.    The  points  x  —  a  and  x=b  arc  singularities  of 


respectively.     Shew  that  the  real  parts  of  a  and  b  are  respectively  not  loss  than,  and  not 
greater  than,  ^.  * 

00 

If  f(x)  is  the  function  defined  by  the  series  2  anxn  of  radius  of  convergence  greater 

91=0 

than  unity,  and  the  functions 


are1  expanded  in  series  of  powers  of  x,  show  that  the  necessary  and  sufficient  condition 
that  all  the  singularities  of  /(.r)  are  of  the  form  §-{-&i  is  that  the  radii  of  convergence  of 
these  two  latter  series  should  both  be  unity. 

54.     Shew  that,  if  the  series  2a9l#n  has  positive  (or  zero)  coefficients  and  unit  radius  of 
convergence,  then  x  =  l  is  a  singular  point  of  the  function  represented  by  the  series. 

Shew  that  every  point  of  the  unit  circle  is  a  singular  point  of  the  function 


•    55.     Prove  that  the  region  of  existence  of  the  function  S  a?'1,  where  cn—l,  2,  3,  ..., 

n=() 

is  bounded  by  a  line  of  essential  singularities  everywhere  dense  upon  this  line. 


jssential  singularity. 

Discuss  the  statement  "  si  1'on  donne  au  hasard  une  serie  de  Taylor  dont  le  cercle  de 
;onvergence  ait  un  rayon  fini,  en  general  la  fonctiou  qu'elle  re'presente  ne  pourra  Stre 
Drolongde  au  doik  de  ce  cercle."  (Hadamard.) 

57.  Shew  that  the  function  represented  by  the  power  aeries  'Sanzn  has  at  least  one 
singular  point  on  the  circle  of  convergence. 

If  the  terms  of  the  scries  2«M  are  all  positive  after  a  certain  stage,  show  that  2«nzn  has 
i  singularity  at  the  point  of  intersection  of  the  circle  of  convergence  with  the  positive 
•eal  axis. 

Deduce  that  the  function 

/  (z)  =  -S,n-nz-n 

las  the  unit  circle  as  its  natural  boundary,  although/  (2)  and  all  its  differential  coefficients 
converge  absolutely  at  every  point  of  the  circle. 

58.  If  2an  have  a  finite  sum,  prove  that  the  sum  of  2etrt«'1  for  |  z  \  <  1  is  continuous  as 
•>.  suitably  approaches  3=1. 

If  2«n  is  a  real  serins  which  tends  to  infinity,  prove  that 

Lim  2«,l2u  =  oo, 
kvhon  z  tends  to  1  along  the  radius  from  the  origin. 

CO  Oj 

59.  If  the  radii   of  convergence  of  the  power   series   2  anxn,  2  bnxH  be  p  and  <r 

7^0  11=0 

t'cspectively,  shew  that  the  radius  of  convergence  of  the  conjoined  series 

rfj 

2    <.t,Jin.V»     IN    $./J(jr. 
•11=0 

Shew  further  that  the  singularities  of  the  conjoined  series  are  all  included  in  the  points 
obtained  by  conjunction  of  the  singularities  of  the  two  original  aeries. 
Consider  as  an  example  the  case  when 


60.     Show  that  the  nature  of  the  singularity  at  .-<?=].  of  the  function  denned,  when 
A'  |  <  1,  by  the  series 


is  given  by 

,  /  v  *    (l-d-')n  («-'!)  ...(«-«)  fl      1  1\ 

Vr(a)  +  a-«   2   ^       /  i.  ------  1     L.._..  n    +      ,  . 

11  —  I      .<-  /*  .  \  L         A  it*/ 

Determine  the  behaviour  near  ,^='1  of  the  more  general  function  defined  similarly  by 

00  ^<ll 

S   ,  -•'  —  v  where  s  is  any  complex  quantity. 
n=n  • 


61.     Prove  that,  if  /i  be  small,  and  if  x  (assumed  to  lie  between  0  and  -^)  be  not  small 
compared  with  /z,  the  sum 

ainh  iiiru, 
Sn    .,,.,-        r  c>        .  cos  IITTX, 

ii*  (sum  2«.7r/j,  -  2?i7Tfi)  4 

where  w=l,  3,  5,  ...,  is  approximately  equal  to 

^-         (1-2*); 


III. 

62.  Shew  that,  when  m  and  n  become  infinite  together  in  a  finite  ratio, 

m/    A      z  \  —  /mV  s™  z 

63.  Discuss  the  convergence  of  the  infinite  product 

H  ML-  — j, 

where  cv  c2,  cs, ...  have  the  single  limiting  point  2=00  . 

Form  an  integral  function  whose  zeros  are  the  points  log  2,  log  3,  log  4,  .... 

64.  Assuming  S  |  an  \  is  convergent,  deduce  the  form  of  the  product 


Pi'ove  that,  if  |  q  <  1, 

H  (1  -  ?2»)  II  {(1  +  q^  ~ l  x]  (1  +  g-'»  -  VA*)}  = 

65.     If  I  and  m  become  infinite  in  such  a  way  that  —  =p,  where  p  is  a  finite  quantity, 

•It 

shew  that 


if/         i      \y  i     2*1 

2  (-«.2+ v2)  n'  Y- — r  ~  (cosn  2*  —  cos  2«)  p "" , 

_m  (.       n  TT         J 

where  the  accent  in  n'  denotes  that  the  term  corresponding  to  n=0  is  to  be  omitted. 

66.  Discuss  the  problem  of  finding,  where  possible,  the  most  simple  type  of  integral 
function  whose  zeros  are  given  by 

71 
>•=! 

where  mr  can  take  all  positive  integral  values  (zero  included)  and  the  w's  are  general 
complex  quantities. 

67.  If 

and  if  the  values  of  $(#)  and  its  differential  coefficient  for  #=^  be  denoted  by  a  and  b, 
prove  that 


n 

H=I 


bx 


68.     Discuss  the  problem  of  constructing  an  integral  function  whose  zeros  are  known. 
What  is  meant  by  the  class  of  a  function  ?   Is  it  possible  to  determine  it  without  knowing 


ch,  when  a  is  positive,  can  be  expressed  in  the  form 


«=0 


,  when  a  is  negative,  be  expressed  by  the  series 

2    {—-  +  ^( 
»=o  \z  +  n       " 

>re  (?„(«)  is  a  polynomial  of  degree  (i/  -  1)  in  2,  denned  by  the  equation 

a  /^-(-1 
Wn 


a 
.  where  v  is  the  integer  next  greater  than  —  a. 

70.     If  «!,  «2,  «3  ...,  be  an  assigned  simple  sequence  of  zeros  whose  moduli  ultimately 
I'ease  without  limit;   if  the  real  part  of  an,  for  n=  1,  2,   3...,  is  positive;    and  if 

I/  1  an\p  is  convergent,  shew  that  the  product 


;onvergent  if  <r^2p  >  2,  where 


71.  Construct  a  function  f(x)  which  has  a  pole  at  each  of  the  points  #=1,  #=2, 
i  no  others,  and  such  that  /(#)-.#  cotTr.*--*-0,  at  each  of  these  points. 

72.  Discuss  the  continuity  of  the  function 


I  prove  that,  whatever  be  the  character  of  /(a)  and  <7  (2),  the  function 


resents  the  function  /(g)  within  the  circle  |  z  |  =1  and  the  function  g  (z)  without  that 

73.  A  finite  region  of  the  plane  being  given  which  does  not  include  the  part  of  the 
1  axis  between  z=\  and  z=  +  00,  obtain  a  series  of  polynomials  which  converges  uni- 
mly  over. this  region  and  represents  (1  —  z}~1  therein. 

74.  For  the  region  between  the  two  circles 

(x  —  a}  (x  —  &)  -fy2  =  0,      (x  —  a')  (x  —  &')  +y'2  =  0, 


(i;  tnat  /  (z)  is  a  regular  Junction  or  2  in  an  annular  region  A,  bounded  oy  an  outer 
curve  S  and  an  inner  curve  s  ; 

(2)  that  6  (2)  is  a  regular  function  at  all  points  in  the  interior  of  S,  and  has  a  single 
zero  a  within  this  contour  ; 

(3)  that  x  is  a  point  within  A  ; 

(4)  that  for  all  points  &  of  the  contour  S  the  inequality 


is  satisfied,  and  for  all  points  z  of  the  contour  s  the  inequality 

\6(x)\>\6(z)\ 
is  satisfied. 

Shew  that/(.»)  can  be  expanded  in  powers  of  6(x)  in  the  form 


.         1     [  f(z}6'(z}dz 
where  .  An=^r-  I     -gn+i/A     > 

and  shew  how  the  coefficients  An  and  /?„  can  be  evaluated  when  the  function  f(s)  has  uo 
singularities  in  the  interior  of  the  curve  s  except  poles. 

76.  Obtain  the  theorem  known  as  Mittag-LefHer's,  for  the  expression  of  a  single 
valued  monogenic  function  whose  singularities  have  only  the  infinite  point  as  their  point 
of  condensation,  as  a  series  of  functions  each  with  only  one  finite  singularity. 

Prove  the  ordinary  formula  for  cot  -nz  as  an  infinite  series  of  rational  functions  each 
with  one  pole,  pointing  out  the  properties  of  the  trigonometrical  functions  which  you 
assume.  Prove  the  corresponding  formula  for  the  logarithmic  differential  coefficient  of 
the  Gamma  function  T(I  +  z). 

77.  Explain  what  is  meant  by  a  branch  arid  a  branch-point  of  an  analytic  many 
valued  function.     Illustrate  your  remarks  by  consideration  of  the  following  functions  : 


In  each  case  enumerate  all  the  branches  of  the  function  and  the  singularities  attaching 
to  each  branch,  and  shew  how  to  pass  from  any  branch  to  any  other  branch  by  the 
description  of  a  suitably  chosen  contour. 

78.     Defining  the  principal  value  of  logs  as  that  value  whose  amplitude  lies  between 
-  TT  and  TT,  prove 'that  the  coefficient  of  i  in  the  expression 

log  (l+iz)  -log  (1-&), 
where  r<l  and  each  logarithm  has  its  principal  value,  is  that  value  of 


70.     By  tlio  relation 

# 

i  the  customary  significance  for  Z  and  z,  shew  that  a  family  of  circles  in  the  /?-plane, 
ing  the  origin  for  a  common  centre,  and  a  family  of  straight  lines,  concurrent  in  the 
;in,  are  transformed  into  a  double  family  of  confocal  conies  in  the  2-plano.  Draw  'the 
ily  of  curves  which  aro  the  representation,  in  the  /?-plane,  of  the  circles 

|  s—1  =  constant. 

RO.  The  interior  of  the  circle  |s|  =  l  is  to  be  conformally  represented  on  part  of  the 
lane  b  the  relation 


src  «  is  a  real  constant  lying  between  0  and  1  ;    indicate  tlio  part  of  the  w-plane 
nirod  for  tlie  purpose. 

HI.     Find  all  systems  of  values  of  M,  />,  for  which  sna(«-H>)  is  real,  where  u  and  ?>  are 
.  and  ()</•-<  1. 

8i2.     Determine   completely  an   area  on  bhe  .'(.'-plane  of  which  the  conformal  repro- 
bation on  the  half  Z-plano  in  given  by  a  function  t  satisfying  the  equation 


uxs  k  is  real  and  less  than  unity. 

83.     The  coordinates  of  two  points  arc  connected  l>y  the  equation 
X  +  i  F=  en  (;ti  +  iy}/  {  1  +  sn  (x  +  iy)\, 

modulus  k  being  as  usual  positive  and  less  than  unity.  Shew  that,  as  (.•*.-,  ?/)  describes 
boundary  of  tlm  reotanglo  formed  by  the  linos  .?;  =  (),  x  —  K,  v/  =  0,  .y~/f,  the  point 
}r)  descrilies  the  complete  boundary  of  a  quadrant  of  a  r.irdo.  of  unit  radius. 


H.I.  Prove  that,  if  A' -\-iY~ /(&'  +  »/),  the  curves  A'-- constant,  Y-~ constant  cut  ortho- 
ially,  provided  that  at  the  point  of  intersection  /'  has  a  Unite  differential  codlieiont 
ich  is  not  xero. 

Kind  what  these  curves  aro,  if /(#  +  /?/)=» tan"1  (.(.'  +  »/) ;  and  prove  farther  that  if  the 
nt  A',  }"  travels  along  the  axis  of  A'  from  A'  —  O  to  A'=7r/-l,  along  the  lino  A'=TT/'|  in  the 
itive  direction  to  infinity,  and  back  along  the  axis  of  }',  the  point  (.•<;,  //)  describes  tlio 
.ipleto  boundary  of  a  quadrant  of  a  circle  of  unit  radius. 

85.     Prove  that  the  relation 

nsforms  the  part  of  the  axis  of  .•»:,  between  the  points  3  =  1  and  z—  -1,  into  a  nenn- 
ilc  jjassing  through  the  points  s'=l,  and  s'<=  -  1.  Find  all  the  ligurci-s  that,  by  sue- 


rp    1  '  L    I       ,    X 

Taking  .v=-    a  +  - 

..  2\      a 

so  that  w2  =  32  —  2.r.s  + 1 , 

1     f  2"  cfo 
shew  that 

is  a  solution  of  Legendre's  Eqiiation 


the  integral  being  taken  round  a  clo.sed  contour  including  the  points  z  =  a,  s=-  ,  but 
excluding  the  origin. 

Assume  (after  verification)  that 

d   (,  zn  +  l(z*-l)      ,       1X2'1  +  1)  (3(l-x*)z*  +  *     0    zn  +  1  ,     ,    ,  ,^"1 

•j-  U  ^  .,  .....  —  +(«  +  *)  -  Y  =  V     --  jT  ---  2a;      -,"  +  »  (M+1      -\  • 

dz  {-          y,A  -      u  J        [          wfl  w!  wj 

87.  Writing  Z=X+iY,  where  A'  and  Y  are  real,  and  taking 

Z=  sin  2, 

determine  a  simply-connected  region  of  the  plane  of  z  which  is  transformed  confornially 
into  the  half-  plane  !*">  0. 

88.  Prove  that  the  relation 


where  a2  =  a-  —  b'2,     cosh  /3  TT  =  -  -5  —  ?  2  , 

C6    ™~  0 

gives  the  conformal  representation  of  the  interior  of  the  region  bounded  by  the  ellipse 

yfi  ?,2 

-^+•^  =  1,  and  two  lines  joining  the  foci  to  the  extremities  of  the  major  axis,  upon  the 

interior  of  an  annular  region  in  the  ^T-plane  bounded  by  two  concentric  senu-circles  and 
two  segments  of  a  diameter. 

89.  Find  the  area  on  the  2-plane  of  which  the  upper  half  of  the  w-plano  is  the 

(z  —  a)  '2 

conformal  representation,  when  w  and  z  are  connected  by  the.  relation  w=\  -  4  . 

(z  +  c) 

If  u>=  -  ic  cot  ^2,  shew  that  the  infinite  rectangle  bounded  by  x=0,  a;—  IT,  v/  =  0,  y  =  oo  on 
the  s-plane  is  conformally  represented  on  a  quarter  of  the  w-plane. 

90.  Show  that  the  most  general  representation  of  the  interior  of  a  circle  of  unit  radius 
upon  itself  is  expressed  by  the  formula 


where  p.  is  real  and  positive  but  less  than  unity.     Obtain  the  most  general  conformal 
representation  of  the  interior  of  a  square  upon  itself. 


t  the  square  of  its  arc-element  can  bo  conibrmally  represented  in  the  form 


si'o  ;»;  ranges  from  0  to  2?r,  and  y  ranges  from  1  to  +00  . 

Discuss  its  representation  upon  the  r'-plano,  when  z  and.:-' are  connected  by  the  relation 

ieating  what  part  of  the  s'- piano  is  covered  by  tho  oonformal  representation. 

i)-2.  Dovolope  the  Schwarx-( !lmntottol  formula  for  eonibrmal  nvpvoHontatiim  in  detail 
tho  case  when  the  polygon  is  a  triangle  whose  angles  are  w)  ,  ,  .  ,  discussing  the 
raeter  of  oaoh  variable  as  a  function  of  the  other. 

!)3.  Obtain  tho  eonibrmal  roprosentation  of  tho  interior  of  the  equilateral  triangle 
:>so  vertices  are  z  --•  1,  z~i,  V^,  ~:~  •-  'I,  upon  tin1.  upper  half  of  the  plane  of  £,  expressing 
h  of  the  variables  .:  and  £  explicitly  in  terms  of  tho  other. 

{>•!-.  State  briefly  in  precise  analytical  terms  what  yon  understand  by  a  dosed  oval 
ve  everywhere  convex  and  with  a  definite  tangent.  Kor  such  a  curve  drawn  in  the 
no  of  the  complex  variables  s,  an  analytic  function  exists,  single- valued  and  finite, 
1  having  its  imaginary  part  positive  within  the  oval,  which  is  real  and  has  0110  polo  of 
>  first  order  on  its  perimeter.  Explain  how  this  is  to  he.  proved. 

Kind  the  function  for  tho  c.on formal  representation  of  the  part  of  an  inlinite  plane 
ieh  is  exterior  to  two  intersecting  circles  upon  tho  upper  half  of  another  piano,  verifying 
,t  it  has  the  properties  desired. 


V. 
i)f>.     Assuming  that   ,,  is  real  and  positive,  establish  tho  formula. 


Kk      2 A.i-      •"  «u-imn(a/i-l).*,' 

,'    HU    •- •-      2  ,       ...... -i         i 

2rr  TT        „  -i  1  -»</-"    ' 


.ermining  the  values  of  .1-  for  which  it  holds ;  and  find  tho  enrmsponding  formula  for 
y  finite  value  of  .r. 

!)fj.     Prove  that 

HII  "— —  « sin.c 
.1  that 

1/1       \ " 
97.     Prove  that,  if  /•'        (  -~ti\   ,  n  being  positive  and  lesw  than  unity, 


.          .  , 

of  this  quartie,  (iii)  the  ratio  r  of  two  fundamental  periods  of  the  elliptic  integral 


99.  Obtain  a  formula  of  reduction  for  $snnudu ;  and  thence  shew  how  to  perform  the 
integration  when  ti  is  an  even  positive  integer. 

Establish  the  formula 

100.  Prove  that 

en  u  ' 

the  ^-functions  being  formed  with  the  periods  2ZT,  4i7T'. 

101.  Establish  the  identity  of  the  infinite  series 

CO 

1  +2  2  ( —  )n  qn"  cos  2nx 

i 
with  the  infinite  product 

GIL  (1 -202'1-1  cos  2#  +  <2'4n-2), 
i 

i 
Either  of  these  expressions  being  denoted  (as  in  Jacobi's  lectures)  by  #  (# ),  prove  that,  if 


where  an  =  2     ( - 1)" 


102.  If  M1  +  'Ma  +  M3  +  ?<4=2/ir,  shew  that  the  anharmonio  ratios  of  the  four  quantities 
sn  %,...,  an  ?«4  are  equal  to  those  of  the  quantities  sn  («i  +  A'), ...,  .sn  (%4  + A"). 

103.  Prove  that  one  of  the  values  of 

f  Jdn  u  +  en  u\  %     Jdn  ?6  -  en  u]  -~|  f  [     1  -  sn  u     \     ,    (     1  +  sn  ?t     1  ^~| 
\_\    l+unu  }       \   1  — cnw   J    J  \_\dn  u  —  k'  sn  u)        |dn  u~+k'  sn  u)   J 

is  2(1  +  *'). 

104.  Establish  the  formxila 

l_2^cos2.r+/7'171 


Prove  also  that 


ere  q0  =  n  (1-  f"\     g=e*tr,  /(r)  >0,  and 

m=i 

•)  being  the  imaginary  part  of  T,  shew  that 


£j  («  +  T)  =  -  e-2irm  £  -  1  Sj  (W)  ; 

[  express  ^  (•&)  as  a  series  of  sines  of  multiples  of  -n-u. 

Shew  further  that,  if  |  I(u}  \  and  |  I(v)  \  are  both  less  than  /(r), 

--  ^-r-r^T—-  ~  cot  ^  +  «ot  n"y  +  4  2      2  <72»m  sin 
re      WifiS^v)  ^  ^   u=im=i 

106.     Shew  that,  if 


n  #  (M)  =  G  sin  ^  H  A  -  2<f»  cos  ™  +  ^    , 

Z(U       !   \  0) 

jro  y=e«7rw'/w  and  C1  is  a  constant. 

Further,  taking  for  periods  2w  =  2Zf,  2<a'=2i7lT',  shew  that 

1  iirjl 

)  =  -  -  e~"  Ar  //  (?4)  ; 


.  deduce  that 

rr  i    \      r.    1     •      •""**       ^    P     •      3frM      ,.    2  r>     .      ."jTrtt  ,'.     ,, 

Jf  (u)  =  Zqt  sin  —„  -  2(/-r  sin  -^-p-  4-  2</  •'  '  .sin  —j-f-  +  ...  ad  inf. 

ji  /i.  4(2/1.  A  /I 

How  are  the  functions  snw,  on  ?c.,  du  w,  connected  with  Z?  (?c,)  and  tho  allied  functions? 

__ir^ 

107.     If  <j  =  e    •£  ,  x—TrujZK  und  tho  veal  part  of  A'7A"bo  positive,  show  that 


;w  further  that,  if  tho  modulus  of  the  imaginary  part  of  u/K'  is  less  than  unity, 
log  on  (•«)  =  log  cos  #  -        .  -  .  ..r«™_     w  (2  ain  »»)« 


108.  AHSiiming  the  addition  formulcO  for  the  Jncobian  olli])tic  fxinctions  sn  u,  on  u, 
u,  show  that 

1  —  du  2?*  _  /t-  sn2  M  en-  u 
l  +  dn2w~        dnaw 

TC  n/  \     fl+dn  3v«]  -     ,         ,    . 
If  P  (u}  =  {-•  -  —  -  ^   ,  shew  that 
[  ]  H-dn?^J 

P  (?/.)  +  P  (M  4-  2?:  A'')  _  _  sn  2u  ci  i  ?i 

P  (wj  —  P  (M  +  2i'A"')  ~     en  2?<  an  w  ' 

ermine  tho  zeros  and  poles  of  the  function  ./'  (•«),  and  tho  iuvst  term  of  tho  expansion 
he  function  in  the  vicinity  of  each  of  these  places. 

109.  By  considering  the  intersections  of  tho  curves 


where  sl,  cl5  c^  denote  the  elliptic  functions  of  u,  and  s2,  c2,  dz  denote  the  elliptic  functions 
of  v. 

Prove  that 

sn2  (u  +  v) ,  sn  (u  +  v)  sn  (u  —  v) ,  sn2  (u  -  v) 
en2  (u + v) ,  en  (M  +  w)  en  (%  —  «),  en2  (M  -  v) 


111.  Shew  that,  if  w1  +  w2+z<3  +  M4=0,  the  expression 

(sn  MI  sn  w3  —  sin  ?;;{  sn  ?i4)  sn  (MJ 

is  unchanged  by  any  permutation  of  the  suffixes  ;  and  that,  if  u  +  v  +  w  =  0, 

1  —  dn2  u  —  dn2  z>  -  dn2  w  4-  2dn  it  dn  v&nw=  k*  sn2  «  sn2  v  sn2  10. 

112.  Shew  that,  if  #+iy=sn2  (M  +  I'V)  and  a?  —  i.y  =  sn2  (u  —  iv\ 


113.     Shew  that  w=cn  s  dn  z  satisfies  the  eqiiation 

*  -  (  1  4-  F)  (A'4  +  4Fw2)  z^'2  +  (  1  -  w2)  (#*  +  4£%2)2  =  0. 


114.     Denoting  the  second  Jacobian  elliptic  integral  by  E(u\  prove  that 

Q/5.2..W73 


where  a,  e,  c?,  are  the  elliptic  functions  of  u. 

115.     Prove  that,  if  the  imaginary  part  of  r  be  positive,  the  series 


)=    2 

7l=  —  0 


is  absolutely  and  uniformly  convergent  for  all  finite  values  of  u. 
Starting  with 


5oo(0)' 
deduce  the  equation 


_ 

—  ~-"f^....:.  —  L_:  —  _JT_J:  -  ;::  . 

ff^oo  (0)    J  0     N/4#  (1  -A')  (1  -Xtf) 

116.     If  wj  and  a>s  be  two  complex  numbers,  such   that  the  qiiotient  —   has    its 

wi 
imaginary  part  positive,  and 

Ttiia^ 

irU  . 

ss  =  —  ,     z  =  eix,      q=e  ui   , 

0)! 

find  the  relations  between  6±  (u  +  %ati),  &i  (M  +  2o)3)  and  dl(u\  where 

^i  (%)  =  2^-  sin  ^  a;  -  2  g*  sin  f  .•?;  +  2gr*~  sin  f  .  *'-.... 
Writing 


dthat 


117.     Prove  that,  if  |  q  <1,  the  scries 

^(a?)s2  1  (-l) 
o 

d  the  product 

sin  a-  ri  (  1  -  2  r/»  cos  2A'  +  <?'ln),      • 
i 

ft'er  from  one  another  only  by  a,  constant  factor. 

_7r/r 
Prove  also  that,  if  q  =  e     K  ( 

^  (.v  +  wwV  A"'//iT  )  =  (  -  1  )mq  ~  m*e  ~  *mix31  (x) 
being  any  integer. 

1  18.     .Uefining  the  Jaoobian  theta-fuuctions  by  the  equations 
6a(ie)=  2  (-l)mqm*a-mxi,  6a(x)-   1  q™*a 

—  30  —CO 

•Wi(A')=  1  (-l)"V/w-+^'-e(-"H-i)",       5a  (a?)  =* 

—  CO  -—00 

'ove  that  $u,  ^«,  ^3  arc  even  functions  of  .c,  while  ^!  is  an  odd  function  of  .?;  ;    that  d0  and 
i  are  periodic  with  IT  as  period,  while  6\  and  $2  are  periodic  with  2?r  as  period;  and  that 

1  four  functions  arc  pseudo-periodic  with  ilogy  as  a  period,  two  of  them  with  -  eZxi  as 

factor,  and  the  other  two  with  —  eixi  as  a  factor. 

Z 
Prove  that 

6£  (0)  6S  (x 


ad  deduce  from  these  equations  similar  expressions  for 


>r  r  =  Q,  1,  2. 

119.     With  the  notation 


2  <K 


stablish  the  periodic  and  pseudo-periodic  properties  of  the  ^-functions. 
Prove  also  that  the  expression 


VI. 

120.  Examine  under  what  circumstances  $  (hi)  is  a  rational  function  of  $  (u),  k  being 
a  suitable  constant  multiplier  ;  and  if  Un  be  a  function  of  u  defined  by  the  equations 

U^l,     Z72=-g>>),     ^-.^-{pM-pC/m)}, 

un-l 

prove  that  U2m  +  1  &nd  U2m/$'  are  rational  integral  functions  of  $  (u\  $c/2  and  </3,  with 
integral  coefficients,  and  that 

TT  TT  —  H         TT          Tl    2        77  TT  77  2 

t'n-mL/ri,  +  ?H  —  '•An-  1  ^71—1  um  ~  um  +  l  um—l  un  ? 

where  m  and  n  are  positive  integers. 

Prove  that,  if  $(u),  gz,  and  g%  are  rational  numbers, 

V(nu)<eKu\ 
where  X  is  independent  of  the  positive  integer  n. 

121.  Prove  that,  if  ftu^  ,  jjpw2,  $>us  are  distinct  solutions  of  the  equation 


then  w1  +  «2+%  =  "lCi3+w&)')  where  «  and  <u'  are  the  periods,  and  m  and  n  are  integers. 
Prove  that 


122.  If  (Pi(tt)  denote  the  function  with  2m],  2«i'  as  primitive  periods,  T  —  —  ,  TI  =  ----, 
the  imaginary  parts  of  r,  TJ  being  positive,  and 

*     ^(^1)  =  ^K). 
.F  («)     Pi  («i  j  ' 

prove  that  r^J  -  n  ,  where  4,  .5,  6',  Z>,  are  integers  such  that  AD-J3C=\  and  .such  that 
Or  "h  /' 

J3  and  G  are  even. 

123.  Shew  that,  if  u  and  z  are  connected  by  a  relation 

dz 


then  ,_lP'(«>-«3 

then  —  2 


where  the  invariants  of  the  elliptic  functions  are  given  by 

#2  =  «4  +  3«aaj  i73  =  «2  «4  —  «2a  -  «32- 

Express  in  terms  of  functions  of  u  and  u(}  the  value  of  the  integral 


where  M  and  2  are  connected  as  above,  and  ua  is  related  to  z(}  in  the  same  way  as  u  to  z. 
124.     Shew  that  the  determinant 


1, 


Prove  that  the  four  roots  of  the  equation 

(#-«!)•"*  +  (# -fl2)-*  +  (a?-<!s)-4  =  0 

arc  the  values  of  g)(o),  where  3a  is  any  period  of  the  function  p  (u),  a  not  being  itself  a 
period. 

Prove  also  that  the  value  of  the  product 

{&W-P(a)}{$>(u  +  a)-p(a)}{p(u  +  2a')-p(a)} 
is  independent  of  u. 

125.     If  $  (u)  denote  Weierstrass's  doubly-periodic  function,  and  X  "be  a  constant  not 
an  aliquot  part  of  any  period  of  this  function,  prove  that  the  function 


considered  in  the  infinite  plane  of  &•  with  the  exclusion  only  of  the  points  #=0,  A-=QO,  is 
capable,  of  assuming  for  every  given  A^alue  of  x,  values  as  near  as  may  be  desired  to  any 
assigned  value. 

12(5.     The  symbol  $  being  used  to  denote  Weierstrass's  elliptic  function,  prove  that  if 
the  relation 


is  satisfied  by  w  =  v/j  and  by  u—u,2,  it  is  also  satisfied  by  u=  —  HI  -  u2.     Deduce  the  addition 
formula  for  the  function. 

With  the  customary  notation  for  <3X,  fia,  e;i  (^  >  e2  >  c3),  prove  that 

«2}  =  HP  («)  -  *}_(&  .0)  -  "*l  -  «i  «:«  ~  2 
a3}      l{f(u~)  -  e,}  {&  (v)  -  e,}  -  <>.,  ^  -  2e 


127.     Prove   that  a  doubly-periodic  meromorphic  function   of  u  can  be  expressed 

(u- 
du 


linearly  in  terms  of  functions  £(u  —  a),  f'(u  —  a).  ...,  where  £('ii)-= — -•— 

<r(u) 


Evaluate 

128.     Shew  that  the  equation 


where  /(.*')  is  any  quartic  function  of  .r,  and  jea  iw  a  root  of /(&'),  is  equivalent  to  the 
equation 


/' 

J  a 


where  the  doubly-periodic  function  $  (z)  is  formed  with  the  invariants  g%  and  gs  o 
If  #0  bo  not  a  root  of  /(#),  shew  that  the  last  equation  must  be  replaced  by 


*  129.     Show  that,  if  ?i  is  an  odd  prime,  the  value  of  the  elliptic  function  of  the  nth 


130.     Starting  from  the  definition  of  a-  (s)  as  an  infinite  product,  prove  the 'forum la 
-(6  +  c)o-(6-c)o-(a  +  o?)tr(a-rf)  + 

Shew  that,  if  (leu)  be  written  for 


then  the  relation  between  the  <r-functions  resulting  from  the  identity 

(leu)  (adu)  +  (can)  (bdu)  +  (abu)  (cdu)  =  0 
is  substantially  the  same  as  the  above. 

131.     Prove  that  if  A,  J3,  G,  D  are  any  constants, 

A^  (u)  +  Bvz  (u)  +  Ccrs  (u)  +  Dcr  (u) 
can  be  factorized  in  the  form 

(ill  _  n\         A)/  _  ff\         fni ,,\         fit  — 
VH VHVH  a 
^  /  \  ^  /  \  ^  /  \  ^ 

where  a+j3+y  +  8=0. 

Deduce,  or  prove  otherwise  that  2<r  (a)  a-  (b)  cr  (c)  cr  (c?)  is  equal  to 
crj  (-10)  crj  (0      o~2  (**)  o'a  (v)  °"a  (w)  °"2  (0 


where 


132.  Prove  that 

:?)=-P«'     ^-vwrw-trM. 

Prove  also  that  a-  (»M)  {a-  (w)}~n2  is  a  uniform  doubly-periodic  function  of  u. 

133.  From  the  definition  of  the  o--function 


where  Q  =  2?ft6)  +  2?«,'w',  and  the  product  refers  to  every  pair  of  integers  m,  m',  nuf 
aero,  dediice  directly  the  value  of  <r(u  +  '2a>)/cr(u).    And  proceed  thence  to  dcdiic 


series  for  the  function  o-  (u)  in  integral  powers  of  e  <°  ,  it  being  assumed  that  the  ima^:: 
part  of  the  ratio  u'/a>  is  positive. 

134.     Express  x  as  a  single- valued  function  of  M,  when 

/•»  d< 

o/  —    J        

I  OR         T-f 


L37.     Using  the  customary  notation,  obtain  the  formula; 


. 

rove  also  that 


shew  that  n£(mi)-n*£  (ti)  can  be  expressed  in  terms  of  g>  and  £>'  only,  it.  being  an 
ger. 

L38.     Prove  that 

2#>'  (2**)  g>'  (w)  =  {P  (tt)-  g)  (M  +  O>)}  {#>  (w)  -  p  (M  +  «.')}  {£>(«)-#>  (^  +  «")}• 

r=4  , 

.39.     Express  (c2  -  e;J)  n  {$>  («,.)  -^p  +  two  similar  terms,  by  means  of  Jacobi's  elliptic 

r=l 

:tions  ;  and  hence  (or  otherwise)  shew  that,  when  S  w,.  =  0,  the  expression  is  equal  to 


r=l 


.40.     Shew  that 

/       2«\ 

o-  (  «  ----- 

V       »»/ 


>[-®r 


^e  2(u  is  a  period  of  $>(•/<)  and  ??i  is  an  integer,  is  the  mill  root  of  a  rational  integral 
tion  of  p  (M)  and  g)'  (M). 

41.     Obtfiin  a  general  formula  for  f  (nu)  in  terms  of  #>  (•?/,). 

?ho  periods  of  g>  (u)  being  2w,  2M',  and  a,  b,  <:,  d,  denoting  the  quantities 


3 

e  that  a4  +  6ft4  +  «2fi4  =  0,       6a6^  -  ^  +  rf^  =  0, 

•e  f  is  an  imaginary  cube  root  of  unity. 

42.  Specify  briefly  the  descriptive   properties  characterising  the  elliptic   function 
i,  and  prove  that  the  function  is  determined  thereby. 

hew  that  the  function  0  (?t)  =  {g>  («)-/v}*  i»  a  single-  valued   function;    obtain    its 
ids,  and  the  expression  of  c/>  (M  +  /J)  in  terms  of  c/>  (M),  c/>'  (-w),  </>  (w),  c/>'  (v). 

'hid  the  jp-function  having  fclie  periods  of  <p  (?*),  and  the  relation  connecting  this  now 
i  ic  tion  with  0  (•«). 

43.  Prove  that 

P'  00  ~  P'  (»i)  _  P'  (")  ~  P'  (»a)  __  2cr  («) 

tr\fn,\       ff\  /  ,.  \    ~~    /nf..\        in/..  \  •'  r:.    . 


If,  with  the  usual  notation,  a-  (u)  be  the  odd  elliptic  theta-function  of  one  variable  and 
m,  a,  Z»,  n  be  constants,  obtain  the  simultaneous  periods  of  the  second  logarithmic 
derivatives  of  the  function  of  u  and  v 

enu"  [emv  <r(u-a)+e-  mv  <r(u-  &)], 
and  the  algebraic  relation  connecting  these  derivatives. 

145.     Prove  that  every  elliptic  function  can  be  expressed  linearly  in  terms  of  C(u~ai)j 
f  (u  —  n2), ...  and  their  differential  coefficients,  where  g(u)  =  tr'  (u)/<r(u). 
Prove  that 


21POO-PO«0     POO 

146.     Establish  the  formula  : 

=  —  20"  (u  -V)  <T  (V  -  1V~)  or  ( 

i,    POO,    P'OO  ' 


-  u)  a  (u+v  +  w)/o-3  (tt)  <r3  (v)  cr;!  (to) 


147.     Express 


,     P(30, 


as  a  fraction  whose  numerator  and  denominator  are  products  of  <r-functions.     Deduce 

a  =  g>(A-),/3  =  p(y),y  =  g>(a),  8  =  {P(M),  whore  a;+y+£  +  M  =  0, 
(«s  -  «s)  {(a  -  cO  (/3  -  c'j)  (y  -  81)  (8  -  flj  )}4  4-  («8  -  <0  {(a  ~  «a)  0  -  «2)  (y  -  *2)  (8  -  «»)}* 

+  (fli  -  fiz)  {(«  -  «3)  O  -  e:i)  (7  -  fis)  (8  -  «3)}*  =  (as  -  e3)  («3  ~  "i)  (''i  -  Cji)- 
148.     Denoting  the  roots  of  4«3  —  g%t-g-i=Q  by  e1?  e2,  e3,  prove  that 


where  i,  m,  n=l,  2,  3,  and  the  summation  extends  over  the  three  corresponding  terms. 
149.     Prove  that,  for  any  three  arguments  ?«l9  u2,  u3, 


3)l  {P  ("a)  - 


(MI)  ~ 


_9 
~    P' 

150.  Express  the  function  {^  (s)  -<?i}^  as  the  sum  of  an  integral  function  of  z,  having 
no  singularities  in  the  finite  part  of  the  s-plauo,  arid  of  a  series  of  rational  functions  of 
each  of  which  has  only  one  pole. 

151.  Prove  the  formula 

_  1        =   pCM-mQ-fl! 
p  (u)~-  d      (<ii  -  em)  («i  -  en)  ' 
where  I,  m,  n  are  the  numbers  1,  2,  3  in  any  order. 

152.  Prove  that 


4.     State  the  properties  of  the  elliptic  function  $  (u}  which  prove  that  there  is  a 
-valued  function  a(u\  such  that  az(u)  =  <^  (u}  —  et,  and  wa(«)  =  l  when  «  =  0. 

jfining  similarly  b  (u)  =  (<@  (u)  -  e^  ,  c  (u)  =  (<@  (u}  —  e$  ,  prove  that 


a2  (w)  —  a'2  (u) 
also  that 

a  (u  +  co)  a  (u)  =  «'(&>)=  —  a2  (-i~ «), 

2#  f%^  /)  (ll}  C  (lL\  Ct  (<^'ili\  ~~~  ^^  (lL\  — "  f&    f"^"  O)^ 

fU  {1--a(M)id7«  =  log[iM{6(^+c(70}], 
./  0     l«  J 

...       rf«  («•) 

i  «,  (u)  —  — r-  - 

V     '  0??6 

fj.     From  the  theory  of  doubly-periodic  functions,  or  otherwise,  obtain  the  formula 


iew  how  to  express  the  points  of  a  plane  quartic  curve,  which  has  two  double  points, 
aans  of  elliptic  functions. 

VII. 

16.  Obtain  Eulcr'.s  relation  C+F—E+2  connecting  the  numbers  of  corners,  faces 
sdges  of  an  ordinary  convex  solid  bounded  by  plane  faces  ;  and  extend  this  result  to 
ise  of  a  solid  for  which  the  surface  is  not  simply  connected. 

closed  rectangular  box.  has  a  partition  lying  midway  between  two  opposite  faces,  and 
>artition  is  pierced  with  two  holes.  Discuss  the  connectivity  of  the  inner  surface. 

>7.  Prove  that  on  any  closed  surface  in  space  (or  on  a  Rieinann'.s  smrface)  a  system 
sed  curves  can  be  drawn,  so  that  (i)  it  shall  bo  possible  to  pass  from  any  one  point  of 
urfacc  to  any  other  by  a  continuous  path  which  does  not  cut  the  closed  curves,  and 
ly  two  paths  so  drawn  between  two  given  points  shall  be  continuously  deforniable 
ne  into  the  other  without  crossing  the  closed  curves. 

Diistruct  such  a  system  of  closed  curves  for  a  three-sheeted  Rioruaun'a  surface  with 
•ranch  lines  at  each  of  which  the  three  sheets  arc  connected  cyclically. 

>8.  A  table  consists  of  a  rectangular  parallelepiped  resting  on  two  other  rectangular 
lolepipcds,  placed  vertically,  and  each  pierced  with  a  hole.  Upon  the  table  is  laid  a 
and  upon  this  a  much  smaller  book.  Estimate  the  connectivity  of  the  surface  of  the 
5  resulting  solid,  each  book  being  regarded  as  a  rectangular  parallelepiped. 

j,9.  There  are  n  rings  placed  in  order,  each  connected  to  those  on  either  side  by  a 
ier,  whilst  the  two  rings  at  the  end  have  each  a  point  boundary.  Find  the  con- 
i'ity  of  the  surface  so  formed. 


161.  A  surface  of  connectivity  n  has  b  boundary  lines.     Shew  that  it  is  impossible, 
without  dividing  the  surface,  to  make  more  than  ^(n  —  b}  cross-eiits,  each  of  which  passes 
from  a  point  of  an  original  boundary  to  another  point  of  the  same  boundary. 

162.  A  variable  u  is  denned  by  means  of  the  relation 

*  dx 


where  y*  =  4^3  -  g^x  -  #3  , 

and  the  inversion  of  this  relation  is  expressed  in  a  form 

*=QM\ 

apply  Abel's  Theorem  to  shew  how  an  expression  cau  be  obtained  for  Q(u  +  v)  in  terms  of 
Q  (w)i  Q'  (M)J  Q  (v)i  Q'  (v)-     Find  also  the  periods  of  the  function  Q  (u). 

Construct  the  integrals  that  remain  finite  on  the  Riemann's  surface  associated  with 

g*  =  4x3-ffsx-ff3. 

163.  The  equation  f(w,  z)  =  0  is  algebraic  in  w  and  z  ;  and  it  is  satisfied  by  w=a,  z—ct. 
Shew  that,  when  z—a  +  z',  where  \s'\  is  small,  then  values  of  w  are  given  by  a  +  v/,  where 
|  wf  is  small,  and  where  w',  if  not  a  uniform  function  of  2',  belongs  to  a  set  of  values  the. 
members  of  which  interchange  cyclically  when  z  describes  a  small  circle  round  a. 

Obtain  explicitly  the  branches  of  the  function  ?o,  as  denned  by  the  equation 


for  values  of  z,  (i)  near  the  origin  z  =  0,  (ii)  near  the  point  2=  -  1. 
164.     Shew  that  the  integral 

I      (0»  -  «i)  (B  -  «a)  0  -  as)  (x  -  a*)}  "  *  dx 
J  a\ 

is  transformed  to  the  integral 

2  {(«4-«2)  (a1-a3)}~^  J"  {(I  -f)  (1  -^ 
by  the  relations 

w«  =  (g2-^4)(^-«i)        ^,2  =  («2 

' 


and  obtain  an  expression  for  the  general  value  of  the  former  integral. 

165.     Prove  that  every  integral  of  the  first  class  associated  with  the  equation 
is  of  the  form 


where  A,  B,  G  are  arbitrary  constants  ;  and  construct  integrals  of  the  second  and  the  third 
classes,  associated  with  the  same  equation. 

166.     Obtain  the  integrals  of  the  first  kind  connected  with  the  equation 

w*  =  z  (2-1)  (z-  a)  (z-  6), 


67.  For  the  equation 

7/5 

the  form  of  the  everywhere  finite  integrals. 

68.  Determine  the  genus  of  the  equation 

/  =  ar(l-a;)a. 

i'ind  a  system  of  integrals  of  the  first  kind,  and  also  an  elementary  integral  of  the 
1  kind  with  its  infinities  at  the  values  w  —  Q,  x  =  l. 

69.  Construct  and  dissect  the  Eiemaim's  surfaces  associated  with  the  equations 

(i)        WW^-I), 

(ii)     w*  =  (z-a^(z-atf(z-ad\ 

(iii)     rf~(z-atf(z-atf(z-atf. 

Hve  two  dissections  for  the  last  surface,  one  of  which  does  not  involve  any  cut  in  one 
le  sheets. 

70.  Construct  a  Blemanu's  surface  on  which  the  function  w  defined  by  the  equation 


be  exhibited  as  a  uniform  function. 

71.  Explain  in  general  terms  the  principles  of  the  theory  of  the  dissection  of  a 
lann's  surface,  to  render  the  surface  simply  connected,  and  the  part  which  'the 
ber  of  everywhere  finite  integrals  upon  the  surface  plays  in  the  number  of  necessary 
sctions. 

Shew  how  to  find  the  number  of  everywhere  finite  integrals  associated  with  an  equation 

ym  =  (X  -  a^ni  (x  -  «2)ma  .... 

^ind  those  integrals  in  particular  for  the  equation 


dissect  the  surface. 

72.     Describe  the  character  and  position  of  the  infinities  of  the  integral 

+  a>xz  +  Ax~\-By  +  C  , 


'0  W  is  an  imaginary  cube  root  of  unity,  and  x,  y  arc  connected  by 


find  the  sum  of  its  values  extended  from  the  points  whore  Px+Qi/  +  R=Q  to  the 
ts  where  P'x+Q'y  +  R'  =  0. 

73.     Construct  a  Riemann's  surface  to  represent  the  equation 

(.«?-!)  y*  =  «P(x  +  l)*; 
'  cuts  reducing  it  to  a  simply  connected  surface  ;  and  construct  an  Abolian  integral 


2  mr  )  - 
\r=l 

and  that  its  genus  is 

i    ( / 

2 

»•=! 


1 

-2)    . 
J 

Prove  that  the  genus  of  the  Rieinaun's  surface  associated  with  the  equation 


where  a,  b,  c  are  unequal  constants,  is  7  ;  and  indicate  the  relations  between  the  sheets 
of  the  surface  at  each  of  the  branch-points. 

176.  Indicate  various  classes  of  functions  of  position  on  a  Riemann's  surface  of  genus 
p,  explaining  specially  the  characteristic  properties  of  the  functions  which  usxially  are 
called  of  the  first  kind,  the  second  kind,  and  the  third  kind,  respectively,  as  well  as  of 
adjoint  polynomials;  and  prove  that  an  adjoint  polynomial  possesses  2p  —  2  zeros  on  the 
surface. 

At  a  set  of  m  among  these  2p-  2  places,  q  other  adjoint  polynomials  vanish  together  : 
at  the  remaining  2p  —  2-m  places,  q'  other  adjoint  polynomials  similarly  vanish  together. 
Prove  that,  on  a  general  Riemann's  surface, 

q'  —  q  —  m-p  +  l. 

177.  Find  the  genus  p  of  the  relation 


Construct  a  rational  function  associated  therewith  with  p+l  arbitrary  poles,  and 
obtain  the  forms  of  p  everywhere  finite  integrals. 

178.     For  the  Riemann's  surface  associated  with  the  equation 

xy  +  w3  +  w4  =  0, 

where  u3,  w4  are  homogeneous  polynomials  in  x,  y  respectively  of  orders  3  and  4  with 
general  coefficients,  construct  a  set  of  linearly  independent  integrals  of  the  first  kind 
and  an  elementary  integral  of  the  third  kind  whose  infinities  are  at  #=0,  y  =  0. 

Find,  save  for  an  additive  constant,  the  sum  of  the  values  of  the  integral 


X 

at  the  intersections  Avith  the  given  curve  of  the  line  Ax  +  By  +  C=0,  expressed  in  terms 
of  A,  B,  C,  and  the  coefficients  of  the  curve. 

179.     Construct  a  Riemann's  surface  suitable  for  the  representation  of  a  function  y 
given  by  the  equation 


Make  a  series  of  cuts  which  will  render  the  surface  simply  connected. 
180.    Shew  that  the  genus  of  the  equation 


is  unity  ;  and  construct  an  integral  of  the  first  kind  associated  with  the  equation. 


isenting  tne  equation 

=  0, 


;he  forms  of  the  everywhere  finite  integrals. 

32.     For  the  fundamental  equation 

y4  =  x*  +  x  +  1, 
•ibe  the  behaviour  of  the  integral 


ind  the  sum  of  its  four  values  integrated  from  the  four  points  where  P0 
e  four  points  where 


83.     Prove  that  the  equation  of  a  curve  of  order  n,  having  §n  (n  -  3)  -  1  double  points, 
36  transformed  birationally  into  the  hyperelliptic  form 

72  =/(£>, 
e/  is  a  polynomial  of  degree  5  or  6.     Transform  in  this  way  the  equation 


34.     Prove  that  the  equation 

•(»,  v) 


/•( 
=  I 

7 


y 

ein  2/2  =  4.r3-  g%x-grs,  defines  #,  ?/  as  single-valued  meromorphic  functions  of  ?/,. 

f  ?/2  =  a2A''1  +  46.r3-(-6ca?'"  +  4^Ai  +  e,  and  R(x,y}  denote  a  rational  function  of  x  and  //, 
three  interals 


actively  (i)  everywhere  finite,   (ii)  algebraically  infinite  to  the  first  order  but  not 
ithmically  infinite,  at  .«  =  £,  y  =  r),  (iii)  logarithmically  but  not  algebraically  infinite 

=  £)  y—^t  anc^  a^  •'S:=co  >  y=*a>xl  ',  and  shew  that  every  integral   I  R(x,  y)dx  is  expras- 
,  save  for  rational  functions  of  x  and  y,  in  terms  of  integrals  of  these  throe  forms. 


85.     If  p  and  n  be  positive  integers,  i/)'=I  +  ala;  +  asx2  +  ...+an.v"',  the  right-hand 
having  no  repeated  roots,  prove  that 


0 

\  elliptic  integral,  provided  that  p  and  n  have  the  greatest  values  consistent  with 
inequalities 

1  ,   2^-,        i    1  ,   2^-, 
-  +  ~>l  and  -+-^l. 
p     n  n     p 

srmine  the  possible  values  of  p  and  n. 
>bew  that  ^  (v}  can  be  expressed  in  the  form 


186.     If  f(x)  be  a  quintic  polynomial  in  x,  and 
dx          ^    dx  i  ssdx 


investigate  the  character  and  general  form  of  x\  +  x2  as  a  function  of  ut  and  u2. 

187.     If  y2  he  a  quintic  polynomial  in  .«,  vanishing  when  .»=«!  and  when  #=a2,  and 

pi  dx      [x°-  dx  pi  #<fo      p*  #<&; 

w=       —  +  M=  I      -  +        - 

j  a,  y    }  at  y  J  ai    y     J  a,   y 

discuss  the  character  of  ,^#2  and  of  {(&;  —  a?i)  («i  -^'2)}    as  functions  of  M!  and  «2- 


188.     If  -4,  .5,  t7,  Z),  ^  ^  be  constants,  f(x)  a  quintic  polynomial,  («0?/o)  ;i  variable 
pair  satisfying  2/2=/(#),  and  (a?].),  (^2),  ...,  be  the  zeros  of  the  rational  function  in  (.7?,  y} 


d  f  f(a!l)  Ex+F  ,       /•  ^  JEx+F  ,  ~1 

evaluate  -7—  —  —     a.«+  /         -------  dx+  ...    . 

^oLJ  ?/  1  y  J 

189.     Quantities  «  and  v  are  denned  by  the  relations 


where    .  X—  (x  —  a0)  (sa  —  ai)  (.v  -  a2)  (x -  a3}  (as  —  a4), 

Y  is  the  same  function  of  y  as  X  is  of  so,  and  the  constants  a0,  at,  «2)  «3?  a\  are  real, 
unequal,  and  (so  arranged)  are  in  descending  order  of  magnitude.  Prove  that  any 
rational  symmetric  function  of  x  and  y  is  an  even  quadruply -periodic  function  of  u  and  v, 
and  that,  in  particular, 

(ar  -  x)  («,.  -  y} 

(for  r=0, 1,  2,  3,  4)  is  the  perfect  square  of  a  quadruply-periodic  function  of  u  and  v,  which 
is  even  for  even  values  of  r  and  is  odd  for  odd  values.  • 

Writing  p,?  =  (a,  -  x)  (a,.  -  y\ 


obtain  the  types  of  quadratic  relations  connecting  the  fifteen  functions  ;  and  prove  that 

Pi  ,    Pm  i    Pn      , 

Plr,      Pmr:     Pnr 


its    uj.    uue   JLUJU 


2re  <2  (s,  «)  is  a  polynomial  in  2  and  «  of  degree  (m-3)  at  most. 

If  the  curve  P(s,  w)  =  0  have  no  multiple  points  except  auch  as  have  distinct  tangents, 
w  that  any  multiple,  point  of  order  q  on  the  curve  F  is  a  multiple  point  of  order  q—l 
the  curve  Q. 

Find  the  integrals  of  the  first  kind  for  the  curve 

24-w4  +  a%w=0  ; 
1  discuss  the  transformation  of  this  curve  to  the  hyperelliptie  form. 

191.  Shew  that  every  uniform  function  of  position  on  a  Rienaann's  surface,  connected 
h.  an  algebraic  equation  /(«;,  z)  =  0  of  degree  m  in  w,  the  function  having  infinities 
y  of  finite  order,  can  be  expressed  in  a  form 

H(z)+Zto£, 

dw 

ere  U  is  a  polynomial  in  w  of  degree  ^m  —  2  having  rational  functions  of  z  for  its 
fficients,  and  H(z)  is  a  rational  function  of  z, 

Prove  that  there  are  integrals  of  rational  functions  of  -w  and  z,  which  do  not  acquire 
infinite  value  upon  the  surface. 

Construct  these  integrals,  when  the  algebraic  equation  iw 


ere  the  constants  a,  6,  c  are  unequal  to  one  another  and  no  one  of  them  is  either  zero 
unity. 

192.  If  an  analytical  correspondence  be  set  up  between  two  variable  points  x  and  y 
a  non-singular  Biemann's  surface,  of  such  a  nature  that  to  every  point  x  there  cor- 
pond  m  variable  points  ylt  y%,  ...,#w,  distinct  in  general  from  &•,  prove  that 


ere  y  is  a  certain  positive  or  negative  integer,  A*  is  a  quantity  independent  of  x,  and 
«2,  ...,  wp  are  p  independent  and  everywhere  finite  integrals  on  the  surface. 

Prove  further  that,  if  c1}  c2,  ...,  cp  bo  suitably  chosen  constants,  and  if 


lote  the  ^-function  belonging  to  the  surface,  then 
6  («i  (;/)  -  %  (a)  -  Ci}  7t)(  __ 


_ 

^  (.?/«)  -4  ^  K  (y)  -  ui  (y/)  -  ci!- 

in  algebraic  function  of  #  and  y  ;  x°,  y<>,  denoting  fixed  points  and  x,  y  a  variable  point 


Hence  or  otherwise  shew  that  the  necessary  and  sufficient  conditions,  that  q  distinct 
points  cl5  Co,  ...,  cq(q^.p}  should  be  such  that  at  a  certain  number  of  them  a  regular 
function  assumes  the  same  value,  are 

0  = 


I;  MP'(CI),  ....  wp'(cff) 
Shew  also  that  if,  for  every  integral  of  the  first  kind  W(z\ 

W  (Cl)  dd  +  W  (c2)  dc2+  ...  +  W  (c,;)  rfca=0, 
then  ci,  c2,  ...,  ca  are  points  at  Avhich  a  regular  function  assumes  the  same  value. 


IX. 

194.     Give  an  outline  of  a  proof  that  a  potential  function  u  exists,  subject  to  the 
conditions, 

(i)     at  all   points  within   the   area  of  a   circle  of  radius   unity,  the  quantities 

OIL      OIL       3^M      3**?/»  0  tit        U  It 

u,  7T-  ,  s- ,  ;r— „ ,  ~-i,  are  regular  functions  of  as  and  ?/  such  that  =.---.  +  ~-.,  =  0  ; 
da?    oy    ox*    oy*  u%       uy 

(ii)  the  quantity  u  acquires  assigned  values  along  the  circumference,  which  are 
regular  functions  of  the  position  on  the  circumference ;  and  obtain  the  function  in 
the  form 


where  /(^)  represents  the  values  along  the  circumference.     Prove  also  thut/(\^)  can  have 
a  finite  discontinuity  at  a  limited  number  of  points. 

Apply  the  transformation  x-\-iy—~j- — vTT~V  *°  t^ie  a^ovo  integral  so  as  to  prove 

1:     (  1    +    I    }   +  A. 

that  a  potential  function  u,  which  exists  over  the  whole  plane  and  is  such  that  its  value 
is  unity  between  —  1  and  +1  on  the  real  axis  and  elsewhere  is  zero  on  the  real  axis,  is  given 

by-  6  where  6  is  the  angle  subtended  at  the  point  in  the  plane  by  the  part  of  the  real  axis 

7T 

lying  between  —  1  and  + 1. 

195.  Deduce,  from  Cauchy's  integral  formula,  Poinson's  expression  for  the  value  <>f  a 
developable  potential  function  at  any  point  interior  to  a  given  circle,  in  terms  of  the 
values  of  the  function  on  the  circumference. 

Shew  ab  initio  in  the  case  when  u  (t)  is  finite  and  contimious  for  all  real  values  of  2, 
the  values  u  ( ±  oo  )  being  the  same,  that  the  integral 

1  f+M   u  (t)  y  dt 
77  J  -^(t-xy+if 

represents  a  developable  potential  function  of  (x,  y),  for  y>0,  reducing  when  (x,  y) 
approaches  to  (#0j  0)  to  the  value  u(ss0). 

Evaluate  the  integral  when  u  (t}  =  -r, — -  . 


L96.  lakmg  as  an  area  the  whole  of  the  plane  of  z  with  the  exception  of  the  finite 
ight  line  joining  2=  —1  to  z  =  l,  find  a  function  of  z,  which  is  single-  valued  in  the  area, 
sal  on  the  boundary,  and  is  discontinuous  within  or  xipon  the  boundary  of  the  area 


197.     Find  a  function  which  shall  be  regular  within  the  circle  |  z  \  —  1  and  shall  have  on 
circumference  the  value 

«2-2«  cos  Q  +  cos  25-M'(2«sin  $-sin  25) 


_________  ? 

re  |  a  \  >  1. 

198.  Prove  that  the  most  general  form  for  a  function  which  (i)  is  to  be  single-  valued 
analytic  in  a  rectangle  in  the  plane  of  the  complex  variable  u  whose  corners  are  ..  =  0, 
2w,  u=iH,  u=2a+iH,  where  &>,  ff  axe  real  ;  and  (ii)  is  to  be  further  such  as  to  assume 
ill  values  at  opposite  points,  u  =  ih,  ..=?V_  +  2c_,  of  one  pair  of  sides;  is  a  aeries  of 


i  f        /?'Tr 

gral  powers  of  exp  I  —  u 

\w     . 


[f  a  <  b  be  real  and  positive,  and  the  function  £>  (u)  be  constructed  with  the  real 
od  2co  and  the  period  2&>'  given  by 

,     ia)        b 
W=V10ga' 

the  region  in  the  plane  of  z  given  by  the  formula 


sn  £  varies  in  the  aunulus  lying  between  two  circles  with  centre  at  £=0  of  respective 
.i  a  and  b. 

Shew  that  there  is,  in  this  anuulus,  only  one  value  of  £  corresponding  to  any  point  in 
region  obtained. 

199.     Shew  how  to  define  an  integral  function  of  the  two  variables  u,  v,  which  shall 
sfy  the-  equations 


<p(?_  +  p,  v  +  cr)  —  [j.e  ^(p  (u,  v),         <p  («  +  />',  1>  +  o-')  =  p/eA ^ ^>  (w,  _)), 
lining  any  necessary  conditions  for  the  constants  p,  o-,  p',  <r',  X,  ?X',  p.,  p/. 

200.     If  the  substitutions  of  an  infinite  discontinuous  group  be 
/     afg  +  ffA  , ._  . 

w  that  the  series 


bsolutely  convergent  when  m  is  a  greater  integer  than  unity,  except  for  special  points  z. 
Construct  a  group  of  substitutions  of  genus  p,  for  which  the  fundamental  polygon  is 


Explain  some  genefal  method  of  expressing  automorphic  functions  when  the  group  of 
linear  transformations  is  assigned. 

202.     In  the  equation 


which  is  satisfied  by  the  quarter  periods  K  and  iK'  of  the  Jacobiau  elliptic  functions 
formed  with  the  modulus  &=\/z,  shew  that  z  is  a  uniform  function  of  the  quotient 

iK' 
t  —  ~T7-  of  two  solutions  of  the  equation,  being  automorphie  for  the  group  generated  by  the 

substitutions 


Shew  how,  by  using  this  as  an  auxiliary  differential  equation,  any  linear  differential 
equation  with  uniform  coefficients  and  three  singular  points  can  be  solved  in  terms  of 
uniform  functions. 
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Regular  singularities,  192. 

Representation  conforms,  11. 

Residue,  48. 

Resolution  of  surface,  canonical,  402. 

Retrosection,  362. 

Riemann's  surface,  382. 

Root,  17. 

Rile k k e lirsc Imi tt,  362. 

Schleife,  182. 

Schwarzian  derivative,  657. 

Second  kind,  doubly-periodic  function  of  the, 

321. 

Second  kind  of  Abelian  integrals,  446. 
Secondary-periodic  functions,  322. 
Section,  69,  165,  220. 
Suction  (cross-cut),   361. 
Series,  convergence  of,   22. 
Sheet,  382. 

Simple  branch-points,  208. 
Simple  circuit,  374. 
Simple  connection,  360. 
Simple  curve,  24. 
Simple  cycle  of  loops,  408. 


Singular  point,  17. 

Singularity,  accidental,  17,  61. 

Singularity,  essential,  19,  61. 

Special  function  on  Eiemann's  surface,  526. 

Species  of  singularity,  177. 

Sub-categories  of  cycles,  740. 

Sub-rational  representation  of  variables,  551. 

Substitution,  homogeneous,  756. 

Substitution,  linear  or  homographic,  625. 

Syneetic,  17. 

Taglio  trasversale,  361. 
Tertiary-periodic  functions,  322. 
Tetrahedral  group,  759. 
Tbetafuchsian  function,  776. 
Third  kind,  doubly-periodic  function  of  the,  321. 
Third  kind  of  Abelian  integral,  452. 
Transcendental  function,  84. 
Transformation,  birational,  537. 
Trasversale,  361. 


products,  91. 
Unicursal,  548. 
Unifacial  surface,  372. 
Uniform  convergence  of  series,    22 ;    of  pro 

ducts,  91. 
Uniform  function,  16. 


Verzweigungschnitt,  385. 
Verziveigungspunkt,  17. 


Wesentliche  singultire  Stelle,  61. 
Winding-point,  392. 
Winding- surf  ace,  392. 
Wmdungspunht,  17. 

Zero,  17. 

Zusammenhcingend,    einfaoh,    mehrfach,    360, 
361. 
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Abel,  269,  518,  580. 

Abel's    formula    for    sum    of    transcendental 
integrals,  585 :    examples  of,  587-590 ;    ap- 
plied  to    integrals    of    first   kind,   590 ;    of 
second  kind,  594;   of  third  kind,  597. 
'  Abel's    Theorem    on    integrals,   quoted,   519 ; 

proved,  579-601 :   the  main  result,  585. 
Abelian  transcendental  functions,   arising  by 
inversion  of  functions  of  the  first  kind  on 
a  lliemanu's  surface,  517; 

Weierstrass's  form  bf,  518. 
Ab.soluto  convergence,   of  series,   21;    of  pro- 
ducts, 91. 
Accidental  singularities,  17,  61,  78; 

must  be  possessed  by  uniform  function, 

78; 

form  of  function  in  vicinity  of,  78; 
are  isolated  points,  78; 
number  of,  in  an  area,  82,  80; 
if   at   infinity  and  there  be  no  other 
singularity,  the  function  is  polynomial, 
83; 

if  there  be  a  finite  number  of,  and  no 
essential  singularity,  the  uniform 
function  is  rational  and  meroinorphic, 
85. 

Addition-theorem,  for  uneven  doubly-periodic 
function  of  second  order  and  second  class, 
290 ; 

for  Weierstrass's  ^-function,  307; 
quasi-i'orrn   of,  for  the   <r-function  and 

the  ^-function,  307; 
definition  of  algebraical,  344; 
algebraical,  is  possessed  by  algebraical 
functions,  344; 

by  simply-periodic  functions,  345; 
by  doubly-periodic  functions,  346; 
function  which  possesses  an  algebraical ,  is 
either     (i)  algebraical,  347; 


satisfies  a  differential  equation  be- 
tween itself  audits  first  derivative, 
355; 

condition  that  algebraical  equation   be- 
tween three  variables  should  express, 
357; 
form    of,   when    function    is    uniform, 

358. 

Adjoint  curves,  445. 

Adjoint    polynomial    on    Biemann's    surface, 
quotient    of   one  by   another,   is  a  special 
function,  527. 
Adjoint  polynomials,  445. 
Algebraic    equation   between    three    variables 
should  express  an  addition-theorem,  condi- 
tion that,  357; 

Algebraic  equation,  defining  algebraic  multi- 
form functions,  190  (see  algebraic  function); 
genus  of,  395; 
for  any  uniform  function  of  position  on 

a  Biemann's  surface,  417. 
Algebraic  equation  defines  functions  that  are 

analytic,  207. 

Algebraic  equation  has  roots,  88. 
Algebraic  function,  cycle  of  branches  of,  570 : 

birationally  transformed,  571-577. 
Algebraic  function  is  analytic,  207. 
Algebraic    (multiform)    functions    defined     by 
algebraical  equation,   190 ; 
branch-points  of,  191 ; 
infinities  of,   are    singularities    of    the 
coefficients,  192; 
graphical  method  for  determination 

of  order  of,  194 ; 
branch-points  of,  197; 
cyclical  arrangements  of  branches  round 

a  branch-point,  200 ; 

when  all  the  branch-points  are  simple, 
208; 


when  all  branch-points  are  simple,  three 

kinds  of  integrals  of,  439 ; 
infinities  of  integrals  of,  440.  443; 
branch-points  of  integrals  of,  443. 
Algebraic  functions  on  a  Eiemann's  surface, 
constructed  from  normal  elementary  func- 
tions of  second  kind,  520; 

smallest  number  of  arbitrary  infinities 
to  render  this  construction  possible,' 
520; 

Riernann-Hoeh's  theorem  on,  521 ; 
smallest  number  of  infinities  of,  which, 
except  at  them,  is  everywhere  uniform 
and  continuous,  523 ; 
which  arise  as  first  derivatives  of  func- 
tions of  first  kind,  524  ; 

are  infinite  only  at  branch-points, 

525 ; 
number  of  infinities  of,   and  zeros 

of,  525; 

most  general  form  of,  526 ; 
determined  by  finite  zeros,  526; 
Brill-Nother  law  of  reciprocity  for, 

528; 
determine  a  fundamental  equation  for  a 

given  liiemaun's  surface,  528; 
relations  between  zeros  and  infinities  of, 

535. 
Algebraic  isothermal  curves,  families  of,  707 

et  seq.   (see  isothermal  curves). 
Algebraic  plane  curve  birationally  transformed 
into  an  other  with  double  points  only,  569-578. 
Algebraic  relation  between  functions  autonior- 
phic  for  the  same  infinite  group,  788 ; 

genus  of,  in  general,  789. 
Analytic  function,  nionogenic,  67. 
Analytic    function    represented    by    series    of 

polynomials,  (59,  134. 
Analytic  function  defined  by  algebraic  equation, 

207. 
Analytical  curve,  459,  478,  658; 

represented  on  a  circle,  478; 
area  bounded  by,  represented  on  a  half- 
plane,  658; 

consecutive  curve  can  be  chosen  at 

will,  659. 

Analytical  test  of  a  branch-point,  186. 
Anchor-ring  conformally  represented  on  plane, 
612. 


functions). 

Area,  simply  connected,  can  be  represented 
conformally  upon  a  circle  with  unique  cor- 
respondence of  points,  by  Biemann's  theorem, 
654; 

form  of  function  for  representation  on  a 

plane,  G57,  670;  on  a  circle,  657; 
bounded  by  analytical  curve  represented 

on  half-plane,  658 ; 

bounded  by  cardioid  on  half-plane,  062  ; 
of   convex  rectilinear  polygon,    666   et 

seq.  (see  rectilinear  polygon) ; 
bounded  by  circular  arcs,  679  ct  seq.  (see 

curvilinear  polygon). 

Areas,  combination  of,  in  proof  of  existence- 
theorem,  480. 
Argand,  2. 

Argument  (or  amplitude)  of  the  variable,  3. 
Argument  of  function  possessing  an  addition- 
theorem,  forms  of,  for  a  value  of  the  function, 
347  et  seq. 
Argument  and  parameter  of  normal  elementary 

function  of  third  kind,  515. 
Ascoli,  459. 
Automorpbic  function,  753  ; 

constructed  for  infinite  group  in  pHoudo- 
automorphic   form,   771   ot   seq.   (nee 
thetafuchsian  functions) ; 
expressed    as    quotient    of    two    theta- 
fuchsian functions,  784; 
its  essential  singularities,  786 ; 
number  of  irreducible   zeros  of,  is  the 
•     same   as   tho   number   of  irreducible 

accidental  singularities,  786 ; 
different,  for  name  group  are  connected 
by  algebraical  equation,   7H8;   genus 
of  this  algebraical  equation  in  general, 
789; 

connection  between,  and  general  linear 
differential  equations  of  second  order, 
791; 
modular-functions  as  examples  of,  7',)2. 

Baker,  247,  396,  404,  519,  528,  530,  537,  567, 
579 ;  a  rule  for  determining  the  gonun  of  a 
Eiemann's  surface,  404. 

Barnes,  103. 

Barrier,  impassable,  in  connected  surface,  360 ; 
can  be  used  to  classify  connected  sur- 


uli  s  numbers,  48. 

i,  570. 

ii,  751,  752. 

al  equations  and  curves,  555. 

r,   342. 

inn,  67,  344. 

il  surfaces,  372,   380. 

)nal  transformation,  415,  537-579; 

conserves  genus  of  equation,  542 ;    . 

conserves  kind  of  function,  543; 

conserves  'fy  -  3  +  p  class-moduli,  545. 
mal   transformation    of  algebraic  plane 
•es,   569-578:    of   cycles  of  branches  of 
braic  function,  571-577. 
mal    transformation     of    equations    of 
is  zero,  550;    of   genus  unity,  558;    of 
.is    greater    than   unity,   566;    of   genus 
,ter  than  two,  569. 
snthal,  113. 

71G. 
it,  (ill. 
i,   714. 

585. 

ardt,  257. 
,  646. 

113,  134,  173. 

lary  of  region  of  continuity  of  a  function 
Bom  posed    of    the    singularities   of    the 
jtion,  68. 
lary,  defined,  369; 

assigned  to  every  connected  surface,  361, 
36!); 

edges  acquired   by  cross-cut  and  loop- 
cut,  362; 

of  simply  connected  surface  is  a  single 
line,  370; 

effect  of  cross-ciit  on,  370; 

and  of  loop-cut  on,  371. 
lary   conditions    for   potential  function, 

(see  potential  function), 
lary,  functions  on  a  Eiemann's  surface 
lout,  491. 

lary  values  of  potential  function  for  a 
le,  465; 

may  have  limited  number  of  finite  dis- 
continuities, 470; 

include  all  the  maxima  and  the  minima 

of  a  potential  function,  476. 
laries    of    connected    surface,    relation 
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branch-points  do  not  u 
which  are  affected   by   a 

can  be  arranged  in   cyclon,    1H»; 
restored  after  number  of  aoH«ri].tic»ti«  ul 

circuit  round  branch-point,  1H|'"' 
analytical  expression    of,    in  vunml-.V  ••! 

branch-point,  187; 
number  of,  considered,    1BH; 
of  an  algebraic  function,   1SK)    («<•''  '"I!''- 

braic  function)  ; 

a  function  which  bus  a  limiloil  number 
of,  is  a  root  of  an  algebraic  equation, 
210. 

Branch-lines,  are  mode  of  junction  of  tin-  ulu-rls 
of  Eiemann's  surfaces,  385  ; 

properties  of,  38(5   et   seq..; 
free  ends  of,  are  brancli-pomtH,    :»«•'; 
sequence  along,  how  affootud  by  branch- 
points, 387; 

system  of,  for  a  surface,    UH7  ; 
special  form  of,  for  two-Hhuotutl  Hurt'iK-i', 

391; 

when  all  branch-points  aro  HinipU',  •!»>:(; 
number    of,    when     brtuxoli-i>«>int.M     uri' 

simple,  412. 
Branch-points,  defined,    1(5,    IBil ; 

integral  of  a  function  round   any  (Mirvn 

containing  all  tho,    <t'2  ; 
effect  of,  on  branches*,  17H,   IHO  «»L  M\\[.\ 
analytical  test  of,    18G ; 
expression  of  branohoH  of.  a   i'uun'.tion  in 

vicinity  of,  187  ; 

of  algebraic  functions,    1U.1,    l'.)7  ; 
simple,  208,  403 ; 
number  of  simple,    209  ; 
aro  free  ends  of  branoh-limiM,    JiH<» ; 
effect  of,   on   sequence,    of    ini.omhuiw^ 

along  branch-liiieti,    387  ; 
joined    by    brancli-linoH     wlu-n     nitnjili1, 

391; 
deformation    of    circuit     on     l.{,i(»timtm'K 

surface  over,  is   impoHHiblo,    ,'i',H»  ; 
circuits  round  two,  aro  irrc:dinuhU>,  ll\\(\; 
number  of,  when   simple,    4.0iJ ; 
in    connection    with     loopn,      'J<M      (HCC 

loops) ; 
canonical  arrangement  of,  when  Hiiujili-, 

411. 
Brill,  404,  415,  528,  530,    570. 


Burnside  (W.  S.)  and  Pantou,  440,  584. 

Canonical  form,  of  complete  system  of  simple 
loops,  409; 

of  Riemann's  surface,  413; 

resolved,  414. 

Canonical  resolution  of  Biemann's  surface,  402. 
Cantor,  176. 

Cardioid,  area  bounded  by,  represented  on  strip 
of  plane,  662; 

on  a  circle,  663. 
Carslaw,  21,  23,  652,  714. 
Casjorati,  2,  27,  407. 
Categories  of  corners,  725  (see  corners). 
Cathcart,  6,  20,  61. 
Cauchy,  v,  vi,  24,  27,  31,  49,  50,  52,  59,  75, 

82,  207,  214,  359,  585. 

Caucliy's  theorem  on  the  integration  of  a 
holomorphic  function  round  a  simple  curve, 
27; 

and  of  a  meromorphic  function,  30; 
on  the  expansion  of  a  function  in  the 

vicinity  of  an  ordinary  point,  50. 
Cayley,  2,  11,  92,  397,  403,  552,  555,  557,  615, 
622,  623,  629,  657,  658,  661,  665,  679,  705, 
707,  710,  754,  756. 
Cesaro,  113. 
Chessin,  250. 

Christoffel,  652,  666,  670,  679. 
Chrystal,  vi,  2,  6,  199,  218. 
Circle,  areas  of  curves  represented  on  area  of : 
exterior  of  ellipse,  G14; 
interior  of  ellipse,  617 ; 
interior  of  rectangle,  615,  674; 
interior  of  square,  615,  674; 
exterior  of  square,  674; 
exterior  of  parabola,  618 ; 
interior  of  parabola,  619; 
half-plane,  619 ; 
interior  of  semicircle,  620; 
infinitely  long  strip  of  plane,  621 ; 
any   circle,  by  properly  chosen  linear 

substitution,  627; 
any  simply  connected  area,  by  Biemann's 

theorem,  654; 
interior  of  cardioid,  662 ; 
interior  of  regular  polygon,  678. 
Circle  of  convergence  of  series,  22. 
Circuits,   round    branch-point,    effect    of,    on 


represented  algebraically,  375; 

drawn  on  a  simply  connected  surface  are 

reducible,  376; 
number  in  complete  system  for  multiply 

connected  surface,  377; 
cannot  be  deformed  over  a  branch-point 

on  a  Biemann's  surface,  397. 
Circular    functions    obtained,    by    integrating 
algebraical  functions,  226; 

on  a  Biemanu's  surface,  430. 
Class-moduli    of    equations    under    birational 

transformation,  544:   number  of,  545. 
Class,  of  transcendental  integral  function  as 
defined  by  its  zeros,  109; 

Laguerre's  criterion  of,  111 ; 

simple  function  of  given,  112 ; 

essential  singularity,  176 ; 

tertiary -periodic  function,  positive,  H35; 

negative,  338; 
(see  genus). 
Classes  of    doubly-periodic    functions    of    the 

second  order  are  two,  262. 
Clebsch,  208,  247,  403,  407,  408,  411,  415,  453, 

518,  519,  548,  554,  557,  569,  579. 
Clifford,  380,  408. 
Closed  cycles  of  corners  in  normal  polygon  for 

division  of  plane,  730  (see  corners). 
Combination    of   areas,    in    determination    of 

potential  function,  480. 
Complex  variable  denned,  1 ; 

represented  on  a  plane,  2 ; 

and  on  Neumann's  sphere,  4. 
Compound  circuits,  374. 

Conditional  convergence  of  series,  21;  of  pro- 
ducts, 91. 

Conditional  equation  in  Abel's  Thcorom,  581. 
Conditions   that   one   complex  variable   be   a 

function  of  another,  7. 
Conduction  of  heat,  application  of  cionformal 

representation  to,  649. 

Conformal  representation   applied    to    hydro- 
dynamics,  639;    to   electrostatics,    (54(5;    to 
conduction  of  heat,  649. 
Conformal  representation  of  planes,  established 
by  functional  relation  between  variables,  11; 
magnification  in,  11 • 
used  in  Schwara's  proof  of  existence- 
theorem,  478; 
most  general  form  of  relation  that  secures, 


or  surfaces  of  revolution  on  piano,  007; 
of  sphere  on  piano,  (501) ; 

Mercator's  and  Ktereographic  projec- 
tion, (iOS),  (51.0;    ' 
of  oblate  ftphoroid,  012; 
of  ollipfloicl,  (512; 
of  anchor-ring,  012 ; 
of  surface  of  constant  negative  curvature, 

(51;{ ; 

Ricmann's  general  thoornni  on,  054  ; 
form  of  function  for,  on  a  piano,  (157; 

on  a  circle,  (i">7. 
Congruent  regions  by  linear  substitutions,  GiJl, 

724. 

Conjugate  edges  of  a  region,  72f>  {see  edges). 
Conjugate  functions,  ',). 

Connected  surface,  supposed  to  haves  a  boundary, 
BOO,  aOH,  :i7f>  ; 

to  be  bifacial,  872  ; 

divided  into  polygons,  Lhuilior's  theorem 

on,  372  ; 
geometrical  and  physical  deformation  of, 

870  ; 

can  bodcformud  into  any  other  connected 
surface  of  tins  Hamcoonnectivity  having 
the  Hiinui  innnbor  of  boundaries,  if  both 
bo  bifaoinl,  .'WO  ; 
Klein's  normal  form  of,  8B1; 
associated  with  irreducible,  equation,  802. 
Conneotion  of  Hurfac.OH,  defined,  Hr>l) ; 
Hiniplo,  iM'iO ; 

definition  of,  H(i'2 ; 
multiple,  55(51 ; 

definition  of,  3(5'2  ; 
affected  by  nroHH-outs,  UfiO  ; 
l>y  loop-outn,  ft(57 ; 
and  by  Hlit,  i5(5H. 

Connectivity,  of  surfaco  de.llned,  80-1 ; 
affected  by  croHH-outs,  80(5  ; 
by  loop-outH,  J)(57; 
by  Hlit,  5508 ; 

of  splierical  surface  with  lioltm,  3(iH  ; 
in  relation  to  irreducible  eirouitn,  .'J7fi  ; 
of  a  Bieniann'a  surface,  with  one  boun- 
dary, MM  ; 

with  several  boundaries,  3i)6. 
Conntant,  uniform  function  is,  everywhere  if 

constant  along  a  line  or  over  an  urea,  72. 
Constant  difference  of    integral,    at  opposite 


Buriaeu,  OlU-sa-i. 
(Jontiguonn  re^iona,  724. 
Continuation,  of  fnuc.tion  by  Biidco 
07; 

H(shwar/,'n  pyinnuitrio,  70  ; 
of  fiiiuilion  with  oswmtial 

120 ; 
of  multiform  funetion  to  obtain  brauohes, 

180. 
Continuity  of  a  function,  region  of  (nee  region 

of  continuity). 

GontimionH  eonvorKonoo,  2'2. 
OontinuonH  fU'onp,  71H. 
Contour  integration,  'IB  49. 
Contraction  of  ureas  in  oonfornml  repnmenta- 

tinii,  ()(Su. 

Convur^iiiue  of  produetn,  kinds  of,  1)1. 
Convince i ic,e,  of  Hcriow,  kiiu\H  of,  22;  oirole  of, 

22  ;  of  pmdur.lH,  ill. 

(Jonv(!X   enrvd,    area   of,   represented   on   hiilt- 
planc,  dedueiul  aH  the  liinitof  the  repriwiitH- 
tion  of  a  reetilinoar  polygon,  (57!). 
Convex  minual  polygon  Cor  division  of  plane, 
in  oonneotion  witli  an  inllnile  group,  72H  ; 
angles  at  corners  of  second  category  and 

of  third  category,  7!5() ; 
sum  of  iuighm  at  the  corners  in  a  eyele 
of  the  Ih'Ht  category  is  a  sulmmltiple 
of  four  rigbt  ajigles,  7!H  ; 
when  given  leads  to  group,  7-'M. ; 
changed  into  a  closed  surface,  742. 
Corners,  of  regions,  724  ; 

throe  categories  of,  for  Fuohsian  group, 

72  ft  ; 

oyoloH  of  homologous,  72(5; 
how  obtained,  7*10 ; 
cloned,  and  open,  7HO  ; 
eatogortoH  of  cvyolcH,  7HO ; 
of    lirst    category   am   (ixod    pointn   of 

elliptic  substitutions,  7!M ; 
of  second  and  third  categories  are  fixed 
points  of  parabolic  substitutions,  7!H  ; 
stib-categorioH  of  cycles  of,  741; 
open  cycles  of,  do  not  occur  in  Kleinian 

groups,  747. 

Crescent   changed   into   another  of   the  same 
anglo  by  a  linear  substitution,  (12K  ; 

represented  on  a  half-piano,  OH4. 
Criterion  of  character  of  singularity,  HO ; 


363; 

on  any  surface,  363  ; 
on  connectivity  of  surface,  366  ; 
on  number  of  boundaries,  370  ; 
and  irreducible  circuits,  377  ; 
on  Eiemann's  surface,  398  ; 
chosen  for  resolution  of  Riemann's  sur- 
face, 399; 
in   canonical  resolution   of   Riemann's 

surface,  401 ; 
in  resolution  of  Riemann's  surface  in  its 

canonical  form,  413 ; 
difference  of  values  of  integral  at  opposite 

edges  of,  is  constant,  424 ; 
moduli  of  periodicity  for,  426  ; 

number  of  independent  moduli,  428 ; 
introduced  in  proof  of   existence- 
theorem,  487  et  seq. 
Curve,  birational  transformation  of  algebraic 

plane,  569-578. 
Curves,  adjoint,  445. 

Curvilinear  polygon,  bounded  by  circular  arcs, 
represented  on  the  half-plane,  679  et  seq. ; 
function  for  representation  of,  680  ; 
equation  which  secures  the  representa- 
tion of,  683 ; 
connected  with    linear   differential 

equations,  684 ; 
bounded  by  two  arcs,  684 ; 
bounded  by  three  arcs,  685  (see  curvi- 
linear triangles) . 

Curvilinear  triangles,  equation  for  representa- 
tion of,  on  half-plane,  685  ; 

connected  with  solution  of  differential 
equation  for  the  hypergeometrio  series, 
686; 

when  the  orthogonal  circle  is  real,  688  ; 
any  number  of,  obtained  by  inver- 
sions, lie  within  the  orthogonal 
circle,  689 ; 

equation  is  transcendental,  689  ; 
discrimination  of  cases,  689,  690  ; 
particular  case  when  the  three  arcs 

touch,  691 ; 

when  the  orthogonal  circle  is  imaginary, 
692; 

stereographic  projection  on  sphere 
BO  as  to  give  spherical  triangle 
bounded  by  great  circles,  693  ; 


one,  694 ; 

equations  which  establish  the 
representation  in  these  cases, 
697  et  seq. ; 

cases  when  the  relation  is  algebraical 
in  both  variables  but  uniform  in 
neither,  704  et  seq. 

Cycles  of  branches  of  algebraic  function,  570: 
birational  transformation  of,  into  linear 
cycles,  571-577. 

Cycles  of  corners,  726  (see  corners). 
Cyclical  interchange  of  branches  of  a  function 
which  are  affected  by  a  branch-point,  185  ; 
when  the  function  is  algebraic,  200. 

Darboux,  23,  53,  70,  83,  379,  613,  666,  679,  712. 
Dedekind,  767,  771. 
Deficiency  of  a  curve,  403  ; 

equal  to  genus  of  associated  Riemaun's 

surface,  403  ; 

determined  by  Baker's  rule,  404  ; 
•        is  an  invariant  for  rational  transforma- 
tions, 415,  542. 

Deformation,  of  a  circuit  on  a  Riemann's  surface 
over  branch-point  impossible,  397 ; 

of  connected  surfaces,  geometrical  and 
physical,  379  ; 

can  be  effected  from  one  to  another 
if  they  be  bifacial,  be  of  the  same 
connectivity,  and  have  the  same 
number  of  boundaries,  380 ; 
to  its  canonical  form  of  Riemann's  sur- 
face with  simple  winding-points,  413  ; 
of  loops,  405  et  seq.; 
of  path  of  integration,  of  holomorphic 
function  does  not  affect  value  of  the 
integral,  30 ; 

over  pole  of  meromorphic  function 

affects  value  of  the  integral,  39  ; 
of  multiform  function  (see  integral 
of  multiform  function) ; 
form  of,  adopted,  224; 
effect  of,  when  there  are  more 

than  two  periods,  247 ; 
on  Riemann's  surface  (see  path  of 

integration) ; 
of  path  of  variable  for  multiform 

functions,  181 ; 
how  far  it  can  take  place  without 


Degree    of    cycle    of    branches    of    algebraic 

function,  570. 
De  Haan,  47. 
Derivative,  Schwarzian,  657  (see   Schwarzian 

derivative). 

Derivatives,  a  holomorpbic  function  possesses 
any  number  of,  at  points  within  its  region, 
36; 

do  not  necessarily  exist  along  the  boun- 
dary of  the  region  of  continuity,  36, 
158; 

superior  limit  for  modulus  of,  38  ; 
of  elliptic  functions  with  regard  to  the 

invariants,  311,  312. 

Description  of  closed  curve,  positive  and  nega- 
tive directions  of,  3. 
De  Sparre,  114. 

Differential  equation  of  first  order,  satisfied  by 
uniform  doubly-periodic  functions,  277 ; 

in  particular,  by  elliptic  functions,  277, 

278; 

possessing  uniform  integrals,  283; 
satisfied  by  function  which  possesses  an  alge- 
braic addition-theorem,  356. 
Differentiation      of      uniformly      converging 

function-series,  156. 
Dihedral   function,    automorphic   for  dihedral 

group,  765  (see  polyhedral  functions). 
Dihedral  group,  of  rotations,  757  ; 

of  homogeneous  substitutions,  758  ; 
of  linear  substitutions,  750  ; 
function  automorphic  for,  765. 
Dingeldey,  381. 
Dini,  vi. 

Directions  of  description  of  closed  curve,  3. 
Discontinuous,  groups,  717 ; 

properly  and  improperly,  718  ; 

all  finite  groups  are,  719  ; 

division  of  plane  associated  with,  724 

(see  regions). 
Discrete  group,  717. 

Discriminating  circle  for  uniform  function,  133. 
Discrimination  between  accidental  and  essen- 
tial singularities,  61,  80. 

Discrimination  of  branches  of  a  function  ob- 
tained by  various  paths  of  the  variable,  181 
-184. 

Divergence,  of  series,  22  ;  of  products,  91. 
Division   of   surface  into  nolvtions,  Lhuilier's 


cumscribed  sphere  by  planes  of  symmetry, 
694 ; 

equation  giving  the  conformal  represen- 
tation on  a  half-plane  of  each  triangle 
in  the  stereographic  projection  of  the 
divided  spherical  surface,  698. 
Doubly-infinite  system  of  zeros,  transcendental 

function  having,  104. 
Doubly-periodic  functions,  uniform,  235  ; 
graphical  representation  of,  '236  ; 
those  considered  have  only  one  essential 
singularity  which  in  at  iniinity,  257, 
267,  281  ; 
fundamental  properties  of  uniform,  258 

et  seq. ; 
order  of,  259  ; 
equivalent,  2(iO ; 
integral    of,    round     parallelogram    of 

periods,  is  zero,  260 ; 
sum  of  residues  of,  for  parallelogram,  is 

zero,  262 ; 

of  first  order  do  not  exist,  262  ; 
of  second  order  consist  of  two  classes, 

262; 
number  of  zeros  equal  to  number  of 

infinities  and  of  level  points,  266  ; 
sum  of  zeros  congruent  with  the  sum  of 
the  infinities  and  with  the  sum  of  the 
level  points,  267 ; 

of  second  order,  characteristic  equation 
of,  270  ; 

zeros  arid  infinities  of  derivative  of, 

271; 

can  be  expressed  in  terms  of  any 
assigned   homoperiodic   function 
of  the  second  order  with  an  ap- 
propriate argument,  273 ; 
of  any  order  with  simple  infinities  can 
be  expressed  in  terms  of  homoperiodic 
functions  of  the  second  order,  274 ; 
are  connected  by  an  algebraical  equation 

if  they  have  the  same  periods,  27(5 ; 
differential  equation  of  first  orilor  satis- 
fied by,  276 ; 

in  particular,  by  elliptic  functions, 

277; 

can  be  expressed  rationally  in  terms  of 
a  homoperiodic  function  of  the  second 
order  and  its  first  derivative,  279  ; 


u  ioiuiutiuu  a 


344. 
Doubly-periodic  integral  of  differential  equation 

of  first  order,  288. 
Du  Bois-Reymond,  158. 
'Durege,  64,  363,  381. 
Dyck,  381,  716,  718. 

Edges  of  cross-cut,  positive  and  negative,  424, 

499. 

Edges  of^regions  in  division  of   plane  by  an 
infinite  group,  724 ; 

two  kinds  of,  for  real  groups,  725  ; 
congruent,  are  of  the  same  kind,  725  ; 
conjugate,  725 ; 
of  first  kind  are  even  iu  number  and  can 

be  arranged  in  conjugate  pairs,  72(5 ; 
each  pair  of  conjugate,  implies  a  funda- 
mental substitution,  726. 
Eisenstein,  105,  107. 
Electric  force,  electric  intensity,  647. 
Electrostatics,  application  of  conformal  repre- 
sentation to,  (54(5. 
Elementary  function  of  second  kind,  509  (see 

second  kind  of  functions).         ' 
Elementary  functions  of  third  kind,  511  (see 

third  kind  of  functions). 
Elementary  integrals  of  second  kind,  446  ; 

determined  by  an  infinity,  except  as  to 

additive  integral  of  first  kind,  448  ; 
number  of  independent,  449  ; 
connected  with  those  of  third  kind,  453. 
Elementary  integrals  of  third  kind,  452  ; 

connected  with  integrals  of  second  kind, 

4153; 

iiumber  of  independent,  with  same  log- 
arithmetic  infinities,  453. 
Elements  of  analytic  function,  (57  ; 

can  be  derived  from  any  one  when  the 

function  is  uniform,  68  ; 
any  single  one  of  the,  is  sufficient  for 

the  construction  of  the  function,  68. 
Ellipse,  area  without,  represented  on  a  circle, 
614; 

area  within,  represented  on  a  rectangle, 
616; 

and  on  a  circle,  617. 

Ellipsoid   conformally  represented   on    plane, 
612. 

Tilllint.in  ormn.tinns     ov  rmrvr>s    KKR. 


Elliptic  substitutions,  631,  633 ; 

are  either  periodic  or  infinitesimal,  635 ; 
occur  in  connection  with  cycles  of  cor- 
ners, 741,  747. 
Enneper,  771. 

Equations,  of  genus   greater  than  two,  566  : 
normal  form  of,  569. 

of  genus  two,  562-565:  variables  in, 
expressible  by  sextic  or  quintic  radical,  563: 
only  limited  number  of  birational  trans- 
formations into  one  another,  566 :  normal 
form  of,  567. 

of  genus  unity,  554-562  :  variables  in, 
expressible  by  quartic  or  cubic  radical,  554, 
and  as  uniform  elliptic  functions,  556 :  bi- 
rationally  transformable  into  one  another 
with  one  arbitrary  parameter,  558  :  normal 
form  of,  567. 

of    genus   zero,    548-554:    variables  in, 
expressible  as  rational   functions,  548 :   bi- 
rationally   transformable   into    one   another 
with  three  arbitrary  parameters,  550  :  sub- 
rational  representation  of  variables  in,  551, 
made  rational,  552  :  normal  form  of,  5(i7. 
Equipotontial  lines  in  planar  electrostatics,  647. 
Equivalent  homoperiodio  functions,  260; 

conditions  of  equivalence,  2(55. 
Essential  singularities,  19,  61 ; 

uniform  function  must  assume  any  value 

at  or  near,  64,  116; 
of  transcendental  integral  function  at 

infinity,  90 ; 

form  of  function  in  vicinity  of,  118; 
continuation  of  function  possessing,  1'20; 
form  of  function  having  finite  number 

of,  as  a  sum,  121 ; 
functions  having  unlimited  number  of, 

Chap.  vn. ; 
line  of,  165 ; 
lacunary  space  of,  16C; 
classification  of,  into  classes,  175 ; 
into  species,  177 ; 
into  wider  groups,  177 ; 
of  pseudo-automorphic  functions,  776; 
of  automorphic  functions,  7H(>. 
Essential  singularities  of  groups,  637,  739; 

are  essential  singularities  of   functions 

automovphic  for  the  group,  739  ; 
He  on  thfl  fnnrlftmfint.n.l  niv«1o    7AQ  • 


KxiHtenee-theorem    [or   fund-inns   on    a   |»ivmi 
Hieuiaiin's  surface,  Chap,  xvu.; 
methods  of  proof  of,  -1.V.) ; 
ahstract  of  Hehwai"/.'n  proof  of,  -HiO; 
results  of,  relating  to  clnssc:<  of  functions 
proved  to  exist  under  conditions,   1%. 
Kxpaii'-iun  of  a  function  in  the  vie.inity  of  an 
ordinary  point,  liy  (Jaiichy'.s  theori'in,  /JO; 

within  a  rin^,  by  liaiirent'H  theorem,  at. 
FiVpivssioii  nf  uiiil'orm  function,  in  vicinity  of 
ordinary  point,  ;"i(); 

in  vicinity  of  a  v.ero,  7f>  ; 

in    vicinity   of    accidental    singularity, 

in  vieinity  of  essential  nin«uhirity,  IIH; 
havinj,;  finite  nnmliei1  of  cwHcnlial  Hin^u 
larilieH,  as  a  HIIIII,  l'J2; 

as  a  product,  when  without  aceiden- 
^tal  KiiiKiiIaril-icM  and  /.eroti,  125, 
"it'll; 

an  a  product,  with  any  number  of 
/.emu  and  no  accidental  Hin^ii- 
lariticH,  lilt); 

IIH  n  proilnct,  wil.li  any  number  of 
/.ei'oii  ami  of  accidental  sinj'iiliui- 
ticH,  l.H'J; 

in  the  vieinity  of  any  one  of  an  infinite 
number  of  ennential  tiinp;nlariticH,  Ki5; 
having  an  aHHii.;ned  inlinite  number  of 
.ritieH  over  the  plane,  UJ7; 


inh'nit.y  n»   \l 
!Uti(,»ii!unly,  Mil; 
having   ttnliinited 

uted  over  a  finite  oirtile,    Md. 
xjuvHHioti  of  inultiforni  function  in  the  vie.inity 
of  hnuiuh-piiint,  1H7. 

iU'lor,  Kc'ii'raliHiiig,  of  triusHccndfiital  i 


pninury,  101  ; 

fractional,   for  pntential-fnno.tton,   -1711; 

major  and  minor,  •(??. 
Factorial  fiuic'tintiK,  pHHido-perindic  on  a  Uie- 

'H  Mtirfaef,  fi.'il  ; 
their  argument,  iJlil  ; 
t'oitHtant  fantorH  (or  nttiltipliern)  for  OJ-OHH- 
ctitjt  of,  .W2  ; 

fttrniM  (if  wlntti  itt*()i(M>nnt.H  iLrn  (<tiTinn. 


e,ro.sH-e,ut   nuddipliei'H    mid    an  aHHi^ned 
inimlmr     of     iiiiinil.icH     deterinine     ;i 
limited  muulior  of  independenl,  i").'!7. 
KacLorial  periodicity,  71'.). 

Faotorn  (or  multiplier,'))  of  factorial  funoLionn 
at  (U'OHH-tUitH,  filJ'J; 

foriiiH  of,  when  e.roMK-tuitH  are  eanonie.al, 

r),')2. 

Kalk,  '2:\0. 
FamilieH  of  ^rotijiH,  HCVDII,  7'IO  ; 

for  OIK!  nut,  tlm  wlioie  linn  c.oiiHerved  liy 
UHI  group  in  a  line,  of  cMsciitial  HIII^U 
larify  ;    for  the.  other  Het,  only  partM 
of    the    conserved    line   are    line.s  of 
ensentiid  tunnularity,  7-11. 
Finite  groiipH  of  linen)"  snhMLiliitiioii.1!,  719,  7">-l  ; 
c.ontaiidnK  a  Ntitf.dc  luiidiunenl.al  HidiHti 

t.ution,  7  111  ; 
anliurnmnic,     containitif1;     two     elliptic. 

fundamental  sulwUlutiouH,  72(1. 
Finito  nnnilier  of  erini-ntiul  fiiiij.iuhint.irn,  I'univ 

turn  having,  (>xpn>nHed'  an  a  mini,  1'J'J. 
FirHl.  kind  of  pMtnido.periodic  function,  .'120. 
Fhvtt  kind  of  fnnctioiiN  on  u  llienninn'H  nnrface, 
•H)H  ; 

tiiodnli  of   perioilicity  of  fitnc.tioiiH  of, 
/500  «t  Mcq.  ; 

relation    hotweiMi,   and   tluiHe  of  a 

function  of  Hceond  kind,  ."ill:!; 
when  the  I'une.tionH  are  normal,  fiOH; 
nuinher  of  linearly  independent,  fu  nctioiiH 

of,  f,0f,  ; 

normal  fuuctiotin  of,  u()H; 
inv^rHion  of,  U'adiiiM  to  multiply  periodic 

functions,  r>lfi  • 

derivative)*  of,  an  ali/ehrait'id  funetioiiH, 
fiiM  ; 

inlinittdH  mid  /.eroH  of,  fi'tfi', 
tuniHerved  uiidei'  hirational  Inimtforma- 

lion,  r>-12. 
I'irHt  kind  of  integralH  on  Hieimuin'H 


munhnr  of,  linearly  independent  in  par- 

licular  ca«e,  4-10; 
itni  not  uniform  fune.t,ionn,  lift; 
g«uieral  valut!  of,  41(5  (HCC  lirHt  kind  of 

fuuc.tioMH); 
mini  of,  esjmtMHod  \>y  MH'\'H  Theorem, 


Form  of  argument  for  given  value  of  function 

possessing  an  addition-theorem,  347  et  seq. 
Fourier,  651. 
Fractional  factor  for  potential  function,  476  ; 

major,  minor,  477. 
Fractional   part   of  doubly -periodic   function, 

259. 

Fredholrn,  54. 
Freancl's  integrals,  44. 

Fricke,  vii,  153,  453,  523,  52G,  530,  625,  704,  754. 
Frobenius,  312,  322,  328. 
Fuchs,  133,  771. 
Fuchsian    functions,     753    (see    automorphic 

functions). 
Fuclisian  group,  723,  740; 

if  real,  conserves  axis  of  real  quantities, 

723; 

when  real,  it  is  transformed  by  one 
complex  substitution  and  then  con- 
serves a  circle,  737; 

division    of    plane    into    two    portions 
within 'and  without  the  fundamental 
circle,  737; 
families  of,  740; 
genus  of,  742. 
Function    defined    by    algebraic    equation    is 

analytic,  207. 
Function  on  Biemann's  surface,  construction 

of  rational,  523 ;  special,  526. 
Function,  Biemann's  general  definition  of,  8; 
relations  between  real   and  imaginary 

parts  of,  9 ; 
equations  satisfied  by  real  and  imaginary 

parts  of,  12 ; 
monogenic,  denned,  15 ; 
uniform,  multiform,  defined,  16; 
branch,  and  branch-point,  defined,  16 ; 
holomorphic,  defined,  17 ; 
meromorphic,  defined,  17; 
continuation  of  a,  67; 
region  of  continuity  of,  67; 
element  of,  67 ; 

monoRenic  analytic,  definition  of,  67 ; 
constant  along  a  line  or  area,  if  uniform, 

is  constant  everywhere,  73 ; 
properties  of  uniform,  without  essential 

singularities,  Chap.  iv. ; 
rational  integral,  84; 
transcendental,  84; 


simply-periodic,  or  algebraic  doubly-perioi 
347; 

has  ouly  a  finite  number  of  values 

one  value  of  the  argument,  855 ; 
if   uniform,    then    either    rational, 
simply-periodic,    or    doubly-perioi 
355; 
satisfies  a  differential  equation  betw 

itself  and  its  first  derivative,  356. 
Functional  dependence  of  complex  variab 
form  of,  adopted,  7; 

analytical  conditions  for,  7 ; 
establishes    conformal    representati 

11. 
Functionality,  monogenic,  not  coextensive  v 

arithmetical  expression,  164. 
Functions,  expression  in  series  of  (see  serie 

functions). 
Functions    of    two    variables,    Woierstra 

theorem  on  regular,  203-6. 
Fundamental  circle  of  Fuchsian  group,  73"i 
divides  plane  into  two  parts  which 
inverses  of  each  other  with  regar 
the  circle,  738 ; 
essential  singularities  of  the  grouj; 

on,  740. 

Fundamental  equation  for  a  Biemann's  am- 
is determined  by  algebraical  functioiiK 
exist  on  the  surface,  529. 
Fundamental  parallelogram  for  double  per 
icity,  237,244; 

is  not  unique,  244. 

Fundamental  region  (or  polygon)  for  divi 
of  plane  associated  with  a  discontinv 
group,  724; 

can  be  taken  so  as  to  have  edges  of 
first  kind  cutting  the  conserved 
orthogonally,  728,  738; 
in  this  case,  called  a  normal  polyi 
727; 
which  can  be  taken  as  con' 

728; 
angles  of,  730  (see  convex  noi 

polygon) ; 

characteristics  of,  732. 
Fundamental  set  of  loops,  407. 
Fundamental  substitutions  of  a  group,  71(5 
relations  between,  717,  726,  732; 
one  for  each  pair  of  conjugate  edg( 


all  families  of  algebraic  isothermal  curves 
are  derived  from,  by  algebraic  equa- 
tions, 713. 

is,  715. 

SB,   2,   11,    103,   458,    G0'2,  007,   611,  712, 
4. 

iral  conditions  for  potential  function,  460 
;e  potential  function), 
iralified  equations  of  Kleiniau  group,  745 
ic  Kleinian  group) ; 

polyhedral  division  of  space  in  connec- 
tion with,  747. 

sralising  factor  of  transcendental  integral 
lotion,  09. 

is  of,  algebraic  equation  associated  with,  a 
emaun's  surface,  395 ; 

between  automorphic  functions,  789 ; 
connected  surface,  371;  conserved  under 

birational  transformation,  542 ; 
Fuchsian  group,  742 ; 
lliemann's  surface,  395 ; 
of  Bienmnn's  surface  equal  to  deficiency 
of  associated  curve,  403 ; 

determined  by  Baker's  rule,  404. 
is  zero,  equations  of,  548-554; 
unity,  equations  of,  554-562; 
two,  equations  of,  562-565; 

curve  of,  transformable  into  a  quar- 

tic,  565. 

an,  208,  247,  407,  415,  453,  518,  519,  5(59, 
9,  719". 

•sat,  82,  105,  172,  222,  223,  243,  342,  530, 
I),  679,  752. 

ihical  determination  of,  order  of  infinity  of 
algebraic  function,  194 ; 
the   leading  term  of   a  branch   in   the 
vicinity  of  an  ordinary  point  of  the 
coefficients  of  the  equation,  19G; 
the  branches  of  an  algebraic  function  in 

the  vicinity  of  a  branch-point,  199. 
ihical  representation  of  periodicity  of  func- 
mH,  236,  237. 
n,  45H. 
nhill,  227. 

ip  of  linear  substitutions,  715 ; 
fundamental  substitutions  of,  716 ; 

relations  between,  717 ; 
continuous,  and  discontinuous  (or  dis- 


division    of    plane    into    polygons 
associated  with,  721  et  seq. ; 
relation    between    the    funda- 
mental substitutions,  723 ; 
division  of  plane  for  any  discontinuous 
group,  724  (sec  region) ; 

fundamental  region  for,  724; 
Fuchsian,  724, 740  (see  Fuchsian  group) ; 
when  real,  conserves  axis  of  real  quanti- 
ties, 724; 

fundamental  substitutions  of,  connected 
with  the  pairs  of  conjugate  edges  of  a 
region,  726 ; 
seven  families  of,  740 ; 
conserved  line  in  relation  to  the  essential 

singularities,  741 ; 
Kleiniau,  743  (see  Kleinian  group) ; 
dihedral,  757; 
tetrahedral,  75!). 
Grouping  of  branches  of  algebraical  function 

at  a  branch-point,  200. 
Giinther,  530. 

Guiclmrd,  12(5,  176,  177,  256,  257. 
Gutzmer,  53. 
Gyld6n,  150. 

Hadamard,  54,  113,  803. 
Half-plane  represented  on  a  circle,  (519; 
on  a  semicircle,  620; 
on  an  infinitely  long  strip,  621; 
on  a  sector,  622; 
on  a  rectilinear  polygon,  665  et  seq.  (see 

rectilinear  polygon) ; 
on   a  curvilinear  polygon,  bounded  by 
cirmilar  arcs,  79  ot  seq.  (HOC  curvilinear 
polygon,  curvilinear  triangle). 
Halphen,  105,  309,  312,  322,  332,  342,  343,  572. 
Halphen'a  birational  transformation  of  plane 
curves,    572;    uned   to   transform   cycle   of 
branches  of  algebraic  function,  .572-577. 
Hankel,  153,  223. 
Hardcastle,  F.,  381. 
Hardy,  6. 

Harnack,  6,  10,  20,  61,  459. 
Heine,  223. 
Helmholte7642,  646. 
Henrici,  459. 

Hcrmite,  vii,  23,  48,  95,   103,   113,  134,  165, 
219,  220,  222,  302,  322,  324,  326,  333,  342, 


Hobson,  6,  21,  102. 
Hodgkinson,  690. 
Hofrnaun,  414. 
Holder,  64. 

Hole  in  surface,  effect  of  making,  011  connec- 
tivity, 367. 
Holomorphic  function,  defined,  17; 

integral  of,  round  a  simple  curve,  27; 

along  a  line,  28; 
.     when  line  is  deformed,  29 ; 

when  simple  curve  is  deformed,  30 ; 

has  a  derivative  for  points  within,  but 

not  necessarily  on  the  boundary  of, 

its  region,  36; 

superior  limit  for  modulus  of  derivatives 

of,  38 ; 

expansion  of,  in  the  domain  of  an  ordi- 
nary point,  50,  60; 

within    a   ring   of   convergence   by 

Laurent's  theorem,  55. 
HolKiniiller,  2,  391,  615,  625. 
Horne'n,  172. 

Homogeneous  form  of  linear  substitutions,  756. 
Homogeneous  substitutions,  766; 

two  derived  from  each  liuoar  substitu- 
tion, 756; 

dihedral  group  of,  758. 

Homographic  substitution  connected  with  sphe- 
rical rotation,  755. 
Homographic  transformation,  or  substitution, 

625  (see  linear  substitution). 
Homologous  points,  237,  724. 
Homoperiodic  functions,  263 ; 

when  in  a  constant  ratio,  263 ; 

are  connected  by  an  algebraical  equation, 

2G3. 

when  equivalent,  265; 
Houel,  2. 

Humbert,  519,  630. 
Hurwitz,  456,  566,  718,  721,  771,  792. 
Hydrodynamics,  application  of  conformal  repre- 
sentation to,  639. 
Hyperbolio  substitutions,  631,  633; 

neither  periodic  nor  infinitesimal,  636; 
do  not  occur  in  connection  with  cycles 

of  corners,  741,  748. 
Hyperelliptio  equations  or  curves,  565. 
Hypergeometric  aeries,  solution  of  differential 
equation  for,  connected  with  conformal  repre- 


in  the  stereographic  projection  of  the 
divided  surface,  704. 
Identical  substitution,  716. 
Imaginary  parts  of  functions,  how  related  to 
real  parts,  9; 

equations  satisfied  by  real  and,  12. 
Improperly  discontinuous  groups,  718 ; 

example  of,  749  et  seq. 
Index  of  a  composite  substitution,  710; 

not  entirely  determinate,  717. 
Infinite  circle,  integral  of  any  function  round, 

41. 

Infinite  class  of  integral  function,  113. 
Infinitesimal  curve,  integral  of  any  function 

round,  40. 

Infinitesimal  substitution,  717. 
Infinities,  of  a  function  defined,  17; 

of  algebraic  function,  192. 
Infinities  of  doubly-periodic    functions,    irre- 
ducible, are  in  number  equal  to  tin)  irroduoible 
zeros,  266; 

and,  in  sum,  are  congruent  with  thuir 

sums,  267 ; 
of  pseudo-periodic  functions  (HOC  second 

kind,  third  kind). 
Infinities  of  potential  function  on  a  Eicmann's 

surface,  495. 
Integral  function,  52 ; 

of  iufmite  class,  113. 

Integral  with  complex  variables,  defined,  20; 
elementary  properties  of,  22,  23 ; 
over  area  changed  into  integral  round 
boundary,  by  Biem ami's  fundamental 
lemma,  25; 
of  holomorphic  function  round  simple 

curve  is  zero,  28 ; 
of  holomorphic  function  along  n  lino  is 

holomorphic,  29; 

of  meromorphic  function  round  simple 
curve  containing  ono  simple  polo,  31; 
round  simple  curve,  containing  seve- 
ral simple  poles,  33 ; 
round    curve    containing   multiple 

pole,  37; 

of  any  function  round  infinitesimal  circle , 
40; 

round  infinitely  groat  circle,  41; 
round  any  curve  enclosing  all  tho 
branch-points,  42. 


also  whon  the  curve  is  othorwine  deformed 

under  condition**,  217; 
round  a  small  curve  ouolotiing  a  branch- 
point, 217; 
round  a  loop,  224; 
deformed  path  adopted  for,  225; 
with   inoro   periods    than    two,    can   bo 
inado  to  aHKinno  any  value  by  modi- 
fying tin:  path  of  integration  between 
the  limitH,  24(>. 

Integral  of  uniform  function  round  parallelo- 
gram of  periodH,  is  nero  whon  function  in 
doubly-periodic,  2(50; 

general  oxprcHHion  for,  2(51. 
IntcgralH,  at  opposite  odgOH  of  eroHH-ont,  values 
of,  differ  by  a  constant,  424; 

when  iiroHH-t'.utH  arc  canonical,  42(5 ; 
discontinuities  of,   excluded  on  a  llio- 

nuuin'H  surface,  427 ; 
general  vuluu  of,  on  a  Bioniann'nmu'faco, 

4'2H ; 
of  algebraic  funotioiiH,  4.,%; 

whon  branoh-pohiiiH  are  mmphs,  4!IH ; 
inlinitioH    of,    of    algebraic    fum'.tioim, 

4JH) ; 
fii'Ht  kind  of,  444; 

numbiir  of  indupondoni;,  of  fa'Hl,  kind, 

d-lfi ; 
arn  not  uniform  func.tionHOfpoHitiou, 

445; 

gcnural  valui!  of,  440; 
Hooond  kind  oC,  44(>  (HOU  Hncond  kind); 
oUinusntary,  of  mic.ond  kind,  44(5  (HOU 

iiliimnntary  intngralH) ; 
third  kind  of,  450  (H.K-  tliird  kind); 

olomnntary,  of  third  kind,  45'J  (HOO 

olcmontary  intugral) ; 
coniHwtud  with  inti'graln  of  HCKiond 

kind,  -IHiJ. 
Integration,  Itummnu'H  fundauuuttal  lemma  in, 

24. 

IntorchanKc.,  cyclical,  of  branoUnBof  a  function 
uflf 00 tod  by  a  branch-point,  lH/>; 
of  algobraical  funi'.Lum,   '210. 
Interchange  of  argutncnt    and   paramntar   in 
normal    iilmnontary   function    of   this   third 
kind,  »!». 
Interchange,  KUIIUUIICU  of,  along  brancli-linuB 


variables  leading  to  multiply  periodic 
functions,  517  et  HCIJ. 

Inversions  at  circles,  oven  mnnbor  of,  lead  to 
lineo-linoar  relation  botweon  initial  and  iinal 
points,  (iiJH. 
Irreducible  circuitH,  5574  ; 

comj>loto  system  contain**  same  number 

of,  875; 
cannot  bu  drawn  on  a  simply  eonuoetod 

surface,  iJ7(i; 

round  two  brane.h-pointH,  ,'tt)H. 
Irreducible   equation    and   singlonesH   of   oon- 

nected  surface,  ,'1(.)2. 
Irreducible,  points,  2;i<>,   2,'i7,  724,  772; 

Hero**  of  doubly-periodic  function  are  tho 
Hamo  in  number  as  irreducible  infini- 
tki.s,  2(1(5; 
likewise    tlie    number    of    level-points, 

2(5(5 ; 

also  of  automorphie  functions,  7H7; 
Bum  of  irreducible  points  is  independent 
of   tho   value    of   the  doubly-periodic 
function,  2(J7. 

Isothermal  curves,  families  of  plants  algebraical, 
707 ; 

form  of  equation  that  give**  such  families 
as   the  conformal    representation    of 
parallel  straight  lines,  710; 
three  [uinlaniontHl  sysl,emn  of,  710; 
all,    arc    conformal    representations    of 
fundamental    nysteniH    by   algebraical 
tioiiri,  711  ; 

1,    may   bo   algebraical    by   other 
relations,  711. 
Isothermal  lines  in  conduction  of  heat,  050. 

Jar.obi,    1(IH,    22,'!,  22H,  '2,'i!l  et  neq.,  2?H,  5)H, 

r>!l2,  (ill,  C.12, 
Jacob!'**  theorem  in  algebraic  equatioiiH  lined  to 

deduce  Abel's  Theorem,  fi',12  f»',)4. 
Jeans,  (545). 
Jordan,  40,  K7,  yW,  r»70,  71(5. 

Kaptt'yn,  740. 

Kinds  of  edges  in  region  for  l''uclinian  group, 
725  (see  edges). 

Kinds  of  pseudo-periodic!  functions,  three  prin- 
cipal, 1520,  !52.1 ; 


Kleinian    functions,     753     (see     automorphic 

functions). 
Kleinian  group,  743 ; 

conserves  no  fundamental  line,  743; 
generalised  equations  of,  applied  to  space, 
745 ; 

conserve  the  plane  of  the  complex 

variable,  745 ; 
double   (or  fixed)  circle  of  elliptic 

substitution  of,  746 ; 
polygonal  division  of  plane  by,  746; 
polyhedral  division  of  space  in  connec- 
tion   with   generalised    equations    of, 
747; 

relation  between  polygonal  division  of 
plane  and  polyhedral  division  of  space 
associated  with,  748. 
Kfmigsberger,  269,  519. 
Kopcke,  101. 
Ivorkinc,  COS,  (ill. 
Knuise,  842. 
Kimor,  519. 
Krouecker,  153. 

Laehlan,  088,  (592. 

Lacnnary  functions,   10(i. 

Lagrange,  608,  (ill. 

Laguerre,  109,  111,  112. 

Laguerre's  criterion  of  class  of  transcendental 
integral  function,  111. 

Lamb,  640. 

Lame,  328,  707. 

Lame's  differential  equation,  328  ; 

can  be  integrated  by  secondary  periodic 

functions,  830; 

general  solution  for  integer  value  of  ?t, 
331 ; 

special  cases,  332. 

Laurent,  50,  54,  57,  58,  82,  252,  253. 

Laurent's  theorem  on  the  expansion  of  a  func- 
tion which  converges  within  a  ring,  54. 

Law  of  reciprocity,  Brill-Nother's,  528. 

Leading  term  of  a  branch  in  vicinity  of  an 
ordinary  point  of  the  coefficients  of  the 
equation  determined,  196. 

Leathern,  646. 

Legendre,  228. 

Lerch,  161. 

Level  places  are  isolated  points,  74. 


Linear  cycles  of  branches  of  algebraic  func- 
tions, 570 ;  all  cycles  can  be  Irrationally 
transformed  into,  577. 

Linear   differential   equations    of    the    second 
order,  connected  with  automorphic  functions, 
791. 
Linear  substitution,  625; 

equivalent  to  two  translations,  a  reflexion 

and  an  inversion,  626; 
changes  straight  lines  and  circles  into 

circles  in  general,  627 ; 
can  be  chosen  so  as  to  transform  any 

circle  into  any  other  circle,    628; 
changes  a  plane  crescent  into  another  of 

the  same  angle,  628; 
fixed  points  of,  628; 
multiplier  of,   628; 
condition  of  periodicity,  629; 
parabolic,  631 ; 

and  real,   632; 
elliptic,  631 ; 

and  real,   638 ; 

is  either  periodic  or  infinitesimal, 

635; 
hyperbolic,  081 ; 

and  real,   633; 
loxodrornic,  631,  (535; 
can  be  obtained  by  any  number  of  pairs 

of  inversions  at  circles,  637; 
group  of,  715  et  seq.  (see  group)  ; 
normal  form  of,  715; 
identical,  710  ; 

algebraical  symbols  to  represent,  716  ; 
index  of  composite,  716 ; 
infinitesimal,  717; 
interchangeable,  719 ; 
in  homogeneous  form,  756. 
Lines   of    flow  in    conduction    of    heat,    649, 

650. 

Liouville,  190,  249,   257,  269. 
Liouville's  theorem  on   doubly-periodic   func- 
tions, 281. 
Lippich,  363,  381. 
Logarithmic      differentiation      of      converging 

products  is  possible,  92. 

Logarithmic  infinities,  integral  of  third  kind 
on    a   Biemaun's   surface   must   possess   at 
least  two,  452. 
Loop-cuts,  denned,  362 ; 


184; 
symbol  to  represent  effect  of,  405; 

change  of,  when  loop  is  deformed, 

406; 

fundamental  set  of,  407; 
simple  cycle  of,  408; 
canonical  form  of  complete  system  of 

simple,  409. 
e,  672. 
odromic  substitutions,  (531,  635; 

neither  periodic  nor  infinitesimal,  637 ; 
do  not  occur  in  connection  with  cycles 

of  corners,  747. 
oil),  407,  408,  551,  554. 

;nification  in  cbnformal  representation,  11, 
Yd; 

in  star-maps,  611. 
r,   881. 

or  fractional  factor,  477. 
>s,  611. 

hews,  751.  ' 

hieu,  652. 

;imum  and  minimum  values  of  potential 
motion  for  a  region  lie  on  its  boundary, 
76. 

:well,  458. 

cator's  projection  of  sphere,  610. 
omorphic  function,  defined,  17; 

integral  unchanged  by  deformation  of 
simple  curve  iu  part  of  plane  where 
function  is  uniform,  31; 
integral  round  a  simple  curve,  containing 
one  simple  pole,  31 ; 

round   a   curve   containing   several 

simple  poles,  33  ; 
round  a  curve  containing  multiple 

pole,  36; 
cannot,    without   change,   be   deformed 

across  pole,  39; 

is  form  of  uniform  function  with  a 
limited  number  of  accidental  singu- 
larities, 85 ; 

all   singularities   of  rational,  are   acci- 
dental, 87. 
rer,  707. 
hell,  670. 
iding,  712? 
limum   number  of   integrals   in   terms   of 


Mittag-Leffler's  theorem  on  the  expression  of  a 
uniform  function  over  its  whole  region  of 
existence,  69. 

Mittag-Leffler's  theorems  on  functions  having 
an  unlimited  number  of  singularities,  <lis- 
tribtited  over  the  whole  plane,  134; 

distributed  over  a  finite  circle,  133. 
Miibius,  372,  623,  704. 
Modular-function  denned,  7(57; 

connected  with  elliptic  quarter-periods, 

767; 

(see  modular  group) ; 
as  automorphic  function,  792. 
Modular  group  of  substitutions,  710 ; 

is    improperly    discontinuous    for    real 

variables,  718  ; 

division  of  plane  into  polygons,   asso- 
ciated with,   720  et  seq. ; 
relation  between  the  fundamental  sub- 
stitutions of,  7'23 ; 
for  modulus  of  elliptic  integral,  768; 
for  the  absolute  invariant  of  an  elliptic 

function,  770. 
Moduli  of  periodicity,  for  cross-cuts,  427 ; 

values  of,  for  canonical  cross-cuts,  427  ; 
number   of  linearly  independent   on   a 

surface,  4'28; 

examples  of,  429  et  seq.;- 
introduced  in  proof  of  existence-theorem, 

487  et  seq. ; 
of  function  of  first  kind  on  a  Rienmnn's 

surface,  498  et  seq.; 

relation  between,  of  a  function  of  first 

kind  and  a  function  of  second  kind,  503 ; 

properties  of,    for   normal   function   of 

first  kind,  508; 

of  normal  elementary  function  of  second 
kind  are  algebraic  functions  of  its 
infinity,  510  ; 

of  normal  elementary  function  of  third 
kind  are  expressed  as  normal  functions 
of  first  kind  of  its  two  infinities,  513. 
Modulus  of  variable,  3. 
Monogenic,  defined,  15; 

function  has  any  number  of  derivatives, 

86; 

analytic  function,  (57. 

Monogenic  functionality  not  coextensive  with 
arithmetical  expression,  1(34. 


integral  of  (see  integral   of  multiform 

function) ; 
is  uniform  on  Kiemann's  surface,  384, 

390. 

Multiple  circuits,  374. 
Multiple  periodicity,  247 ; 

of  uniform  function  of  several  variables, 

248. 

Multiplication-theorem,  344. 
Multiplicity  of  zero,  75 ; 
of  pole,  80 ; 
of  a  function  on  a  Eiemann's  surface, 

421. 

Multiplier  of  linear  substitution,  628. 
Multipliers  of  factorial  functions  at  cross-cuts, 
532; 

forms  of,  when  cross-cuts  are  canonical, 

532. 

Multiply  connected  surface,  360; 
defined,  360; 

connectivity  modified  by  cross-cuts,  364 ; 
by  loop-cuts,  367; 
and  by  slit,  368 ; 

boundaries  of,  affected  by  cross-cuts,  370 ; 
relation  between  boundaries  of,  and  con- 
nectivity, 371; 
divided  into  polygons,  Lhuilier's  theorem 

on,  372; 
number  of  circuits  in  complete  system 

of  circuits  on,  377. 

Multiply-periodic  uniform  functions  of  n  vari- 
ables, cannot  have  more  than  2n  periods, 
248; 

obtained   by  inversion   of   functions  of 
first  kind,  515  et  se<i. 

Natural  limit,  of  a  power-series,  153; 
of  part  of  plane,  689 ; 
for  pseudo-nutomorphic   function   with 

certain  families  of  groups,  777. 
Negative  curvature,  surfaces  of  constant,  712. 
Negative  edge  of  cross-cut,  424,  499. 
NekniHBoff,  133. 
Netto,  710. 
Neumann,  vii,  5,  6,  42,  182,  190,  363  et  seq.., 

384,  401,  458,  459,  518,  631,  535,  586. 
Neumann's  sphere  used  to  represent  the  vari- 
able, 4; 

need  for  multiform  functions,  182. 


Normal  form  of  linear  substitution,  715.. 
Normal  functions  of  first  kind,  508  (see 

kind  of  functions). 

Normal  polygon  for  division  of  plane,  728 
can  be  taken  convex,   728  (see  co 

normal  polygon). 

Normal  surface,  Klein's,  as  a  surface  of  i 
ence  of  given  connectivity  and  numbc 
boundaries,  381,  413. 
Neither,  404,  528,  530,  570. 
Number  of  zeros  of  uniform  function  in 
area,  75,  77,  82,  86; 

of  periodic  functions  (see  doubly-peri 
functions,  second  kind,  third  kiiu 
of   pseudo-automorphic    functions 
pseudo-automorphic  functions). 

Octahedral  (and  cubic)  division  of  surfac 
circumscribed  sphere,  695  ; 

equation    giving   the   conformal   re 
sentation    on    a    half-plane    of    i 
triangle  in  the  stereographic  pr( 
tion  of  the  divided  surface,  701. 
Open  cycles  of  corners  in  normal  polygon 
division   of  plane  by  Fuchsian  group, 
(see  corners) ;     • 

do  not  occur  in   division   of  plane 

Kleinian  group,  747. 
Order  (Borel's)  of  integral  function,  113. 
Order  of  a  function  on  a  Biemann's  surl 

420. 

Order  of  doubly-periodic  function,  259. 
Order  of  infinity  of  a  multiform  function  d< 

mined,  193. 
Ordinary  point  of  a  function,  60; 

domain  of,  60. 
Origin    of    cycle    of    branches    of    algcl 

function,  570. 
Oscillating  series,  21. 

Painleve,  70,  134,  166. 
Parabola,  area  without,  represented  on  a  cii 
618; 

area  within,  represented  on  a  circle, 
Parabolic  substitutions,  631,  032; 

neither  periodic  nor  infinitesimal,  61 
occur  in  connection  with  cycles  of 

ners,  741,  747. 
Parallelogram   for  double  periodicity,   fiu 


phic    function  without    affecting   the 
value  of  the  integral,  SO ; 
on    a   llionmnu'H   surface,   can    bo    de- 
formed, except  over  a  discontinuity, 

•m. 

ciodic  linear  HiibatitutionH,  0'29 ; 

uro  elliptic,  (5U;5. 

dodioity  of  uniform  functions,  of  one  variable, 
J35  ot  seq. ; 

of  Hovoral  variables,  247. 
riotlioity,  modulus  of,   4*27  (no«>  moduli   oC 
periodicity), 
riodw  of  a  fuuo.tion  of  one  variable,  2i(5; 

cannot  have  a  roal  ratio  when  the  func- 
tion IH  uniform,  '237; 
cannot  exceed  two  in  number  indepen- 
dent  of  one  another  if  function  ho 
uniform,  '242. 

rinanent  equation  in  Abol'H  Theorem,  581. 
irugmon,  134,  4-14,  457,  0(5(5. 
mrd,  114,  (Hi,  1(1(5,  829,  »4«,  4<ll,  WO,  500, 
5150,  ,r)(59,  7.r)l. 
neherle,   174,  71.0. 

;me  ufltid  to  represent  variation  of  complex 
variable,  '2. 
ohhammer,  '212'2. 

incaro,  vii,  80,  118,  114,  100,  172,  ;Ma,  JM4, 
n(il>,  (J'25),  (>:5'2  et  Hoq.,  (>ii7,  71(5  et  ncq.,  740, 
752  et  Hcq. 
iinHon,  45H. 

iloH  of  a  function  dollnod,  17,  (II. 
ilyhcdral  divinion  of  npae.e  in  connection  with 
goiieraltHed  c.quatioiiH  of  group  of  Kleinian 
HulmtitutioiiH,  7-IH. 

ilyhedral  fiuictiouH,  ('.onnctttc.d  with  c.onformal 
roprcHcntaLion,  (i'.KJ  et  Heq.  ; 

for  double-pyramid,  1)1)7,  70(5; 
for  tetrahedron,  (i'JH-7(54 ; 
for  ootahedi'on  anil  eube,  700; 
for  icoKiilu'dron  and  dodecahedron,  70U, 
jlynomialR,  adjoint,  445, 
ilynomialH,  analytic  funetion  reproHcnted  by 
HerieK  of,  70,  L'54. 

ilyuomialH  on  a  Hiemaiin'rt  Kurfnce,  adjoint, 
lotid  to  Hpeoial  functioiiH,  f>27. 
iHitioit  on   lti(imann'H  mirfaee,  tuoHt  general 
uniform  function  of,  417; 

their  algebraical  exurcHmon,  419; 
has  aH  many  xertw  UH  iiUlnitiort,  420. 


boundary  condifcionn  aHHi(j;iiod  tn,  400; 
(treeu'rt     iutegral-fcheoreniK     connected 

with,  4(5.1  et  Heq. ; 

is  uniquely  determined  for  a  circle  by 
Ki'.immL  conditions  and  continuous 
finite  boundary  valuen,  4(5H  ; 

oxjiroHHion    obtained    for, 

the  condititnvH,  41)7  ; 
the  boundary  valueH  for  circle  may 
have    finite   diHcontinuitioH   at   a 
limited  munliuv  of  inolated  pointn, 
470  ; 

properticH  of,  for  a  circle,  475; 
maximum  and  minimum  valuen  of,  in  a 

region,  lie  on  the  boundary,  470 ; 
in  determined  by  Konoral  oonditionw  and 
lioundary  vahum,  for  area  conl'ormally 
reprewmtable  on  area  of  a  circle,  47H; 
for  combination  of  areaw  when  it 
can  be  obtained  for  each   Hcpa- 
rately,  4HO  ; 
for  area  containing  u  winding-point, 

4HJ5  ; 
for  any  Himply  connected  Hurface, 

•I  HI!; 

introduction  of  croHH-cut  nioduli  for,  on 
a  doubly  connected  mirfaon,  -IH7  ; 
on  a  triply  conueeted  Hurfae.e,  41)0  ; 
on  any  multiply  connected  mirfaoo, 

411 1. ; 

number  of  linearly  independent,  every- 
where finite,  495,  505  ; 
introduction  of  aHHigned  infmitieM,  4S)5 ; 
iH  of,  determined,  41)0  ; 

e.umplex  functiona  derived  I'roin, 
with  the  roHpectivc  conditionw,  49(5. 
Powor-BorioB,    aH    elementH    of   an    analytical 
function,   07  et  Heq.,   tfiiJ  et  HOIJ.; 

region  of  continuity  of,  oomuRtH  of  one 
connected  part,  IfiU ; 

may  have  a  natural  limit,  lil.'J. 
Primary  factor,  101, 
Primitive  parallelogram  of  periods,  '244, 
PringHheim,  '21,  91,  l(l'2,  '23)1). 
Product- form  of  traiiHcendental  integral  func- 
tion with  infinite  number  of  uoroH  over  whole 
plane,  99. 

L'rtuluutH,  couverKencc,  of,  91. 
1'rym,  400,  4()1,  417,  451),  fill),  Ml. 


of  the  first  kind,  320  ; 
of  the  second  iriud,  821 ; 

properties  of  (see  second  kind) ; 
of  the  third  kind,  321 ; 

properties  of  (see  third  kind) ; 
on   a  Riemann's   surface  {see   factorial 

functions) . 
Pseudo-periodicity  of  the  f -function,  301; 

of  the  <r-function,  305. 
Puiaeux,  197. 

Quadrilateral,    area   of,    represented   on   half- 
piano,  67(5; 

determination  of  fourth  angular  point, 

three  being  arbitrarily  assigned,  678. 
Quartic  transformable  into  sextio  curve,  546; 
into  another  quartic,  547. 

Huffy,  390. 

Ramification  of  a  Riemann's  surface,  395. 

Batio  of  periods  of  uniform  periodic  function 

cannot  be  real,  '238. 
Rational  function  on  Biemann's  surface,  how 

to  construct,  523. 
llational  integral   of  differential   equation   of 

first  order,  283. 
Rational  representation  of  variables  in  equation 

of  genus  zero,  548. 
Rational  transformation,  537,  579. 
Bauaenbergur,  SM2,  71!). 

Roal  and  imaginary  parts  of  functions,  how 
related,  9; 

equations  satisfied  by,  12  ; 
each  can  bo  deduced  from  the  other,  12. 
Real    potential    function,    457    (see    potential 

function). 

Real  substitutions,  723  (seo  Fiiolisian  group). 
Reciprocity,  Brill-Nother's  law  of,  628. 
Reconciloablo  circuits,  374. 
Rectangle,  area  within,  represented  on  a  circle, 
(513  f 

and  on  an  ellipse,  615 ; 
on  a  half-plane,  074,  675. 
Rectilinear   polygon,   convex,   represented  on 
half- piano,  660  et  seq.; 

function  for  representation  of,  668 ; 
equation  which  secures  the  representa- 
tion of,  (568  ; 
throe  angular  points  (but  not  more)  may 


quadrilateral) ; 

limit  in  the  form  of  a  convex  curve,  6' 
Reducible  circuits,  374. 
Reducible  points,  236,  237. 
Region  of  continuity,  of  a  uniform  functic 
67,  150; 

bounded  by  the  singularities,  68 ; 
of  a  power-series  consists  of  one  cc 
nected  part,  152; 

may  have  a  natural  limit,  153 ; 
of  a  aeries  of  uniform  functions,  153 

seq.; 

of  multiform  function,  179. 
Regions  in  division  of  plane  associated  w: 
discontinuous  group: 
fundamental,  724; 
uniform  correspondence  between,  724 
contiguous,  724; 
edges  of,  724  (see  edges) ; 
corners  of,  724  (see  corners). 
Regular    functions    of    two    variables,    Wei 

strass's  theorem  on,  204-6. 
Regular  in  vicinity  of  ordinary  point,  functi 

is,  60. 
Regular  polygon,  area  of,  conformally  rep: 

sen  ted  on  a  circle,  678. 
Regular  singularities  of  algebraical  functioi 

192. 

Regular  solids,  planes  of  symmetry  of,  dividi 
the  surface  of  the  circumscribed  sphere,  (: 
et  seq. 
Representation,  conformal,  11  (see  conforn 

representation). 

Representation  of  complex  variable  on  a  plai 
2; 

and  on  Neumann's  sphere,  4. 
Residue  of  function,  deiined,  48; 

when  the  function  is  doubly-periodic,  t 

sum  of  its  residues  is  zero,  261. 
Residues  (Cauchy's)  in  Abel's  Theorem,  585. 
Resolution  of  Riemann's  surface,  398  et  scq. 
how  to  choose  cross-cuts  for,  399 ; 
canonical,  402; 

when  in  its  canonical  form,  413. 
Revolution,  surface  of,  conformally  represent 

on  a  plane,  608. 

Riemann,  v,  vi,  vii,  8,  10,  15,  24,  158,  214,  2i 
359  et  seq.,  372  efc  seq.,  416  et  seq.,  45 
453,  458,  459,  509,  518,  521,  527,  530,  5'. 


used  to  represent  algebraic  functions,  384 ; 
ulu'uts  of,  joined  along  branch-linos,  385 ; 
can  bo  taken  iu  spherical  form,  393; 
connectivity  of,  with  one  boundary,  394; 

with  Htive.ral  boundaries,  39(5 ; 
genus  of,  395 ; 
ramification  of,  395; 
irreducible  circuits  on,  397; 
resolution  of,  by  cross-outs  into  a  simply 

connected  surface,  39H  tit  seq.; 
canonical  resolution  of,  402; 
form  of,  when  bran  oh -points  aro  simple, 
•111; 

deformation   to  canonical  form   of, 

41.2 ; 

rcHolution  of,  in  canonical  form,  414; 
uniform  funetionn  of  position  on,  417; 
thoir  expression  and  tho  equation 

satisfied  by  them,  4.19; 
have  as  many  xcros  as  infinities, 

420 ; 

integral  of  alp;e.braio  functionH  on  a,  42iJ 
nt  HC<I.; 

icoroin   for   functionH    on    a 
,  455 ; 

functionH  on  (HOC.  (irHt  kind,  Hocond  kind, 
tliird  kind  of  CunctioiiH,  alKobraic 
functionH). 

inatin'H  tluioromonconlonualroproflontation 
f  any  jtbuH!  aroa,  Hiiuply  oonncottid,  on  artia 
f  a  circle,  (!54. 
!,(!»•,  7.r>4. 
:h,  521,  5:10. 

ilH  of  a  function,  di'linod,  17 ;  of  an  algebraic 
Dilation,  HH. 

ationH,  c.onncctod  with  linear  HubHtitutionH, 
(54; 

groupH  of  for  regular  Holiiln,  7f>7  ; 
(Ulu'dral  (,'roiip  of,  7-T7 ; 
totrahedral  j,;rtmp  of,  7/51). 
ic)i«,  BIJ. 
v«,  HHt). 
igo,  i:»4. 

inon,  4()»,  41fi,  f>24. 

mm,  nnii. 

loHiu^er,  7f54. 
h'hniich,  2. 


Sohwaiv/s  Bymmotrio  continuation,  70. 
Schwarxian  derivative),  u.sod  in  conformal  vc- 

presontation,  (557,  (iriO  et  seq. 
Scott,  G.  A.,  578. 

Second  kind  of  pseudo-periodic  function,  321 ; 
Hormito's  expression  for,  824,  32(5; 

limiting  form  of,  when  function  is 
periodic   of   the    first   kind,   325, 
327 ; 
MiUag-LuOlor'N  expression  for,  in  inter- 

niediato  cam.1,  32/>,  H27; 
number   of   irreduoiblo    inlinitics   same 
as  the  number    of   irreducible  neros, 
327  ; 

dil'fertmcu  between  the  mini  of  irreducible 
inl'mitioH  and  mini  of  irredndblo  xeros, 
328 ; 
oxproHsed   in    terms  of  tho  <r-funclion, 

32H; 
nflod  to  solve  LaiiKVn  differential  oqiui- 

tion,  32H. 

Second  order  of  doubly-periodic  functions  (sou 
also  doubly-poriodic  functions),  properties  of, 
Uhap.  xi. ; 

of  Hocond  claHB  and  odd,  28(5; 

connected    with    Jacobian    elliptic 

functions,  2H9; 
adilition-theorem  for,  2!)0; 
of   /irnt   c.lasH  find  even,  illustrated  by 
WeierHtniHsian  elliptic  functions,  293 
ot  HOIJ.  ; 

of  second  c.biHs  and  oven,  313  ot  ncq. 
Becond  kind,  of  fmiobioiiB  on  a  lliomaim's  sur- 
face, 49M ; 

relation  between  moduli  of  ]>criodicity  of 
functionH  of,  and  those  of  a  function 
of  first  kind,  503; 
elementary  function  of,  is  determined  by 

its  infinity  and  moduli,  609; 
normal  elementary  function  of,  509; 
moduli  of  periodicity  of,  510; 
iised  to  construct  algebraic  functions 

on  a  Kiemaim's  surface,  5'20. 
Second  kind,  of  integrals  on  a  lliornanu's  sur- 
face, 44(5; 

elementary  integrals  of,  44(5; 
general  value  of,  44H ; 
elementary  integrals  of,  determined  by 
an   infinity  except   ao   to   integral  of 


Secondary  periodic  function,  822  (see   second 

kind  of  pseudo-periodic  function). 
Sections  for  integrals   of  uniform   functions, 

Hermitc'H,  (59,  165,  220. 
Sector  on  a  half-plane,  022. 
Soldo!,  102. 
Semicircle  represented  on  a  half-plane,  620; 

on  a  circle,  020. 
Sequence   of    interchange   along  branch-lines 

determined,  887. 
Serifs,  convergence  of,  21. 
Series  of  functions,  expansion  in,  135  et  seq. ; 
region  of  continuity  of,  156; 
1'eprenents  the  same  function  throughout 
any  connected  part  of   its  region  of 
continuity,  157; 

may  represent  different  functions  in  dis- 
tinct parts  of  its  region  of  continuity, 
102. 
Series    of    polynomials   representing   analytic 

function,  GO,  134. 
Series  of  powers,  expansion  in,  50  et  seq. ; 

function  determined  by,  is  the  same 
throughout  its  region  of  continuity, 
152; 

natural  limit  of,  153. 
Sorrot,  710. 
Soxtic  hyperelliptic  curve  transformable  into . 

quartic,  conditionH,  546. 
Sheets  of  a  Eioruann's  surface,  382; 

relation  between  variable  and,  384 ; 
joined  along  branch-lines,  885. 
Siobecic,  (515,  710. 

Simple  branch-points  for  algebraic  function, 
208; 

number  of,  209,  403  ; 
in  connection  with  loops,  404; 
canonical  arrangement  of,  411. 
Simple  circuit,  374. 
Simple  curve,  donned,  24; 

used  as  boundary,  3C9. 
Simple  oycloH  of  loops,  408 ; 

number  of  independent,  409. 
Simple  element  for  tertiary  periodic  functions, 
of  positive  class,  338  ; 

of  negative  class,  340. 
Simply  connected  surface,  360 ; 
donned,  302; 
effect  of  cross-cut  on,  363 ; 


Simply-periodic  functions,  237; 

graphical  representation,  237,  251 ; 
properties  of,  with  an  essential  sinj 

larity  at  infinity,  252  et  seq. ; 
when  uniform,  can  be  expressed  as  sei 

of  powers  of  an  exponential,  253; 
of  most  elementary  form,  255; 
limited  class  of,  considered,  257; 
possess     algebraical     addition-theore 

345. 
Simply-periodic  integral  of   differential  eq 

tion  of  first  order,  283. 
Single  connected  surface  associated  with  h 
ducible     equation    or     with    repetition 
irreducible  equation,  393. 
Singular  line,  165. 
Singular  points,  17. 

Singularities,    accidental,    17    (see    accidet 
singularity) ; 

essential,  19  (see  essential  singularit. 
discrimination  between,  61,  80; 
bound  the  region  of  continuity  of 

function,  67; 
must  be  possessed  by  uniform  functic 

78; 

of  algebraical  functions,  regular,  192 
Singularity  of  a  coefficient  of  an  algebraic  ec 
tion  is  an  infinity  of  a  branch  of  the  funct: 
193. 

Slit,  effect  of,  on  connectivity  of  surface,  3 
Special  function  on  Eiemann'e  surface,  5 
is   quotient   of  one   adjoint  polynomial 
another,  517. 

Species  of  essential  singularity,  177. 
Sphere   conformally  represented  on  a  pi; 
609; 

Mercator's  projection,  609; 
stereographic  projection,  610. 
Spherical  form  of  Eiemann's  surface,  393 ; 

related  to  plane  form,  393. 
Spherical  surface  with  holes,  connectivitj 

368. 
Spheroid,   oblate,  conformally  represented 

plane,  612. 

Square,  area  within,  represented  on  a  ci: 
615,  674; 

on  a  half-plane,  673,  675; 
area  without,  represented  on  a  circle, 
Stahl,  519,  753,  788. 


ikrlhorger,  ;U'J,  SU). 
UJ'-H,  17'J,  17:i. 


ii:?ht.  liiic  changed  into  a  circle  by  a  linear 

institution,  IWO. 

mm  -lines,  (Hi),  O-H  el  seq. 

I1  "f  plant1,  iulinitt'ly  loan,  represented  on 

ulf-pliuic,  021  ; 

t>n  a  I'.irele,  (il'.l; 

on  a  eardioid,  (iO'J. 
'(••KcKiirios  of  eyries  nf  corners,  741. 
'•nilrional    representation    of    variables    in 
liiution  <if  KCIUIK  xero,  f//>l. 
i.stif.nl,ion,  linear  or  hnnnwaphie,  I5tif>  (HCO 
nt'iir  Hiibstilulinn). 

n  <»f  residues  of  doubly-periodic  function, 
dativo  to  a  fuutliuiunital  pamlhilogram,  in 
t-ru,  yCil. 

n  of  l.ranHt'.i'ndtMital  inlt'^ralH,  Aliol'H  (ixpnm- 
icii  i'nr,  58"):  i-xampli'tf  of,  5H7  •<">()()  -.  of  lirnl, 
iiul,.  I'.ld:  ofHcinnid  kind,  filM  :  of  third  kind, 
U7  :  ininiinuin  nninber  t'tiiuvalcnt  to,  flll'.l. 
fiu'.o,  coiutt'ctctl,  Ilfi1,!  ; 

linn  a  boundary  aHHimicd,  IUU),  !HiH,  \\l?i\ 

i'lTtiol  of  any  nuiulitT  of  c.nwM-fuitH  on,;i(i.'J; 

CDiuioc.tivity  of,  !{()•(  ; 

alTfc.tfd  by  (•niHH-c.utH,  !!(!(); 
by  liK/ji-ontH,  307; 
and  by  Hlii,  'MM  ; 

k'l-nUM  of,  .'$71  ; 

tif   i-.onHtant  smgative   f.nrvatnro    rt'iin:- 
mmttul  on  a  plaiid,  (5U5,  712; 

HUp]HiHi<d  bifac.iul,  not  nnifaoial,  !57'2; 

lihuilicr'H  tbcori'in  on  diviHion  of,  into 
poly^oiiH,  !!7'2; 

Hifiuann'H  (KI'I-  Uiditianit'H  Hurfaw.). 
nbtil  for  loop,  40.1  ; 

ultaiiKit  of,  wlitni  loop  in  defonnc.d,  lOli. 
mmilrio  c.tintinuation,  Hchwar/.'H,  70. 
ittnu  (if  branch.  lincH  fora  Uiiuiuiun'HHurfiuut, 
H7. 

item  of  Kenm  for  tfHiiHu<!ti(i(!ntal  function, 
imply-inl'mitc,  i()I  ; 

donbly-iniinitf,  10  J  ; 

oinnoL    bo    trijily-infiniti!    arilhme.tical 
Ht-rii'H,  ll)H; 

UHinl  to  ikilhm  itn  rhiHH,  10'.!. 


TcHli,  analytical,  of  a  branch-point,  1H(5. 
TutraluHlval  diviHion  of  HiirfiiKO  of  circumscribed 
upbore.,  li(.)r>; 

e.(}uation  (j;ivin^  this  con  formal  roj>rtiHOuti- 
ation  on  a  half-jilano  of  oaoli  triangle 
in  tins  Ktore.o&niphic  projection  of  the 
divided  Kurfaoe,  (jl)1.). 

Te.trahedral    function,   automorpluc.   for  totra- 
hednil  group,  7(5-1  (soe  polybodral  functions). 
Tutrahec'lral  ^roup,  of  rotation  H,  7n(.)  ; 
of  Hulmtitutions,  7(il  ; 

in  anoMicf  form,  70'2; 
fuiustion  aiUoiuorphic  for,  704. 
TheLufucliHian  functioiiM,  770; 

their  e.sHonl/ial  Hin^ularitieK,  770  ; 
exist  either  only  within  tho  fundanuni- 
tal  cirulii,  or  ovi;!1  whole,  plane,  accord- 
in  «  to  family  of  urouj),  777; 
pseudo-automorphic  for  infinite  ^roup, 

77H; 
number  of  irrtsduoiblo  imoidontal  siii(,ru- 

hiritiiiH  of,  77H; 

number  of  irre.ducible  /.eros  of,  7B2; 
parametric  int(i(j;er  for,  7H-I  ; 
imotient  of   two  with  Name  panuuutric, 

integer  is  automorphio,  7H/5. 
Third  kind,  of  functions  on  a  Itionntnn'H  sur- 
face, -IDH; 

normal  ehunisntary  function  of,  511; 

moduli  of  periodicity  of,  512; 
olenumtary  functions  of,  51.1  ; 

interchange  of  argument,  and  para- 

meter in,  5  III; 
UHod  to  (ionstruct  Appoll's  factorial 

functioiiH,  C)'M  «t  soil. 

Third  kind,  of  intCHi'alH  on  a  llioimum'H  wuvfaco, 
4CO  ; 

sum  of  logarithmic  periods  of,  is  xe.vo, 

451  : 

must  liav(!  two  logarithmic  inihiitins  at 


(ilenuintary  intograln  of,  4-/5ii  (HOC  third 

kind  of  functions); 

Hum  of,  oxpvusHcd  by  Abel's  Theorem,  5!)7. 
Third  kind  of  psoudo-poriodio  function,  ;$'21  ; 
canonical  form   of  characteristic  equa- 

tions, Il'J'2  ; 
relation  between  number  of,  irreducible 


expressed  hi  terms  of  AppelFs  ele- 
ment, 340; 
expansion  in  trigonometrical  series, 

340. 

Thorns,  530. 

Thomson  (Lord  Kelvin),  458. 
Thomson,  Sir  J.  J.,  649. 

Three    principal    classes    of    functions   on   a 
Biemann's  surface,  498  (see  first  kind,  second 
kind,  third  kind,  of  functions). 
Tractrix    and    surface    of    constant    negative 

curvature,  612,  672. 
Transcendental  function,  84; 

it  has  z  =  co  for  an  essential  singu- 
larity, 90; 

with  unlimited  number  of  zeros  over  the 
whole  plane,  in  form  of  a  product, 
92  et  seq.; 

most  general  form  of,  99 ; 
having  simply-infinite  system  of  zeros, 

102; 

having  doubly-infinite  system  of  zeros, 
104; 

Weierstrass's  product  form  of,  107; 
cannot  have  triply-infinite  arithmetical 

series  of  zeros,  108 ; 
class  of,  determined  by  zeros,  109; 
simple,  of  given  class,  112. 
Transcendental  integrals,  Abel's  expression  for 
sum  of,  585:  examples  of,  587-590:  of  first 
kind,  590:   of  second   kind,   594:   of  third 
kind,  597. 
Transcendents,   Abel's  Theorems  relating  to, 

579-601. 
Transformation,  birational,  537-579;  effect  of, 

on  irreducible  equation,  539. 
Transformation,  homographic,  625  (see  linear 

substitution). 
Transformation,  rational,  537,  579;  effect  of, 

on  irreducible  equation,  540. 
Transformation,  uniform,  415;  birational  (see 

birational  transformation). 
Triangle,  rectilinear,  represented  on  a  half- 
plane,  671;  with  special  cases,  672; 

separate  cases  in  which  representation  is 
complete  and  uniform,  672; 

curvilinear,  represented  on  a  half- 
plaue,  685  (see  curvilinear  tri- 
angle). 


variable  do  not  exist,  243 ; 

example  of  this  proposition,  435. 

•Two  equations  of  genus,  562-565. 

Two-sheeted  surface,  special  form  of  branch- 
lines  for,  390. 

Two     variables,     Weierstrass's     theorem     on 
regular  functions  of,  204-6. 

Unconditional   convergence   of  series,   21 ;   of 

products,  91. 

Unieursal  equations  or  curves,  548. 
Uuifacial  surfaces,  372,  380.     . 
Uniform   convergence  of  series,    21 ;    of  pro- 
ducts, 91. 

Uniform  function,  defined,  16. 
Uniform  function,  must  assume  any  value  at 
an  essential  singularity,  61,  64,  115; 

has  a  unique  set  of  elements  in  continua- 
tion, 68; 
is  constant  everywhere  in  its  region  if 

constant  over  a  line  or  area,  72 ; 
number  of  zeros  of,  in  an  area,  77 ; 
must  assume  any  assigned  value,  78 ; 
must  have  at  least  one  singularity,  78 ; 
is    polynomial    if    only   singularity    be 

accidental  and  at  infinity,  83 ; 
is  rational  and  meromorphic  if  there  be 
no  essential  singularity  and  a  finite 
number  of    accidental    singularities, 
85; 

transcendental  (see  transcendental  func- 
tion) ; 

Hermite's  sections  for  integrals  of,  220 ; 
of  one  variable,  that  are  periodic,  238  et 

seq.; 
of  several  variables  that  are  periodic, 

247; 

simply-periodic  (see  simply-periodio  uni- 
form functions) ; 

doubly-periodic  (see  doubly-periodic  uni- 
form functions). 

Uniform  function  of  position  on  a  liiemann's 
surface,  multiform  function  becomes,  383, 
390; 

most  general,  418 ; 

algebraic  equation  determining,  419 ; 
has  as  many  zeros  as  infinities,  420. 
Uniform  integrals  of  differential  equations  of 
the  first  order,  and  their  characters :   con- 


lifferentiated,  156. 
dty,  equations  of  genus,  554-562. 
[limited  number  of  essential  singularities, 
functions  possessing,  Chap.  vn. ; 
distributed  over  the  plane,  134  ; 
over  a  finite  circle,  140. 

locity,    and    velocity   potential,    in    hydro- 
dynamics, 039  et  «eq. 
vanti,  118. 

in  der  Miihll,  611,  707. 
n  Maugoldt,  75;-},  788. 
RH,  006. 

>itsuu,  103. 

ribor,  '22H,  625,  753,  767,  771. 

liiorstrasH,  v,  vi,  vii,  15,  51,  61  et  seq.,  64,  67, 

lib,  92  (it  seq.,  118  et  seq.,  134  et  seq.,  166, 

173,    204,    277,    299,    344,    358,    518,    519, 

r>28. 

uierstraHs's  If-test  for  uniform  convergence, 

292. 

(jierstrasB's  ^-function,  206; 

is  doubly-periodic,  297 ; 

in  of  the  HCCOIK!  order  and  the  first  class, 
29H ; 

its  differential  equation,  299  ; 

its  addition-theorem,  307; 

derivatives  with  regard  to  the  invariants 

and  the  periods,  811. 
eierstraHs'H  cr-f unction,  293; 

its  pseudo-periodicity,  305 ; 

periodic  functions  exproHHcd  in  terms  of, 
306; 

its  quasi-addition-thcoreni,  307 ; 

differential  equation  satisfied  by,  312 ; 

used    to    construct   secondary   periodic 
functions,  328 ; 

and  tertiary  periodic  functions,  335. 


its  pseudo-periodicity,  301 ; 

periodic  functions  expressed  in  terms  of, 

302; 
'relation    between    its    parameters   and 

periods,  303; 

its  quasi-additiou-theorem,  307. 
Weierstrass's  product-form  for  transcendental 
integral  function,  with  infinite   number  of 
zeros  over  the  plane,  92  et  seq.  ; 

with  doubly-infinite  arithmetic  series  of 

zeros,  107. 
Weierstr ass's  theorem  on  regular  functions  of 

two  variables,  204-6. 
Weyr,  103. 
Whittaker,  103. 
Wiener,  161. 
Winding-point,  392. 
Winding-surface,  defined,  392; 

portion  of,  that  contains  one  winding- 
point  is  simply  connected,  395. 
Witting,  114. 

Zero,  equations  of  genus,  548-554. 

Zero  of  a  function  on  Eiemann's  surface,  how 

estimated  in  multiplicity,  421. 
Zeros  of  doubly -periodic  function,  irreducible, 
are  in  number  equal  to  the  irreducible  infini- 
ties and  the  irreducible  level  points,  266 ; 
and   in  sum  are  congruent  with  their 

sum,  267. 

Zeros  of  uniform  function  are  isolated  points,  74 ; 
form  of  function  in  vicinity  of,  75 ; 
in  an  area,  number  of,  75,  77,  82,  86 ; 
of  transcendental  function,  when  simply- 
infinite,  102 ; 

when  doubly-infinite,  104; 
cannot    form    triply-infinite   arith- 
metical series,  108. 
Zuhlke,  690. 
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